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I Euclidean Wilson loops with constant scalar→ Minimal
area surfaces in Euclidean AdS3 [Maldacena,Rey,Yee]
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Minimal surfaces in Euclidean AdS3

I EAdS3 space may be described by embedding coordinates
Xµ, with µ = 0,1,2,3. X 2

0 − X 2
1 − X 2

2 − X 2
3 = 1

I Sigma model: S = 1
2

∫
(∂Xµ∂̄Xµ − Λ(XµXµ − 1))dσdτ

I Equation of motion: ∂∂̄Xµ = Λ Xµ, Λ = −∂Xµ∂̄Xµ.
I Virasoro Constraint: ∂Xµ∂Xµ = 0 = ∂̄Xµ∂̄Xµ.
I Pohlmeyer reduction/Symmetry and choice of gauge:
∂∂̄α = e2α + f f̄ e−2α

I dw =
√

f (z)dz then α→ α + 1
4 ln(f f̄ ), ∂∂̄α = 2cosh(2α)
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Solution to Cosh-gordon equation

Solution: e2α = θ2(ζ)

θ̂2(ζ)
, ζ = 2ω(p1)z̄ + 2ω(p3)z

Take τ ∈ Cg , Im τ > 0, θ(ζ) =
∑

n∈Zg eiπ[ntτn+2nζ]

In this talk g = 3

[Babich Bobenko, Baker]
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Poincaré coordinates: X + i Y = X1+iX2
X0−X3

, Z = 1
X0−X3

Z ∝ θ(ζ) θ̂(ζ) Z = 0 =⇒ θ(ζ) = 0 or θ̂(ζ) = 0
Wilson loops:

λ = i λ = −1+i√
2
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Surface dual to Wilson loop

Renormalized area: A = L
ε + Af

Af = 4Dp1p3 log θ(0)
∮

(σdτ − τdσ) + 1
2

∮
O2θ̂
|Oθ| dl

λ = i λ = −1+i√
2

Af = −6.598 for both.
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Theta function and the complex torus
I Consider a g dim complex vector space V and Λ ⊂ V .
I X = V/Λ is called a complex torus. Λ = ker π, π : V → X
I h = f ◦ π is the pullback of a meromorphic function f on X .
I How to construct meromorphic functions on X?
I Try ratios of Λ-periodic holomorphic functions;

g(z + λ) = g(z), λ ∈ Λ = Z + Zτ . You will get a constant.
Oops!!

I Instead, take ratios R(z) =
∏m

i=1 θ
(xi )(z)∏n

j=1 θ
(yj )

(z)
,

θ(x)(z) = θ(z − ε′/2− τε/2− x)

I When m = n and
∑

xi −
∑

yj ∈ Z, this works!
R(z + τ) = R(z).
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Periodic solutions

I Along the Wilson loop; X − i Y = −e2(µz+νz̄) θ̂(ζ+
∫ 4

1 )

θ̂(ζ−
∫ 4

1 )
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Afinite = −2=
{

D13 log θ(0)
∮

zdz̄ +
∫

top−bottom D1 log θ(ζ)dz̄
}
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Conclusion

I We have found a new infinite class of Euclidean Wilson
loops for which the minimal surfaces of their gravity dual
can be obtained analytically.

I We also showed that Euclidean Wilson loops may be
deformed via theta function periodicity.

I Integrability?

I Mathematics?
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