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1. Lecture 1

1.1 Approximate methods

In quantum mechanics, once the Hamiltonian that describes a physical system is known,
there are two important class of problems that need to be solved. One is to find the

energy eigenstates, another is to determine the time evolution of an initial state. In

general those problems cannot be solved exactly and approximate methods are required.

An approximation can be made once an (adimensional) small parameter A, (0 <
A < 1) is identified.



From a mathematical point of view, relevant quantities are expanded in a Taylor
series:

fO) = £0)+Af'(0) +...+ %)\"f(”)(o) +... (1.1)

In practical calculations we have to be able to compute f(0) plus at least the first cor-
rection exactly. A simple check that always needs to be done is that the corrections are
indeed small compared to the term being corrected. Another thing to take into account
is that, since the perturbation expansion is truncated, it is not possible to balance the
corrections and the main term, for example to find minima, etc. Summarizing, one has
to be careful not taking the results away from their region of validity.

It is interesting to note that even if we compute all orders in perturbation theory
and resume the series, that does not imply that we know the exact function f(\) since
non-perturbative corrections are possible. Indeed, consider the function

FA) =e (1.2)

It turns out that
d"f(\)
d\n

=0, n=012,... (1.3)
A=0
That means that the perturbation expansion of such function (around A = 0) van-
ishes. This seems as an exceptional case but it turns out to appear a lot in practice.
Corrections of this type are often called “non-perturbative effects”.

From a physical point of view, the idea of an approximation method is to isolate
the main physics and leave smaller effects as corrections. In many cases we only need
to compute f(0) and check that the first correction is within experimental uncertainty.
Often, it is only necessary to determine the parameter A and find that it is indeed
small. Only afterwards, when the experiment becomes more precise, further corrections
might be needed. In other cases, however, the term f(0) vanishes and the existence of
corrections, even if very small, indicate the existence of new physical phenomena. For
example, radioactive decay is a very tiny effect but can be noticed since it is the only
physical process that can change one chemical element into another.

For that reason, it is important to be able to isolate and estimate the perturba-
tive corrections before doing a concrete calculation. Consider the familiar case of the
hydrogen atom. The Hamiltonian and bound state energy levels of a particle of mass

m and charge ¢ = —e in the Coulomb potential of a much heavier particle of charge
q = +e are
2 2
H=2 2 (1.4)
2m



e? h?
E, = ——, = 1.5
2a0n? o me? (15)

In particular the ground state energy is

me*

By = o= —13.6 eV ~ —10 eV (1.6)
What are, and how do we estimate the corrections?. Before going into that, let us re-
mind ourselves the value of some constants and set the units we use to measure them.
Generically, we give two values, one that is good enough for our calculations and then
one used for a rough order of magnitude estimate. For precision calculations the cur-
rently recommended values can be found from NIST (http://physics.nist.gov/cuu/Constants)
The energy will be measured in eV which is the energy gained by an electron when
moving across a potential difference of 1V.

leV=ex1V=16x10""C.V =16 x10""]J, (J=Joules, C=Coulomb, V=Volt)

1.7
The charge of the electron is ¢ = —e where e = 1.6 x 107C. However, since ener(gy ii
U ~ €?/r it is more convenient to use the following units
e? = 1.44 MeV fm (1.8)
where 1 fm = 107"m. For Planck’s constant we use the same units to get
he ~ 197 MeV fm ~ 200 MeV fm (1.9)

The value hc ~ 197MeV fm is good enough for our calculations, a rough order of
magnitude estimate can be done using hc ~ 200 MeV fm. For precise values see
http://physics.nist.gov/cuu/Constants. From here, the fine structure constant «. is:

e? 1
L 1.10
@ e T 137 (1.10)
The mass m, of the electron has an energy equivalent of
mec® ~ 0.511 MeV = 0.5 MeV (1.11)
Electric fields are measured (from E ~ e/r?) in units
)~ YN MV (1.12)

fm fm?



and therefore |E | is an energy density. Magnetic fields can be measured in the same

units as electric field

MeV

B~ . (1.13)

in which case the Lorentz force has the form

F=qE+%ox B (1.14)
c
However in experimental physics it is more common to use Tesla (1T = % = %) as
the unit of magnetic field, in which case the Lorentz force reads
F=qE+qixB (1.15)
The energy of a magnetic dipole [ in a magnetic field B is given by
U=—iB (1.16)
The magnetic moment of an electron is
B S
A= —gshsy (1.17)

where S is the spin of the electron, g, >~ 2 and up is Bohr’s magneton. The expression
for Bohr’s magneton depends on the units we use to measure magnetic field. If we
measure the magnetic field in Tesla then

eh
= 1.18
1o 2me ( )
If we measure the magnetic field in the same units as electric field (¢/r?) then
eh
= 1.19
He 2mec ( )

1.2 Making estimates

In many cases it is enough to make a rough estimate of the size of the corrections to
know if they will invalidate the results we already have and thus decide if we need to
compute them in full or not. As an example consider the energy levels of the hydrogen
atom and identify the different physical effects that correct their energies and estimate
the values of such corrections. Let us list some of them in no particular order:



Relativistic corrections. We can estimate them from the ratio between the energy

involved and the mass of the electron:
Ey 10eV
me2 0.5 MeV

This is the same, in order of magnitude as (v/c)?. Notice that relativistic cor-

2x107° (1.20)

rections to the energy are quadratic in v/c. The correction to the energy can be
estimated to be

SE~2x10°FEy~2x 107" eV (1.21)
Notice the small parameter can be written as
Ey met 1 e2\? 9
~ =(—) = 1.22
mc? h? mc? (hc) Qe ( )

Spin orbit. An electron is not only a charge but also a tiny magnet. A magnet
moving inside an electric field feels an interaction as if in a magnetic field B ~ 2 E
(relativistic effect). Therefore

v Ve

OF ~ /LB—E ~ ,UB__Q (123)

c cag
Since, from the previous case we found v/c ~ a, we find
0E  e*m?e* he
E ht mce?

gs
namely of the same order than the relativistic correction.

Qe ~ a? (1.24)

Spin-spin. The proton is also a magnetic dipole and therefore there is a dipole-
dipole interaction between electron and proton. The magnetic field of the proton

behaves as o
with -
\ip| = gpm—euB, gp = 5.586, mpc® =938 MeV (1.26)
P
so we estimate
2 2\ 3 8
Jhp e me [ eh mee Me M€
a I e (mec) ( h ) mp hic? (1.27)
Thus,
oE Me o
~ g o 1.28
B~ (1.28)
suppressed by the factor gp n”;‘P ~ % ~ 0.003 respect to the spin-orbit and

relativistic corrections.



e Finite size of the proton. The proton can be approximated by a charged sphere
of radius 7p ~ 1fm. The small parameter should be the ratio

rp

~ 107° 1.29
” (1.29)

In fact we can do better by computing the average energy of the electron when
it is inside the proton

rp 2 2 2.2
0E ~ / e e « (1.30)
0 r ay  apag
We find 5B )
p ~10
~ — ~ 10 1.31
Egs a(Z) ( )

Notice that the idea is that the first correction is quadratic in the small parameter
and therefore smaller than expected.

You can consider other corrections and see how they behave. In general it is im-
portant to do this analysis to discard those corrections that are not relevant for the
experimental precision we want to achieve. Also, it does not make sense to start com-
puting a certain correction to higher orders in perturbation theory if those higher orders
are of the same order of another phenomenon that we are ignoring. This estimates are
useful as a starting point after which you can start doing actual computations. It
is important also to make a hierarchy of perturbations, namely which are the most
important etc.



2. Lecture 2

2.1 A calculable example

In a two state system, it is possible to compute the eigenvalues exactly. In fact with
the help of a computer and a good numerical subroutine (e.g. from the linear algebra
package Lapack) one can compute eigenvalues in systems of several thousand states.
If only the ground state is required, one can look at systems of several million states.
In any case, the simple two by two system can be solved both analytically and in
perturbation theory to understand the problem one is facing. In fact this is a general
procedure, when studying a new method or technique it is always good to reproduce
some results one already knows to bridge the gap.

H= (ZZ) (2.1)

v = 3 ((a+d) = la— P+ bc) (2.2)

In perturbation theory we have a Hamiltonian that can be diagonalized exactly plus a

Consider the Hamiltonian

with eigenvalues

correction. We simulate that by taking

0
H= (61 )+A(““ “12> (2.3)
0 e V21 V22
where all quantities are real except v and vy; which satisfy v1o = v3;. We also assume
that we order the eigenvalues so that ¢; > e5. We now find, for example

+ e+ Ao + — e+ v — i
€+:e1 €9 2(U11 U22)+\/<61 © 2(011 022)) + A2 01909 (2.4)

Expanding in a Taylor series we find

€r =€+ My + AQM + ... (2.5)
€1 — €

The result is simple but illustrates perfectly the general result we are going to find later.
The first correction to the energy is simply the corresponding diagonal element of the
perturbation. Quite often this is the only correction needed. The second order shows
a problem. For the perturbative expansion to make sense we need )\% < 1, namely
that the correction in energy is much smaller that the energy difference |¢; — €2|. This
will be more evident when we compute the correction to the eigenstate. The extreme



case is that of degenerate states €; = €5, but notice that it is not necessary that they
are exactly equal to ruin the expansion, only within the “error” |vis|. In that case we
need to diagonalize the perturbation exactly but the good news is that this has to be
done only within the (approximately) degenerate subspace.

We can also compute the corresponding eigenvector.

(a?die) (g) - (8) (2:6)

[¥) = all) + 512) (2.7)

If we do not normalize the state a simple solution is

wy =) - =) (28)

which has the clear meaning of the initial eigenstate plus a small correction. Replacing

or equivalently

the previous values we find
V21
W) = 1) + A——2) + O(N?) (2.9)
(1 — €2)
Now it is evident that the correction to the state will be small, namely its norm will
be small compared to one, if
V21

(€1 =€)
and not simply A < 1. In that sense A is useful to organize the perturbative expansion

A <1 (2.10)

but more care is needed to check its validity.

2.2 Perturbation theory to a non-degenerate level

Consider a Hamiltonian H, of which we can compute its exact eigenvalues EY and
eigenvectors |E,(10)), that is

HolEPY = EQIE™Y, n=0,1,... (2.11)

We assume a discrete spectrum but similar formulas are valid if there is a continuum.
Now consider what happens if we add a small perturbation

H = Hy+ \V (2.12)

Take a non-degenerate eigenstate of Hy, ]E,(LO)> and expand the new eigenstate and
eigenvalue around it:

E=E® 4+ XEM + 2E® 4. (2.13)
|E) = |tbo) + Altor) + A[ta) + . .. (2.14)



We assume that the corrections to the state are orthogonal to the initial state since any
parallel correction can be absorbed by redefining the first coefficient. The eigenstate
equation now reads:

(Ho+AV) (Jto)+ A1)+ N2 [iha)+. . ) = (EQHAEDN+NEPD 4. ) (Jto)+A|thn)+ X% [eha) +. ..
(2.15)

Equating terms of the same order we find
Holtbo) = B |o) (2.16)
Holth1) + V[do) = E i) + “W ) (2.17)
Holys) + VItn) = EP ) + B [n) + EP[to) (2.18)

The first equation simply establishes that
o) = |Ex”) (2.19)

The second one can be projected over ]E,(LO)> giving

EW = (EOV|EL) (2.20)

Projecting over all the other states we find that the correction to the eigenstate is

s |E<0>>< 0>|V|E“’>> (2.21)

B0

Y1) =

m#n
As a bonus we can project the third equation onto the vector |E,(L0)> obtaining
ED = ($o|V]ih) (2.22)
therefore the second order correction to the energy is given by

(EWVIED)?
EY - EY

E? — _

n

(2.23)

m¥#n

Notice that if we are correcting the ground state then E(O) > E ) and therefore the
second order correction is always negative. In this case it is easy to put bounds to the
correction:

EY EY
Z' WVIEDE _ po Z' VIER)? 220
— EBY — EY

m>0

— 10 —



where in the second inequality the sum is only over a few states instead of all of them
(perhaps even one state can give a good bound). In the first inequality we can use the
completeness of the eigenstate basis to write

3 It E<°>|V|E§2 )2

_ 1 ( (
g9 g9 _gO

0 0 0 0)y 2
EQIVAIERD) — (ERIVIED))  (225)

m>0

Thus, the bounds read

B V| B2 )
EY — EY

(BR|(AV)?|EY)
0 0
E® —EY

p
<EQ < - I (2.26)

m=1

which can be a useful formula if we are not able to compute Eﬁ)

formula we introduced AV =V — (V) =V — (Eg(,(s))l\/]Eg(,g)).

exactly. In the last

2.2.1 Sum rules

The expression for the second order correction to the energy is hard to evaluate since
it involves a sum over all states

(EW|VIED)?
-y 2.27)
(0) (0 (

We just saw how we can put bounds on this contribution. There is a technique that,
when applicable, allows such sums to be evaluated exactly. It consists in finding an
operator F' such that

[F, H)|EY) = V|EY) (2.28)

where |ET(LO)> is the state that we want to correct (for example the ground state). Notice
that it is not necessary that [F, H] = V in general, they only have to give the same
result when applied to the state |E,(LO)>. If such operator F' exists then we have

0 0 0 0 0 0
(EDV|EDY = (EW|[F, H||EL) = (E© — EOYEQ |V |EL) (2.29)
and then
E® =N (EV|VIEQWEY|FIEY) (2.30)
m#n
= (BO|VFIEY) — (B |VIEY (B FIE) (2.31)

which is much easier to evaluate since it does not require any sums over states. Such
results that allow the computation of sum over all states have the generic name of sum
rules and, whenever applicable, greatly simplify calculations.

- 11 -



3. Lecture 3

3.1 An example: 2s-1s transition frequency

We mention that the atomic levels of the hydrogen atom are corrected. An interesting
case is the level 2s. It cannot decay to 1s by emitting one photon since that would
violate angular momentum conservation. Recall that there are no spherically symmetric
waves in electromagnetism. Therefore the decays happens by two photon emission
which is less likely. Thus, the 2s state is long lived and the 2s — 1s line is very sharp.
The frequency of such transition is measured to be

E s E s
Vas_1s = % — 2466061413187074(46)Hz (3.1)

Let us compute the first corrections that give rise to such a result. Before starting let
us recall the values of some constants

1

Y = 137.035999074 (3:2)
mec® = 0.510998910 MeV (3.3)
h = 4.135667516 x 107" eV's (3.4)
c= 299792458? (3.5)
mpc® = 938.272046 MeV (3.6)
(3.7)

Counsider now the successive contributions to the result:

e Coulomb potential We start with the value from the non-relativistic Schroedinger

equation:
0 0 3 3 042
Eés) — E%s) = ZEQS = 17 meC2 (38)
This gives
Y | = 24673813840 x 10" Hz (3.9)

already a good approximation with a discrepancy ~ 102 Hz with respect to the
experimental value.

e Proton recoil Since the proton has a finite mass it is also moving. From Newtonian
mechanics we know we can replace the electron mass by the reduced mass

memp me

m, =

= = — (3.10)
me+mp 14

- 12 —



This can be considered in perturbation theory but it can be done exactly by
replacing m, — m,. in the formula for the energy difference:

EV —EO =22 ;¢ (3.11)
This gives, as the zeroth order approximation

Y | = 24660383380 x 10'° Hz (3.12)

with a discrepancy ~ 2 x 10! Hz.

Relativistic correction

The energy of a relativistic particle is given by

2, D !
E=\ym*c+p*d=mc+-————+... 3.13
b 2m2  8m3c? ( )
The appropriate way to compute the relativistic corrections is to use the Dirac
equation. In that case one obtains an extra term called the Darwin term and
the spin orbit interaction. The last one can be ignored since we are dealing with

states of zero angular momentum. The perturbation reads:

4 232
P e“mh 3)

8m3c?2  2m?2c?

V=

(7) (3.14)

The second term is the Darwin term. We cannot derive it here but can argue
heuristically for its existence as follows. In the relativistic theory one cannot
localize the electron at distances smaller that the Compton wave-length Ao ~
L 107"?m. Therefore the electron feels an effective potential

LV ()
2 ari@rj

(V(Fr4or)y =V(r)+ (0r;0m;) + . .. (3.15)

where the angled brackets represent average over rapid fluctuation of the electron

inside the Compton wave-length. Since such fluctuations should be isotropic we
find
(67367;) ~ N&0Y (3.16)

Thus the effective potential is

Verps(r) = V(r) + %CV\%V2V(T) (3.17)

— 13 —



up to an unknown constant ¢;. For the Coulomb potential we have (from Maxwell’s
equations)
VIV = —dnp = —4med® (7) (3.18)

where p is the charge density of the proton (here considered point-like). The
constant ¢; should be determined from Dirac’s equation and turns out to be as
discussed before (notice also that this potential should be multiplied by —e the
electron charge). The relativistic correction can now be easily computed as the
mean value of the perturbation in the unperturbed state:

1 e’rh?

- (0)|,,4| 70 2
5 = —— (O %) + £ 14 (0) (3.19)

2m?2c?

The relevant wave-functions are

e (3.20)

1 1 T __r
Pas = \/_47(2%)% <2 — —) e 20 (3.21)

To compute the mean value of p* we can notice that

(EOp*E%) =| p*|E%) |I? (3.22)
Acting on a wave function that depends only on r (and not on ¢, 6), the operator
p? acts as
2
pP(r) = —R*V2Y(r) = —h? (afqp - —arw> (3.23)
r
For the ground state we find
2 1 _r
—n’ (83@& + —&4&) = —h— (1 — 2@> e 2 (3.24)
: Vrag "
and therefore
(0)), 4 _ 4 1 ap\? =z
EQWE) = 0 [ (1-2%) e (529
4 [ 2 e Kt
= h4—7/ ar? (1-22)" e % =5 (3.26)
ab Jo r ag
Similarly
13 Bt
7O gy _ B 5

- 14 —



Together with the Darwin term we find

5 ht  e*nh? 1 mca? o
FOEOy - 5 I _ _mcata? 3.28
ELWVIEY) =~ e © omic vad 54 (3:28)
13 A”* xR 1 4 mca? a2
EOWEOy - 13 I S S 3.29
< 2s ’ ’ 2s > 128m3¢2 aé + 2m2c2 A (2&0)3 2 04 ( )
The difference contributes
mc2a? 5 1 mcta® 11
§Eos — 0F, = H—=+-| = —a? 3.30
2 0% 2 ( 64 4) 2 64" (3.30)

Therefore, up to now we have

1 (302 20211
(405 A+ m02a 6—4a2) = 2.4660684490 x 10" Hz  (3.31)

with a discrepancy ~ 7 x 10° Hz.

Lamb shift There is a correction that comes from quantizing the electromagnetic
field, known as the Lamb shift. We are not going to compute it here but, for s
states, it turns out to be:

4 b n? 19
0B = z—mc® (In— + = 32
33 (na2+30) (3.32)
This contributes
5 Eye — 0F,,
72 TS 97569180990 x 10° Hz (3.33)

h

Adding it to the previous result the discrepancy is reduced to ~ 3 x 10° Hz. It is
clear that the improvements are more and more difficult to compute so we finish
here. On the other hand there is an interesting contribution to compute coming
from the finite size of the proton. We compute that now.

3.2 Proton finite size contribution to the hydrogen energy levels

We compute this contribution separately since it should only be considered after more

important contribution are included. Nevertheless it contributes to the experimental

value and has been a recent source of interest since some discrepancies were found in a

similar calculation for muonic hydrogen.

Imagine the proton is a sphere of radius R with uniform charge density

4
p= % V=R (3.34)

— 15 —



It is usual to define the so called charge proton radius through the equation

[ rPp(r)dPr 3

2 2 2
= = =-R 3.35
rp <7’ > f p(’l") d3r 5 ( )
Using Gauss law we find the electric field to be
SF r>R
E = (3.36)
wmr r<R
and from here the potential is
< r>R 5 37
¢= ﬁ(&—%>r<3 (3:37)

where we chose the constants so that ¢ — 0 for » — oo and so that ¢(r) is continuous
at = R. The potential energy is V(r) = —e¢(r) and therefore

< r>R
vy =4 7, . (3.38)

For r > R the potential is evidently the same as for a point-like proton. We can identify

the perturbation
2 2

P e
H = H, = - — )
otV - 71+Vw) (3.39)
with
Vi) 0 r>R (3.40)
r)= €2 €2 r2 .
T—ﬁ@—ﬁ)r<3

The correction to the energy of the ground state is simply the mean value of the

perturbation
4r (R e e? r? _or
1s|V|1s) = — dr [ —— == (3- = @ 3.41
o [ o (B (o) ek ow
dr (R e ¢ 7
~ 20 dr [—-—(3-= 3.42
il (Fomlw) (642
4¢?
::1Oa3R2 (3.43)
0

It is legitimate to ignore the exponential factor since it introduces powers of % which
is the small parameter. The correction to the ground state energy is therefore

2¢? 4 R\* 4 rp)’
1s|V|ls) = == R* = —|E,| | — | = <|Ey| | — 3.44
(lvits) = 25 = 21l (51 ) = 315wl () (3.44)

— 16 —



Since rp ~ 1fm = 107®m and ag ~ 107*°m the correction is (1s|V|1s) ~ 1071 E|
and too small to enter in our calculation of the 2s — 1s transition. However, a more pre-
cise computation of the electromagnetic and relativistic effects is enough to determine
the charge proton radius from the 2s — 1s frequency and compare it with results from
scattering for example. Nevertheless, since the proton radius is not known as precisely,
this effect puts a limit on the theoretical computations. As mentioned at the beginning
the same calculation can be done for muonic hydrogen and compared to experiment..

3.3 Variational method

Perturbation theory is not always an option since it requires the system to be well
approximated by a system that can be solved exactly. If you only want to compute the
ground state another method you can use is the so called variational approach. It is
based on the simple premise that the ground state is the state with minimal energy,

namely
_ o (Y[H|Y)
E, = miny ) O (3.45)
where the minimum is attained when [¢)) = [¢,5). What one does is to propose a

ground state depending on certain parameters and then minimizing the expectation
value of the Hamiltonian with respect to those parameters. It is an approximation
because we are minimizing in a subset of all states so we don’t expect to find the real
minimum. How close we get depends on how well we can guess the wave-function of
the ground state.

3.4 Example: Yukawa potential

Consider a particle in a Yukawa potential with Hamiltonian given by:

H=-— "¢ (3.46)

Such potential arise in nuclear physics from the interchange of pions. In the present case
it is thought as a model for a screened Coulomb interaction in an atom with multiple
electrons. In that case Z is the number of protons and R is the atomic radius. The
effective charge that the particle sees is Ze for r < R and 0 for » > R. Our analysis
is independent of this physical interpretation and just aims at finding the ground state
of such potential.

We expect the ground state to be spherically symmetric ¢» = 1(r). The corre-
sponding Schroedinger equation reads

h2

2m

(e86+200) - 2o = ot (3.47)

— 17 —



As always it is convenient to define adimensional quantities so we introduce the vari-

ables: = e R
m me
U = E, e=F B2 60 = 72 (348)
The equation reduces to
1 2 v
-5 (351# + —&AD) — Bt = e (3.49)
2 U U

This equation cannot be solved exactly. For each By we can find a spectrum of values ¢,
such that the wave function goes to zero at infinity and is well behaved at u = 0. Later
we are going to show how to find a numerical solution to such problem by integrating
the differential equation. Presently, we are going to look for an approximate ground
state using the variational method. Although approximate, the result is analytic and
can be used to understand the behavior of the solutions as the parameter 5y changes.
The same analysis done numerically would be more involved since we need to solve for
several values of [y and interpolate.

As a guess, for the ground state we consider the usual 1s wave function of the

hydrogen atom:
11 _
r)=—=—e¢€
v =3

where p is a variational parameter. Here we should note that the more variables we

I3

(3.50)

incorporate into the wave-function the more likely we are to approximate the ground
state. On the other hand, if the wave-function is so complicated that we cannot do the
computation of (¢)|H|¢) analytically, we would need to resort to a numerical analysis
defeating the simplicity of the method. For that reason we chose a simple function with
only one variational parameter.

It is straight-forward to compute

2h2 00

2
<¢\§—m|¢> =i . r2dre”» (a,% + %a,) er = Y (3.51)
and ) s e )
(Y] - Z—ee‘%!w = —4236 / pare” () - 222 2 (3.52)
T p°Jo Po(2+ %)
All together , ,
WlH) = - 221 (3.53)

g ) 5

2mp P (24 2)
Notice that we took the state |¢)) to be normalized, (¢)|1)) = 1 and therefore we do not
need to divide by the norm. Again, we introduce adimensional quantities:

_ P
B=+ (3.54)
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and find

R 1 46, 1
() = (ﬁ - FW) (355)
Taking derivatives and doing some simple algebra we find that
9 3
%<¢|H|¢> =0 < (8+2)° =800 (1 + 55) (3.56)

The last equation is a cubic equation that can be solved in terms of cubic and square
roots. Replacing in the expression for the energy we find the ground state energy. More
illuminating is to take some limits. Here we consider the case

fo — o0 (3.57)

In that case there is a solution such that 5 — 0. There are two other possible solutions
of the cubic equation (5 ~ —%, ~ 1203) but they do not lead to bound states since
the corresponding energy is positive. In that limit, that in fact correponds to the
Coulomb potential, we find simply from the equation for 5 andusing the value of 5,

from eq.(3.48)
B = (3.58)

and 2 2 4
E, Z
B LB g Zme
h?/(mR?) 2 2h2

namely the exact result for the Coulomb potential but only because we used the Hydro-

(3.59)

gen atom ground state wave function as a variational guess. It is interesting to solve the
Schroedinger equation exactly for some values of 5y and compare with the variational
approach. For example for Sy = 10 we find that the variational result, after solving the
cubic equation is €, = —40.705144 whereas the numerical value is €5, = —40.705803.
This exact value we can found using numerical integration of the differential equation.
In the next subsection we present a simple Maple program that gives the result. The
same solutions can be found with Mathematica, Matlab, etc.

3.5 Yukawa potential: Numerical integration

We transcribe now a maple program that solves the problem numerically. Notice:
If you input this program take into account that latex broke some input lines into
multiple lines. They should be entered as a single line. Otherwise download the
program from the course website.

> ## Consider the Yukawa potential and try to find the ground state.
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> ## As we saw, the minimal energy is

> Emin:=(betal,beta)->(1/2/beta~2-4xbetal/beta/(beta+2)"2);
11 4 30
Emin = (B0, ) = = = — ——
R IR
> # where beta is determined from minimizing Emin which gives

> betaeq:=beta->(betat+2) ~3-8*beta*betal*(1+3/2*beta) ;

betaeq ::5—>(B+2)3—8Bﬂ0(1+gﬁ)
> # for example consider beta0=10
S1:=8+p%+ (6 —1250) 3> + (-850 +12) 8
> res:=[evalf(solve(subs(beta0=10,betaeq(beta)),beta))];

7@8:=:[1L¥5927963-—()21079],—4)6934677818-—(1346410161610*7],01006714618~+(l34641016161077]]
> [Emin(10,res[1]),Emin(10,res[2]),Emin(10,res[3])];

[0.00001239847096 + 0.1 10724 I, 34.83013199 + 0.66 10~'* I, —40.70514436 — 0.56 10~'% |
> # the third one is negative indicating a bound state with

E=-40.70514436 (at least from variational method)
# Let’s compare with numerical solution of the Schroedinger

equation
Eql:=(betal,E)->-1/2%(diff (psi(u) ,u$2)+2/u*xdiff (psi(u),u))
-betal*exp (-u) /u*psi(u) -E*psi(u);

L) B0 ()

Fot := (00, B) = — (& p(w) — 27 — Ev()

> dsolve({Eq1(10,-0.1),psi(0)=1,D(psi) (0)=0},numeric,output=listprocedure) ;

vV V. V V V

Error, (in dsolve/numeric/checking) ode system has a removable
singularity at u=0. Initial data is restricted to {psi(u) =
-.10000000000000*diff (psi(u) ,u)}

> # 0K, we need to redefine the differential equation

exp (betal*u) *subs (psi(u)=exp(-betalO*u) *chi(u) ,Eql(betal,E));

(B0 w) ( % (—B0w) Y(w))) — %(e(ﬁiu)x(u)) B0 e~ uﬁﬂu)x(u) (B0 X(U)>
expand (%) ;
4 v(u U
B0 () + B0 (2 x(w) - & (& () + 22X B X B

Eq2:=(betal,E)->-1/2%beta0"~2*chi (u) +betaO*diff (chi(u) ,u)
-1/2%diff(chi(u), ‘$‘(u,2))+1/uxbetald*chi(u)-1/u*xdiff (chi(u) ,u)

>
1
2
>
>
> -betal0/exp(u) /uxchi(u)-Exchi(u);
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Eq2 := (p0, E) —

1 L 2 BOx(u) g x(w)  BOx(u)

—= 0% x(u 0 (L x(u)) — = (L x(u — du — — Ex(u
5 B0 x(w) + 80 ( x(w) = 5 (s x(w) + — LY Bx(w)
> # OK now it’s working
> soll:=dsolve({Eq2(10,-40.705803),chi(0)=1,D(chi) (0)=0},numeric,
> output=listprocedure):
> chils:=subs(soll,chi(u));

chils := proc(u) ... end proc

> # Here we need to explore the values of E and see where the sign of
> the aymptotic function changes.
> # We look for a function with no zeros (nodes) since we want the
> ground state.
> plot([exp(-10%u)*chils(u)],u=0..3);

]
0.5 1 1.5 2 2.5 3
0|
-1
—2-
-3

> #If the value of E is changed in the last decimal place the function
goes to plus infinity.

> #We find E=-40.705803 showing that the variational procedure

> gave a quite accurate result.

> #To see why let’s plot the wave functions

> plot([exp(-u/.1006714618) ,exp(-10*u)*chils(u)],u=0..1
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0.8 -
0.6 |
0.4

0.2

> # They cannot be distinguished within the precision of the plot.
> It was a good guess.

3.6 WKB approximation

The variational method is adequate to find the ground state. For highly excited states
there is another method known as WKB. It applies to the case where the eigenstates
are determined from a one dimensional Schroedinger equation:

I 50(w) + V(@) = Bu) (3.60)

The idea is to approximate the wave function ¢ (z) in the region where |E — V' (z)| is
very large. Naturally we need to say very large compared to what. The main point is

that when (E — V(z)) is large and positive the wave-function oscillates rapidly with
w1
) ‘ . 2m |E—V(J:)\ )
region of size A the potential can be considered approximately constant. To be more

a wave-length \ of order \? ~ The WKB approximation is valid if, in a

precise consider rewriting the wave-function in terms of a function S(z) as

(x) = 5 (3.61)
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The Schroedinger equation becomes
h2
—5- (025 + (0,9)°] = E—V(x) (3.62)

The approximation is

(0,5)* > 928 (3.63)

which reduces the equation to

(0,8)? ~ —271—”;@ V@) = —k(@)? = S(z)~i / Ch@)dr (3.64)
where we defined
h(z) = %(E _ V(@) (3.65)

Equivalently the approximation is valid when

k(2)? < |0,k(z)], = [9:A\)] <1 with o) =1 (3.66)

Physically this means that the wave-function can be thought of as a sinusoidal wave
with slowly changing wave-length A(x). To perform a systematic expansion we write

S(z) = So(x) + Si(x) + ... (3.67)
with .
So(z) = / k(x")dx' (3.68)
The next order is determined by replacing eq.(3.67) in (3.62):
(0050 + 0,51)* + 025y + 925, = —k(x)? (3.69)
((91«50)2 + 26905083351 + (89551)2 + 6350 + 8551 = —]C(JI)2 70)
Since (9,5)* = —k(x)? and we assume S; to be small we obtain
, 1 1
20,500,571 = —0550 = S = ) In 0,5y = ~5 In k(z) (3.71)

Putting everything together we find that the wave-function, at this order can be written

as

77/} _ A eifz k(x') dz’ + B e—ifz k(z') dz’ (372)

VE(x) VE(x)
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In the regions where V(z) > FE is is convenient to write this functions as a sum of
increasing and decreasing exponentials

= L A A COLC B e /" () da’ (3.73)

V() V()

where

2m

k(z) = \/ﬁ(V@) —F) (3.74)

Now we go back to the initial assumption

(0,5)? > 928 (3.75)

Suing S ~ Sy we get
0.k(2)| < k(z)?, or |0.\(2)] <1 (3.76)
where we defined the position dependent wave-length as \(x) = % Physically this

means that the wave-length changes slowly with the position and the wave function
can be described as a sinusoidal wave whose wave-length and amplitude change little
across a distance of a wave-length. A strong point of this approximation is that it can
be systematically pursued to higher orders. This is particularly useful when using the
WKB method to study properties of differential equations near singular points. In the
context of quantum mechanics this is not used very often so we stop here and look for
some applications. The main two are the computation of approximate bound states
and the computation of tunneling probability through a barrier.

3.7 WKB approximation for a bound state

Consider a situation a such as in figure 1 where we expect a bound state for some energy
E. Such energy is determined by requiring the wave-function to decay exponentially
at x — £oo. This can only happen for very precise values of £, namely the energy
eigenvalues. In general one can choose a wave function that decays, say at © — —oo
but then it will diverge at © — +00. The WKB cannot be used directly since it is not
applicable around the points z7 5 where V(x15) = E. For that reason we divide the
r-axis in three regions and write the wave-function as

A

w[ — 6+ [ k(2') da’ (377)
k()
B ;[T / / C —i [P k(") dz’
vir = k() S WD) o )
D x ! ! F T / /
w[][ _ K(x) 6_f k(z') dz + /{(z) €+f k(z") dz (379)
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We would like to find the value of the energy E such that the coefficient F' vanishes,
F = 0. Although the WKB method gives us approximate expressions for the wave-
function in the different regions, it is not enough since we need to match the functions
to obtain the coefficients. Namely, given the coefficient A we should be able to find
B, C, D and F. Or, if we require F' = 0 then we should be able to find the energy F
for which that happens. For that purpose we introduce two more regions, around the
points z; 2, namely the regions excluded from the WKB approximation and expand the
potential as

V(z) = V() +V'(z)(x —x) +...= E+V'(21)(x — 1) + ldots  (3.80)
Vi(z) = V(xg) +V'(x2)(x —x9) + ... = E+ V'(22)(x — 22) + . .. (3.81)

where we used V(x1) = V(x2) = E. Also, V'(z1) < 0 and V'(z3) > 0. In the region
near x; the Schroedinger equation reads

g (B4 V() — ) = By (3.52)

Introducing the new variable

T — 1 5 h?
= = — 3.83
T T T () (3.83)
the equation reads
02 +up =0 (3.84)
This is known as the Airy equation. The solution that vanishes at © — —o0 is
P(u) = —Ai(—u) (3.85)
where Ai is the Airy function, a special function with the property
—3uf®
' W e’s U — —00
T COS §‘UJ|2—Z U — +00
Vrlul%

On the other hand, the WKB approximation, near x; has a phase given by

/ \/— E-V( \/2m|V 1) / N (3.87)
2 [2m|V/( s 2
-2 m| — (71 |(x — 1) = |u’2 (3.88)
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Therefore, the right linear combination of WKB waves that match a decreasing function

Wi = cos (% /:p(a:)das - %) (3.89)

p(x) = V2m(E — V() (3.90)

If we consider this function near x = x5 we find

Y1 = cos (% /xlgp(:c)dx + % /x2 p(x)dx — %) (3.91)

On the other hand, repeating the same argument as before, one can see that the function

on the region [ is

with

that matches a decreasing function on the region I11 is given by

= cos(; / p(e)dr + ) (3.92)

The only way that both expressions are compatible is if

/m p(@)dz = (n + %) i (3.93)

which is the Bohr-Sommerfeld quantization condition and should be thought as an
equation for E appearing inside p(z). Different values of the integer n correspond to
different energy eigenstates.

3.8 WKB approximation: tunneling through a barrier.

Another case where the WKB approximation is very useful is in the computation of
the tunneling probability through a barrier. An important example that we are going
to use to illustrate this idea is Gamow’s theory of o decay. When proposed it played
an important role in establishing the validity of quantum mechanics in the realm of
nuclear physics. An « particle is a very stable configuration of two protons and two
neutrons (nucleus of 3He). Certain heavy nuclei can be described as a bound state of
a lighter nucleus and an « particle in a quasi-bound state, namely in an unstable but
long-lived state. A simple potential that describes this system is a sum of an attractive
potential due to the strong interactions and the Coulomb repulsion:

- if 0<r<mnr
V(T) = { 2(Z*2)62 lf r> rl (394)

where 7 is the range of the attractive potential. This is illustrated in figure 2 where we
plotted the radial potential assuming the angular momentum is £ = 0 (no centrifugal
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V(x)

X, X, X

Figure 1: Bound state computation using WKB approximation

barrier). If this potential has a bound state (Ej0) then the nucleus is stable, however,
we assume here that no such stable state exists. Instead, there is a metastable state
for an energy E > 0. In the figure we plot (in blue) an eigenstate localized inside the
nucleus. Inside the barrier the wave-functions is a sum of an increasing and decreasing
exponentials whose coefficients follow form matching with the wave-function inside. If
the energy is such that we only have a decreasing exponential, as in the figure, outside
the barrier, the eigenstate will be a wave with exponentially small amplitude. By doing
a linear combination of states with similar energy, we can localize the particle inside
the nucleus and eliminate the waves outside. Such state will not be an eigenstate of the
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Hamiltonian, it will be time dependent and, after some time, the alpha particle will be
emitted with energy E. We can estimate the time it takes for the particle to leave by
computing the probability current

] 3.95
j= 2M (3.95)
where, far from the nucleus we considered the particle to be free with momentum hk

and |B] is the coefficient of the wave function that we estimate as

1
1B ~ —e~?| (3.96)

™

where ~ % is the coefficient inside the nucleus (by normalization) and =27 is the

exponential suppression inside the barrier. The total probability of being inside the
nucleus will decrease as

oP o9 [

= [ P = (397
for the probability to go from P =1 to P ~ 0 it will take a time
1 2M, ,,
T ~ ri e (3.98)

which is then our estimate for the mean-life of the nucleus. The main factor is e=2?,
i.e. the tunneling probability that can be estimated using WKB. The potential barrier
extends to a distance ry such that

2(Z —2)e?

T2

E = (3.99)
In the region r < r < ry the WKB approximation gives the wave-function as the
sum of an increasing and decreasing exponential. The ratio of the wave-function am-
plitudes outside and inside the barrier is smallest when only the decaying exponential
contributes, we expect that the state will then be the most stable. Assuming that this
is the case, the quantity v can be computed as

v—/‘¢ Z=2e —E / ¢M4 Z=2e (%——)smm
= — 2)aey/ 2Mq 02(¢1 — sin ¢ cos ¢1) ~ 2]\%62 (3.101)

¢1 = arccos I (3.102)
T2

where
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Figure 2: Simple model of alpha decay.

The inverse of the decay probability per unit time is the mean life 1= i This model
is too crude to give a reliable estimate of the mean life, however it predicts correctly
the dependence of the mean life with the energy of the alpha particle emitted:

T1 2M,,c?
| 2 ~2n(Z — 2)a, e 3.103
0 = 20(2 — 2)an) P (3103

Using as example Uranium or Thorium, it is simple to check this dependence and obtain
a good estimate of the slope of the line T1 V. 1/ VE. In fact such law was discovered
experimentally before it was explained by Gamow as a nice application of quantum
mechanics to nuclear physics.
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4. Symmetries

A symmetry is a transformation of a system that does not change the results of an
experiment. For example the same experiment gives the same result independently of
the position, this is translational symmetry. The same with the orientation, namely
rotational symmetry. Such symmetries are basic laws of Nature. They can be broken
only by external fields, e.g. gravity, electric and magnetic fields, etc. Of course, if an
atom is in an electric field and we rotate the atom and the electric field then the results
are invariant, the rotational symmetry that is broken is the one that rotates only the
atom.

In quantum mechanics, the precise statement is that symmetries are generated by
operators O that commute with the Hamiltonian:

[H,O] =0 (4.1)
where O generates the infinitesimal transformation

[¥) = ) — ieOly) ~ e™y) (4.2)

This immediately implies that, for any state |1)

d
S (WlOlg) =0 (143)

Moreover, the probabilities of measuring the different eigenvalues of O are independent
of time, that is O is conserved. As in classical mechanics, symmetries are associated
with conserved quantities. The most obvious is time translations generated by the
Hamiltonian itself which is obviously conserved since [H, H] = 0.

It can also imply the existence of degeneracies in the spectrum. Suppose we have

an energy eigenstate
H|E,) = E,|E,) (4.4)

If we apply O and use that HO = OH we get
HO|E,) = OH|E,) = E,O|E,) (45)

namely the state O|E,,) , if it does not vanish, is an eigenstate of H with the same
eigenvalue E,,. Therefore, if O|E,) # 0 and it is not equal (or proportional) to |E,)
then there are at least two states with the same energy and the spectrum is degenerate
for that energy. If it is not degenerate we gain the valuable information that |E,)
is invariant under transformations generated by O. Although it can happen that O
commutes with the Hamiltonian but only generates trivial transformations, in general,
such an operator O provides a way to classify the spectrum and find degeneracies.
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4.1 Rotations

Rotations are generated by the angular momentum operator and is the most common
symmetry used in quantum mechanics. The generators are

Sz Iy, J: (4.6)

with commutation relations

[Jzy Jy] = iR, (4.7)

|2, Jy| = —ihJ,

(., Jo] = ik,
or, equivalently,

Jr=Jy £y, J, (4.10)
with commutation rules

[, Ji] = £ hJy (4.11)

[Jy, J_] = 2hJ, (4.12)

In a basis of eigenstates of J, they act as

J:|jm) = hml|jm) (4.13)
Jilgm) = h/j(j +1) —m(m +1)|jm +1) (4.14)
J_|jm) = h/j(G +1) = m(m — 1)|jm — 1) (4.15)

If J, commutes with H then, the second equation shows that all the states |jm) in the
same multiplet have the same energy. Of course there can be several multiplets with
the same j but each with different energy.

4.2 Parity

Parity is the symmetry 7 — —7r. This symmetry can be thought of as if you were
looking at an experiment through a mirror. A mirror actually reflects only one axis.
However, reflecting two axis is equivalent to a rotation of angle m. Therefore inverting
one axis or three is equivalent up to a rotation.

Denoting the parity operator as II we define

|7y = | =7) (4.16)
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Having determined the action of parity on a basis we can determine its action on any
state. For example

MW7) =1 [ @iein = [ @ -0 = [EFreem @
~ [@rE-m=1-p (4.15)
where we used

(~71p) = e = (7] — j) (4.19)

We can then compute, for example, for the z component

Iz|z) = Hzx|z) = Iljz) = z| — x) (4.20)
tll|z) = &| — ) = —z| — x) (4.21)

Since this is true for all vectors in the basis {|z)} we find
i = 11 (4.22)

We say that the operator # has negative parity. The same happens with p. For the
angular momentum we find instead

L, = N(ip, — Jp.) = —211p, + §11p, (4.23)
= (&p, — Gp,) T =TIL, (4.24)

Simply put, interchanging II with x or p gives a minus sign. Since L = 7 X p there is
no minus sign in interchanging Il with L. We say that L has positive parity and is a
pseudo-vector. It rotates as a vector but is parity even.

Since L commutes with II all states in the same L multiplet have the same parity.
To find the parity we need to resort to the properties of spherical harmonics

(x|T|Im) = (—z|lm) = Vi (7r — 0,6 + 7) (4.25)
For the case m = 0 we have

Yio(m — 0) = Pi(—cosf) = (=)' P(cos b) (4.26)
Since all states in the multiplet have the same parity we conclude

IIim) = (—)"im) (4.27)
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4.3 Selection rules

Selection rules are rules that allows to determine that certain matrix elements are zero
without having to do any actual computations. It is an extremely important tool, not
only computationally, but also as a way to understand the physical properties of the
system,

In the case of parity, consider states with definite parity and an operator V' also
with definite parity.

o) = eq]a) (4.28)
[|B) = €sl5) (4.29)
MV = ey VII (4.30)

where all € factors are either 1 or —1. The matrix element («|V|3) satisfies

(a|V]B) = («|TIIIVIIIL| 5) = eqes{a|IIVII|B) = eqegev (| VIII|S) = eqepey (| V| B)

(4.31)

If eqegey = 1 we don’t learn anything new. If e egey = —1 the matrix element is equal
to minus itself, that is, it vanishes.

eancpey =—1 = (o|VI[B) =0 (4.32)

Part of the power of the selection rule is its extreme simplicity. If the total parity is
negative then the matrix element vanishes.

For example, consider the problem of computing the electric dipole moment of the
neutron. The neutron is in a non degenerate ground state o) (except that the spin
can be up or down) and we have

d, = (o, 1 |d]a, 1) (4.33)

where we assumed that the spin was up, for example. Under parity, the orientation
of the spin does not change and the energy is invariant. That means that the state is
invariant under parity

Moyt = calt) = (a1 1= ehfa,t] (4:34)
for some phase €,, |e,| = 1. Thus, using parity we find
(a|d]) = (I dTII|a) = —cteq (aldla) = (a|dla) =0 (4.35)

where we used IIdII = —d. Any observation of a neutron dipole moment would imply
a violation of parity. On the other hand the magnetic moment i obeys II4Il = ji and
therefore a neutron magnetic moment is possible and in fact it is not zero.
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Figure 3: Main decay of Cobalt 60 which can be used to test violation of parity by the weak
interactions.

4.4 Non-conservation of parity for weak interactions

Neutrons are unstable particles and decay into proton electron an anti-neutrino:
n’ —pt+e +1, (4.36)

This decay is produced by the weak interaction and violates parity. The first test was
done in the decay of Cobalt $Co into Nickel: It turns out that when the nuclei are
polarized, the electrons come out in direction opposite to the spin. If you consider a
mirror on the zy plane, the reflected image shows the spin still in the same direction
but the electron coming out parallel to the spin. An observer looking at the mirror
experiment will realize that it is not possible, that is, one can distinguish between an
experiment and its mirror image. One way to understand it is that the anti-neutrinos
have only one possible helicity. In that case their mirror image does not exist breaking
parity. However, if a particle is massive it has to have both helicities. Indeed, if its spin
is aligned in the direction of the momentum, by moving faster than the particle, we
will see the particle moving backwards but the spin still aligned in the same direction
that is now opposite to the velocity. the only exception is if the particle is massless,
then it moves at the speed of light and it may have only one helicity. Initially this was
supposed to be the cse for the neutrino. Recent experiments indicate that neutrinos
are massive and therefore there has to be another neutrino with the opposite helicity.
One possibility is that it has not been detected and does not appear in the weak decays
we described. This difference in coupling will break parity again. Another interesting
possibility is that the anti-neutrino is the neutrino with opposite helicity, namely the
neutrino is its own antiparticle. This is described as saying that the neutirno is a
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Figure 4: Schematics of Cobalt 60 experiment. The electrons are emitted mainly in a
direction opposite to the nuclear spin. If seen though a mirror in the indicated plane, the
spin would be the same but the electrons would be coming up. Such physical situation does
not exist in violation of the parity symmetry.

Majorana particle. At the moment there is no experimental evidence of any of these
two hypothesis. What is clear is that the radioactive decay we described emits electrons
preferably in one direction and therefore breaks parity.

4.5 Selection rules for angular momentum

To apply the selection rules for rotations we need to assign angular momentum to
operators. What one does is to group operators in multiplets of given total angular
momentum. Consider for example a multiplet of angular momentum [ = 2, that is a
set of 5 states {|2m), m = —2,—1,0,1,2}. If we apply the momentum operators p,, p,,
p. we get 15 states:

Pal2m), a=uz,y,z2 m=-2,...,2 (4.37)

The question we ask is what angular momentum those 15 states have. The answer is
based on the commutators

[Janpb} - Z.heabcpc (438)

which can be easily derived from the definition
Ju = €qpeTpDe (4.39)

We assume that all the angular momentum is orbital since the spin commutes with p,
anyway.
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Now we consider the J, component of the states in eq.(4.37). For example

J.(p:|2m)) = [J.,p:]|2m) + p.J.|2m) = hmp.|2m) (4.40)
J.(pz]2m)) = [J2, pa]|2m) + puJ.|2m) = ihp,|2m) + hmp,|2m) (4.41)
Jo(pyl2m)) = [J2, py]12m) + pyJ|2m) = —ihpe[2m) + hmp,|2m) — (4.42)

Clearly, the state p,|2m) has J, = hm but the other two are not eigenstates of J,. We
can fix that by taking linear combinations:

J-(pz +ipy)[2m) = A(m + 1)(px + ipy)[2m) (4.43)
Jo(pz —ipy)|2m) = h(m — 1)(p. + ip,)|2m)

We then conclude that (p,%ip,)|2m) is an eigenstate of .J, with eigenvalue J, = h(m=1)
Therefore, the eigenvalues of .J, for the 15 states are

J,=3,2,1,21,01,0-1,0,—-1,-2 —1,-2,—3 (4.45)

We identify a multiplet with J =3 (J, = —3,-2,—1,0,1,2,3) one with J =2 (J, =
—2,—1,0,1,2) and one with J =1 (J, = —1,0,1). That this is indeed that case can
be verified by applying Jy and checking that they act as expected on these multiplets.
In summary, we find that the 15 states have the same properties as the composition of
angular momentum J = 1 with J = 2. For that reason we say that the operators p,
carry angular momentum J = 1. The key for these result is the commutation relations
of the operators p, with J,.

This can be easily generalized. A set of 2k + 1 operators labeled as qu with

q = —k ...k is in such a multiplet if it satisfies the commutation relations:
[J., T} = hqTy (4.46)
[J+,T’“ = /k(k+1) —qlg+1) TF, (4.47)
[J_.TH =hE(k+1) —qlg— 1) T), (4.48)

If a multiplet |lm) is given we can construct the (2k + 1) x (20 + 1) states
T |lm) (4.49)
They are eigenstates of J, as can be seen from
LTy lm) = [J., Ty|im) + T} J.|lm) = h(q + m)T|lm) (4.50)
We also have
LT im) = [Jy, Ty)|im) + T T |lm) (4.51)
= h/k(k+1) —qlqg+ 1) TF [lm) + /1L + 1) — m(m + 1) T, [Im + 1)
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which is exactly the same result that we would obtain if we consider two particles, one
with angular momentum k£, the other [ and try to apply the total angular momentum
operator:

Jolkq) @ |im) = JV|kq) @ [Im) + |kq) @ JZ|Im) (4.52)
=h/k(k+1)—qlg+ 1) |kg+ 1) @|im) + /I +1) —m(m+ 1) |lm) @ [Im + 1)

Therefore all the rules of composition of angular momenta apply. We obtain that the
total angular momentum .J can have the values

—lk—1|...(k+1) (4.53)

and the states are given by the Clebsch-Gordan coefficients:

|JM) = Z Z Ch4™ TF|lm) (4.54)

q=—k m=—1

The Clebsch-Gordan coefficients can be obtained from a table, a computer program or
by computing them using the commutation rules of the angular momentum.

Now it is easy to establish the selection rule for angular momentum. The matrix
element, (Iym4|T}|lamy) vanishes if any of these conditions is not satisfied

mp = q+ mo (4.55)
Uy — k| <1 <lp+k (4.56)

To understand better the meaning of tensor operator let us consider two simle
examples. First scalar operators: they have k = ¢ = 0 and coomute with all components
of angular momentum:

(L. T5) =0, [J.,T9]=0, [J_,T¢]=0, (4.57)

Examples of such operators are p L2 E, ’;—5 , namely any operator that is rota-
tionally invariant. The second example is vector operators. We already discussed p’
at the beginning of this subsection, let us just finish the discussion. This operator is
actually a set of three operators p,,p,,p. and therefore should correspond to k£ = 1,

g = —1,0,1. Writing the commutation rules for T} we find
[J..Ty] =0 (4.58)
[J+7T01} = h\/iT}q (4.59)
[J_, T} = 2T, (4.60)
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Noticing that

[J.,p:] =0 (4.61)
[‘]-‘rapz] = —h (pz + ipy) (462)
[J,,pz] = h(pz - Zpy) (463)
Thus, we identify (up to an overall constant)
= ﬁpm T-sl-l = —(pz +ipy), Til =Dz — 1Py (4.64)

Since the commutation rules are the same for any vector, this identification works
equally well for 7, L, p X L or any other vector operator.

4.6 Wigner—Eckart Theorem

In the previous section we found out that the (2k + 1) x (25 + 1) states given by
T qklujm) rotate as two particle states |kj,gm). Using the Clebsch-Gordan coefficients
(kjgm|kj; j’m’) we can construct states that have definite angular momentum, namely
that rotate as |j'm’):

> T |vim) (kjqmlk; §'m’) ZA”'“ j'm (4.65)
qm

where, on the right hand side, we wrote the most general state of the system. With total
angular momentum j" and projection m’ in terms of unknown coefficients 4”7 . Here v
denotes any other quantum numbers, for example in the Hydrogen atom it represents
the radial quantum number. Multiplying by the inverse Clebsch-Gordan and summing
in the subspace we obtain

Trlvjm) = Z A”k "i'm! Y (kj; 3'm |k, gm) (4.66)
v g m/

From here it follows that
V'3 IT*|vj)

[Ty lvim) = (kj; j'm/ |kj 4.67
where we defined the so called reduced matrix elements
!l Tk .
5T |vg) — AV'k (4.68)

V25 +1 !
The practical interest of this theorem is that the reduced matrix element can be com-
puted by evaluating just one matrix element of T’ f. After that, all other matrix elements
of qu (for fixed j,5',v,v") follow from the Clebsch-Gordan coefficients. From a physi-
cal point of view, the different values of the quantum numbers ¢, m, m’ are related by
rotations and therefore we only need to know one value.
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4.7 Time reversal

In the absence of time-dependent forces, time translation is a symmetry that results
in conservation of Energy. Given that, there is a more subtle symmetry called time
reversal and denoted as T'. In classical mechanics such operation of time reversal (T)
consists in flipping the velocities of all particles v — —v. If the forces depend only on
the position, the system will retrace its steps and come back to the time reversal of the
initial state. That is, if the evolution is such that (¢ > 0):

(fl,gl,t = 0) — (fQ,UQ,t) (469)
then the same forces produce the evolution
(fg, —'172,15 = 0) — (fl, —?71, t) (470)

This follows from Newton’s equation

>z

— = _VV(Z 4.71
mos VV(Z) (4.71)

which is invariant under ¢ — —t. In macroscopic systems, an arrow of time is introduced
by thermodynamics. Namely the entropy of an isolated system always increases when
we go forward in time. Such law is not invariant under ¢ — —¢. In the Newton equation
it appears as dissipation. Friction forces are not time reversal since they depend on
the velocity. In particular the direction of the friction force is always opposite to
the velocity. Its magnitude can be constant or depend on the velocity depending for
example if it is friction between two solid bodies or friction in air, a liquid etc. Therefore
we have P .

meoa = =V (zZ) - f(|v]) U, U= I

where f(|9]) > 0. This equation is clearly not invariant under t — —¢. In the case of

(4.72)

electromagnetic forces we have

d*z

Although this is not invariant under ¢ — —t, it can be made invariant if we do B— -B
at the same time. This makes sense since magnetic field are produced by currents which
should flip under time reversal. It is interesting to consider two other symmetries of
these simple equation. One is parity (P) given by ¥ — —Z, E — —E, B — B. The
other is charge conjugation (C) given by ¢ — —g¢, E — —E, B — —B. Therefore we
have separate invariance under C, P and T. This is not true for all other interactions,
however it is expected that nature is invariant under a combined CPT transformation.
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Going back to time reversal, in classical mechanics we map a state (Z, ¥) to (&, —v).
In quantum mechanics, the position and momentum are not defined simultaneously. If

we define a time reversal operator © that satisfies ©|z) = |z) then © is just the identity,

we cannot ask that, at the same time ©|p) = | — p).
To see what happens let’s start by the very property that defines the time-reversal
operator O:
e 11Ol (1)) = Olu(t = 0)) (4.74)
where .
[$(1)) = 73 y(t = 0)) (4.75)

In words, the time evolution of the time reversal state, birngs back the time reverse
of the initial state. If we write |¢)) in terms of eigenstates of energy |E,) the equation
reads

eHO N e ) =0 el EL) (4.76)
where we used:
) =D alB), = ()= e B E,) (4.77)

If © is a linear operator, since equation (4.76) has to be valid for any ¢, the only
possibility is that
O|En) = 1n| — En) (4.78)

so that the phases cancel. However this is impossible since generically there is not a
state with energy —F for each state with energy F. In fact, the energy is bounded from
below (otherwise you could gain an infinite energy by interacting with such a system)
and in general not from above.

The answer is to define © as an anti-linear operator which satisfies

O(a|l) + 5]2)) = a*O|1) + 57O]2) (4.79)

That is, © is distributive with respect to the sum, but scalars are conjugated. This
solves the problem if we also assume

O|En) = 1| En) (4.80)
Indeed,

En) = e 1Y ek En) (4:81)

n

e nfltg g cpe” it
n
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= ZcZeéEntnne’%EﬂEﬂ) (4.82)
= Z c;nn|En> (483)
= O[y) (4.84)

Therefore it is just necessary to find an operator © that is anti-linear and that commutes
with H, namely [©, H] = 0. It also solves the problem that we mentioned before in
relation to position and momentum. For a particle we define

0|7) = |7) (4.85)
It now implies

ol = [ ese(nan) - [ Eaapeln - [@xan i s

= /d%e—éﬁﬂ@ =] -7 (4.87)

So, for and anti-linear operator we can have

0|7) = |7) (4.88)
Olp) = [ —p) (4.89)
Equivalently

Oz = 10 ( )
Op = —pO 91)

From where we find s

D o

©.H=[0, 1 + V(@) =0 (192

that is, for a particle in a potential, such operator © acts as time reversal operator in
a similar way as in classical mechanics.
A couple of interesting properties. On the wave function © acts as

(©0)(a) = (aloly) = [ dr'{al6((a) (al) (4.93)
= [ as'taluy tale') = [ dse - ooy = 0@ @y

That is, it conjugates the wave-function. The probability of finding the particle at a
given position is still the same since it is given by [¢*(x)|> = [ (2)|?. For the momentum
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wave function, it turns out that the probability of measuring p in a state is the same
as the probability of measuring —p in the time reversed state

[{plOv)|* = [{(—pl)|* (4.95)

Finally it is interesting to consider the operator ©% which is a linear operator since

O%(all) + BJ2)) = O(a*6]1) + 3*O[2)) (4.96)
= a©?|1) + 36%|2) (4.97)

Since in the |Z) basis
0%7) = |7) (4.98)

then, ©2 is the identity operator. There is subtlety however when we take into account
the spin. We'll find that ©? can be minus the identity.

4.8 Time reversal of angular momentum eigenstates and Kramers degener-
acy

It is clear that under time reversal a state |lm) gets converted into |l — m), that is the
particle rotates the other way. More formally

@f/z - @(xpy - ypw) = _(xpy - ypx)@ - _Lz@ (499)

The same with the other components:

OL=-LO (4.100)
This implies
0, =—1_06, Ol =-(.0 (4.101)
Therefore we find
Ollm) = ny|l —m) (4.102)

where 7, is a phase we need to determine. The easiest way to determine it is to consider
the wave-function which is nothing else than the corresponding spherical harmonic
which satisfies

Y*(0,9) = ()" Y(0.9) (4.103)

Thus
Ollm) = (=)™l —m) (4.104)

Another way to obtain this is to use that

OL_|t,m) = UL +1) —m(m — 1), m — 1) = /Ll + 1) —m(m — 1)np_1|l, —m + 1)
—0,0/6,m) = —npuly|t,—m) = =L+ 1) — (=m)(—=m + )¢, —m + 1) (4.105)
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Both results should agree implying that 7,,_1 = —n,,, namely signs alternate. Using
that the wave-function for m = 0 is real we get n,, = (=)™ as before. In any case we
again find

O2|lm) = |Im) (4.106)

It is interesting to consider what happens in the case of half-integer spin. The main
result that we obtain is that ©2 = —1 when acting on states of half-integer spin. In
order to derive that result, let us consider

OJ. =0(J, —iJ,) = (—Jy —iJ,)0 = —J, 0 (4.107)

Notice that we get J, because we have to conjugate the imaginary coefficient 7. Another
result we need is

J¥im) = Aplj —m) (4.108)

where A,, is a real and positive numerical constant that can be easily found from
eq.(4.14). In fact, from there we also find

JIMG —m) = Ap|jm) (4.109)
with the same constant A,,. Finally we have
Oljm) = nplj —m) (4.110)

for some unknown phase 7,, (which is equal to (=)™ for integer spin). Now we can
compute

| . ol g T e gy
02|jm) = Onn|j —m) = 1, O=—J2"|jm) = 2=-(=)*" 20| jm)  (4.111)

= Dl e g2 —m) = (=) m) (@.112)
where we used n,,n;, = 1. The result agrees with the expected result for integer j.
However, for half-integer j, it is also true that m is half-integer and (—)*™ = —1.

Summarizing

&2jm) = (=) |jm) (4.113)
This result is obviously reminiscent of the fact that a 27 rotation acting on a half-
integer spin gives a minus sign (instead of being just the identity) To relate both facts
it is useful to note that if we rotate the state |jm) by 7 around the y-axis (or z-axis)
we get the state |j — m) since such rotation inverts the z-axis. There can be a phase

therefore
™| jm) = ijmlj —m) (4.114)

— 43 —



We can now compute

1 . . ;
©?%|jm) = Ony|j —m) = nfn@ﬁ_ez“yljw = Z—TGWM (4.115)
= Qe 0710 jm) = 1O 6] jm) (4.116)
- T
_ 72—1"6”Jy77m|j, —m) = wemyeimyum) (4.117)
Nim T Thm
— 2y | i) (4.118)

where we used

Bf(A)B™!' = f(BAB™") (4.119)

for any two operators A, B and function f as can be obtained by expanding in Taylor
series both sides. Also

OiJ, = iJ,0 (4.120)

since we get a minus sign from conjugating ¢ and another from commuting J, with ©.
Summarizing, the result is straight-forward and very illuminating:

O?|im) = e*™v|jm) (4.121)

so indeed ©? is equivalent to a 27 rotation!. A very important consequence is that, in
a system of total half-integer spin and symmetric under time reversal states of energy
|E)) have to come in pairs, this is called Kramers degeneracy. Indeed, we have

|E) = O|E) (4.122)

Since © commutes with the Hamiltonian both states have the same energy. However
they have to be different. If this were not the case, namely

|E) =n|E) (4.123)

for some phase 1 we would have
O6|E) = On|E) = n"O|E) = n'n|E) = |E) (4.124)
contradicting what we just learned, namely ©% E) = —|E) for states of half-integer

spin. One important example is an external electric field. It can never lift completely
the degeneracy for the case of total half-integer spin since an electric field does not
break time-reversal. On hte contrary, a magnetic field breaks time-reversal and lifts
the degeneracy between all values of S,.
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4.9 Selection rule for time reversal

To derive such a selection rule first observe that if

e1) = |1) (4.125)
02) = |2) (4.126)
then
(1|04012) = (2|AT|1) (4.127)
Indeed:

(110A40]2) = /dxd:v'<1|@\x’)(:c’|A@|:v)<:c|2> = /dxd:c’(:v|2>(:L"\A]:C)’k(l\x(}l.lZS)
_ / duda s (2)in ()" (| Al (4.129)

where 1 (z) = (x|1) is the wave function of state |1) and the same for state |2). Also,
the scalars should be conjugated every time they go over ©, as we know. On the other
hand we have

(2|AT|1) = /dxda:’(é\@<x\AT|x’>(x’|1> :/dacd:z:/(§|x><x|AT|x’><x/|i> (4.130)
_ / dodz'J5 (x)d () (| Alz)* (4.131)

which is the same as eq.(4.129) in view of ¥y 5(z) = Vi o(2).
Consider now a hermitian operator A = A" with a given commutation relation with
time reversal:

OA = 4 AO (4.132)

where €4 = £1. For example for £ we have ¢, = +1 and for ¢ we have ¢, = —1. Now,
taking into account that ©% = 1 (for states with integer spin) we find

(1|A]2) = (1|00A460062) = €4(1|0A462) = e,(2|AT|1) (4.133)
= e4(2|A|1) (4.134)

To obtain a selection rule we need
2) = (1), [1)=2) (4.135)

In that case we conclude
(1|A]2) = ea(1|AJ2) (4.136)

— 45 —



which vanishes if ¢4 = —1. In words, the matrix element between time reversed states
of a time-reversal odd operator vanishes. For example you can compute

(1s|(zp- + p-2)|1s) (4.137)

for the hydrogen atom and see that it vanishes whereas for example (1s|2%|1s) does
not. This is because 2? is time-reversal even but zp, +p,z is odd (and hermitian). This
is not trivial, it does not follow from the angular integration as is the case for angular
momentum and parity selection rules. Indeed let us compute the matrix element:

(1s|(2p. + p.2)|1s) = —ih/d3r 1,(20:015 + 0. (2¢15)) (4.138)
. 2 22
= —ih (_a_0<18|7|15> + 1) (4.139)
where we used 1

z
3z¢15 = ——wm wls = e @ (414())
aogr

VTag

A simple computation gives
2

z Qo
1s|—|1s) = — 4.141
(15|15 = & (1141)
which indeed implies
(1s|(zp. + p.2)|1s) =0 (4.142)

At first sight the detail form of the wave-function seems to play a role. However,
the main ingredient is that the wave-function is real and thus time-reversal invariant.
Indeed, for any real wave function we can compute

(6l(zps + o)) = —if / Pr (0. + 0.(=0) (4.143)
— —@'h/d37“82(22/)2) (4.144)
=0 (4.145)

The boundary terms at infinity vanish if the wave-function is normalizable, as assumed.

5. Perturbation theory to a degenerate level

Consider again the computation of eigenvalues and eigenvectors of the Hamiltonian

H=Hy+\V (5.1)
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where A < 1. In the non-degenerate case we can follow an eigenstate |e(A)) as A — 0
when it becomes an eigenstate of Hy. In the degenerate case, as A — 0 the perturbed
state in principle can become any state in the degenerate subspace. To find which state
it becomes, we can once again write the eigenvector condition and expand in series.

(Ho + \V)(|EOY + XMWY +..) = (BO + AEW + . )(EO) + MMy +..) (5.2)

where we know that E() is the unperturbed energy. On the other hand |E®) is an
eigenstate of Hy with eigenvalue E© but there is a whole subspace of such states, let us
call such subspace D. To be more concrete assume that the degenerate subspace D has
dimension n and is spanned by an orthonormal basis labeled by an index v =1...n.
Define a projector F, onto such subspace:

Py=Y " |EO v)(E© | (5.3)
v=1

Expanding eq.(5.2) we find at zero, first, and second orders:

Hy|E©) = E(0)|E(0)>
Hy|lypM) + V|E©) = E(0)|z/1(1)) + E(l)\E(%
Ho|yp@) + V]p®y = E(O)W@)) + E(l)w(l)> + E(l)\E(O)>

The first equation simply states that ]E(0)> is in the degenerate subspace, namely it
is a linear combination of |E(®) v = 1...n). Projecting the second equation onto the

degenerate subspace gives
P, V|E®) = ED|EO) (5.7)

That means that |E(©) is an eigenstate of the operator P,V P, that acts only inside
the degenerate subspace. The eigenvalues are given by EM). That means we should
construct the matrix

VV1V2 = <E(O)aV1|V|E(O)aV2> (58)

and find the n eigenvectors and eigenvalues

S Vot = EOy®,  a=1,...n (5.9)

vo=1

~

In general, all eigenvalues F, (1

21 are different and the degeneracy is lifted completely.
We find n different states

B =gl EO, v (5.10)
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with their corresponding energies. The states are further corrected as can be found by
projecting equation (5.5) onto the subspace orthogonal to the degenerate subspace:

HolpM) + P V|E@) = EOypM) (5.11)

where P, = 1 — P,. As for the non-degenerate case the first order correction to the
states orthogoenal to the degenerate subspace D is given by

] W IVIED)
[$0), = —(Ho — EO) ' PLV|EC) %j B w (5.12)
m¢D

Notice that the operator (Hy — E®)) can be inverted in the orthogonal subspace since
it has no zeros there. Using the last equation in (5.5) and projecting it onto the zero
order eigenstate |E&O)> we obtain

(EQ|V]pMy = E@ (5.13)

where we used that the components of [/} along the degenerate subspace are orthog-
onal to the zero order state |E&0)>. Namely

)y = wg 1B (5.14)
B#a

Since all |Eéo)> are eigenstates of )V P only the perpendicular component contributes
in (5.13) and we get

E® = (EQ|V |y Z' WlE >| (5.15)

me¢D

a formula very similar ot the one for a non-degenerate state, the main difference being
that |E((10)> has to be calculated first by diagonalizing P,V F} instead of being given as
when there is only one state in the subspace. Finally, projecting the last equation of
(5.5) onto the other states in the degenerate subspace we get after some algebra

OWIEDYEDVIED)

(Ef
Y = (EP M) = > S
b (B — EO)EY — EL)

(5.16)

Because of the two powers of V' this looks like a second order formula but in the
denominator (E[(_jl) — BV ) is first order so overall it is a first order correction. Finally
we have the full correction to the state

o E<° \V\E Eo> rV|E<0>><E£2>rvwEé0>> -
-2 22| o g0 gy 517

me¢D m¢D fFa

In summary, if we have to correct a degenerate subspace we
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e Find a basis {|E®, 1)}, v = 1...n for the degenerate subspace D.

e Write the n x n matrix of the perturbation V,,, = (E© v|V|E©® v/} in that
basis and diagonalize it. Namely find the eigenvalues EY and eigenvectors |E((10) )
a=1...n.

e Now we use the eigenvectors |EC(XO)) as a basis for the subspace D. Those are the

)

zero order eigenstates and EY are the first corrections to their energies.

e Ifneeded, starting from each |E&0)> compute further corrections using the formulas
above.

5.1 Spin orbit interaction

The spin orbit interaction is given by

2 — =
I
v ¢ L9 (5.18)

m2c2 r3

Consider the corrections to the 2p level. The wave functions are
(2 Ror (r)Yim (6, 0) ! 17,_TY(Mﬁ) (5.19)
m = r m\Y, = —=—€ 2% m\Y, .
o = (10 Gai Ve

To proceed we need to diagonalize the matrix of the perturbation in the degenerate

subspace which in principle includes also the state 2s. However it is easy to see that
U applied to |2s) vanishes since |2s) has zero angular momentum. Therefore we con-
centrate on the 2p states. In that case we compute first the mean value of the radial

part:
1 11 [*r _- 1

Royy—=Roy = ——=— —e woridr = —— 5.20
/ 2T (240)3 3a8/0 e A 24a} (5:20)

We are left to diagonalize

e LS

U= ————= 5.21
m2c? 24a3 (5:21)

in the subspace of [ = 1,5 = % Notice the simple identity
L1
LS = 5(J2 —L* - S?) (5.22)

which means that diagonalizing LS is the same as diagonalizing J?. Actually, we
1

know how to do that, the possible total angular momenta are j = 5 and j = % The
eigenvalues of LS are
h? h? 3 h? 11

LS = S UG =) =s(s+1)) = S (G +1) =2=7) = F((+1) =) (5.23)
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Therefore the zero order states and the first order energy corrections to the 2p level are

232
n=2l=1ls=1j=bj=+b, EO=_SF L (o
2 2 2 m2c? 24a}
1e2h? 1
_ _ 1 ~_ 3 , _ 1 3 (1) _
‘n—z,l—l,s—i,]—E,jz—ii,i§>, E —§m262m (525)

In general we have:
(5.26)

L. (1) 1 €2h2 1 .
|n7la8ajajz>7 E = §m262</r_3>nl [j(j+1)—l<l+1)—8(5+1)]
6. Electron in a magnetic field

The Lagrangian for a charge moving in electric and magnetic fields can be written in

terms of the scalar ¢(x;,t) and vector A;(z;,t) potentials as

1
L= gme? = gd{ai,t) + aA; (i, ) (6.1)
Indeed, we can check the Euler equations give the Lorentz force:
d oL OL
— = 6.2
Evaluating the derivatives we find
d
% (mv; + qA;(zk, 1)) = —qOip(xk, t) + quj0; A (g, t) (6.3)
o d d
m d? + g0 A; + q%(?in = — B + qu; DA, (6.4)
Summarizing, the equations of motion are
dvi
m dt = —q(@igzﬁ + @A,) + qvj(&-Aj — @Az) (65)
Defining the Electric and Magnetic fields
E=-V¢—0A B=VxA (6.6)
we find
(6.7)



The last term follows form the identity

[5 x (V x E)} = v, (BiA; — 0;A;) (6.8)

i

which is a version of the well-known identity

Ax (B xC)=(AC)B - (BCO)A (6.9)
Computing the momentum
L
p:g—vzmv—i—qA (6.10)
the Hamiltonian follows as
1 1
H=v0— L = —mu? = —(p—qgA)? A1
pv 5" +4d = o (p—qA)" +qd (6.11)

6.1 Electron in constant magnetic field

Suppose we have a constant magnetic field B = B3. Tt can be derived from the vector

potential
1 1
A,=—-—-By, A,=-zB, (6.12)
2 2
1 1 _\? 1\’
H = o (px + ein) + (py — e§xB) + p? (6.13)
2 4 .2 232 2
Py tpy e 2 2 p eB
= = — — — YDy 6.14
5 g & TV o = (e — yps) (6.14)
2
p el
= Hp, = ——1L, 6.15
ho t 2m  2m ( )
where ) ) -
Py + D e“B
Hy, = ——Y 242 6.16
o= LB L E5 (2 ) (6.16)
describes a two dimensional harmonic oscillator with frequency
eB
T p— s —_ — 6.]-7
Wp =Wy =W =5 ( )

The three terms in the Hamiltonian commute. To compute the eigenstates we need to
classify the Harmonic oscillator eigenstates according to their angular momentum. Let

us define a,, and af , 1n the usual manner

h h
T = Qmw(ax +al), y= \/ Qmw(ay + a;), (6.18)
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Dy =1 5 (al —ay), py,=1 5 (az — ay), (6.19)
Let us further define
_ 1 : Pt
ay = E(az +ia,), al = E(ax F iay) (6.20)

The operators ai,al define two independent harmonic oscillator as can be checked
from the commutation relation

lay,at] =1, Ja_,a']=1, [al,a_]=0, [a',ay]=0 (6.21)

.I.

The occupation number operators N, = a1a+ and N_ = a' a_ allow to classify states
by their eigenvalues:

Nilng,n_) =ni|lng,n_) (6.22)

The full Hamiltonian can be written as

H = %(N++N_+l)+%(N+—N_)+ 27’; (6.23)
BBl (6.24)

Therefore the eigenstates and eigenvalues of energy are given by
Hlny,n_,p,) = Elng,n_,p,) 2 (6.25)
E= %(m + %) + QP—;L (6.26)

The spectrum is highly degenerate since the value of n_ does not affect the energy.
The degeneracy is then infinite. In practice however it is bounded by the size of the
region where the magnetic field acts. The lowest energy states are those with ny = 0
and they are said to be in the lowest Landau level. There is a gap
heB

Egap - % (627)
to the next Landau level. The Landau levels continue to higher energy as n is increase.
For a field of |§| = 10T the gap is around 1.2 x 10~3¢V. This gap can be observed in a
metal where electrons in the conduction band move (approximately) freely. Remember-
ing that the Boltzmann constant implies that a temperature T' = 300 °K corresponds to
0.025eV, it is clear that such phenomena can be observed only at very low temperature
T < 10°K.
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It is interesting to discuss the wave functions of the lowest Landau level states.
oscillator

(x,ylny =0,n_=0) =

There is a wave-function easy to compute, namely, the ground state of the harmonic

1 -1 h
v =1/— 6.28
ﬁxoe o, Lo o ( )
We can introduce a complex variable
w=x+iy, W=I—1y (6.29)
in terms of which the wave-function reads
1 -lug
(w,Wny =0,n_ =0) = ﬁﬂvoe e (6.30)
For a generic state in the lowest Landau level we have
~ N e -+
(w,wlny =0,n_) = F(w,w \/EIoe 0 (6.31)
The condition for being in the lowest Landau level is
a+|n+ = O,TZ_) = O,

= 0,F=0 — F=F(w)
as can be seen from the representation

(6.32)

ay = —w~+ x90g
21['0

(6.33)
function. This is very important in theoretical physics since the properties of analytic

of a; acting on these states. Eq.(6.32) means that F' is a holomorphic (or analytic)
functions are vastly more interesting that those of real functions.

7. Hydrogen atom in magnetic field
magnetic field B = B:is

As follows from the previous section, the Hamiltonian of a hydrogen atom in a uniform

e’ B?
L,+2S,
T 2mc( + ) +

2
e (2% + %) e LS
mc
where we included the contribution from the magnetic moment of the electron and the

spin-orbit interaction since those corrections can be of the same order or even larger
depending on the strength of the magnetic field.
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7.1 Spin-orbit correction smaller than magnetic correction

Consider first the case of strong magnetic field. In this case we start from the usual

eigenstates
Eo
Hyln,l,1,,s,) = —¥|n,l,lz,sz) (7.2)
and diagonalize the perturbation
eB
V=—(L,+25, 7.3
= (L. +25.) (73)

in the degenerate subspace characterized by the radial quantum number n. This step
however is not necessary since the operators L, and S, are already diagonal in the
chosen basis. We therefore find the first correction to be

EW = ——(I, + 2s,) (7.4)

Now we have to consider the spin-orbit interaction. The first thing to check is if the
magnetic field lifted the degeneracy completely. It is obviously not the case since the
following states have the same correction to the energy:

1) = |n, 11,1, s, = —%>, 12) = |n,lo,l, — 2,5, = %) (7.5)

where [; can be different from [l but [, jumps by two units. Now we have to diagonalize
the spin-orbit interaction in this degenerate subspace. Once again we are lucky and
find the the interaction is diagonal. In fact, the operator LS can change the component
[, only by 0 or +1. Moreover it cannot change the total angular momentum. Therefore
it is diagonal and the diagonal element is easy to compute:

e LS ez 1 1
<7’L, l, lz; SAWFVL, l, lz, 3z> = m<ﬁ>n7l<n, l, lz, Sz’LzSz + §(L+S_ + L_S+)‘7’L, l, lz, $z>
en? 1
- m202<7~_3>”’l L5 (7.6)

where we used that L, and Si have no diagonal elements. The mean value

1

& 1
<773>n,l:/0 r2drﬁRil(r) (7.7)

has to be computed in each case. In total we obtain for a strong magnetic field

1y _ heB e?h? 1
n7l’l27sz - ch (lz + 28Z) + W(ﬁ)n,l ZZSZ (78)

The term proportional to B? is too small to contribute at this order
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7.2 Spin-orbit correction larger than the magnetic correction

. In this case we do the spin orbit correction first. As we know we should consider now
eigenstates of J2, .J, where J = L+S. The zero order states and the first order energy
correction are

e?h? 1 ,

g (G D) =1+ =s(s+1)]  (79)

Now we have to compute the matrix of the perturbation due to the magnetic field in

nls=3.7.7:) EY=
2

this subspace. Since L, and S, commute with J, the perturbation is diagonal. We take
advantage of this fact and compute the correction

B
oo (e + {0, L5, el eI, 5,5, 52))
(7.10)
where we used j, = [, + s,. Still we need to compute the mean value of s,. We can do

B
EY = =

5oL 5. 3, | (Le +252) . s, . 2) =

that by the following consideration. When composing [ with s = % the total angular
momentum can be j =1[ + l. For a given j,, there are two states:

|l j:l+%>jz> a|lvla]z_ S :%>+ﬁ|l,l,]z 2 :_%> (711)
|l ] =1- 27]Z> = 6“)[7]2 - 7 - >+O€‘l,l,]z 7 = _%> (712)
where we used that the two states should be orthogonal. We can now compute
(15 =14 8 0ISulL = 1+ 8,52 = Dol ~ 8 (713)
(1L =1=5 018007 = 1= 5.0:) = 5(=lal + 1BF) = =1, = I+ 3, 2| S:[l, 5 = 1+ 5, 52)
(7.14)
we also have
lal* +8]* =1 (7.15)

from the normalization condition. Now, we only have to compute the coefficient «. In
order to do that we have to use the definition of the states. Namely

. . i . ) 1 3 , .
Now let us use 1
LS = §(J2—L2—S2) (7.17)
to find
3 3 , L. L, . 1 .
(7.18)

l\')l»—t
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a very simple answer. Using LS = L,S, + 3 (L+S_ + L_S,) we find

SES)ILG =1+ 452} = S0 - %)UZ -Lh+ “\/zm 1) - (G - §>< i+ 3 -5)
Bl Dt -+ Sy -G oo D1 p
(7.19)
The eigenvalue condition (7.18) gives two equations
2 H D e - s - = Lo (7.20)
‘;\/zm D~ (= )+ %) LGt g) = o8 (7.21)

plus the normalization condition o + 32 = 1. This is now an algebraic problem that
can be solved straight-forwardly giving

,/l—i—jz—i-— ,/l—(]z (722)

N Vi1

Replacing in the previous formula we get the simple result

. . . . hj
(Lg=1E5 5500 =1£5,0) =57 (7.23)
Altogether the correction is
R 1 heB 1
eV = N 2y LiGi+1) — 1) — D+ 225 1+ ———| (724
j=t+1 2Im2e2 <7,3> l [](j + ) l(l + ) S(S + )] + 2ij 21 + 1 (7 )

8. Identical Particles

Quantum mechanics implies a notion of identical particles that goes much further than
the statement that, for example, all electrons (or protons, etc.) have the same prop-
erties. Clasically, although particles can be similar, we can follow their trajectories
and thus distinguish them. Quantum mechanically there is no notion of trajectory and
therefore if at time ¢; one has let’s say two electrons at positions z1, =} and at later
time ¢, one also has two electrons at positions xy , ), it is impossible, in principle,
to know if the electron at x, is the electron that was at x; or the one at 2. There
is no experiment that can be done to distinguish those two possibilities and therefore
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it is not meaningful to distinguish them. Formally one has to add (or subtract) the
amplitudes of both processes happening, namely (z1,x)) goes to (z3,x5) and the ex-
change process (x1,x)) goes to (x4, x2). For bosons, amplitudes should be added and
for fermions they should be subtracted. Each type of particle is either a boson or a
fermion. In general particles with integer spin are bosons and with half-integer spin are
fermions. It may happen that one of the two processes has negligible probability (that
depends on the Hamiltonian) in which case one can basically ignore it and consider the
particles distinguishable. For example, if two Helium atoms collide at atomic energies,
the probability of them interchanging protons from inside the nucleus is negligible and
we can ignore processes where a proton of one nucleus is interchanged with a proton
of the other nucleus. At even lower energies not even electrons can be interchanges an
we can consider the atoms as single entities. In the case of Hey the atom is a boson
and for Hes it is a fermion. At very low energies we need to consider processes where
atoms are interchanged but not its individual components.

There are two main formalisms to deal with identical particles. The one that we are
going to use consists simply in considering the particles to be distinguishable, and add
alabel j = 1... N where N is the number of particles. The property of being identical
implies that all operators should be completely symmetrical under interchange of the
labels j whereas the wave-functions should be completely symmetrical for bosons and
completely anti-symmetrical for fermions.

The other formalism is called the occupation number formalism. In that case a
basis of states is chosen for single particle states (namely one particle). Then, a basis
for multi-particle states is constructed by giving the occupation number of each state.
In the case of bosons we can put an arbitrary number of particles in the same state
whereas for fermions we can only put either zero or one particle. Operators are then
constructed in terms of basic operators that add or subtract one particle from each
state. In this formalism particles (of the same species) are considered identical form
the very beginning. The fact that we can only put one fermion in each state is called
the Pauli exclusion principle and follows from the fact that the wave-function has to
be anti-symmetric.

8.1 Helium atom

The Hamiltonian for the Helium atom is

2 2 2 2 2
g=t B gz %, < (8.1)
2m = 2m T ro |7 — T

where Z = 2 is the number of protons in the nucleus. The ground state cannot be
found exactly. Experimentally, Helium has an ionization energy of 24.6 eV, the largest
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for any atom. The remaining electron will be in a hydrogen-like 1s state whose energy
can be easily computed as £ = —4 x 13.6eV = 54.4¢eV. In total the ground state
energy is Ey. = —24.6eV —54.4eV = —79eV. The simplest approach is to ignore the
Coulomb repulsion and solve the Hamiltonian

2 2

2 2
Y4 p3 € €
H=—+—=-/——/— 8.2
0 2m+2m 1 T (8:2)

This Hamiltonian corresponds to two non-interacting electrons and can be easily solved
by putting each electron in a one-particle state while taking into account the Pauli
exclusion principle. The ground state is

1
Ewls(ﬁ)%s("’z) (| T@ - | ¢T>) = 1/113(7”1)%5(7’2)’5 = 0) (8-3)

where we included the spin part which has to be antisymmetric since the spatial part

Uo(7,72) =

is symmetric. The energy is
EY — —2x4x13.6eV = —1088cV (8.4)

clearly overestimating the binding energy since the Coulomb repulsion gives a positive
contribution. We can apply perturbation theory and compute the correction

2 2
EW = (Wo|V |1y = 62/d3F1d3F2‘wls(rQ| st(m)‘ (8.5)
|71 — 73]
and use that 75
—i T T
Y15(r1)s(r2) = —e ag (T1¥72) (8.6)

0
This is the same as the hydrogen atom with the replacement ay — ag/Z, namely the
Bohr radius is reduced by half. The integral is interesting to compute in itself, so let

e—ari—ara 1 —7r1—"T9
/dr1d3 S /d3  — (8.7)

\7‘1 — T s |7’1 — 75|

us consider

The trick is now to consider the integral over 75 by itself. At this point, the vector 7
is a fixed vector. We can then choose our coordinates such that the z axis points along
71. The integral can be simplified in polar coordinates giving

77“1 72 2m 7?“2
d>7 / radr / s1n9d9/ d 8.8
/ 17— | 2 ® \/T1+7'2—27“17'2C089 (8:5)
= 27?/ radry e~ / (8.9)
\/7’1 +7r3 — 2r1r2u

e 1
. / r2dry e (Jry — o] — (11 + 1)) (8.10)
0 T2
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where we used the change of variables 1 = cosf. Notice that the result depends now
on the modulus of 71, 75 and not on their orientation. Therefore we can do the integral
over 71 in polar coordinates obtaining

5 5 e—an—arg 87?2 0 5 o e—rl—rg
drdry———— = —— riradridr r—ro| — (r1+r 8.11
[ e = =T [atindn, (= nl = 4 ) (510
Therefore, the original six dimensional integral has been reduced to a simpler two
dimensional integral. The only complication is the absolute value |r; — 75| that requires
to separate the region of integration in two regions: r; > ry and r; < ry. Since the
integrand is symmetric under interchange of r; <+ ry we can just compute one of them
and multiply by two:

3 3 e—m‘l—arz 1671'2 [ee} [e'e}
/d Md°Thy————— = — / drz/ dririree” " T (ry — g — 11 — T9)
0 To

2 ’Fl —772’ a®

3277-2 > > 2 _—ri—ro
= — dro dryrirye
a 0

T2

32 2 00 [ee] ~
= T / dT’Q / dfl (7:1 + TQ)T%G_TI_QTQ
0 0

b
2072

=3 (8.12)

where we used the change of variables 7y = r; — r9 and the well-known integral

fooo drr"e™" = n!. Armed with this result we immediately find the perturbative correc-
tion to the Helium atom ground state to be

5 Ze?
Vv = —— 8.13
(ol i) = 2 (513)
In total we evaluate the energy to be
Z2 2 5Z 2
E=-22% 122 _ _108.8eV + 34eV = —T4.8eV (8.14)

2@0 8 Qo

Although this is a much better result it shows that the perturbative correction is
significant and therefore higher order terms should also be important.

An alternative method is to use the variational approach. The simplest trial func-
tion is the same function we used but allowing for the Bohr radius to be different,
namely instead of ag — ag/Z we take ag — ao/Z.sr where Z ;s is a variational param-

eter: P
_Zeff r147r
Yol 7o) = —LL e e 1|5 = () (8.15)

3
Tay
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This wave-function takes into account the partial screening of the nuclear charge by
the electrons but still ignores correlations between electrons. That is, the probability
of finding an electron in a given position is independent of where the other electron is.
This ignores the fact that the two electrons tend to be as far from each other as they
can because of the Coulomb repulsion. Nevertheless it is an improved approximation
over the perturbative result which is simply the variational result for Z.¢y = Z = 2.
To proceed we have to compute the mean value of the Hamiltonian in such state. The
easiest way is to write the Hamiltonian as a hydrogen atom with eZ. ;s nuclear charge
plus extra terms:

2 2 2 2 2 2 2
P | P2 € € € e,

H= 42— Zogp— = Zegg— + (Zegs — Z)— + (Zegs — Z)— + = (8.16
2m  2m ff7“1 ff?“z ( 1 )7'1 ( 1 )7’2 |71 — 75| ( )

Furthermore it is easy to find that
1 Z
1s|—|1s) = — 8.17
(Ls] -[1s) = (8.17)

which, using the previous results for the Coulomb repulsion gives

5 e?
(H) = (ngf — 27225y + gZeff)a_O (8.18)
The mini is at
e minimum is a ; _Z_i_ﬁ -
fo - 16 - 16 .
giving an energy
729 €2
E=—r0—=-TT 2
1982q, ~ 1oeV (8:20)

The answer is within 2% of the experimental value. It can be improved by adding
additional terms to the variational wave-function

Let us now consider briefly the excited states. In the non-interacting case, the first
excited state is obtained by leaving one electron in the 1s state and putting the other
either in the 2s or 2p states. The total spin can be either S = 0 or S = 1 since now the
spatial wave-function can be symmetric of anti-symmetric. The Coulomb interaction
splits these levels and therefore the S = 0 and S = 1 states differ in energies of the
order of eVs. To see why let us write the wave-functions:

lﬁ <wls( 1)wnlm(7?2) - wls<7?2)¢nlm(7?1>) |S = 17 Sz = _17 07 1> (821)

Sl

Ps = (%s(ﬁ)%zm(Tz) + U15(72) Ynim (71)) |5 = 0) (8.22)
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It is clear that in the 14 (triplet) state, the wave-function vanishes when the two
electrons are on top of each other whereas in the singlet g it does not. Therefore the
Coulomb repulsion will be larger for the latter one and the triplet will have significantly
lower energy. More precisely

2 3
as) = & fd ) o 7 (8.23)

e d“d%s< Vot (F)o1s (P () (8.24)

|7 —

(Paslm—

|7 =75

The second term, called the exchange energy receives its largest contribution from the
region 71 ~ 7 where the integrand is positive. The energy difference is

dgfld T2

|71 — 7|

AE@ = 262 wls( 1)¢nlm( )1/}18( )wnlm(fé) (825)
It is purely an effect of the Coulomb repulsion but, because of the relation between
symmetry in the spatial and spin parts it can be simulated by a term in the Hamiltonian

Vers = —ﬁAE (Si - Sh) (8.26)
This effective term favors the parallel spin state S = 1 over the S = 0 state by the
same energy difference AFE,. Therefore the Coulomb repulsion generates an effective
ferromagnetic coupling between the spins with energy of the order of eV instead of the

direct spin-spin magnetic interaction which is of the order of 10~*eV. Such interactions
are responsible for ferromagnetism in solids.

8.2 Magnetic susceptibility of Helium

The Hamiltonian of a Helium atom in a uniform magnetic field B = B? is

2 2 2 02 2

p1 P32 € €

_ g8 e C 8.27

2m + 2m ry Ty + |7 — 7% ( )
eB

+—— (L1, + Lo, + 251, + 255,) (8.28)
2me
e’ B? 2 2 2 2

+—8mc2 (] +yi + x5+ y3) (8.29)

For the ground state the second line is irrelevant since L, 4+ Lo, = 0 and Sy, + .55, = 0.
The third line gives a correction to the energy that is given by first order perturbation
theory as

2
e
BEW = o {g.s](21 + yi + 23+ 3)lgs.) (8.30)
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Since the ground state is spherically symmetric (2?) = (y?) = 3(r%). Therefore

e’B? 4
EW = 8m02§(g.3.|r2\g.s.) (8.31)

The variational wave-function gives

2
Qg

(g.s.|r*lg.s.) = 3Z2 (8.32)
eff.
and then 2 2,2
1 e b ag
V= ez, (8.33)

In general, for a material with no permanent magnetic moment, the energy, in the
presence of a magnetic field is given by

1
E = —§XBQ (8.34)
where y is the magnetic susceptibility. The induced magnetic moment is given by
M = xB. If x < 0 the medium is diamagnetic and if y > 0 it is paramagnetic. If it has
permanent magnetic moment is ferromagnetic. In this case a mole of Helium atoms

has a magnetic susceptibility equal to

2.2
e“ag

B mcr 22,

X = Ny (8.35)

where N4 = 6.02 x 10?3 is the Avogadro number. Doing the calculation we obtain

cm?

=-1.6107° 8.36
X mole ( )
The experimental value is Y = —1.88107° ;rgfe meaning that our results is not bad

considering the simple trial wave-function used.
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9. Time dependent perturbation theory

In quantum mechanics, as in classical mechanics, it becomes important to compute the
evolution of a system given an initial state. In the quantum case this requires solving
the Schroedinger equation

Ov(t))

SO = —CH@W@), (e =0)) = [v) CRY

If the Hamiltonian is time independent H(t) = H and we know its exact eigenstates
|E,,) this is solved by

[W(t)) = Z cne_%Ent

n

E,), cn = (En|tho) (9.2)

If the Hamiltonian is time dependent, or the eigenstates are not known we need to
resort to some approximation method. In the case where we can write

H=Hy+ \V (1) (9.3)

where Hy is time independent and exactly solvable, and AV (t) is a perturbation such
that the transition probabilities to other states are small, the method to use is an
expansion in powers of A\, namely perturbation theory.

9.1 An exact computation

We start by considering a case that can be solved exactly. It is a two state system with

e 0 0 et
H = + . 9.4
( 0 62) (767’“ 0 (9-4)

where v € R. Let us consider the initial state to be

[%0) = [1) (9.5)

Hamiltonian

We have to find _ _
(1)) = cr(t)e” H 1) + co(t)e™72)2) (9.6)

where we extracted the trivial time dependence so that ¢; »(t) become time independent
if v = 0. After some algebra, the Schroedinger equation gives

él = —% Gi(w_wm)th (97)
&y = —% emilomwnt (9.8)
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where the dots indicate time derivatives and
h/CUQl — €2 — €1 (99)

We can convert this system into an equation for just co by using

—ﬂatcl = at<€i(w7w21)tc-2> = —ﬂ €i(wiw21)t02 (910)
h h
Expanding ,
52 + z'(w — WQ1)é2 + %62 =0 (9.11)

This can be solved by proposing an exponential solution. The result is

ey = Ae?' + Be®! (9.12)
with
1 ) ~2
Q2 =5 (W—w) £/ (w—wa)? + 45 (9.13)
Defining
QO 1\/( 1244l (9.14)
=1/ (w—w = .
2 2 n?
and taking into account the initial conditions we determine
1
lcof? = — sin? Q¢ (9.15)
1+ Bemgal

The result is physically interesting. The probability of being in state |2) oscillates with
frequency €2 but it does not quite reach the value 1 unless we are in resonance, namely
w = wor. In that case the system oscillates between state |1) and state |2).

In perturbation theory we can only access these results as an expansion in powers
of v. For the probability of being in state two we find

4+? 2 (W —wy )t

2 .
~ 9.16
R S A 10
away from resonance and
t
|co|? = sin® % o~ % (9.17)

at resonance w = wqy. In this last case the result is only valid when ¢ < h/v since
only then the approximation sinvt ~ ~t is valid. From a physical point of view, at
resonance, even a tiny perturbation can, over time, take the system to state [2). On
the other hand, perturbation theory assumes |cs|?> < 1 from the outset and therefore
is only valid for a short time.
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9.2 Perturbative calculation

Consider the case where we can write the Hamiltonian as
H = Hy+ \V(t) (9.18)

such that Hy is a Hamiltonian that we know how to diagonalize exactly and AV (¢) is
a small perturbation in that the transition probabilities to states other than the initial
state are small. Denote the eigenvectors of Hy as |E,) and take one of them |E;) as
the initial state. At any time ¢ we write the state of the system as

[W(E)) =D cult)e P |E,) (9.19)

The initial condition reads

The Schroedinger equation »
7
Ol (t)) = —3 HI (1)) (9.21)
reads _
] i
Oren(t) = =G AL ente KO EIE V(D)) (9-22)

If we propose a series expansion
en(t) =Y _Ne(t) (9.23)
j=0
the equation give a simple recursive relation
j i i— —iw
Orefl) (1) = —ﬁ;cg D(t)e mmt By [V (8)| B (9.24)

where Aw,,, = E,, — E,. These are simple to solve but we need initial conditions. First
we have that

At=0)=1, 7t =0)=0, ,(t=0)=0 (9.25)
Furthermore, the zeroth order coefficients O are time-independent since for A = 0 all
the time dependence is taken into account by the phase factors e~ #%n. Therefore

Ay=1, @) =0 (9.26)
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The solution is now obtained recursively as

O (1) = 5, (9.27)
-

()= / ent' V() di! (9.28)
0

1

2 t t/
cP(t) = (—ﬁ> / etV (t) dt! / e mit Vi (t") dt” (9.29)
0 0

-t
G0 = / it ) (¢) Vi () (9.30)
0
although, for most of our calculations, we are going to consider only the first order.
These formulas describe the general case. It is useful to consider a particular form
of the perturbation which appears quite often, the so called monochromatic or harmonic
perturbation:
V = Vet 4 Yleivt (9.31)

It includes the particular case w = 0, namely constant perturbation. The integrals are
pretty straight-forward giving

Wnitw t)

_%ethSin( 21 (wm—mtsin(—“’”i*”t)

EWV|E) - = ——2 2 (F VB,
ot (En|VIEi) — ¢ o (En|V'|E3)
(9.32)

As a function of w, the coefficient has peaks at w = 4w,;. This is the resonance
phenomenon that we described in the previous section for the two state system. Away
from resonance the coefficients are small therefore we can make the approximation

| |281n (w’” £1)

EIGIEE= 77? (wm_w)2 for  w~wy (9.33)
)
12 & 2 wni"l‘wt
EIGIEE= |Vg;| sin (%50) for W~ —wy (9.34)

(e257)°
As a function of w, |cq(11) (t)|? is a typical diffraction pattern with a peak of width dw = 2*
For large enough times the peak becomes narrower than the level spacing and therefore
the initial state can transition only to the energy level determined by the resonance. For
those states the probability, as computed in perturbation theory, increases quadratically
in time a result that can only be valid for a short initial time. However, knowing that
for a given frequency w the system can only transition to those states with energy
E, = E; £+ hw allows us to restrict the problem to just those states. Thus, the problem
reduces to a finite number of states and can be treated exactly. In fact, this is what
we did when we discussed a two state system in the previous section. There are no
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two state systems, but in many physical situation such as this one, only two states are
relevant, namely those connected by the frequency w.

One interesting point of view is that, for short times t = At, the peak is broad and
the uncertainty in energy is of order

h
AE > AL (9.35)
This is known as the energy uncertainty principle. There is no presumed uncertainty
in measuring time, it means that if two energy measurements are done with a time
difference At, one is going to find the same energy only up to a dispersion AE. In
that sense is different from the position and momentum uncertainty principle but has

a similar spirit.

9.3 Transition into the continuum spectrum

The case in which the final state is in the continuum is of great physical interest since it
describes the decay of a particle into others, scattering processes etc. In such situation,
even in a narrow resonance peak there is a large number of states. The probability is a
continuous function of w,; since w,, = % takes continuous values. In that case what is
important is the area under the main resonance peak. Since its height is proportional
to t? and its width to %, the total transition probability grows linearly in ¢. It makes
sense to define a transition rate, namely probability divided by time. More formally,
we can take the time derivative

B 2V 2 sin(wn; — w)t

Oy lcM|? 9.36
t’Cn ’ K2 Wi — W ( )
When ¢ becomes sufficiently large, we can use the approximation
Wt
PR 120 5 (w) (9.37)
w

Therefore the time derivative becomes constant and defines a transition rate, namely a
probability per unit time. There is a probability of increasing and other of decreasing
the energy

2

T %W;Fa(En — B+ w) (9.38)
2

Wisn = %Wmﬁé(En — B, — hw) (9.39)

These formulas are known as the Fermi golden rule. Consider now an application. The
problem we are interested in is the atomic photoelectric effect, namely the ejection of
an electron from an atom due to the action of external electromagnetic radiation. In
any application of the Fermi golden rule we need to perform three important steps:
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e [dentify the perturbation V' and compute the transition rate w.

e Convert the transition rate into an experimentally useful quantity such as a mean-
life or a cross section.

e Identify the possible final states and sum or integrate over them to compute the
total cross section or mean-life.

In this case the perturbation is due to an electromagnetic standing wave whose vector

potential can be written as
A = 2Ap¢é cos(kZ — wt) (9.40)

Here, Ay is the amplitude of the wave, € is the polarization vector. Also, k is the wave
number, which determines the direction of propagation, and w = |k|c is the frequency.
The polarization is always transverse, namely ké = 0. The electric and magnetic fields

follow as
. 104 24w, . -
E = BT ésin(kd — wt) (9.41)
B=VxA=-2A) (kxé sin(kf — wt) (9.42)

As we saw before, the Hamiltonian for an electron in an electromagnetic field is

e L = E,K)Q e (9.43)

2m

where ¢ is the scalar potential (which in this case is due to the atomic nucleus). Ex-
panding at first order and taking into account that [p;, A;] = —iAV - A = 0 we find the
perturbation to be
e Ay P
V= —— Aq(¢ <ezk:c—zwt + e—zkx-{—zwt) 9.44
= Ay (ép) (941

The first term is the one relevant for absorption and gives a transition rate

2m e2 A3 iKZ
Wi = G- | (Bl (@) E)

S S(E, — B — hw) (9.45)

Now let’s convert this into a useful quantity that we can measure. Since the energy
absorbed is proportional to the energy flux of the radiation and to the overall time, it
is convenient to define a normalized quantity, the cross section o4s. It is defined as an
area such that the energy flux of the incident beam across such an area is equal to the
energy absorbed by the sample (per electron) in the unit time. Namely:

Energy absorbed

Energy flux X ogs = (9.46)

time
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Therefore it is measured in m?2.

In particle and nuclear physics it is more common
to use the unit “barn” given by 1b = 100fm?. In this case it can be measured from
the attenuation rate of the radiation inside the material. Indeed, imagine radiation
traveling inside this material. In the density of the material is p (in number of atoms

per unit volume) we have that the intensity of the radiation Z(z) obeys
I(x+ Az) — Z(z) = —Z(2)owspAx (9.47)
implying
Z(x) = Z(0)e Poabs® (9.48)
The exponential decay with the thickness of the material is much easier to measure than

the absolute value of the intensity. The energy flux of the electromagnetic radiation
follows from

E? B? b w?
E flux =cU = maz Az ) — Aol? 9.49
nergy flux = ¢ 5 < o + o ) | o (9.49)
where U is the energy density of the radiation. The energy absorbed per unit time is

Energy absorbed
time B Z Wizn

(9.50)

where the sum is over all possible final states of the electron and we took into account
that each process absorbs an energy fuw. Due to the 0(FE,, — E; — hw) only states with
given energy need to be summed. The last step is to perform such sum. The only
thing we have to do is to integrate over all possible directions in which the electron
can emerge. However we have to have an adequate measure of integration. In order to
do that consider the system confined to a large box of linear size L and use periodic
boundary conditions. The electron wave-functions are

Uy (T) = %6””30, k= 2%(
where the n’s are integers. In the space of n’s there is one state per unit volume, and

Mgy Ty, M) (9.51)

for large L they are closely spaced so we can replace the sum by an integral:

A3k L3 2mE
> /d% — L3/ )f = Gy h2kdefdQ k=1 4 ! (9.52)
h2 K32

where we used Ey = L and df) = sin0dfd¢ denotes the solid angle into which the
electron is ejected. We can then write the differential absorption cross section as
4he? L3 m

4k e? L mk
- ! / (k|6 (e - )| B2 22 (9.54)

miw hc 2m)3

N,y Nz

ks | s | (e - )| E;) 26 (Ey — E; — hw)dEy dQ (9.53)

daabs =
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The matrix element can be computed as

I 1 o,
(kele™ (e - p)|E;) = / BPr— e TR (_iR)e - V) (T) (9.55)
2
h - R
=ik / B Ry (7) (9.56)
2
h - ~ ~ = —
= E(kf - E)(k — ky) (9.57)

where we integrated by parts and defined the Fourier transform

BE=Ep) = [ da dFFy @ (9.58)
The final expression for the differential cross section is
do g 1 é? - -
2= —ky(ky - 2|0k — k) 9.59
St — gy PN~ ) (9.59)

Here the modulus of lgf is determined by energy conservation. The angles in df2 should
be integrated to obtain the total cross section.

A simple example is hydrogen atom in the ground state. In that case the wave
function is

1 _r
P = \/_ 3 e 9o (9.60)
Ta
The Fourier transform is
3
~ o T 8y/magd
(k) = /d3r ey = ——5— (9.61)
(1 + k2al)?

and then .
dO‘abs _ 32e2a8 k{,(kff)2 (962)
s mwe (14 (k — ky)2a2)*
The first result is that electron will be ejected primarily in the direction of £ due to
the factor (k;£)? in the numerator. The reason is that ¢ is the direction in which the

electric field points. Finally, during the calculation we ignored the spin of the electron.
The reason is that this perturbation, at lowest order, does not couple to the spin and
therefore if the elecron is e.g. with spin up in the atom, it will be ejected with spin up.

9.4 2p — 1s transition

In an spontaneous atomic transition only a few, usually one, photons are produced and
therefore the electromagnetic field needs to be quantized. Imagine the field inside a
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box with periodic boundary conditions. The solutions to the Maxwell equations is a
superposition of non-interacting plane waves of momenta k= 2%(ngg, nyn,) with ng,
integers. For each mode, the fields oscillate with frequency w = \l; |c. Clearly, the plane
waves are the normal modes of oscillation of the field and should be quantized as a set

of independent harmonic oscillators. With this in mind we introduced the quantum

- 4 h o o
A(r) = W/VW Z 2y 2—%6(0‘) [a,z’ae”m + a%}ae’m] (9.63)

k,a=1,2

vector potential

where aL

,Q

mode. Their commutation relation is

, aj , are the usual creation and annihilation operators associated with each

(@} 1+ 0 o) = — 07 O (9.64)

the index o = 1, 2 indicates the polarization and €, are two unit vectors orthogonal to
k and orthogonal to each other. The Hamiltonian is given by

H=Y hoal ap, (9.65)
ko
The coefficients on the mode expansion of A are chosen such that

1 L
H=_— [ &@x(E*+ B? .
& [ do(E s B (9.66)

The eigenstates of the Hamiltonian are given by a set of integers N = that determine
the occupation state of each mode.

INeo),  E=)_ N, hw (9.67)
P

After this brief description of the quantization of the electromagnetic field, let us go
back to our problem of computing the atomic transition probabilities. As said before,
first we have to identify the interaction responsible for the transition. This is the
familiar term in the interaction of a charged particle with an electromagnetic field:

e -, L

Where we now have to take into account that A is an operator in the photon space.
Now we use Fermi’s golden rule

2m
Winyp = i |

(FIVID)?* 6(Ef — E) (9.69)
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Notice that this is a transition in the continuum spectrum because the photon can have
any value of (positive) energy. The initial and final states are

i) = |nlm; Ni , = 0), |f) = n'I'm/; N, = 1) (9.70)

for some mode E, Q.
Finally we have to sum over final states of the photon. That’s done by using

Y= (2L7T)3/d3k (9.71)

N, Ny ,Nz

and also a discrete sum over the two possible polarizations. In computing the transition
probability, only the creation part of the operator A needs to be kept, resulting in

4
(fIVI]i) = (n'lI'm/; Ng, —1|——\/ WZ \/ (O‘)pa Zk”””|nlm N, =0) (9.72)

The easiest part is the photon part since it gives
(Nio=1la} [Nz, =0) =1 (9.73)

Putting everything together including the sum over final states gives

L 3 4re? (@) /171, 1] ,—ikE 2
Wiy = 70— Z d’k— | (0 I'm/ e~ pInlm)|* 0 (Ens yr e + Bwr — Enim)

(9.74)
Since wy = kc we can do the radial integral in momentum using the delta function.
Thus

Wiy = Z / dgz?mm262|e<a>< nU'm’ |e~ Fplnim))|? (9.75)

where df) = sin 0dfd¢ is the differential of solid angle for the emitted photon. This is
now a calculable atomic matrix element. However, it is useful to simplify the calculation
a bit by using the dipole approximation. Indeed, for example for the transition 2p — 1s,
the energy is

ho =2 _102ev ivalently & ! (9.76)

w=-—=102e¢ equivalen ~ .
42aq o Y 2% 10-5m

Since the wave function of the states is exponentially small for r > ay we have kT ~
1072 and an appropriate expansion is

e =1 — kT + ... (9.77)
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Keeping the first term corresponds to the so called F'1 electric dipole transition, giving

Wiy = Z / dQQ7r hchCQ @ (/l'm!|plnim)|? (9.78)

The only dependence on the direction of k is now in the polarization vectors. The
integral and sum over polarizations can be done using that

> / Qe el = B, (9.79)

which follows from rotational invariance. The constant B can be computed by taking
the trace on both sides using that €® are unit vectors

8
Z/dQe 5“)_2/d9—87r—33 = B—;T (9.80)

Finally there is a useful trick to compute the matrix element of the momentum:

(n'U'm!|plnim) = (n'l'm | - [H Z]|nlm) (9.81)
m S
= f(En/pm/ — Epm) (0 U'm/|Z|nlm) (9.82)
= imw{n'I'm’|Z|nlm) (9.83)
Finally
4 w3 o 7 2
Wing = ga— |[(n'I'm/|Z|n, lm, )| (9.84)

which agrees with the one obtained from the Einstein relations. For the particular case
2p — 1s the result is

~ 215
|(1s|Z]2pm = 0)|* = 3% ag (9.85)
where we used
1 1 _-
= ———2¢ a0 9.86
wl \/Ea% ( )
0
3 1 T __r_
=4/ —cosf —e 290 9.87
pr 7 (2@0)% \/§a0 ( )
Using that
3 e?
2= 9.88
4 2(10 ( )
we obtain o8 ) )
_ sme”
Corots = s O T 161079 (9:89)

Therefore the mean life of the 2p state is
Top = 1.6 s (9.90)
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10. Scattering

Scattering is one of the most important processes in physics from an experimantal point
of view. It consists of sending a beam of particles towards a target and detecting the
resulting products of the collision. A detector usually measures the direction in which
the particles come out together with their energy, charge and mass.

A particular case is ellastic scattering where incoming particles are scattered in
different directions but without changing their nature, that is no new particles are
created in the collision. The most standard case is the scattering of particles by a
potential. This case has applications for example in atomic and molecular physics.

Scattering process are characterized by the total o, partial o differential g—g Cross

sections.
Numb f ticl ttered
Incident flux x op = amber 9 pa'r 1008 stalnere (10.1)
time
Incident flux x o) = Number of particles sctz'xttered in given channel / (10.2)
ime
eident flix ;l_g _ Number of particles scatt'tered into a solid angle df) (10.3)
ime

A channel means scattering taking place through a particular process, for example
oinvloving waves with angular momentum [. The unit of measure for the cross ection
is area, namely m?. Some times the unit 1barn = 1b = 10~2¥m? = 100fm? is used.

10.1 Scattering as a time dependent problem, Born approximation

Ellastic scattering is a time-dependent process where the initial sate is a particle in
a definite sate of momentum and the final state is the same particle with a different
momentum. If hte process can be treated perturbatively, using the Fermi golden rule,
the probabilty per unit time is

2T .
winp= Y 7|<f|V|Z>I25(Ef — LB (10.4)
final states
The cross section is then w
i—f

=" 10.5
g incident fux ( )
The cross section is the total cross section if we sum over all final states and the
differential cross section if we sum over states with momentum inside the differential

of solid angle df). Here V' is the perturbation responsible for the scattering.
To be more specific consider the scattering of particles by a potential V(Z). Nor-

malizig the wave functions to unit in a large volume L3, the incident and outgoing wave
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functions are
Vi = —gerii® (10.6)

The momenta are quantized as

- 2
k= %(nx, Ny, Nz), Mgy, €L (10.7)

Therefore the sum over final states is done as

> :/d?’n: (2[:)3/d3k (10.8)

N, Ny, N

valid in the limit L — oo. Finally, the incident flux is given by

L y_ LEE
J =i (VY — V) = (10.9)

since Ak is the momentum, the current can be interpreted as the density # times the

velocity %E Putting all the pieces together we can compute the total cross section:

Wi f
__ Wimr 10.1
or incident flux ( 0 0)

mlI3 L3 2

= EBE==|(fIV|i)*6(E; — F; 10.11
TG [ ERSsvinPaE - E) (10.11)
mI3 L3 or 1 o k2 R2k2

— d3k?— s d3 i(k—K")Z —\ 2 _f P 10.12
hk (27r)3/ h L3/ e V@ 2m 2m) (10.12)

_m dQV (k — k)2 (10.13)

C 4m2pt '

where we defined the Fourier transform
V(E— ) = / B TRy () (10.14)

The differential cross section is given by

do S

This gives the first order approximation to scattering by a potential also known as the

Born approximation.
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10.1.1 Radial potential
If the potential only depends on the distance to the origin, namely V' = V(r), we have

Vik—k) = / Bre Ry () (10.16)
2

/ 2dr/ smede/ dpelF—F reostyy (1 (10.17)

\k‘ k"| )sin(r|k — K'|)dr (10.18)

which involves only a single integral and is therefore simpler to compute. Consider the
example of a Yukawa potential

1%
Vir)= e (10.19)
wur
The integral can be done in closed form
~ - o 4 < W
Vig=1k—=F|) = il r—2e M sin gr (10.20)
4 Jo W"
AV, . -
=T e M — e M) dr (10.21)
q 2ip Jo
4 1
_ 4o (10.22)
NGRS
The differential cross section is therefore
d V2 167> 4Am?Vy 1
do _ om” __ dmYg (10.23)
A Amht p? (W2 +q?)? Pkt (p? +g?)?
Using now that
L. . 1
= (k—K)? =k + k? - 2kk' = k*(2 — 2cos ) = 4k* sin® 50 (10.24)

where we defined 6 as the angle between k and k¥ and used that k% = k2 from energy
conservation, we can get

do 2mV, 2 1
— = 10.25
dQ ( ph? > (12 + 4k? sin® £6)2 ( )
The total cross section is
2mVy\° m sin 0d6
= [ do = 2 10.26
o= [o- () = [ Grriware 00
2mVy 2 2w
- ( ph? ) 12 + 4k2) (10.27)
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Interestingly, if we take Vj = e?p and take the limt 4 — 0 we get the Coulomb
differential cross section

do ome?\ 2 1
- — 10.28
<dQ > Coulomb ( h? ) 16k*sin” 16 ( )

10.2 Scattering by a potential, time-independent approach

In the case of scattering by a potential it is actually possible to give a solution to
all orders in perturbation theory if we are able to solve the problem of finding the
Energy eigenstates for a particle in such potential. This can be done analytically or
perhaps numerically. Although showing the equivalence between the time dependent
and independent methods is a bit lengthy the result is very simple to understand.

If the incident particles have energy E then we need to look for an eigensate of
energy E. In the continuum spectrum there is an infinte number of states with a given
energy. Among those states we have to find a linear combination that behaves at inifity
as a superposition of an incident plane wave and and outgoing spherical wave:

ikr

VE(Z) ~z)=r—oo # (e‘“” + 67 f(7, IZ)) (10.29)

Here k is the momentum of the incident wave and # = r#. The outgoing spherical
waves represent the scattered particles and therefore the differential cross section is

given by
i — outgF)ing'ﬂuX x r2d§) _ e TAGE §2|2 x r2dS) (10.30)
ingoing flux ™
= |f. P do o3y

10.3 Central potential and phase shifts

If the potential depends only on the distance to the origin, V' = V() then the angular
momentum is conserved. In this case it is more likely that we can solve the Schroedinger
problem analytically or numerically. The reason is that due to angular momentum
conservation, the three dimensional Schroedinger equation reduces to an independent
set of one-dimensional equation. Moreover, since the centrifugal barrier grows near the
origin, for a finite incident energy, only a finite set of angular momenta contribute to
the scattering. More precisely, the wave function is decomposed as
1
Vp = Ri()Yum(0,0) = 3 —xe(r)Yen(0, ¢) (10.32)

Lm lm
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The equation for y,(r) is

2

_h_X/EI(T) + <V(T> + M

2m 2mr?

) Xe(r) = Ex(r) (10.33)

From now on we are going to assume that the potential has range a, namely that for
r > a the potential vanish (or can be well approximated by zero, e.g. Yukawa potential

that vanishes exponentially). A particle of energy F = ﬁ; :12 cannot penetrate the
centrifugal barrier much beyond a distance 7 such that
2.2 252
L (10.34)
2m  2mr?’ k

Thus, if ¥ > a such particle will not be affected by the potential. That means that only
waves with angular momentum
U< lpae = ka (10.35)

are affected by the potential (for a given k). The next question is how are the waves
with ¢ < ka affected. At infinity x, behaves as a superposition of an incoming and
outgoing waves:

Xe(1) 2rso Age™™ - Byet*r (10.36)

Since the coordinate r ends at » = 0 the incoming and outgoing fluxes have to tbe the
same |A| = |B|. There can only be a phase difference between A and B:

By = (—)"*te* B4, (10.37)

Such phase difference, up to the minus sign introduced by convenience, defines the
phase shift d,(E) for that given incident energy E. The set of numbers d,, ¢ < ka are
the whole information we can get from solving the Schroedinger equation and therefore
should determine the scattering cross section for that energy. Both, theoretically and
experimentally it is convenient to characterize the scattering from the phase shifts
de(E).

To see how to compute the cross section we consider the Schroedinger equation in
the region r > a where the potential vanishes. The equation reduces to

((0+1) 2mE

2 Xt = 72

—xy + e (10.38)

This is a from of the Bessel equation whose solution are +.J, +%(kr) and N, +%(k7").
This is conveniently written in terms of the radial wave function as

Ry(r) = Cyje(kr) 4+ Cang(kr) (10.39)
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with jy , n, called spherical Bessel functions and given by

)= [Ty 0 o) =[N0 (10.40)

Some properties are

ol 1 |
' ~— — 0 ] ~ — —=(+1 — 10.41
Je(p) oo 0 Je(p) pCOS(p 5+ 1)m), p— o0 (10.41)
1 . 1
ne(p) ~p 71 p—0, ne(p) ~ ;sm(p - 5(6 +1)7), p— oo (10.42)
and some particular values are
. 1. 1
jo(p) = —sinp, ng(p) = ——cosp (10.43)
p p
1(p) =~ cosp+ g sinp, m(p) =~ sinp— (10.44)
jilp) = —=cosp+ —sinp, mni(p) = ——sinp — —cosp :
' p P2 ' p P2

According to the definition of phase shifts the radial wave function should behave
asymptotically as

Re(r) = lr) =

i

. ) 1 ) o
(Agefzkr + Béelkr) ~ _AZ (eflkr + (_)€+16225[61kr) (1045)
r
From the asymptotic form of the spherical Bessel functions we find

1 . 1 .
Je(kr) +ing(kr) = Ee“‘”(—z’)”l, Je(kr) —ing(kr) = He_””i”l (10.46)

implying that the wave-function for r > a is

Ry = Ag (k(—=0)" (jo — ing) + (=) k(o + ing) ) (10.47)

= 2k(—4) T A (jo(kr) cos 6, — ng(kr) sin &) (10.48)

Moreover, since the potential is spherically symmetric we can choose the axis any way
we want. It is convenient to choose z along the incident beam. In that way the wave

function we are looking for is independent of ¢ and can be written in terms of Legendre
polynomials Py(cos ). Altogether, for r > a the wave-function can be written as

VE(r) = Z 2k (=) Age (jo(kr) cos dp — ng(kr) sin 6,) Py(cos 6) (10.49)
¢

The phase shifts should be computed by matching this expression to the wave-function
for r < a that can follow only from solving the Schroedinger equation in the potential
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in question. Equivalently, we can match equation (10.39) to the aymptotic form of the
(10.50)

(Sg = arg(C’1 — ZCQ)

wave-function and find
|Cl + Z‘C(2|€_i6(Z =

Cy +1iCy =
To summarize, the phase shift is computed by solving the Schroedinger equation and

matching the aymptotic form of the wave-function to eq.(10.45)
The next step is to compute the scattering cross section. For that we have to match
(10.51)

with the asymptotic form
1 ) eikr .
Ez ikz A
=7 =r—o0 + — ) k
0E(E) e oy (o4 00D
The plane wave can be written as
ks = Z(% + 1)ijg(kr) Py(cos 0) (10.52)
20 +1 ikr —ikr
e Z S Pilcost) (e 4 (=) Htemkr) (10.53)
and therefore
— 1 26 + 1 7 ikr —ikr
VP (T) oo oY > S Pilcost) (e 4 (=) emh) (10.54)
1+1)e™ + (=) e ™](10.55)

2€ + 1P€(COS 0) [(62264

1
)§ Z 2ikr

:r—>oo
(2m)2 5
where we used eq.(10.37) to relate the incoming and outgoing waves. Thus the asymp-
totic wave-function is written as a sum of a plane wave and outgoing spherical waves

(10.56)

2€ —+ 1P€(COS 9) (€2i(5g _ 1)
(10.57)

allowing us to identify
k) =)

2041 -
= Z £r Py(cos #)et sin &,
¢

(10.58)

The total cross section is given by

0 o0

— [ aos. B
2 (20 +1 '
=2 /d& s1n«92 £r 3;2 ot )sin 8, sin 6 €%¢=%¢) Py(cos 0) P (cos 0]10.59)
(10.60)

‘:; Z(ze +1)sin? 6,
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where we have used

1
2
Py(x) Py = / 10.61
/_1 g(iL‘) g(l‘)dl‘ 2€+15@g (06)
It interesting to note that
4 9 4m
o= 2(25 + 1)sin? 6, = ?Imf(ﬁ =0) (10.62)

L

that is known as the optical theorem.

10.4 Hard spheres example
The hard sphere potential is defined as

V() = {OOO :;aa (10.63)

The wave equation is the one for a free particle for » > a and has to vanish at r = a.
Form equation (10.49) we immediately find

jg(l{?(l) COS 54 - ng(k:a) sin 5g =0 (1064)
namely J(ka)
Je\ka
= 10.
tan o, no(ha) (10.65)

that completely solves the problem of computing the phase shifts. In hte case of £ =0
we simply have

jo(ka)
no(ka)

Atlow energy, namely ka < 1 we can use the behavior of the Bessel functions to find

tan dp = = —tanka = §y= —ka (10.66)

6 ~ (ka)*™ =0 (10.67)

Therefore, in the low energy regime, the scattering is dominated by the s-waves. It

follows that
4

TR

larger than the classical cross section which is ma? at all energies. This motivates the

(ka)? = 4ma? (10.68)

g

following definition, for a generic system, the cross section at low energies the cross
section is dominated by s-waves and therefore

or(k — 0) — 4ra? (10.69)
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for some quantity a, with units of length that is called the scattering length.
At large energies all angular momenta up to [,,., ~ ka contribute, as discussed at
the beginning of this section. For large ka we have
cos(ka — (0 + 1))

1 1
tan o, ~ = —tan(ka — =/ = O~ —ka+ -4 10.70
an dy sin(ka — L+ Dm) an(ka 5 ) ¢ a+ gtm ( )

Therefore
4TS 0 1) sin(ka - Lom) = 2 lmf(zu (1= (=) cos(2ka))  (10.71)
o~ — sin“(ka — =fm) = — — (=) cos(2ka .
k? - 2 k? -
The sums can be done exactly now. The leading behavior is
2m
o~ ﬁéfmz = 27a’ (10.72)

Notice that is £, = ka+ A for A of order one in ka, the leading expansion is still the
same.

10.5 Shallow bound state

Consider the case where we have a deep potential V' (r) that vanishes for r > a. Suppose
there is a shallow bound state, namely a bound state of energy ' = —e whose value
is small compared with the potential. Also assume we are interested in low energy
scattering ka < 1 and such that F is also small compared with the potential, but not
necessarily with e. In this situation scattering is dominated by s-waves and

A .
0=13 sin? &y (10.73)

To compute the phase shift dy we write the wave function for » > a which is
X(r > a) = Asin(kr + d) (10.74)

by definition of phase shift. We need to match the function and the derivative to the
function inside the potential. To compute the boundary condition we use the fact that
there is a shallow bound state. Indeed, inside the potential the scattering wave-function
satisfies

h2
—%azx +V(r)x = Ex (10.75)

Since the energy F is small compared to the potential we can assume the wave-function
changes little when we change . However, we know that for £ = —e the wave function
inside matches a decaying exponential outside:

2me X'(r=a)

— Be "" — /2 L — 10.
x(r > a) e ™. K o = o P K (10.76)
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and then we should also have the same value for the scattering state

cos(ka + dp)
—_—— = — 10.77
sin(ka + &o) " ( )
Since ka < 1 we find .
cot by = ~Z (10.78)
and then 2 A ori? 1
o B T 27
S 50_m :G_k:2+/<2_ m FE+e (10.79)
The cross section at zero energy is given by
21h? 1
o=""T"" (10.80)
m €

This cross section can be very large compared to the value 47a? that we could have
expected at low energy. In fact, if the bound state is at € = 0 the cross section is

47
T2

which is called the unitarity limit and is discussed more generally in the next subsection.

g

(10.81)

10.6 Unitarity limit

Consider the case of low energy that is dominated by s-wave scattering:

o = 4r|fy|? (10.82)
The optical theorem gives
4
o= %Imfo (10.83)
Hence 22
2 O 2 @
= < = — .
(Imf0> 1672 = |f0| . (10 84)
Implying
47
o< 72 (10.85)
which is known as the unitarity limit. In terms of the phase shift
AT .
0=13 sin® &y (10.86)
The unitarity limit is reached at resonance oy = 7:
47
=13 (10.87)
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Figure 5: Sacttering with energy F in the presence of a shallow bound state with energy

—E€.

The cross section has no parameters and is completely fixed by dimensional reasons.
The absence of a scale suggest that the system can display scale invariance. In atomic
physics it is possible to have a gas of particles such that the typical interactions occur
at a resonance. Such gas is said to be at the unitarity limit.

10.7 Resonances

Suppose we have a negative potential surrounded by a high barrier that ends at r = a
after which the potential vanishes. Let us consider the case ka < 1 and study s-wave
scattering. For simplicity, consider the barrier has constant potential Vj (see figure 6)
and write the wave-function as

x1(r) for r <
X(r) =< xu(r) = Ae" 4+ Be ™" forrg <r <a (10.88)
X11(r) = Csin(kr + &) for  r >a

with
2mE 2m(Vo — E)
h? h? ’

(10.89)
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We do not know the wave-function x;(r) since we assume some general potential in the
region r < ry. On the other hand, matching the wave-functions at » = a we obtain

kAe® — kBe @

kAer® + gBe—ra

= kcot(ka + &) (10.90)

For most values of energy, we have €"* > e~"* and therefore (recall ka < 1)

cot Oy =~ g (10.91)

a slowly varying function of energy. However, for a quasi-bound state at £ = Ey we
have A(Fy) = 0, namely only the decaying exponential survives. At £ = Fy we have

k
cot dg =~ - (10.92)

namely a sign change. It is clear that when going from E < Ey to E > Ej the phase
shift abruptly increases by m. For some value of energy E = Ey close to Ey we should
have §y = 7 giving a peak in the cross section (since sindy(Eg) = 1). In principle the
phase shift could decrease by 7 instead but we are going to rule out that case later on.
If we assume 9y is small away from the resonance, the cross section will increase and
have a peak whose highest value is ¢ = i—g, namely the unitarity limit. If the cross
section is large (more rare case), namely dp ~ 1 then it will dip to zero. The shape of

the peak can be computed using the approximation that

E-FE /4
R = SiH250 ~ /

t oy ~ —2
ot T (E — Ep)? +12/4

(10.93)

and the cross section
A7 2 /4

" kK2 (E—Eg)?+1?/4

g

(10.94)

x|

that is superimposed to the "normal” cross section computed from cot g ~

10.8 Equivalence of time-independent and dependent approaches

Consider the eigenstate of the Hamiltonian with energy F = 7;2—5 such that at infinity

behaves as X '
Vg =~ —(270% {eik‘z + ;f(@, k:)e““"} (10.95)
with .
f(0) = Z 2;{; Py(cos 0)(e*? — 1) (10.96)
¢
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Figure 6: Sacttering with energy E in the presence of a resonance.

Create now a wave packet

by = /d’fg(k‘)@/@(m)» glk) = Ae~"s (ko) (10.97)

The time dependent wave function will be

Tt) = A [ dke " (ko -itine 10.9
Yy(Z,t) = e 3 e "2ntp(z), (10.98)

We assume that this gaussian is sharply peaked and with small uncertainty in position
and momentum. For large values of |Z| we can use the expression of the wave func-
tion that we had before. The first term gives a wave packet propagating towards the
scattering center:

2 1 o
1 - ih
Uy = \ﬁ”—f O (10.99)
1+ oy

as can be seen from its modulus squared:

4 —l(z_hkwgtzﬂ
2 h2t
Yo l* = | 5—mme T (10.100)
a2 + Lt
m2a?
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The position of the wave packet is given by

hk hk
p= 2t =ut, vy = — (10.101)
m m
For the second term we first ignore the dependence of f(6,k) on k and get the same

result as for the first term but replacing z — r:

_ (r—%t)Q
Py \[/“ —c 0T (10.102)
14+ -2 t

maZ
This represents a spherical wave whose radius grows as

hk
r=—2f =y, (10.103)
m

However, for t < 0 the gaussian is localized around an unphysical negative value of r.
Therefore, for r > 0 the wave functions is essentially zero. That is, for negative ¢t we
only have a plane wave and for ¢ > 0 we have a superposition of a plane wave and a
spherical wave as desired. More detail can be found by using the previous expression
for f(#) and expanding

09y (ko)
Oko

In this case we obtain a spherical wave of radius

. % _2855(14;0) hko
om Ok m

—2(t — At) (10.105)

with
004(E)
oOF

It should be noted that a very rapid decrease of the phase shift would lead to a neg-

At = 2p—2 (10.106)

ative time delay, in the extreme case implying that the spherical wave packet appears
before the plane wave reaches the scattering region. Since this is impossible, very rapid
decreases of the phase shift are ruled out. If the potential is non-zero within a radius
a we have a bound for the case At < 0

AL| < vi = E|§'(E)| < ka (10.107)
0
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10.9 Inelastic Scattering

Assuming a central potential but also the possibility of other processes happening,
the amplitude of the outgoing wave in each angular momentum channel should be
equal or smaller that the incoming one. Taking this into account, the elastic scattering
amplitude can be written as

[e.9]

FO)=>" 22;1Pg(cos9) (Sp—1), |S]<1 (10.108)

The total elastic cross section is given by

o0

o, = /dQ\f|2 = % Z(2€+ DS, — 1 (10.109)

=0

For each channel, 1 — |Sy|?* represents the probability going into other channels, for

example particle production. Therefore, the inelastic cross section is

7r o
o = pZ(2£+1)(1— 15¢%) (10.110)
=0
The total cross section is
U —
op =0+ 0 = EZ(%Jrl)(l—ReSg) (10.111)

=0
If |S;| = 1 then we only have elastic scattering, but if |Sy| = 0 then o, = o;, that is we
cannot have just inelastic scattering. Finally, the optical theorem is

o0

20+ 1 k
Imf(0) =) — (1 —ReSy) = o7 (10.112)

=0

That means the imaginary part of the forward elastic cross section determines the total
cross section, including elastic and inelastic.
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