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Multidimensional Detection Theory 

Most real-world stimuli are multidimensional in space, time, or frequency and provide an 

observer with more than one source of information that can be used for detection, discrimination, 

or identification.  Multidimensional stimuli can be carefully examined in the laboratory by 

increasing the number of freely varying components in a signal and/or by repeating the signal in 

time.  In order to accurately model the correspondence between the parameters of a 

multidimensional stimulus and an observer’s response or judgment, the experimenter must be able 

to operationally define (1) the psychologically relevant dimensions or the stimulus features that 

the observer is operating on and (2) the decision variable or how the observer combines the 

information across dimensions to arrive at an overall decision.  One popular approach for 

conceptualizing an observer’s perception of multiple dimensions is the channel model of 

Broadbent (1958, as cited in Macmillan & Creelman, 1991). 

According to the channel model, each dimension of the stimulus is filtered into non-overlapping, 

orthogonal channels so that the variability in the output of one channel does not affect that in 

another.  Throughout this discussion, the terms channels, dimensions (psychological), and 

observations (in the case of repeated stimuli) will be used interchangeably.  In hearing research, 

the frequency analysis of the peripheral auditory system is commonly used to define channels 

called critical bands.  However, it should be emphasized that channels are not absolute, that is, 

they are task dependent and are operationally defined according to how the information necessary 

for detection, discrimination, or identification is conveyed.  For example, in a tone-in-noise 

detection experiment, channels might consist of different frequency bands whose output is 

intensity.  Whereas in an experiment in which the observer must judge some global attribute of a 

sound source (i.e., hollowness or the amount of force with which it was struck), the entire 
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frequency domain might make up a single channel whose output is pitch and the intensity domain 

might make up another independent channel.  In other words, the output of a channel is the value 

of its corresponding dimension, which can be plotted on one axis of the decision space.  The task 

of the observer then is to set criteria or dividing lines in the multidimensional decision space that 

maximize performance.  A very simple way to model this decision-making process is to assume 

that the observer somehow combines the channel outputs to form a single decision variable that 

varies along one dimension and then the observer fixes a criterion that divides that axis into two 

response areas.  Signal detection theory dictates that the optimal and unbiased location for the 

criterion corresponds to the point where each outcome is equally likely. 

Application of multidimensional detection theory to perception generally assumes that channels 

are evaluated simultaneously in parallel so that the processing of one channel does not depend on 

decisions made about other channels, unless multiple observations are involved.  In contrast, an 

equally important application of multidimensional detection theory to clinical decision analysis 

generally takes into consideration models of serial processing that include cost-benefit decisions.  

In this application of the theory, a battery of clinical tests are usually combined sequentially to 

form a test protocol, such that the outcome of one or more tests determine whether or not another 

test should be performed with the overall decision being determined by the final test or some 

combination of all the tests performed.  Clinical decision analysis is currently an important area of 

research because issues dealing with posterior probabilities and disease prevalence, hit/false alarm 

rates and test sensitivity, correlations between tests, parallel and/or serial test protocols, and cost-

benefit considerations will determine the protocol efficiency.  Turner, Robinette, and Bauch (1999) 

provide an excellent discussion on clinical decision analysis within the field of audiology. 
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Early Models for Multicomponent Auditory Signals and Multiple Observations 

Very early in the development of signal detection theory and its application to psychophysics, 

there was interest in describing how observers use multiple sources of information in a complex 

signal to arrive at a single decision (see table in the section titled “Evaluation of the Models”).  

Results of various tone-in-noise detection experiments were generally evaluated against each of 

several models:  (1) the Null Hypothesis (Veniar, 1958a,b; Creelman, 1960), (2) the No-

Summation model (Green, 1958) or Narrow-Band Scanning model (Veniar, 1958a,b; Creelman, 

1960), (3) the Independent Thresholds model (Green, 1958), and (4) the Statistical Summation or 

Integration model (Green, 1958; Green & Swets, 1966) or Multiple-Band model (Veniar, 1958a,b; 

Creelman, 1960). 

The Null Hypothesis and the No-Summation (Narrow-Band Scanning) Models 

According to the Null Hypothesis or the No-Summation (Narrow-Band Scanning) model, 

performance for a complex signal will only be as good as performance for the individual 

components that make it up.  The Null Hypothesis of Veniar (1958a,b) predicts that performance 

for a multiple-signal ensemble will be equal to the average performance of the signals when they 

are considered individually.  The No-Summation model of Green (1958) and the Narrow-Band 

Scanning model of Veniar (1958a,b) and of Creelman (1960) predict that performance for a 

complex signal will be no greater than performance for the most detectable component.  The basis 

for this model is that the observer is able to attend to only one channel at a time (i.e., is sensitive 

to only a narrow band of frequencies at each instant in time) and when faced with a complex signal 

containing multiple channels, he/she will attend to the one easiest to detect.  Therefore, when the 

signal does not occur in the channel the observer is attending to, it will not be detected and the 
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observer’s decision will be based on a guess.  The probability of being correct for the Narrow-

Band Scanning model with m equally probable alternatives is given by 

)1)(/1()( pmpCP  ,           (1) 

where p is the probability that the signal in the attended channel will exceed threshold and 1 – p is 

the probability that the signal in the attended channel will not exceed threshold which is multiplied 

by 1/m, the probability of making a correct guess. 

The Independent Thresholds Model 

According to the Independent Thresholds model first proposed by Schafer and Gales (1949), 

each observation of an individual channel or dimension results in a binary decision and the 

decisions rather than observations are combined to form an overall decision.  In a task in which 

the signal can be cued by any one or more of n possible channels independently of one another, 

the simplest implementation of this model is to respond affirmatively if any one of the observations 

indicates that a signal is present.  Macmillan and Creelman (1991) identify this as the maximum 

output strategy because the channel with the largest output is the decision variable.  This model 

holds that a signal will be detected whenever the output in a channel exceeds a threshold.  It is 

assumed that the channel outputs are normally distributed in both noise-alone and signal+noise 

states, hence when the number of channels that contain information about the signal is increased 

detection will improve because each observation increases the odds that at least one of them will 

exceed threshold by random chance.  Therefore, threshold for a complex stimulus can be much 

lower than the threshold for any of the components consider individually.  The probability that at 

least one of the equally probable channels will exceed threshold, pn, is 



Alexander (2003) 

 

 

 

 

7 

)1(1
1

i

n

i
n pp  



,            (2) 

where pi is the probability that the ith channel will exceed threshold.  If all of the pi are equal, then 

the probability can be alternatively computed by way of Eq. (3). 
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To compute the probability of being correct, simply substitute pn from Eq. (2) for pi in Eq. (1), 
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If the form of the decision variable is to respond affirmatively only if all the channels are positive, 

the probability of detection is given by 
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The Integration or Multiple-Band Model 

The Integration or Multiple-Band model assumes that independent observations drawn from 

identical normal distributions are linearly combined without loss of information (i.e., perfect 

memory).  Unlike, the Null Hypothesis and the No-Summation (Narrow-Band Scanning) models, 

the Integration model is similar to the Independent Thresholds model because it assumes that 

detection for a complex signal will be lower than the detection any of its constituent components 

because the observer can attend to multiple channels simultaneously.  However, unlike the 

Independent Thresholds model, the Integration model assumes that the outputs of the channels are 

combined rather than the independent decisions from each channel.  The Statistical Summation 

model first discussed in detail by Green (1958) was an extension of the statistical decision theory 
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presented by Tanner (1956) and Tanner and Birdsall (1958).  The model assumes that individual 

channels do not interact and that they are combined via likelihood ratios to form an optimal linear 

combination of channels.  Because the decision axis is a monotonic transformation of the 

likelihood ratio, the combination of channels can be carried out using the raw observations, Xi, or 

the sensitivity indexes di’.  As detailed by Green (1958), when more than one channel transmits 

information, the observer is assumed to form a decision variable, Z, that is a weighted sum of the 

n individual channels, 





n

i

ii XwZ
1

,                    (6) 

where the wi are the individual weights for each channel.  If the channels are not activated by the 

signal with equal probability, then each channel should also be multiplied its a priori probability 

of activation in Eq. (6) and all subsequent equations.  If each channel is normally distributed with 

zero mean when it is in the noise state, then Z is also normally distributed with zero mean and with 

variance: 
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where r(Xi,Xj) is the correlation between the outputs of channels i and j.  For the sake of 

mathematical ease, the channels are generally manipulated so that they are independent of one 

another, therefore, r(Xi,Xj) = 0 and the variance of Z is the sum of the channel variances multiplied 

by their squared weights.  Because each channel is normally distributed with a mean of zero when 

it is in the noise state, when it is in the signal+noise state it is also normally distributed with a mean 

equal to Δi.  Because the decision variable is the sum of normally disturbed random variables, it 

too is normally distributed with mean ΔZ = ΣwiΔi. 
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Errors will occur because the means of the noise-alone state and signal+noise state fluctuate 

randomly with variance (Eq. 7), thus the noise-alone state will sometimes be greater than the 

signal+noise state.  Just as with the unidimensional case, the sensitivity index of the complex signal 

is given by the difference between the normalized means of the noise-alone and signal+noise 

distributions (Δ/σ).  Hence, sensitivity of the combined variable, dZ
’ is given by 
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If it is assumed that the channels have equal variance, σi
2 = σ2, then 
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The Integration model as originally states only considers an optimal linear combination of 

channels.  According to Thurstone (1927) when observations are not equally reliable, they should 

not receive equal weight; instead, each weight should be proportional to the reciprocal of its 

variance.  Green (1958) showed that this occurs when each weight is proportional to the sensitivity, 

in its corresponding channel, wi = di
’.  Substituting the optimal weights into Eq. (9) yields the 

expected performance for an ideal observer 
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That is, the overall sensitivity of a complex signal for an ideal observer is equal to the square root 

of the sum of the squared channel sensitivities.  Now let all di
’ be equal and consider two types of 



Alexander (2003) 

 

 

 

 

10 

detection tasks.  First, consider the compound detection task in which the signal is cued by multiple 

channels (n), in which case Eq. (10) simplifies to 

ndd iZ

''                         (11) 

That is, when the signal components are equally detectable, overall d’ is expected to improve by 

a factor equal to the square root of n.  Eq. (11) also holds when a signal in noise is redundant in 

time, that is, the observation is simply repeated n times with a different noise sample so that the 

observer gets multiple independent looks at the signal relative to the noise.  Alternatively, 

increasing the number of channel or observations can be viewed as an increase in sample size, n, 

in which case the variance of the sample means will decrease by a factor of n.  In other words, Δ 

will be the same, but σ (i.e., the standard error of the estimate of the mean) will decrease by the 

square root of n, therefore, the overall d’ will increase by a factor equal to the square root of n.  In 

contrast, no improvement in performance is expected if the observation is repeated with the same 

noise sample because the observations are perfectly correlated and no additional information is 

transmitted. 

Now, consider a detection task in which the signal uncertain because it is cued by only one of 

the n channels and because the particular channel chosen varies randomly from trial to trial 

(Veniar, 1958a,b; Creelman, 1960).  In this case, the observer must monitor all possible channels, 

each with an associated noise variance.  Because the signal occurs in only one of the channels, the 

observer must attend to twice the noise power if n equals two; that is, noise power will be increased 

by a factor of n.  The variance in the channels is added as in the compound detection case and is 

given by the denominator in Eq. (10).  However, because the signal is only cued by one channel, 

the mean of the signal+noise distribution will be given by the di’ in the cued channel because the 
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di’ in all non-signal channels will be zero.  Therefore, using Eq. (10), the overall d’ is expected to 

decrease by a factor equal to the square root of n, meaning that for a given d’ that the signal will 

need to be made more intense when it is uncertain. 

ndd iZ

''                         (12) 

For the cases discussed above, if the channel variances are not equal, the overall dZ’ can be 

computed from the general equation 
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The Theory of Recognition and Channel Orthogonality 

The Theory of Recognition presented by Tanner (1956) describes the relationship between 

detection and recognition (identification) and provides a test of channel orthogonality.  When 

channels are orthogonal, the axes representing the values of their dimensions lie perpendicular to 

one another in the decision space.  According to Tanner, the ability of an observer to discriminate 

a pair of signals in a multidimensional set is related to the detection of each signal considered 

individually and to the perceptual correlation between the two.  The term perceptual correlation is 

used here because it is not always the case that there is a one-to-one or a linear relationship between 

the physical dimensions and the psychological dimensions.  Ashby and Townsend (1986) provide 

an excellent discussion of perceptual independence and the factors that influence it, such as 

sampling independence, dimensional orthogonality, decisional separability, perceptual 

separability, normality with equal covariance, marginal response invariance, etc.  For our purposes, 

Ashby and Townsend (1986) suggest that orthogonal input (i.e., physical stimulus parameters) 
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does not mean that the output (i.e., physiologic or perceptual) will be orthogonal.  For example, 

because uncorrelatedness is equivalent to orthogonality only for Gaussian distributions, physical 

parameters are often sampled from a Gaussian distribution in psychophysical experiments.  

However, perceptual independence or orthogonality will only hold if the transformation to 

psychological dimensions maintains a Gaussian distribution. 

Tanner’s mathematical model takes advantage of the fact that sensitivity expressed in terms of 

d’ is a distance measure and that the correlation can be expressed geometrically in terms of the 

cosine angle of the two decision axes.  The discriminability between a pair of signals in a 

multidimensional set, d’i,j, is given by 

         cos2 ''2'2'2'

, jijiji ddddd              (14) 

When the channels are independent and orthogonal, θ = 90° (i.e., cos(θ) = 0), the two decision axes 

are at right angles, and Eq. (14) will equal Eq. (10), implying that discrimination between Xi and 

Xj will be as good as their compound detection. 

Tests for orthogonality can be performed by measuring the detection of Xi and Xj separately and 

the discrimination between the two to get di’, dj’, and d’i,j.  Rearranging the terms in Eq. (14) and 

substituting the measured d’s, one can compute cos(θ) 
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dd
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If the channels are orthogonal, θ will equal 90° so cos(θ) will equal 0.  If the two channels overlap, 

θ will be less than 90° and cos(θ) will range from 0 to 1, so that when one channel is maximally 

activated the other one will also be activated to some extent.  Processes that involve inhibition 
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between two channels such that maximal activation in one channel decreases the activity in the 

other channel to some extent will result in θ greater than 90° so that cos(θ) ranges from 0 to -1.  If 

the signals are identical (i.e., have a perfect positive correlation) only differing in sensitivity, then 

the task is identical to one-dimensional classification, because θ will equal 0° and cos(θ) will equal 

1, so that d’i,j =|di’ – dj’| by way of Eq. (16).  

          2''''2'2'2'

, 2 jijijiji ddddddd             (16) 

Likewise, if the channels have a perfect negative correlation, which is identical to the ‘city-block 

metric’ (Macmillan and Creelman, 1991), then θ will equal 180° and cos(θ) will equal -1, so that 

d’i,j =di’ + dj’ by way of a substitution of positive signs for the negative signs in Eq. (16). 

 

Evaluation of the Models 

Since Schafer and Gales first proposed the Independent Thresholds model in 1949, a number of 

experiments have besen conducted to test the adequacy of the various models, which all assume 

ideal processing, to account for the data on real observers.  First, it should be noted that the models 

presented above are not exhaustive, for example, Shipley 1960 proposed two models in the 

framework of Luce’s Choice model (Luce, 1959) which predict almost identical outcomes as the 

Narrow-Band and Multiple Band models based on signal detection theory for situations in which 

the observer is uncertain about some important signal characteristic.  While the predictions might 

be almost the same, there is a fundamental difference between detection theory and choice theory.  

Signal detection theory is a stimulus-based or perceptual theory whereas choice theory is based on 

an analysis of response determinants.  In an attempt to make a distinction between the two theories, 

Swets and Sewall (1961) tested the effect of reducing uncertainty by providing cues before and 
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after the stimulus presentation.  According to the choice model, providing an observer with cues 

about the signal frequency after the stimulus has been presented but before the response should 

influence the observer’s response and improve detection performance.  On the other hand, 

according to stimulus-based detection theory, cues will only improve performance if they come 

before the stimulus has been presented, but not after.  According to Swets and Sewall, cues did not 

improve performance when they came after the stimulus was presented but did when they came 

before, thereby, indicating that the effects of stimulus uncertainty were mediated by a perceptual 

mechanism and not a response mechanism and so the results were consistent with detection theory 

and inconsistent with choice theory.   

The table below provides a summary of some of the studies that have examined the ability of 

the various signal detection theories to predict the detection of a complex auditory signal under 

different experimental manipulations.  The basic conclusion that can be drawn from these studies 

is that none of the models can account for all the data and that some of the data cannot be accounted 

for by any of the models.  A comparison of the predictions for the Independent Thresholds model 

and the Integration model for situations where more than one signal component is present 

(compound detection) depends on whether one includes the false alarm rate into the former model 

(Green & Swets 1966).  In the yes-no experimental paradigm, if false alarms are ignored, as when 

assuming high-threshold theory, then the Independent Thresholds model predicts better 

performance than what the Integration model predicts.  The reverse is true if false alarms are taken 

into account.  For the forced-choice procedure, the difference in predictions depends on the chance 

probability and the initial probability of detection, and according to Green and Swets (1966), in 

most cases the predictions are too close to distinguish experimentally. 
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Most of the initial studies focused on distinguishing between the Narrow-Band Scanning model 

and the Multiple-Band model by investigating the detection of signals that were uncertain in 

frequency.  The idea was that by presenting a signal that varied in its ensemble size and frequency 

range, that the Narrow-Band Scanning model would predict decreasing amounts of detectability 

and efficiency as the range of potential frequencies (at least the size of a critical band) increased 

because the observer would also need to scan a larger range, thus decreasing the odds that he/she 

would be monitoring the correct band.  However, according to the Multiple-Band model, the 

decrease in detectability as a function of ensemble range should be proportional to the number 

critical bands (i.e., monitored channels) within the ensemble range.  Generally, most, but not all, 

studies investigating signal uncertainty have supported the predictions from the Multiple-Band 

model over the predictions from the Narrow-Band Scanning models; however, many of the studies 

were plagued by large variability in the data and so should be interpreted with caution. 

A relatively recent study by Buus et al. (1986) has been able to draw conclusions that are more 

definitive concerning the adequacy of the No-Summation, the Narrow-Band Scanning model, the 

Independent Thresholds model, and the Multiple-Band model.  In the first experiment, they 

measured psychometric functions for the detectability of four fixed signals presented with 

uniformly masking noise.  One signal was complex and consisted of 18 components separated by 

at least one critical band (110 – 7260 Hz) and three signals were individual tones from the complex 

signal:  220, 1100, and 3850 Hz.  Psychometric functions were parallel for the simple and complex 

signals, with the masked threshold of the complex signal shifted to the left (i.e., lower threshold) 

by about 6.2 dB, which would be expected according to the Multiple-Band model: 10log(181/2) = 

6.28.  However, depending on the assumed form of the psychometric function, a family of 

psychometric functions exists for the Independent Thresholds model in which probability 
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summation also causes a similar parallel shift in the function as shown by Green and Luce (1975).  

Thus based on the results from the first experiment, the No-Summation model could be rejected 

but the Independent Thresholds and Multiple-Band models could not. 

In the second experiment of Buus et al., the signals were presented in random order.  In this case, 

the Independent Thresholds model would predict no change in the threshold for the signal 

compared to the fixed-signal condition because the probability of the decision value in any one 

channel exceeding threshold is the same regardless if the signal is the fixed for every trial or if it 

is random from trial to trial.  In contrast, the Multiple-Band model does predict an increase in 

threshold compared to the fixed-signal condition because of the need to monitor all the channels 

in which the signal could occur and this introduces added noise or variance in decision variable.  

Just as with the first experiment, the results of the second experiment showed that the psychometric 

functions for the complex signal were parallel to those for the simple signals but shifted to left 

(i.e., lower thresholds) by about 5 dB.  Compared to the fixed-signal condition, the threshold for 

the random-signal condition was increased by about 2.3 dB for the simple signals and by about 3.4 

dB for the complex signal. 

The increase in threshold for the random-signal condition is small, but is consistent with earlier 

studies (see table below) and is inconsistent with the Independent Thresholds model.  Furthermore, 

the Narrow-Band Scanning model would predict that the threshold for the complex signal in both 

the fixed and random conditions should be no lower than the threshold for the simple signals in 

the fixed condition.  The results of the experiments were obviously not consistent with the 

predictions of the Narrow-Band Scanning model, therefore it can also be rejected.  However, the 

results are not entirely consistent with Multiple-Band model either, which assumes that the 

decision variable is a linear combination of optimal weights.  Because the simple signals are also 
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in the complex signal and because the complex signal occurs only on ¼ of the trials, the remaining 

15 components in the complex signal (i.e., the 18 components in the complex signal, less the three 

components that are also the simple signals) should optimally receive ¼ of the weight as the 

components associated with the three simple signals.  The d’ for the ideal observer can be 

computed by plugging the weights into Eq. (13), assuming no covariance between components.  

The overall Δ is equal to (3w + 15(0.25w))Δ = 6.75Δ and the overall σ is equal to 

(3w2σ2+15(0.25w)2σ2)1/2.  Computing the overall Δ/σ yields d’ = 3.4(Δ/σ), therefore, the expected 

that d’ per component for the complex signal in the random condition should be 3.4 times the d’ 

for the simple signal in the fixed condition, which corresponds to a 10log(3.4) = 5.3 dB difference.  

The obtained data show that the difference was only 2.8 dB, which is significantly less than the 

ideal improvement. 

In order to explain the discrepancy between the obtained and ideal performance, Buus et al. 

propose a modified version of the Multiple-Band model in which observers combine information 

in a nonoptimal manner.  That is, if it assumed that observers form their decision variable from a 

an unweighted sum of a set of optimally chosen channels rather than an optimally weighted sum 

of independent channels, then the results can be explained.  In this case, because the frequencies 

corresponding to the simple signals occur on the majority of the trials (75%), the observers might 

only listen to these three channels and ignore the others, equivalently giving the others zero weight.  

If this is true, then the predicted d’ for the random complex signal is 3Δ/(31/2)σ = 1.73 d’.  This 

corresponds to a 10log(1.73) = 2.4 dB difference, which is close to the obtained difference of 2.8 

dB. 

The fact the Integration model can be modified by assuming a nonoptimal weighting of the 

channels and predict the data is a prelude to later attempts to model multidimensional detection 
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and discrimination (see section below on Suboptimal Channel Weights).  As Buus et al. point out, 

other studies have also shown that observers will alter their channel-monitoring strategies in 

response to unequal presentation probabilities of different signals (e.g., Sorkin et al., 1968) as is 

common with the probe-signal method of obtaining attentional filter bands (e.g., Greenberg & 

Larkin, 1968). 
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Reference Experimental Details Conclusions 

Schafer & Gales (1949) Detectability of 1, 4, or 

8 component signals 

played simultaneously 

and masked by noise 

When two tones are separated by at least a critical band, the energy in each 

component can be reduced by 0 to 2 dB and the composite signal will still be 

as detectable as either tone presented individually.  The energy in each 

component can be reduced by 0 to 3 dB when the composite signal is 

composed of 4 or 8 tones.  Results are somewhere in between the No-

Summation predictions and the power summation predictions.  It is proposed 

that the improvement in detectability can modeled after a statistical process 

involving independent thresholds in each critical band. 

Green (1958) Detectability of 

simultaneous pairs of 

tones partially masked 

by white noise and 

sampled from various 

points on the spectrum 

Detectability was greater for the pair of tones than either of them 

individually.  In 53 of 54 cases, thus, the No-Summation model could be 

rejected as being inadequate.  Performance did not depend on the frequency 

separation between the pairs of signals.  The difference between the 

predictions of the Independent Thresholds model and the Integration model 

was not very great.  The authors argue that the Integration model most 

adequately predicts the detectability of the complex signal. 

Veniar (1958a) Detectability of signals 

in noise as a function 

of signal uncertainty by 

varying the signal 

ensemble size (1, 2, or 

4) and frequency range 

Detectability and efficiency decreased as the signal ensemble increased.  

Obtained data was statistically different from the predictions for the Null 

Hypothesis and Narrow-Band Scanning models, but not for the Multiple-

Band model. 

Veniar (1958b) Detectability of signals 

in noise as a function 

of signal uncertainty by 

varying the signal 

ensemble size (1, 2, 4, 

or 8) and range 

Detectability decreased as the signal ensemble increased.  Efficiency 

decreased as signal ensemble size was increased to four, and continued to 

decrease as in was increased to eight for one of the observers, but increased 

for the other two.  Obtained data was statistically different from the 

predictions for the Null Hypothesis.  Both the Narrow-Band Scanning model 

and the Multiple-Band model each described the some, but not all of the 

data. 

Veniar (1959c) Discriminability of a 

pair of low- and high-

frequency tones 

Predictions by the Null Hypothesis generally overestimated performance and 

predictions by the Narrow-Band Scanning model generally underestimated 

performance. 
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Swets et al. (1959) Up to five observations 

of a pulsed signal of 

known or unknown 

frequency (1 of 2) in 

constant or variable 

noise 

Improvement in detectability with increased observations for the 

uncorrelated noise condition improved proportionally by the square root of 

the number of observations, which is consistent with the Integration model.  

Improvement for the constant noise provided an estimate of internal noise 

(see below) and showed that internal noise is proportional to the external 

noise, which can be estimated from the uncorrelated noise condition.  

Neither the Narrow-Band Scanning model nor the Multiple-Band model 

could describe all of the data. 

Green et al. (1959) Detectability of a 

complex signal 

comprised of 12 or 16 

simultaneous, equally 

detectable pulsed tones 

in noise separated by at 

least one critical band 

Detectability did not depend on the phase pattern.  The detectability of the 

12-component stimulus was about 4.5 dB lower than the detectability of the 

individual tones and was about 6 dB lower for the 16-component stimulus.  

These results are consistent with the integration model since 6 dB 

corresponds to improvement by a factor of 4, which is equal to the square 

root of 16; likewise for the 12-component stimulus. 

Creelman (1960) Detectability for a 

1000-Hz tone and 1 of 

8 equally detectable 

tones drawn 

symmetrically from 

1000-Hz +/ 20, 100, 

200, or 500 Hz 

Overall, the data supported the Multiple-Band model over the Narrow-Band 

Scanning model and the Null Hypothesis, although data from two of the 

observers could not be explained by any of the models.  The Narrow-Band 

Scanning model could predict any result only if the assumed scan rate is 

very rapid.  Creelman proposed a modification to Multiple-Band model for a 

two-alternative, forced-choice paradigm, in which the decision rule is based 

on the maximum output of each band and which predicts greater 

detectability. 

Green (1961) Detectability of a 

signal in noise as a 

function of center 

frequency and of signal 

uncertainty or 

frequency range 

A relatively small decrease in detectability occurred as signal uncertainty 

increased.  Detectability for the widest signal range (500 to 4000 Hz) was 

only decreased by a factor of two (i.e., 3 dB).  The magnitude of this 

decrement falls short of the predictions from all the models, including the 

Multiple-Band model which would predict a decrement of about 5.5 dB for 

the 12.6 critical bands: 10log(12.61/2) = 5.5 dB.  Green proposes that even 

for fixed-frequency signals, observers are highly uncertain about the signal 

parameters, so that when external uncertainty is added its effect is relatively 

small because a point of diminishing returns has already been reached. 
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Swets & Sewall (1961) Detectability of an 

uncertain signal 

frequency of either 500 

or 1100 Hz; also tested 

the effect of cue (see 

above discussion) 

Results generally fell somewhere in between the model predictions for the 

Narrow-Band Scanning model and the Multiple-Band model. 

Spiegel & Green (1982) Detectability of a 

random-frequency 

signal over a range 

from 278 to 2780 Hz 

Detectability was elevated by about 5.5 dB which corresponds well with the 

predictions from Multiple-Band model for 12.4 critical bands: 10log(12.61/2) 

= 5.47 dB. 

Buus et al. (1986) Exp. 1: detectability of 

a fixed-frequency 

signal (220, 1100, and 

3850 Hz) and a 

complex signal with 18 

components separated 

by at least 1 critical 

band (110 – 7260 Hz), 

played with uniformly 

masking noise. 

Exp. 2: detectability of 

the above four signals 

presented in random 

order 

Exp. 1:  Psychometric functions were parallel for the simple and complex 

signals, with the masked threshold of the complex signal shifted to the left 

(i.e., lower threshold) by 6.2 dB, which would be expected according to the 

Multiple-Band model: 10log(181/2) = 6.28.  However, depending on the 

assumed form of the psychometric function, a family of psychometric 

functions exists for the Independent Thresholds model in which probability 

summation also causes a similar parallel shift in the function as shown by 

Green and Luce (1975).  Thus based on the results from Exp. 1, the No-

Summation model can be rejected but the Independent Thresholds and 

Multiple-Band models cannot. 

Exp. 2:  Data allowed for an unequivocal rejection of the Narrow-Band 

Scanning model and were inconsistent with the Independent Thresholds 

model.  Results were consistent a modified Multiple-Band model (see above 

discussion). 
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Lutfi (1989) Sample discrimination 

of mean tone level as 

function of the number 

of components in the 

complex signal (1-13, 

between 250-4000 Hz, 

separated by at least 

one critical band) 

Unlike the predictions for the Integration (Multiple-Band) model which 

predicts that d’ will increase by a factor equal to the square root of the 

number of components, n, the obtained d’ increased by a factor about equal 

to the cube root of n.  This conclusion did not depend on whether the 

components were presented sequentially or simultaneously or on whether 

they increased in number from high frequencies to low or from low 

frequencies to high. 

Lutfi (1990) Detectability of a target 

tone in the frequency, 

intensity, or time 

domain for sequences 

of tones (n = 1-12) 

Predictions were not consistent with the Integration (Multiple-Band) model, 

because obtained d’ increased by a factor about equal to the cube root of n, 

regardless of the stimulus dimension. 

McKinley & Weber 

(1994) 

Detectability of one of 

three complex signals 

in noise.  Signals were 

comprised of the same 

four tones arranged in 

different patterns and 

each was repeated 1, 2, 

4, 8, or 16 times within 

a trial. 

Detectability for the individual tones increased by a factor equal to the 

square root of the number of presentations; a result that is consistent with the 

Integration model.  On the other hand, detectability for the complex tonal 

patterns increased at a slower rate. 
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Attempts to Explain the Discrepancy between Ideal and Obtained Performance 

As some of the above studies demonstrate, as the complexity of the signals increase, observers 

perform at less than ideal levels.  Models that have been proposed to explain this discrepancy in 

performance generally are based on the Integration model and assume that the observer adopts a 

decision rule that maximizes the likelihood of detection or discrimination.  As pointed out by Lutfi 

et al. (1996), these models generally fall into one of two categories depending on how they assign 

relative importance to limits in the decision process.  One popular method investigated early in the 

history signal detection theory by Swets et al. (1959) emphasizes the noisy nature of the detection 

process that degrades the transmitted information, and later models attempt to allocate this internal 

noise to different stages in detection process.  These models attribute less than ideal performance 

to the increased variance (uncertainty) associated with the detection process; that is, they predict a 

less than optimal d’ because the primary effect of the internal noise is to increase σ by adding the 

observer’s intrinsic uncertainty to the extrinsic uncertainty associated with the stimulus.  Another 

recent method of accounting for limits on the detection process involves the outcome of the linear 

combination of weights, the other factor in the Δ/σ ratio.  Instead of assuming an optimal linear 

weighing of observations, these weighting methods attempt to describe how the observer weights 

individual channels and attribute poor performance to a loss of information resulting from an 

inefficient weighting strategy.  Probably the best model is one that includes both internal noise and 

an inefficient weighting strategy. 

Internal Noise 

Internal noise can be thought of as noise in an observation that originates within the observer 

(Green & Swets, 1966).  Below is a schematic of the channel model by Durlach et al. (1986), 

reproduced from Fig. 2 in Dai (1994), which illustrates the relationship between the different 
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components of the internal noise, all of which are assumed to have Gaussian statistics.  The internal 

(σI
2) and external (σE

2) noise of Swets et al. (1959) discussed below is what Durlach et al. (1986) 

term independent peripheral noise (σ2), which can be represented by Gaussian noise that is 

particular to each channel and that is statistically independent across the channels and independent 

of the stimulus.  The other type of peripheral noise is common or correlated independent noise 

(σR
2) and is equal to the covariance in the output between pairs of channels.  The effect of the 

common noise is to introduce a form of interchannel correlation that is Gaussian with zero mean.  

As with the independent peripheral noise, the common peripheral noise has an external (σL
2) and 

internal (σH
2) component.  One way the external component can be generated is by experimentally 

introducing a random rove in the output of each filter that is intended to force the observer to 

compare multiple channels in order to make a response.  The internal component of the common 

peripheral noise reflects the variability associated with the physiological state and momentary 

sensitivity of the observer (Dai & Green, 1992).  Common peripheral noise might also be caused 

by sensory degradation due to limits on an ability to store the stimulus sensations (i.e., “memory” 

noise) when making comparisons of successive stimuli within an interval.  In contrast to the other 

sources of noise discussed which represent variability in the stimulus or in the peripheral 

processing and which occur before the formation of the decision variable, central noise (σC
2) 

represents variability in the central processing and occurs after the formation of the decision 

variable.  Central noise might be caused by an inability to maintain a constant decision criterion 

(i.e., “criterion noise”), or by momentary lapses in attention (Lutfi, 1990). 
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Sources of Variability or Noise in the Decision Process 

 

Peripheral 

σp
2 

Independent 

σ2 

Internal σI
2 Variability in the sensation or in the threshold; 

i.e., channel noise 

External σE
2 Masking noise 

Common 

σR
2 

Internal σH
2 Channel covariance due to the observer’s 

physiological state or momentary sensitivity, or 

to a limited ability to store the stimuli 

External σL
2 Channel covariance due to rove in the mean 

channel level between intervals and/or trials 

Central σC
2 Common σC

2 Internal σC
2 An inability to maintain a constant decision 

criterion or a momentary lapse in attention 
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Independent Peripheral Noise 

One of the first investigations of internal noise, which is now classified as independent 

peripheral noise, was carried out by Swets et al. (1959) in which each trial consisted of five 

observations where each observation consisted of four temporal intervals only one which 

contained the signal.  It was known to the observers that each observation would contain the signal 

in the same temporal interval.  After each observation, the observer was to respond which interval 

he believed contained the signal.  The signal was 1000-Hz tone and was presented in one to two 

types of noise.  One type of noise was variable and statistically independent for each observation 

and the other type of noise was identical for each observation.  According to the Integration model, 

the observer is assumed to base his/her decision on the linear combination of the sensory values 

obtained from each of the intervals.  Therefore, in the case of independent noise, the improvement 

in detectability will result from integrating over the independent noise samples and will improve 

by a factor equal to the square root of the number of observations.  Indeed, the experimenters found 

this outcome to be true.  On the other hand, when the noise is identical on every observation, 

variability in the sensory values can only originate from the internal variability or noise within the 

observer.  In this case, any improvement in detectability is the result of integrating over the 

independent internal noise only.  Swets et al. found that detectability for constant noise did improve 

with the number of observations, but not as much a for the independent-noise condition.  

Improvement in d’ for the fifth observation was about 1.2 times greater than for the first 

observation in the constant-noise condition but was about 2.0 times greater in the independent-

noise condition. 

The improvement in detectability for signals in constant noise as a function of the number of 

observations can be used to estimate the amount of internal noise.  The first assumption is that 
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independent internal noise, y, can be modeled as a variance, σI
2, with zero mean that is added to 

the variance of the external noise (x), σE
2, which also has zero mean.  Therefore, the expected value 

for X when it is in the noise-alone state is also zero (i.e., E(x + y) = 0).  The expected value for X 

when it is in the signal+noise state is the mean of the signal value, m, and is also equal to the 

difference between the means of the two distributions, Δ (i.e., E(x + y + m) = m = Δ).  Furthermore, 

the variance for the noise-alone state is equal to the variance for the signal+noise state; var(x + y) 

= var(x + y + m) = σE
2 + σI

2.  Accordingly, the Δ/σ ratio for the first observation is given by 
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For the case of n observations in which the external noise is constant and in which the 

independent internal noise, by definition, is not, the sum of signal+noise state is equal to nx + nm 

+ y1 + y2 … + yn and its expected value is equal to nm = nΔ.  The sum of noise-alone state is equal 

to nx + y1 + y2 … + yn and its expected value is equal to zero.  Furthermore, the variance for the 

noise-alone state is equal to the variance for the signal+noise state and is equal to n2σE
2 + nσI

2.  

Accordingly, the Δ/σ ratio for the nth observation is given by 
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The improvement in detectability for signals in constant external noise as a function of the 

number of observations can be used to estimate the amount of independent internal noise by 

combining Eq. (17) and Eq. (18) as follows, 
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If the constant k is assigned to be equal to the ratio of internal noise to external noise (σI
2/σE

2), then 

Eq. (19) simplifies to 
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When Swets et al. (1959) plotted the measures values of dn
’/d1

’ against the number of observations 

for various values of k it was found that a single value of k was able to describe the improvement 

each of the three observers (each had a different value for k).  The estimated values of k were 

between 0.5 and 1.0, meaning that the estimated independent internal noise was about equal to the 

independent external noise in the most extreme case and about equal to about half the external 

noise in the less extreme case.  Swets et al. (1959) conducted another experiment with the value 

of the external noise reduced by about 20 dB and it was found that values of k were within the 

same range as the first experiment, implying that independent internal noise is proportional to the 

amount of independent external noise (i.e., can be determined by a multiplicative constant). 

Common Peripheral Noise 

Additional distinctions between types of internal noise have been made for experiments that 

require across-channel discrimination (e.g., profile analysis), which commonly rove the mean 

channel level between intervals and/or trials.  The general effect of common noise, R
2, whether it 

has an external source (σL
2), for example rove, or an internal source (σH

2), is to increase the 

variance in the decision variable by introducing interchannel covariance.  When level is roved, the 

variance increases by an amount proportional to the number of channels or observations as shown 

in Eq. (21) which is identical to Eq. (12) with exception of the added variance. 
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where σ refers to the channel-independent peripheral noise.  If it is assumed that all Δi are equal 

(Δi = Δ), the Eq. (21) simplifies to  
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A distinction between the internal common variance (σH
2) and the other forms of peripheral 

noise was made by Dai and Green (1992) who investigated the ability of observers to make 

comparisons between the intensities of two simple or complex stimuli (10 or 11 components) that 

were comprised of a set of frequencies that were different for each stimulus.  It was found that 

when the two stimuli were presented simultaneously in an interval, that performance was better 

than when they were presented successively in an interval.  Threshold for simultaneous condition 

compared to the successive condition was about 8 dB lower for the simple signals and was about 

15 dB lower for the complex signals.  Dai and Green speculated that internal common noise was 

possibly the reason why there was a difference in threshold between the two conditions.  It is 

assumed that internal common noise varies for moment to moment; thus, when the two stimuli are 

presented at different times in succession they are affected by independent samples of common 

noise, which increases the total noise in the decision process.  However, when the two stimuli are 

presented simultaneously, they share the common noise and it is cancelled out when the channels 

are integrated.  The relationship between d’ in two conditions is derived in Dai and Green (1992).  

Briefly, if m and n denote the number of signal and nonsignal channels, respectively, and if σ2 

represents the independent peripheral variance and σH
2 the common variance, then the relationship 

is as follows, 
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An examination of Eq. (23) reveals that it is very similar to Eq. (12) where the channels are the 

same for each stimulus.  But instead of d’ improving by the square of the number of channels, d’ 

for the condition in which channels for different stimuli are non-overlapping improves by a some 

combination of the number of channels for each stimulus.  For example, for the situation in which 

m = n = 2n, d’ will improve by a factor equal to the square root of 0.5n (i.e., n2/2n); this rate of 

improvement is less than when the stimuli occupied the same channels.  If the denominator of Eq. 

(24) is denoted as K, then d’simul = K(d’succ) and it can be seen that the advantage of the simultaneous 

condition over the successive condition depends on the ratio of the internal common variance to 

the independent peripheral variance, (σH
2/σ2).  Dai and Green found that the values of this ratio 

were about 5.9 for simple signals, and between 2.7 and 3.5 for complex signals. 

Central Noise 

One convenient method of modeling the central noise is to partition the variance in the decision 

variable into two sources.  The independent peripheral variance arises from both internal and 

external noise that occur before the formation of the decision variable (cf. Swets et al, 1959), 2, 

and the central variance, C
2, occurs after the formation of the decision variable (Robinson & Berg, 

1986; as cited in McKinley & Weber, 1994).  Within this framework, independent peripheral noise 

is specific to the individual channels and observations; therefore, when the external noise is 

variable and independent, as opposed to fixed and identical, the variance of the independent 

peripheral noise will decrease by a factor of n as the number of observations or channels increases.  
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Conversely, central noise it is not integrated across channels or observations because it occurs after 

the decision variable has been formed; hence, it will not decrease when the number of channels or 

observations increases.  Consequently, the estimated detectability for n channels or observations 

is given by, 
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where k represents the ratio of central variance over peripheral variance (σ2/σC
2); that is, k 

represents the central variance as a proportion of the independent peripheral variance. 

Unlike the original Integration model in which d’ increases by the square root of n without 

bound, as shown by Eq. (11), the amount of improvement shown in Eq. (25) will reach an 

asymptote at /C because as n increases the first half of the denominator, 2/n, will approach 

zero.  Indeed, this model seems to accurately describe empirical results for complex signals (Lutfi, 

1989, 1990; McKinley & Weber, 1994), especially if the central noise is modeled as multiplicative 

(i.e., k is constant), such that the magnitude of the central noise is proportional to the magnitude 

of the peripheral noise.  The three studies cited above indicate that k is very small or nonexistent 

for repeated observations of simple sinusoids (i.e., d’ grows by the square root of n; Eq. (11)), and 

range from about 0.03 to 0.37. 

To date, models including a common internal noise term have included the peripheral 

component, H
2, (e.g. Dai & Green, 1992) or the central component, C

2, (e.g. Lutfi, 1989, 1990; 

McKinley & Weber, 1994).  Common peripheral noise might also be caused by sensory 

degradation due to limits on an ability to store the stimulus sensations (i.e., “memory” noise) when 

making comparisons of successive stimuli within an interval.  Central noise might be caused by 
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an inability to maintain a constant decision criterion (i.e., “criterion noise”), or by momentary 

lapses in attention (Lutfi, 1990). 

Lentz and Richards (1997) compared two different models for common internal noise from 

Durlach et al. (1986) for a spectral level and shape discrimination task in which the overall level 

of the stimuli was or was not roved with a mean equal to zero and a variance equal to L
2.  In a 

three-alternative, forced-choice task observers were to detect an overall level increment in an 

eight-component complex signal with three different spectral shapes or were to detect changes in 

spectral shape for two different types of stimulus patterns.  The general model that includes central 

noise is given by, 
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If it is assumed that all Δi are equal (Δi = Δ) in the level discrimination task and that ΣΔi = 0 and 

Δi + Δ in the shape discrimination task, then Eq. (26) can be simplified to produce predictions for 

the observer’s sensitivity in the level discrimination task, dL
’, 
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Predictions for the observer’s sensitivity in the shape discrimination task, dS
’, can also be computed 

by Eq. (27) by setting L
2 equal to zero.  A word of caution concerning the importance of proper 

modeling of central noise from Durlach et al. (1986), is quoted here, “… if one attempts to estimate 

the peripheral variance without taking account of central variance (i.e., if it is assumed incorrectly 

that C = 0 in making this estimate), then the peripheral variance will be overestimated and 
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mistakenly appear to depend on the variables [n] and Δ, and the ratio [L/] of the correlated to 

uncorrelated components will be overestimated.”  When Lentz and Richards (1997) used the model 

that included the central noise, they indeed corroborated this prediction, and found that the model 

was only able to account for 72% of the variance in the data. 

The general model that includes common peripheral noise is given by, 
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As Durlach et al. (1986) note, if H = 0, then Eq. (28) becomes identical to Eq. (21) for when only 

level rove and independent variance is considered.  If it is assumed that all Δi are equal (Δi = Δ) in 

the level discrimination task and that ΣΔi = 0 and Δi + Δ in the shape discrimination task, then Eq. 

(28) can be simplified to produce predictions for the observer’s sensitivity in the level 

discrimination task, dL
’, 
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As before, predictions for the observer’s sensitivity in the shape discrimination task, dS
’, can also 

be computed by Eq. (29) by setting L
2 equal to zero.  A comparison of Eq. (27) and Eq. (29) 

shows that whereas the variance of the central noise multiplies directly, the variance of the 

common peripheral noise multiplies by its reciprocal and therefore predicts less of an effect for the 

same size variance.  Furthermore, another word of caution concerning the importance of proper 

modeling of common peripheral noise is that if one incorrectly assumes that H = 0, then the ratio 

of the correlated to uncorrelated components (L/) will be now be underestimated.  When Lentz 
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and Richards (1997) used the model that included the common internal peripheral noise, they 

found that the model was able to account for 95% of the variance in the data. 

Suboptimal Channel Weights 

In all the models described above, it was assumed that observers assigned optimal weights to 

each channel or observation, an assumption that converted the weighted linear combination of 

observations in Eq. (6) into Eq. (10) where weights were assumed to be proportional to the 

sensitivity or reliability (d’) of information in its respective channel.  In order to account for less 

than ideal performance by the observer, models had to incorporate various forms of internal noise 

so that predictions more closely matched the obtained data.  Another method that has been used to 

account for the differences between optimal and obtained data is to model the observer’s decision 

variable as a suboptimal linear combination of channels or observations.  Such methods, however, 

do not eliminate the need to include estimates of internal noise, but they do provide a more accurate 

description of the observer’s behavior and allow us to determine the limits on the magnitudes of 

the internal noise terms. 

Efficiency 

Efficiency, denoted by η, is a method that goes back to the origins of theory of signal detection 

that quantifies an observer’s performance relative to the performance of an ideal observer.  Tanner 

and Birdsall (1958) defined efficiency as an energy (i.e., variance) ratio of the energy required in 

a given a channel to achieve a given level of performance and the energy that would be transmitted 

to an ideal receiver.  Because d’ is linearly related to root mean square (i.e., the square root of the 

energy or variance) of the informational component of the signal, the ratio for observer efficiency, 

ηobs, can be simply computed by squaring the corresponding d’, 
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Veniar (1958a,b) provided some validation for observer efficiency when she found that observer 

efficiency for the detection of a signal in noise decreased as uncertainty was increased by means 

of increasing the size of the signal ensemble (i.e., the number of possible signals, only one of which 

was selected at random) and the size of the ensemble frequency range. 

Berg (1990) identified two other types of efficiencies that can be considered when modeling an 

observer’s use of nonoptimal empirical channel weights.  Weight efficiency, ηwgt, represents the 

decrement in an observer’s efficiency that is due to his/her failure to adopt an ideal weighting 

strategy.  Weight efficiency can be computed by comparing the performance of a hypothetical 

observer who applies nonoptimal weights to the channels relative to a hypothetical observer who 

applies optimal weights to the channels. 
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Noise efficiency, ηnoise, represents the decrement in an observer’s efficiency that is attributed to 

other factors such as internal noise.  Noise efficiency can be computed by comparing the observer’s 

performance to the performance of a hypothetical observer who implements a suboptimal 

weighting strategy perfectly (i.e., a fixed-weight model; see below). 
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The observer’s efficiency can be interpreted as the product of the weight efficiency and the noise 

efficiency, 
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Weight Models 

The relationship between weights and performance can be described by assuming a modified 

version of the Integration or Multiple-Band model.  The basic properties of the assumed model are 

given by Eqs. (6) - (9) and Eq. (13), where Eqs. (10) - (12) give the properties of an ideal observer 

(i.e., wi = di = reliability of information).  In short, it is assumed that observations or channels are 

combined via a weighted sum to form the decision variable and that a decision is made by 

comparing the obtained value of the decision variable to some arbitrary fixed criterion.  To begin, 

we pick up after Eq. (9), which is reproduced below, and keep the same assumptions, in particular 

that the channels are independent of each other (i.e., no covariance terms) and that their output are 

normally distributed with equal variance and have a mean of zero when they are in the noise-alone 

state so that Xi = i. 
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Lutfi (1992b) considers two possibilities for models that make predictions for observer 

performance based on empirical weights.  Most models with empirical weights assume that the 

observer implements an optimal or suboptimal weighting scheme in which the weights are fixed 

across trials, this type of model is identified as the fixed-weight model and is equivalent to Eq. 

(34).  Differences between the fixed-weight model predictions and obtained performance is usually 

attributed to some form of internal noise.  Another possibility is a variable-weight model in which 
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the observer selects optimal or suboptimal mean weights, but on any given trial, the weights are 

applied with some variability about their mean value so that the weights are somewhat variable 

from trial to trial.  The decision variable for variable-weight model is, 
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where  represents the error in applying the weights.  The expected value of Z does not change and 

is given by, 
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If is assumed that the channel variances are equal, i
2 = 2, then it can be shown that the variance 

of [Z] is equal to 
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where ε
2 is the weight noise which represents the trial-by-trial variability in the weights and is 

identical independently-distributed Gaussian noise with zero mean (i.e., no covariance terms).  The 

sensitivity index of the observer, dobs’, can be computed by dividing the expected value of Z by the 

square root of its variance.  An equivalent equation for dobs’ can be found by first dividing the 

expected value and the square root of its variance by (1/) to get, 
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Comparing Eq. (38) with Eq. (18) shows that the effect weight noise, ε
2, is functionally equivalent 

to independent peripheral noise, I
2.  Because d’obs, di’, and wi can be estimated empirically (see 

below for methods of estimating weights), Eq. (38) can be used to solve for the single unknown 

parameter, ε
2, the weight noise.  First, both sides of Eq. (38) are squared, 
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Rearranging the terms, we get  
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Dividing each side of Eq. (40) by the sum of the squared weights (Σwi
2) makes the right side of 

the equation equivalent to the square of Eq. (34), i.e., (d’wgt)
2. 
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Dividing each side of Eq. (41) by (d’obs)
2 makes the right side of the equation equivalent to the 

reciprocal of ηnoise. 
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Rearranging terms, we can now isolate the weight noise, ε
2. 
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Noting that the sum of the squared weights over n is the mean square or the variance of the weights, 

w
2, an equivalent form of Eq. (43) is given by  
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Substituting the reciprocal of ηnoise for the squared d’s yields yet another equivalent equation for 

the weight noise 
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It can be seen from Eq. (45) that the weight noise, ε
2, is proportional to the variance of the 

weights and is inversely proportional to the noise efficiency.  That is, to the degree that the obtained 

performance, d’obs, is less than that predicted by the weights in Eq. (44), is the degree to which 

weight noise is large.  If the obtained performance is equal to the performance predicted by 

weights, then noise efficiency is unity and weight noise must be zero. 

Rearranging the terms in Eq. (45) shows how noise efficiency is related to the weight noise, 
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From Eq. (46) it can be seen that noise efficiency is inversely proportional to the weight noise; the 

greater the weight noise, the smaller noise efficiency will be and this has the effect of making the 
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observer efficiency smaller (cf. Eq. (33)).  If weight noise is zero, then noise efficiency will equal 

unity and the observer efficiency will be determined solely by the weight efficiency. 

The relationship between weight noise and ideal performance can be computed by substituting 

optimal weights into Eq. (43).  An optimal weight strategy is to select weights that are proportional 

to the reliability of information in the channel (i.e., wi = di) which makes d’wgt equal to d’ideal.  

Furthermore, wi
2 will now equal di

2, which according to Eq. (10) is also equal to (d’ideal)
2.  The 

relationship between weight noise and ideal performance is given by 
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Noting that the ratio of squared d’s is equivalent to the reciprocal of observer efficiency, ηobs, we 

have 
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From Eq. (48) it can be recognized that if observer efficiency is perfect then the weight noise must 

be zero.  For this example, because weight efficiency is unity (i.e., perfect weights assumed), the 

smaller the observer efficiency is, the greater the weight noise must necessary be. 

Rearranging the terms in Eq. (48) shows how observer efficiency for an ideal weighting function 

(i.e., the means of the weights are optimal) is affected by trial-by-trial variability in the weights 

(i.e., weight noise). 

 
 2'2

2'

ideal

ideal
obs

dn

d





                     (49) 



Alexander (2003) 

41 

From Eq. (49) it can be seen that observer efficiency is inversely proportional to the weight noise; 

the greater the weight noise, the smaller observer efficiency will be even when mean weights are 

ideal.  If weight noise is zero, then observer efficiency will necessarily equal unity. 

Notice that Eq. (49) for observer efficiency has a similar form as Eq. (46) for noise efficiency.  

Because wi = di, wi
2 = di

2, and because Σdi
2 = (d’ideal)

2, then (d’ideal)
2 = Σwi

2.  Multiplying the 

numerator and denominator of Eq. (49) by (1/n) will convert the (d’ideal)
2 into w

2 and will cancel 

out the n from ε
2 and the equation will be identical to Eq. (46).  This makes sense because optimal 

weights are assumed, and this results in a weight efficiency that is equal to unity, meaning that 

observer efficiency is solely determined by noise efficiency. 

Estimating Empirical Weights 

The basic goal of estimating empirical weights is to quantify the relative influence that each 

observation or channel on an observer’s decision.  The magnitude of this influence is estimated by 

examining the relationship between the observer’s responses and the values at the output the 

channel.  In recent years, two methods for estimating weights have been used: COSS (conditional-

on-a-single-stimulus) analysis (Berg, 1989) and correlational or regression analysis (Richards & 

Zhu, 1994; Lutfi, 1995). 

A COSS analysis is performed by constructing COSS functions that resemble psychometric 

functions, in which the probability of a particular response is plotted against the values of a single 

channel, regardless of the values of the other channels.  The magnitude and sign of the weight can 

be obtained from the slopes of the COSS functions.  If the channel output has a strong influence 

on an observer’s response, then the slope of the COSS function will be steep, and if the channel 

output has very little influence then the slope will be shallow.  Positive slopes mean that the 
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channel output is positively correlated with the observer’s response, which results in a positive 

weight.  Likewise, negative slopes mean that it is negatively correlated, so weights are negative. 

Berg (1989) provides a method for determining relative weights that is based on a ratio of 

variances.  Based on the assumption that decisions are formed by comparing the weighted sum of 

channels to some arbitrary fixed criterion, C, the decision rule can be written as, 
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Because we are interested in determining the relative influence of a single channel, j, we want to 

isolate it from the rest of the equation, 
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Next, we denote the right-hand side of Eq. (51) as Yj.  The new random variable Yj is the sum of 

independent normally distributed random variables, thus it is also normally distributed with 

variance 
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Note that the variance of channel j, j
2, is equal to 
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If the ratio of the variances {var[Yi ] + i
2}is computed for two arbitrary channels j and k, based 

on Eq. (53) we get, 
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Keeping an arbitrary j fixed and iterating all other channels through k will result in a complete set 

of squared channel weights expressed relative to the squared weight of channel j.  For simplicity, 

wj set equal to 1, then solutions for all the channel weights can be computed.  Traditionally, the 

sum of the weights are normalized so that wi = 1.  Then the weights can be interpreted as the 

proportion of total importance placed on the various channels or observations. 

One weakness of COSS analysis is that in some instances, for example spectral shape 

discrimination, its does not allow one to decide whether the decision rule of the observer is ideal 

since the arbitrary scaling of weights relative to a specific channel produces the same set of COSS 

weights for each example (Dai et al., 1996).  Another weakness of COSS analysis is that if 

multiplicative internal noise, I, that is normally distributed with zero mean, is applied to Xi so that 

it becomes IXi, then when two channels are given equal weight but different values of internal 

noise, the variance ratio in Eq. (54) will not equal unity as it should (Lutfi, 1992a).  Note that Berg 

(1989) does show that when internal noise is assumed to be additive so that Xi becomes I+Xi, that 

COSS weights are not affected. 

The other method of obtaining empirical weights uses multiple regression analysis in which the 

observer’s responses are the dependent variable and the values at the channel outputs are the 

predictor variables.  Including a constant in the analysis also yields the intercept, which is 
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proportional to the observer’s response bias (i.e., where the criterion is placed relative to zero).  

The weights, wi, are simply the regression coefficients that are estimated from the standard 

formulas 

 iRRxi i
rw  ,                      (55) 

where rRx is the point-biserial correlation between the observer’s response and the output of the ith 

channel.  If the all the channels have equal variance then weights are proportional to the correlation 

coefficient, otherwise if they are unequal, then they will need to be adjusted by applying Eq. (55).  

In instances where spurious correlations exist between the channel outputs due to a finite number 

of trials, partial correlations can be used to remove the dependency so that magnitude of the 

weights are not distorted.  A great advantage afforded by using the correlational method is that 

they can be converted into z-scores and tested for statistically significant differences either between 

weights or between the weight and zero (Lutfi, 1995). 

The efficacy of estimating an observer’s channel weight by using regression weights has been 

explored in detail by Richards (Richards & Zhu, 1994; Richards, 2002).  Richards & Zhu (1994) 

establish that the maximum weights are obtained when the observer establishes a criterion that is 

equal to the mean value of the decision variable (i.e., the sum of the product of the channel weights 

and channel means; z = wii) so that there are an equal number of predicted responses for each 

response alternative.  The researchers also establish via computer simulation that the use of 

regression weights are robust even when the assumption that the underlying distributions of the 

channel outputs are non-normal (e.g. Rayleigh-distributed).  Furthermore, Richards & Zhu argue 

that when additive internal noise is considered, no matter where it is added to the decision process 

(i.e., independent and common peripheral noise and central noise), it can be modeled in terms of 

a single deviate added to the overall decision variable, Z.  Additional computer simulations 
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demonstrated that estimates of weights were only moderately reduced when there was a large 

amount of internal noise present.   

On the other hand, Richards and Zhu (1994) establish that using regression analysis to estimate 

other parameters, such as the mean and variance of the decision variable, the internal noise, and 

the criterion are critically dependent on accuracy with which the weights are estimated and on the 

assumption that the channel outputs, the values of the decision variable, and the internal noise are 

normally distributed.  When these assumptions fail, the estimates are not guaranteed to be robust.  

When these assumptions are met, Richards & Zhu demonstrate via computer simulations that good 

estimates of the above parameters can be obtained using only 400 responses and that a minimum 

of 50 responses is necessary for stable estimates of the parameters. 

Richards (2002) considers the effects on the estimated weights when the decision variable is 

transformed by the experimental design or by the conversion of the objective variables (Xi) into 

subjective variables where the outputs of different channels might be unpredictably transformed 

so that their means and variances no longer have their intended correspondence to the objective 

variables.  Consider the general form of the decision variable:  Z = ((wiXi
n)k)m.  First, she 

establishes that the estimates of the relative weights via regression analysis do not depend on m 

but might depend on the mean values of the Xi (where there is a dependence on its variance even 

for linear transformations) and the values for n and k.  In addition, when the mean values of the Xi 

are equal, regression analysis provides accurate estimates of the relative weights when n = 2, but 

not when k = 2 (or k = 3) because the estimated relative weights will be nonlinearly related (i.e., 

squared or cubed) and therefore will not be accurately estimated by a linear model.  When the 

mean values of the Xi are unequal, values of n greater than 1 will lead to inaccurate estimates of 

the weights.  Errors are greatest when the means are close to zero or when differences between 
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them are large.  The effect on the relationship (i.e., the bias, not the accuracy) between the true and 

estimated weights is relatively unaltered by differences in means of the Xi only when n and k = 2.  

When the means are equal, the relationship is not affected by n.  In short, the situations to avoid 

when estimating empirical weights via linear regression analysis are (1) near-zero means, (2) any 

value of k greater than unity, and (3) unequal means when n is greater than unity. 

Summary 

Multidimensional detection theory provides analytic models for predicting the performance of 

observers when there is more than one source of potential information.  Multiple dimensions or 

sources of information and repetitions of the same stimulus can be conceptualized as mutually 

orthogonal channels whose output is typically some Gaussian random variable.  Early in the history 

of signal detection theory, different models were developed for predicting detection performance 

when the signal is redundant in multiple channels and when the signal is uncertain in terms of 

which channel it will be in.  All early models assume that the observer performs optimally.  The 

Null Hypothesis or the No-Summation (Narrow-Band Scanning) model predicts that detection 

performance for a complex signal will only be as good as performance for the individual 

components that make it up.  The Independent Thresholds model and the Integration model predict 

that detection performance for a complex signal will be lower than the detection any of its 

constituent components because the observer can attend to multiple channels simultaneously.  The 

Independent Thresholds model assumes that a signal will be detected whenever the output in a 

channel exceeds a threshold, therefore increasing the number of channels increases the odds that 

the signal will exceed threshold in at least one channel, therefore, it is also generally assumed that 

the decision variable corresponds to the channel with the maximum output.  In contrast, the 

Integration model assumes that the outputs of the channels are weighted in proportion to their 
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reliability (d’) and then are linearly combined to form the decision variable.  When all channels 

are equally detectable, then the Integration model predicts that detectability for redundant signals 

will increase by the square root of the number of channels and that detectability for uncertain 

signals will decrease by the square root of the number channels.   

The basic conclusion that can be drawn from studies that investigated the above models and 

others is that none of the models can account for all the data and that some of the data cannot be 

accounted for by any of the models.  In most cases, the Integration model has come closest to 

explaining much of the data, but in its unmodified form leaves room for improvement because of 

consistent discrepancies between the obtained data from actual observers and the predicted 

performance for ideal observers.  Models that have been proposed to explain the discrepancy 

between obtained and ideal detection performance generally are based on the Integration model 

and assume that the observer adopts a decision rule that maximizes the likelihood of detection.  

These models generally fall into one of two categories depending on how they assign relative 

importance to limits in the decision process.  One traditional method emphasizes the degradation 

of information by the noisy nature of the detection process and another recent method attempts to 

describe how the observer weights individual channels and it attributes poor performance to a loss 

of information resulting from an inefficient weighting strategy. 

Noise in the detection process is attributed to one of two sources, internal noise due to an 

observer’s intrinsic uncertainty and external noise due to perturbations in the stimulus.  Noise 

models attribute less than ideal performance to the increased variance (uncertainty) associated with 

the detection process; that is, they predict a less than optimal d’ because the primary effect of the 

internal noise is to increase the variance of the decision variable by adding the observer’s intrinsic 

uncertainty to the extrinsic uncertainty associated with the stimulus.  External noise is peripheral 
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because it is always assumed to originate before the decision variable is formed, but internal noise 

can be modeled as occurring before or after the decision variable is formed.  Internal noise 

occurring after the decision variable is formed is called central noise and might be due to an 

inability to maintain a constant decision criterion or to a momentary lapse in attention.  Peripheral 

noise, both internal and external, can be further decomposed into independent noise, which is 

applied to individual channels, or common noise, which is applied equally to all channels.  

Independent internal noise might be associated with variability in the stimulus sensation or 

threshold and is commonly called channel noise.  Independent external noise is usually generated 

by simple masking noise.  Common internal noise results in a covariance between the channels 

and is, perhaps, due to the observer’s physiological state or momentary sensitivity, or to a limited 

ability to store the stimuli when presented successively within an interval.  Common external noise 

introduces covariance between the channels by roving the mean channel level between intervals 

and/or trials.  Experimental methods have been developed for determining the relative amounts 

internal noise and it has been found that within individual observers that it is generally a constant 

proportion of the external noise. 

Another method that has been used to account for the differences between optimal and obtained 

performance is to model the observer’s decision variable as a suboptimal linear combination of 

channels or observations.  The basic goal of estimating empirical weights is to quantify the relative 

influence that each observation or channel on an observer’s decision.  The magnitude of this 

influence is estimated by examining the relationship between the observer’s responses and the 

values at the output the channel.  In recent years, two methods for estimating weights have been 

used: COSS (conditional-on-a-single-stimulus) analysis and correlational or regression analysis.  

Each method of obtaining weights has its advantages and caveats, but the correlational method is 
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now most often used because they can be converted into z-scores and tested for statistically 

significant differences.  Most models with empirical weights assume that the observer implements 

an optimal or suboptimal weighting scheme in which the weights are fixed across trials, these types 

of models are identified as fixed-weight models.  Differences between the predictions from a fixed-

weight model and obtained performance are usually attributed to some form of internal noise.  

Another possibility is a variable-weight model in which the observer selects optimal or suboptimal 

mean weights, but on any given trial, the weights are applied with some variability about their 

mean value so that the weights are somewhat variable from trial to trial, resulting in weight noise.  

An analytic method for quantifying the weight noise derived and establishes that weight noise is 

proportional to the variance of the weights and the inversely proportional to the noise efficiency. 
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