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Abstract 
 

With the advantage of large workspace, low energy consumption and small inertia, the cable-driven parallel manipulator (CDPM) is 

suitable for heavy workpieces in rapid velocity and acceleration. We present a workspace analysis approach to solve force and torque 

equilibriums of completely restrained CDPMs. By this approach, not only the distribution but also the value of tensions driven by cables 

is investigated together. Two new indices, all cable tension distribution index (ACTDI) and area of the global quality workspace (AG) 

are proposed to evaluate the quality of the workspace. By concentrating on the workspace and its quality combined with the tension char-

acteristics, these criteria are used to determine the optimal workspace in CDPMs. To verify the capacity of the proposed method, simula-

tion examples are presented and the results demonstrate the approach’s effectiveness. In the end, the dimensional design for a planar 

CDPM is discussed with the indices of workspace quality.   
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1. Introduction 

It is well known that the rigid parallel mechanism has its 

own features, that is, high stiffness and heavy loading, while 

its workspace is relatively small in comparison with serial 

counterparts [1]. If the rigid linkages are substituted by flexi-

ble cables to control the pose of the moving platform, the 

flexible cables will make parallel manipulators realize a large 

workspace since the length of cables can be long. Compared 

with rigid-link parallel manipulators, cable-driven parallel 

manipulators (CDPMs) reveal some promising advantages in 

practical applications, such as in industry [2], astronomical 

observation [3-5] and pose measurement [6]. Such advantages 

are as follows: (1) Instead of heavy linkages, cables with light 

weights can accomplish green industry manufacturing in low 

energy consumption but high velocity/acceleration; (2) Larger 

workspace can be achieved by CDPMs mostly constrained 

only by cable length and tension limitation. Recently, CDPMs 

have been investigated in many aspects including workspace 

[7-10], tension optimization [11], control strategy [12] and so 

on. Moreover, it has been shown that m cables can control m-1 

DOFs (completely restrained CDPMs) or less than m-1 DOFs 

(redundant restrained CDPMs) [13, 22, 23]. As shown in Fig. 

1, one kind of completely restrained CDPMs is investigated in 

this paper, namely planar 4-3-CDPMs, where the planar 4-3-

CDPM driven by four cables can maintain three DOFs (2 

translation DOFs and one rotation DOF). 

Compared with rigid-link parallel manipulators, CDPMs 

workspace should consider cable tension distribution situa-

tions. In other words, different tension distribution situation 

will get different workspace of CDPMs. 

Based on the current research about CDPMs workspaces, 

the key issue is how to solve the wrench-close condition with 

positive tensions. Pham uses the maximum and the minimum 

tension index to discuss 4-3-CDPPM workspace with the null 

space method and proposes a recursive dimension reduction 

algorithm with Gaussian elimination to study the force-close 

workspace [14, 15]. Bosscher proposes the available net 

wrench set to calculate the wrench-feasible workspace [16]. 

Recently, Lau investigated a new hybrid analytical-numerical 

approach to define the workspace [17]. These approaches 

have proven to be valid for the workspace problem. However, 

the workspace is defined by the null space method only using 

point-wise evaluation techniques, and it is less effective and 

the accuracy for this method is based on the searching step-

size. Moreover, the indices only use the maximum and the 

minimum tensions and ignore other tensions. Furthermore, the 

stiffness is another important issue for evaluating workspace 

quality of CDPMs, which has a major effect on the stability of 
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CDPMs [18, 19]. Recent research shows that a rigid parallel 

mechanism can be optimized from its dexterity and stiffness to 

determine geometric parameters [20]. However, the method 

aforementioned is difficult to apply in CDPMs. Thus, it will 

be more effective and valuable if we can discuss the work-

space quality considering both the tension distribution and the 

stiffness at the same time. 

In this paper, the tension conditions based on force and 

torque equilibrium and the kinematics model are discussed in 

section 2. By tension analysis, the all cable tension distribution 

index (ACTDI) representing tension distribution and work-

space quality analysis based on ACTDI is proposed in section 

3. Combined with the stiffness index (SI), the area of global 

quality workspace (AG) is defined and analyzed in Section 4. 

By using the indices aforementioned, the dimensional optimal 

design is discussed in section 5. Finally, the conclusions are 

drawn in section 6. 

 

2. Tension condition 

2.1 Kinematical modeling 

As illustrated in Fig. 1, a typical planar completely re-

strained cable-driven parallel manipulator consists of a fixed 

platform and a moving platform connected by several cables, 

where the cables control the DOFs of the moving platform by 

tensions and lengths. 

The kinematics model of CDPM is shown in Fig. 2. The 

origin of the global frame {G} O-XYZ is placed at B1, while 

the origin of the local frame {P} O’-X’Y’Z’ is attached to the 

geometric center of the moving platform. ai is a vector from 

the origin O to base platform joints Bi. 
o’
ri is a vector from the 

origin O’ to moving platform joints Ai, and p is a translation 

vector between the origins of two Cartesian coordinates. 

The directional unit vector ui along the cable i can be ex-

pressed as the following equation: 
 

( 1,2,3,4)
G P

i P i

i G P

i P i

i
− −

= =
− −

a p R r
u

a p R r
  (1) 

cos   sin

sin   cos

G

P

φ φ
φ φ

− 
=  
 

R   (2) 

 

where 
G
RP is a rotation matrix and φ  is the orientation angle 

of moving platform. 

 

2.2 Force and torque equilibrium 

In Fig. 3, given an external wrench (f, m)’ acting on the 

moving platform, m cable tensions can control n DOFs of a 

CDPM, which must satisfy the force and torque equilibrium 

below 
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Substituting ti = ti ui into Eq. (3) leads to 
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2.3 The approach for calculating cable tensions 

When cable tensions satisfy Eq. (4) and sustain positive 

values, the pose must be part of the workspace with the orien-

tation. Generally, it is difficult to solve Eq. (4) to obtain the 

workspace and tensions together. We used a concise approach 

 
 

Fig. 1. Planar completely restrained 4-3-CDPMs. 
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Fig. 2. Kinematic model of 4-3-CDPM. 
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Fig. 3. Static model of the 3-Dof CDPM. 
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to solve this problem. 

As for the CDPMs with complete constraints, m cables can 

control m-1 DOFs of the moving platform. Hence, Eq. (4) can 

be presented as a simple form Eq. (5) regardless of the exter-

nal wrench 
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By moving the m column of the first matrix to the right side 

of the equation, Eq. (6) is taken as 
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Eq. (6) reveals that if some cable tension is determined in 

some pose, other tensions can be calculated only if the matrix 

is not singular. When all cable tensions are positive, the posi-

tion and orientation are included in the workspace. 

To prevent cable looseness, the minimum tension tmin 

should be assured in trajectory tracking. Meanwhile, the max-

imum tension tmax is also determined to avoid cable breakage. 

Thus, the tension range is retained as a constraint 

 

0<tmin≤ti≤tmax (i=1,2,…,m).                         (7) 

 

Taking Eqs. (5)-(7) into consideration, the workspace and 

the tensions on arbitrary points are obtained, and the calcula-

tion steps are as follows: 

Step 1: If tm is the tension with the smallest value among all 

tensions, tm is assigned as tmin and other tensions are calculated 

from Eq. (6); 

Step 2: If the results have some negative values, the points 

are not in the workspace, and then the next point is tested; 

Step 3: If the results are all positive, the points are included 

in the workspace, and then step 4 follows; 

Step 4: If the results are all positive but some tension ti (i ≠ 

m) is less than tmin, remove the i column to the right side of Eq. 

(5) and restart step 1. 

Sufficiency: 

If some cable with the smallest tension is assigned as tmin, 

other tensions are obtained in the calculation with unique 

magnitude so that the workspace is defined. 

Necessity: 

If the smallest tension of a cable is larger than tmin, namely 

t’min > tmin, then other tensions can be obtained with a single 

result as well. However, the result with t’min is proportional to 

the result with tmin, and the workspace is the same as before. 

Moreover, each tension from t’min is larger than the respective 

tension from tmin. From the point of practical usage like energy 

consumption, the result with tmin is better than the others. 

 

3. Workspace quality index of all cable tension distri-

bution index (ACTDI) 

3.1 All cable tension distribution index (ACTDI) 

When the workspace of CDPMs in some configurations is 

determined, we encounter another problem, which is how to 

measure the workspace quality. Verhoeven introduces three 

indices to compare the quality of different CDPMs: the ratio 

index (RI), the quality index (QI), and the global quality index 

(GQI) [18]. Additionally, the ratio index rws shows that the 

tension limitation affects the workspace range. 

Pham proposes tension factor (TF) and global tension index 

(GTI) to determine the workspace quality [8]. Tension factor, 

to the extent, reflects tension distribution by the minimum 

tension over the maximum tension. To further study the distri-

bution of all cable tensions and analyze the effect of the distri-

bution, the all cable tension distribution index (ACTDI) et is 

defined as the variance of all tensions over the minimum ten-

sion. 
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where t  is the average value of tensions. If et is smaller, the 

tensions are closer to each other. 

For instance, when the moving platform is at the pose of (x 

= 0.579, y = 0.380) and (x = 0.439, y = 0.304) with o

1φ = , the 

tensions at two poses are listed in Table 1. Although TF is the 

same at these two poses, ACTDI implies that the latter pose 

has a better tension balance leading to a better control charac-

ter. In light of this, we confirm that ACTDI is more feasible 

for defining the tension distribution for CDPMs. 

 

3.2 Workspace quality analysis based on ACTDI 

From the definition of ACTDI, tension distribution is more 

uniform when the index value is smaller. Given the dimen-

sional parameter on Table 2, ACTDI over the workspace is 

calculated and shown in Fig. 4. 

In Fig. 4, the value of ACTDI increases over the points 

from inside to outside. Furthermore, this index denotes that 

Table 1. Comparison of ACTDI and TF. 
 

Pose Tension (N) 

x(m) y(m) φ  t1 t2 t3 t4 
TF ACTDI 

0.579 0.380 2.15 2.25 2.17 1 0.449 0.597 

0.439 0.304 

o

1  
2.23 1.78 1.18 1 0.449 0.564 

 

 



2394 X. Tang et al. / Journal of Mechanical Science and Technology 27 (8) (2013) 2391~2399 

 

 

the points inside have smaller value and uniform tension dis-

tribution. 

 

4. Workspace quality index of the area of global qual-

ity workspace (AG) 

4.1 Stiffness index 

To obtain a good tension distribution and maintain the sta-

bility, the global quality workspace is proposed by considering 

both the ACTDI and SI quality workspaces. 

CDPMs are more flexible than other parallel manipulators. 

In light of this, the stiffness of CDPMs becomes an important 

issue in design and workspace quality analysis. Different from 

global flexibility indices in stiffness model of rigid parallel 

manipulators [21], the stiffness index (SI) St is proposed to 

depict stiffness in CDPMs. According to Verhoeven [18], the 

stiffness matrix is denoted as 

 

K= k’A
T
L

-1
A, (9) 

   

where k’ is the stiffness of a cable with one unit length. 
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where l1, …, lm refers to the lengths of 1
th
, …, m

th
 cable. 

Then, the eigenvalues of stiffness matrix are obtained as 0 

≤ ke1 ≤ … ≤ ken. The stiffness index St is defined as the evolu-

tion of the minimum eigenvalue over the maximum eigen-

value. 

min( )
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ei
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ei
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4.2 Workspace quality analysis based on SI 

The stiffness index (SI) reflects the ability to resist external 

wrench for points in the workspace. The range of the stiffness 

index is limited between 0 and 1. When it is close to 1, it 

means that the stiffness of the point is more isotropic. In other 

words, an external wrench applied on the moving platform has 

the same effect on the end-effector in all directions. The stiff-

ness index distribution over the workspace is shown in Fig. 5, 

and the dimensional parameter is the same as in Table 1. 

From the discussion above on Figs. 4 and 5, the conclusion 

is drawn that ACTDI and SI change in different directions 

over the workspace. Nevertheless, in practical applications, 

tensions and the stiffness in all directions are usually more 

feasible to be uniform. Hence, integrated with these two indi-

ces, a compromise is necessary for an optimal workspace. 

 

4.3 The area of global quality workspace (AG) 

As for quality workspace aforementioned, the area of 

ACTDI quality workspace is surrounded by ACTDI curve 

with the same value of ACTDI in Fig. 6. So, AACTDI is the 

integral of the area with ACTDI equal to or less than the re-

quired, where the distribution of tensions is revealed. 

Table 2. Dimensional parameter value. 
 

L1 L2 L3 L4 φ  

0.3 (m) 0.4 (m) 1 (m) 1 (m) 
o

0  

 

 

t
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Fig. 4. Workspace with ACTDI as 0φ = � . 
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Fig. 5. Workspace with SI as 0φ = � . 
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Fig. 6. ACTDI quality workspace. 
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Similar to AACTDI, the area of SI quality workspace is sur-

rounded by the SI curve in Fig. 7. ASI is the integral of the area 

with SI equal to or greater than the required value, where the 

stiffness of this CDPM is shown. 
  

SI

end

start

( ) .X

X

X
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The area of the global quality workspace (AG) is proposed 

by considering both the area of ACTDI and SI quality work-

spaces as shown in Fig. 8. 

 

ACTDI SI .AG A A= ∩   (13) 

 

5. Dimensional design application for optimal AG 

From the simulation example above, the workspace quality 

is investigated with these indices for optimal dimension de-

sign. In this section, the length and the width of both the mov-

ing platform and the fixed platform are changed. 
1µ  is de-

fined by the length over the width of the moving platform, 
2µ  

by the width of the moving platform over the length of the 

fixed platform and 
3µ  by the width over the length of the 

fixed platform, that is 

 

1 2 1L /Lµ =  (14a) 

2 1 3L / Lµ =  (14b) 

3 4 3L /Lµ = . (14c) 

 

From the workspace quality analysis, two crucial indices, 

ACTDI and SI, are selected as the most important parameters 

to define quality workspace. Thus, the trend about ACTDI and 

the maximum SI with 
1µ , 

2µ  and 
3µ  are studied in this 

section firstly. 

Furthermore, two quality workspaces are denoted as AACTDI 

and ASI. The former one is defined as the area that the ACTDI 

is equal to or less than 0.5, and the latter one as the area that 

the SI is equal to or more than 0.2 (estimation standards ACT-

DI and SI can be varied according to practical requirements). 

In the end, these two quality workspaces are investigated to-

gether to determine the optimal workspace that both ACTDI 

and SI are satisfied respectively, where it is called AG. 

 

5.1 Ratio �1 

In this section we take advantage of these indices to meas-

ure the workspace quality about a planar CDPM. As shown in 

Fig. 1, the 4-3-CDPM has four cables with three DOFs, in-

cluding two translation DOFs and one rotation DOF. The 

kinematical model about this CDPM is illustrated in Fig. 2. 

Given the minimum tension tmin = 1N and the maximum al-

lowed tension tmax = 20N, AACTDI is obtained based on the ap-

proach mentioned above from Matlab in Table 3 and 
1µ  

SIA

end
XstartX

 
 

Fig. 7. SI quality workspace. 
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Fig. 8. AG quality workspace. 

 

Table 3. AACTDI with �1. 
 

�1 
AACTDI (mm2) 

1.33 2 2.5 

o0  86024 60904 41935 

o1  74771 59779 41691 

o2  34657 56295 40509 

o4  0 41259 35959 

φ  

o6  0 11588 28317 
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Fig. 9. AACTDI with various �1. 
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varies from 2.5 to 1.33 with a decrement of 0.02 in Fig. 9. 

Different from AACTDI, ASI shows that the area has a more 

uniform stiffness over the workspace. The SI quality work-

space is obtained in Table 4 and Fig. 10. When the ratio �1 is 

valued between 2.2 and 2.3, the SI quality workspace achieves 

the maximum value at different angles. 

As shown in Fig. 11, AG obtains the maximum value as �1 

between 2.1 and 2.3. Moreover, AG comes to monotonously 

increasing as an orientation angle larger than o6 . 

 

5.2 Ratio �2 

Suppose the width of the moving platform is fixed as 0.3 m 

and the length as 0.4 m, the workspace with the ACTDI is 

discussed concerning different �2 from 0.3 to 0.15 with a dec-

rement of 0.005. To compare in detail, �2 is selected with 

some values as in Table 5. 

Then, the ACTDI quality workspace used before with dif-

ferent �2 is listed in Table 6. As shown in Fig. 12, the ACTDI 

quality workspace changes, in which the minimum et is larger 

than 0.5. In light of this, if this planar CDPM is applied in 

practice, a larger �2 suggests that the tension distribution is 

more uniform. Moreover, the tension distribution becomes 

worse with the angle increasing. 

Since the stiffness index St over the workspace is less than 

0.2 aforementioned, the maximum St with some �2 is listed in 

Table 7, while �2 varies from 0.3 to 0.15 with a decrement of 

0.002 shown in Fig. 13. In addition, it reveals that a larger �2 

can yield a larger maximum St. However, maximum stiffness 

in Fig. 13 implies that the SI quality workspace is always 0 

because it is less than 0.2 of the definition above. 

 

5.3 Ratio �3 

Suppose the width and the length of the moving platform is 

fixed at 0.3 m and 0.4 m, respectively, and the length of the 

fixed platform is 1 m, the workspace with the ACTDI is dis-

cussed with different �3 from 1 to 1.4, and �3 is selected with 

Table 4. ASI with �1. 
 

�1 
ASI (mm2) 

1.33 2 2.5 

o0  0 31911 117028 

o1  0 32031 116231 

o2  0 32523 114315 

o4  0 34707 107957 

φ  

o6  0 40691 96123 
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Fig. 10. ASI with various �1. 
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Fig. 11. AG with various �1. 

 

Table 5. Selected �2. 
 

�2 0.3 0.25 0.2 0.15 

L1 (m) 0.3  

L3 (m) 1 1.2 1.5 2 

 

Table 6. AACTDI with �2. 
 

�2 
AACTDI (m

2) 
0.3 0.25 0.2 0.15 

o1  0.0748 0.1283 0.2332 0.4811 

o2  0.0357 0.0607 0.1095 0.2223 φ  

o4  0 0 0 0 

 

Table 7. Maximum St with �2. 
 

�2 
Maximum St 

0.3 0.25 0.2 0.15 

o0  0.0714 0.0667 0.0625 0.0588 

o2  0.0733 0.0684 0.0642 0.0605 φ  

o4  0.0785 0.0735 0.0690 0.0651 
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Fig. 12. AACTDI with various �2. 
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some values as in Table 8. 

Then, the ACTDI quality workspace with different �3 is 

listed in Table 9. As shown in Fig. 14 with �3 from 1.4 to 1 

with a decrement of 0.04, the ACTDI quality workspace in-

creases with greater �3 and smaller orientation angle due to the 

larger area of the fixed platform. 

Similar to �2, the stiffness index St over the workspace is 

less than 0.2, the maximum St in various �3 are listed in Table 

10 and in Fig. 15, respectively. The results about �3 imply that 

the workspace quality is better with a greater area of the fixed 

platform for the same end-effector. 

In summary, the global optimal dimensional design prob-

lem concerning this 3-Dof planar cable-driven manipulator is 

concluded to obtain the optimal L1, L2, L3 and L4. Thus, the 

optimization problem is transferred to find the best dimen-

sional ratios-- �1, �2, �3--in parameter study. The discussion 

aforementioned about relative optimal parameters rests on the 

previous assumption that there exists a unique variant with 

other two ratios determined, which is similar to the process 

based on an exhaustive search in Ref. [24]. However, the op-

timal process turns out to be an intricate problem to attain a 

global optimal solution according to optimal AG. Recently, 

Lin [25, 26] proposed a genetic algorithm with differential 

evolution (GA-DE) hybrid algorithm to address this optimiza-

tion problem with implicit objective function and constraints. 

This method will be employed to achieve global optimal pa-

rameters in the future research work. 

 

6. Conclusions 

According to the aforementioned workspace quality, we 

concentrate on using two new indices and apply the indices to 

optimize the dimensional design of a typical planar 4-3-

CDPM. The conclusions can be drawn as follows: 

(1) To measure the workspace quality, two new evaluation 

indices are proposed to depict the quality of the workspace, 

which are the all cable tension distribution index (ACTDI) and 

the area of global quality workspace (AG). 

(2) Compared with previous research, AG is more feasible 

for CDPMs since both tension distribution and stiffness are 

taken into account as a whole. From the analysis of the simu-

lation example above, the workspace quality with different 

orientations changes considerably in the representation of the 

indices. It has been revealed that it is more appropriate to de-

termine an optimal workspace by considering the tension in-

dex and stiffness index altogether. 

Table 8. Selected �3. 
 

�3 1 1.2 1.4 

L3 (m) 1 

L4 (m) 1 1.2 1.4 

 
Table 9. AACTDI with �3. 
 

�3 
AACTDI (m

2) 
1 1.2 1.4 

o1  0.0747 0.1088 0.1406 

o2  0.0357 0.0929 0.1309 φ  

o4  0 0.0110 0.0814 
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Fig. 13. Maximum St with various �2. 
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Fig. 14. AACTDI with various �3. 

 

Table 10. Maximum St with �3. 
 

�3 
Maximum St 

1 1.2 1.4 

o1  0.0719 0.1002 0.1183 

o2  0.0733 0.1008 0.1186 φ  

o4  0.0785 0.1030 0.1198 
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Fig. 15. Maximum St with various �3. 
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(3) The results demonstrate that the approach and the indices 

are not only easily used, but also can be applied in other com-

pletely restrained CDPMs. Also, the dimensional design proce-

dure is presented for designing a relative optimal planar CDPM 

with high stiffness and more uniform tension distribution. 

Future research will address the issue on the determination 

of the optimal workspace of spatial parallel mechanisms. 
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