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Abstract We study a sequential form of the distributed dual averaging algorithm
that minimizes the sum of convex functions in a special case where the number of
functions increases gradually. This is done by introducing an intermediate ‘pivot’ stage
posed as a convex feasibility problem that minimizes average constraint violation with
respect to a family of convex sets. Under this approach, we introduce a version of the
minimum sum optimization problem that incorporates an evolving design space. Proof
of mathematical convergence of the algorithm is complemented by an application
problem that involves finding the location of a noisy, mobile source using an evolving
wireless sensor network. Results obtained confirm that the new designs in the evolved
design space are superior to the ones found in the original design space due to the
unique path followed to reach the optimum.
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1 Introduction

Several categories of optimization problems and their resulting applications focus on
optimizing a sum of objective functions. Some examples include least squares and
inference, stochastic programming, dual optimization and machine learning (as seen
in [1,2]). Bertsekas [2] provides a unified framework along with convergence and
convergence rates of a variety of methods that can be derived from three basic solu-
tion strategies—incremental gradient, incremental subgradient and proximalmethods.
However, all the methods and variants presented in the literature only tackle a problem
of fixed size (or number of nodes, n). Although Nedic [3] use a subgradient method
for solving a distributed optimization problem over time-varying graphs, the number
of vertices remains fixed. The method we propose will also be effective in situations
where interaction between nodes needs to be considered. To include these interaction
effects, ‘link’ functions may be used in addition to ‘vertex’ functions in the sum of
objective functions form. Another situation worth discussing is the use of purely local
functions, that is, fi ’s that are only functions of local variables, xi ’s. In this situation,
a distributed optimization problem may be formulated through the addition of some
form of interaction (therefore avoiding the trivial result of a sum of local optimum
function values for the entire optimum of a sum of functions). We present a novel
method that combines distributed dual averaging (Sect. 3.1) and the random Bregman
projection method (Sect. 3.2) that solves our version of the time-varying minimum
sum problem (Sect. 2).

2 Problem Description

We are interested in convex optimization problems of the form shown in (1). Define
the problem at time t ,Pt as follows

Pt := min
x

n∑

i=1

fi (x), x ∈ X, (1)

where f : Rn → R is a convex function (may not be differentiable) and X is a non-
empty, closed and convex set with X ⊆ R

n . In our case, the optimization problem
at time t (Pt ) may evolve at a certain time (say t + 1) to include p more individual
functions. For example, problem Pt+1 may be given as:

Pt+1 := min
x

n+p∑

i=1

fi (x), x ∈ X (2)

with X ∈ R
n+p.We consider an equivalent optimization problem in (3) which is based

on functions that are distributed over a network specified by an undirected graph at time
t , Gt = (Vt , Et ) over the vertex set Vt ⊆ {1, 2, . . . , n} with edge set Et ⊆ Vt × Vt .

min
x

∑

i∈Vt
fi (x), x ∈ X (3)
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To relate (2) and (3), we note that adding a vertex to the network is akin to adding a
set of p variables to the optimization problem. Each vertex is associated with an agent
that calculates a local function fi , typically a function of p variable dimensions of the
total n dimensions in x ∈ X, with X ⊆ R

n .
Define f as follows— f := ∑

i∈Vt fi (x) : x ∈ X . Let f ∗
t = f (x) : x∗

t ∈ X be
the solution of the problem Pt . Furthermore, define set t+ := [t ′ : t ′ > t] and tend
as the context-specific final time. We discuss our answers to the following questions
through this paper:

1. Given an optimization problem (P0) of the form in (3) that is associated with
a graph G0 at time t = 0, how do we sequentially obtain better f ∗

t+ as new
vertices are included in the graph Gt+? This also defines our motivation—to find
a minimum such that f ∗

t+ < f ∗
t .

2. Is there any benefit of finding the trace of f ∗
t sequentially rather than solving a

static problem at tend?
3. When does one stop considering the option of changing the number of vertices

n(Vt ) in graph Gt to obtain a final f ∗
tend ?

3 Foundations of the Algorithm

The goal of decentralized or distributed optimization is to optimize a ‘global’ objective
using only ‘local’ (or node specific) function evaluations. Implementation of these
optimization algorithms to tracking and localization problems, sensor networks and
multi-agent coordination (see [4,5]) have proved to be very effective in the past.
Although the form of the function handled by Duchi et al. [6] is slightly different, our
work is an offshoot of themethod presented therein and repurposes the distributed dual
averaging algorithm discussed in Sect. 3.1 to effectively handle an evolving design
space in Sect. 3.2.

3.1 Distributed Dual Averaging

3.1.1 Basic Assumptions

Standard dual averaging schemes are based on a proximal function φ : X → R that
is strongly convex with respect to some norm ‖ · ‖. In our paper, we use the canonical
form of this proximal function,φ(x) = 1/2‖x‖22 which is strongly convexwith respect
to the L2 norm for x ∈ R

n . Also, we assume that all nodal cost functions ( fi ’s) are
L-Lipchitz with respect to each norm as in Duchi et al. [6] That is,

| fi (x) − fi (y)| ≤ L‖x − y‖, ∀x, y ∈ X (4)

The functions used in our paper are all convex functions in compact domains. An
important inference of (4), used in the proof of convergence of the distributed dual
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averaging (DDA) algorithm, is that for any x ∈ X and any subgradient gi ∈ ∂ fi (x),
‖g‖∗ ≤ L .1 Define the adjacency matrix At ∈ R

n×n of graph Gt as follows:

At (i, j) =
{
1, iff (i, j) ∈ Et ,

0, otherwise.
(5)

Each node i in the network is associated with neighbors j , denoted as
j ∈ N (i) := { j ∈ Vt : (i, j) ∈ Et }. Let degree δi of each node i be defined as
δi := |N (i)| = ∑n

j=1 At (i, j), and D = diag{δ1, . . . , δn}. Let δmax = maxi∈Vt δi ,
and let us define the characteristic matrix P as:

P(Gt ) := I − 1

δmax + 1
(D − A) (6)

The matrix P is symmetric and doubly stochastic (
∑

i Pi j = ∑
j Pi j = 1) by

construction; these are characteristics needed by Duchi et al. [6] for their convergence
proof to be valid, which is an essential part of our algorithm.

3.1.2 Algorithm Details

First we note that the distributed dual averaging is implemented at a particular fixed
time (t). The details described here are for iterations (counted using the parameter
k = 1, 2, . . .) that occur at a time t during the evolution of the problem to
Pt+. During these iterations, each node maintains a local copy of two values
{xi (k), zi (k)} ∈ X × R and also calculates the subgradient gi (k), where gi (k) ∈
∂ fi (xi (k)). Each node receives information about parameters in the formof {z j (k), j ∈
N (i)} from nodes in its neighborhood. Define a projection onto X with respect to some
proximal function φ and positive scalar step-size α as

Π
φ
X (z, α) := argmin

x∈X

{
< z, x > + 1

α
φ(x)

}
(7)

Given a non-increasing sequence of positive step sizes α(k), the DDA algorithm
involves each node i ∈ Vt via the following iterative updates at a fixed time t :

zi (k + 1) =
∑

j∈N (i)

Pji z j (k) + gi (k)

xi (k + 1) = Π
φ
X (zi (k + 1), α(k))

(8)

We refer the reader to [6] for convergence of the DDA algorithm to the optimum
x∗ ∈ X , convergence rates and modifications for various network types (random,
fixed degree, etc.). The method described in [6] is only suited to solve static problems
and not the dynamic or evolving problems of interest to us. Modification of this
algorithm to handle evolving design spaces is supported by 1) strong convergence

1 ‖ · ‖∗ is the dual norm to ‖ · ‖. See [6] for details.
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results for variants of DDA that include stochastic communication links and composite
objective function forms; and 2) superior experimental performance when compared
to state-of-the-art algorithms such asMarkov incremental gradient descent (MIGD)[7]
and distributed projected gradient method [8]. The following section introduces the
Bregman projection which is helpful in motivating the need for our adaptive random
projection (ARP) algorithm in the pivot phase.

3.2 Bregman Projection Method

Of the several algorithms related to steered sequential projections described by Censor
et al. [9], we are interested in algorithms that use Bregman distance functions for
projection onto a set. Bregman distance is defined on a convex closed set S ⊂ R

n with
respect to a function f . A Bregman distance is denoted by D f (x, y) : S× int(S) → R

for the distance between two points x ∈ S and y ∈ int(S) as:2

D f (x, y) := f (x) − f (y)− < ∇ f (y), x − y > (9)

If Ω ⊆ R
n is closed and convex, and Ω ∩ S = ∅ a Bregman projection onto the

set Ω (denoted as Π
f

Ω ) is then defined as:

Π
f

Ω(x) = argmin
z

{D f (z, x) : z ∈ Ω ∩ S} (10)

where uniqueness of the projection Π
f

Ω(x) is ensured for z ∈ int(S) for Bregman
functions f . More information about Bregman projections and their use in convex
optimization may be obtained from [10] and [11]. We use a special, quadratic form
of the Bregman function, 1/2‖x‖22 (with zone Rn). Recall that this Bregman function
has the same form as the proximal function used in Sect. 3.1. In this case, Bregman
projections become orthogonal (Euclidian) projections. The iterates of the algorithm
are defined as

x(k + 1) = x(k) + σk(Πi(k)(x(k)) − x(k)) (11)

where {i(k)} is a cyclic control sequence, and the sequence {σk}k≥0 is an m-steering
sequence as defined in Censor et al. [9], and Πi(k) are successive projection operators.
However, although the steered version of the Bregman Projection method can solve
inconsistent problems, it cannot be applied to evolving optimization problems where
Pt− = Pt = Pt+.

Given that we are able to find the optimum f ∗
t of a problem Pt of the form in

(3) through updates of the DDA algorithm (8) at some time t > 0, our aim is to
find a superior f ∗

t+ < f ∗
t by activating or deactivating certain nodes in the network

(i ∈ Vt+, Vt+ ⊆ {1, 2, . . . , n}, Vt+ = Vt ). In other words, we are modifying the
network by selecting a new set of nodes from a ‘library’ of n existing nodes. Solving
the problem Pt+ using DDA again may find an f ∗

t+ < f ∗
t , but we are ignoring the

progress made through solving the problems P0 to Pt . Thus, a form of numerical

2 With int(S) as the interior of the closed convex set S.
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continuation is required and is established through a ‘pivot’ phase at time t , before
solving the problem Pt+.

At time t , problemPt in (3) is solved to obtain an optimum f ∗ and a corresponding
value of x∗ ∈ X . Let �Vt be the symmetric difference between the sets Vt and Vt+.3
This gives us the nodes added or removed in the new time step t+. Typically, nodes are
added to the network, as seen in our application problem in the penultimate section.
Thus, we can rewrite (3) as follows

min
x

∑

i∈Vt+
fi (x) = min

x

⎛

⎝
∑

i∈Vt
fi (x) ±

∑

i∈�Vt

fi (x)

⎞

⎠ , x ∈ X (12)

Since the first sum of functions has been solved for in the previous time step with
i ∈ Vt , the problem at the pivot step is reduced to a simpler, convex feasibility problem.
Since we wish to find a better objective function value f , a point x at which f < f ∗
is desired. Also, an alternative design point (x) at a different location, but with the
same optimum function value ( f = f ∗), may also be valuable. Since the functions
fi are convex, the sum of these functions is also convex, with f ∗ being a scalar value
that defines a specific boundary or contour line of f ≤ f ∗ (which itself is convex in
nature). f ∗ now represents a minimum acceptable performance threshold. Given our
new, but related goal of finding a better f ∗, this convex feasibility problem can be
written as:

min
x

< 0, x >, f ∗
t+1 =

∑

i∈Vt+
fi (x) < f ∗

t and x ∈ X (13)

Represent the convex set x ∈ X at any pivot time as QX , and the set∑
i∈Vt+ fi (x) < f ∗

t as QF . Thus, at the pivot time, our solution is a point in the
intersection of these sets, that is, x̃ ∈ QX ∩ QF . There exist several convex feasibility
algorithms for finding a point x∗ ∈ Q := ∩m−1

i=0 Qi , which is the intersection of finitely
many closed, individual sets Qi ∈ R

n [12–14]. However, most of these algorithms are
applicable only to the ‘consistent’ case wherein Q = ∅. In our case, it is not known a
priori that Q = ∅ at time t+. Thus, a sequential projection method that is proved to
be convergent for the inconsistent as well as consistent case is used here [9]. Here, we
are interested in an iterative algorithm to find a point in the intersection of the sets QX

and QF . Additionally, as in [3], we would also like to determine whether such a point
exists by observing the algorithm’s iterates itself. Our adaptive random projections
(ARP) algorithm (introduced and analyzed in the following sections) is well suited to
solve such dynamic problems.

4 Adaptive Random Projection

Our algorithm is based on the hypothesis that finding a point in the intersection of
Qi ’s corresponds to an improvement in f ∗. We prove this hypothesis using the fol-

3 Symmetric difference �Vt = Vt�Vt+ = (Vt ∪ Vt+) \ (Vt ∩ Vt+).
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lowing argument. We do not provide this explanation as a formal proof, but rather as
a motivating yet necessary discussion to lead to the development of our algorithm.

Consider an existing f ∗ ≥ ∑
i fi (x) = F(x) and a pair of new candidate functions

f1 and f2. First, suppose that adding f1 does not satisfy the feasibility criterion in (13)
and that adding f2 does satisfy it. In other words, (a) F(x)+ f1(x)− f ∗ > 0 ∀x ∈ Q1
but (b) F(x) + f2(x) − f ∗ ≤ 0 ∀x ∈ Q2. We are interested in the case where
both these conditions (a) and (b) are simultaneously true, that is, Q1 ∩ Q2 = ∅.
Exclusion of the node corresponding to f1 is justified since f ∗ ≥ F ∀x ∈ Q1, and
F(x) + f1(x) + f2(x) − f ∗ ≤ f1(x) ∀x ∈ Q1 ∩ Q2. Of course, when Q1 ∩ Q2 = ∅,
we cannot find a common point x to evaluate f1 and f2.

Now consider another candidate function f3 with (c) F(x)+ f3(x)− f ∗ ≤0 ∀x ∈Q3
being true. We are interested in the scenario where (b) and (c) are simultaneously
true. Observe that when Q2 ∩ Q3 = ∅, F(x) + f2(x) + f3(x) − f ∗ ≤ f2(x) and
F(x) + f2(x) + f3(x) − f ∗ ≤ f3(x) are both true. Since f2 ≤ f ∗ − F(x) and f3 ≤
f ∗−F(x), the expression F(x)+ f2(x)+ f3(x)− f ∗ ≤ 0 always holds true.Also, there
may be a greater benefit when both functions f2 and f3 are considered simultaneously
than with any one of the functions alone. More nodes with corresponding functions
fi can be added when (b) and (c) are found to be true. With this motivation, we now
proceed to introduce our algorithm.

4.1 Algorithm Details

Section 3.2 introduces the problem at hand as a convex feasibility problem. More
precisely, our problem is related to a body of research on the maximum feasible
subset (MFS) problem in which the goal is to identify (enumerate) the sets that have
a feasible intersection. In view of our overall goal, a feasible intersection of a subset
of the candidate library of nodes translates to a definite improvement of the global
objective function by adding these nodes. Other closely related problems include the
minimum unsatisfied linear relation problem (MINULR) andminimum cardinality set
covering problem (MINCOVER) that are typically applied to a set of linear constraints.
Finding the MFS of linear constraints is NP-hard and is widely studied (see [15–17]).

In the pivot stage, we find a point x∗ such that it lies in the intersection of a select
subset of x∗ ∈ X with X �

⋂
i∈I Xi , whereI ∈ {1, . . . ,m}, |I | ≥ 2.Our proposed

adaptive random projection algorithm is stated as follows - given an iterate xk ∈ R
n ,

subsequent iterates are given by

xk+1 = Πωk (xk) (14)

where the random variable ω at time step k is a value in the set {1, . . . ,m}. Each
constraint set Xi is associatedwith an ‘agent’ or ‘node’ that decideswhich set to project
to next by maintaining a set ofm probabilities. Each of these probabilities corresponds
to projecting onto a set i . Denote this set ofm probabilities associatedwith the node i at
an iteration k as Pr so that Pr(i, j) implies probability of projecting from set i to set j .
Note that, traditionally in the literature, only probability of projecting onto a set Pr(i)
is defined. Here we can obtain this value implicitly, that is, Pr(i) = ∑m

j=1 Pr( j, i).
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Fig. 1 We intend to find d∗ at
the intersection of the MFS
rather than dmin which applies to
all four sets shown in the figure

We identify the maximum feasible set (MFS) during the course of convergence by
using constraint violation values. Constraint violation with respect to a constraint set
Xi can be calculated, using (13), as

ci = max

⎛

⎝
∑

i∈Vt+
fi (x) − f ∗

t , 0

⎞

⎠ (15)

Define dX (x) as the Bregman distance of a point x ∈ R
n from a set X . Notice (in

Fig. 1) that a point on the intersection of the MFS does not correspond to a point with
the minimum distance to all sets dmin.

That is, we are interested in the case where:

1. d = 0, since all the sets in question (Xi ’s) may not intersect
2. d = dmin, since some sets may be excluded from the MFS and
3. d = d∗ > dmin which corresponds to a point on the intersection of the MFS (see

Fig. 1)

Let ci j be the constraint violation measured using (15) for set Xi from a point on
set X j , where i = j . We now define the adaptive probabilities Pr(i, j) for iterations
k = {0, 1, 2, . . .} in (16) :

Pr(i, j) =

⎧
⎪⎨

⎪⎩

0, iff i = j, k = 0,

1 − ∑
j =i Pr(i, j), iff i = j, k > 0,

2
m−1

(
1 − 1

1+exp(−γk c̄i j )

)
, iff i = j, k ≥ 0,

(16)

where c̄i j is the moving average value of ci j and γk is a gradually increasing sequence
of positive numbers that amplify the constraint violation c̄i j with the properties
γk+1 > γk , γ0 = 0 and

∑∞
k=0 γk = ∞. Pr is a doubly stochastic matrix like P

that is used in the first phase (6). Note that at iteration k = 0, Pr(i, j) = 1
m−1 for

all i = j . Thus, it is equally probable to project onto other sets j from set i . As the
iterations progress, the algorithm is expected to initially behave like a standard random
projection algorithm to find dmin since γk is close to zero. As the average constraint
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Fig. 2 a Initialized graph with
respect to the hypothetical
problem in Fig. 1. b Node 4
corresponding to set 4 is isolated
as part of ARP. c Node 1 and
node 2 coalesce to form node
1–2. Projections are thereafter
performed on nodes 1–2 and 3 (a) (b) (c)

violation c̄i j increases, it becomes less probable to project onto the set j from set i .
Also, a stagnant or unchanging constraint violation is also penalized since γk keeps
increasing. This reduces the probability of projecting onto frequently penalized nodes
gradually toward zero.

An easy way to visualize the above paragraph is as follows. Let the candidate nodes
(i = {1, . . . ,m}) to be added be arranged as a fully connected graph G = (V, E).
Initially, all links exist, and wewish to gradually fade away these links as c̄i j increases.
As the algorithm progresses, Pr(i, j) → 0 implies that link does not exist. A high
probability Pr(i, j) and Pr( j, i) indicates that sets i and j may have an intersection.
On the other hand, a high value of Pr(i, j) and a corresponding low probability of
Pr( j, i) imply that improvement of f ∗ is relatively higher for set corresponding to
X j than for set Xi . In this sense, ARP is an online learning algorithm. The network
analogy will be referred to again since it is useful for our next step (Sect. 4.2), and
also lends support to practical implementation of the algorithm on actual distributed
nodes.

4.2 Continuation Via Edge Contracting

As discussed in the previous paragraph, edge contracting plays an important role in
ARP. Recall that a link between two nodes implies that an intersection probably exists.
Since the above procedure aims to isolate unconnected nodes while confirming pair-
wise intersections, we continue our analysis by using an edge contracting procedure.
This is visually similar to the Karger’s algorithm (See Fig. 2), but has a completely
different purpose and procedure [18].

In our procedure, the result of ‘contracting’ an edge that connects nodes u and v is
the formation of a new node u − v. Since Pr(i, j) is not necessarily symmetric, we
obtain a directed version of the graph shown in Fig. 2. At this point, we are convinced
that an intersection exists between the sets Xu and Xv . Denote the set Xu−v = Xu∩Xv ,
as the intersection set and the corresponding node on our graph G = {V, E} as u − v.
The procedure is formally described below through steps 1–5 below and begins at
predetermined times following a check (if |V | ≥ 1):

1. Choose edge e = {u, v} ∈ E : Pr(u, v) > 0 ∧ Pr(v, u) > 0 ∧ γk c̄uv → ∞
2. Denote new node u − v and perform

(a) G = G \ e
(b) V = V \ {u, v}, V = V ∪ u − v

3. Isolate nodes:
(a) Choose node k ∈ V : Pr(u, k) = 0 ∧ Pr(k, u) ≥ 0 ∀u = k, u ∈ V
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(b) V = V \ k
4. γk+1 = γ0
5. Continue ARP

Practically, we look for a Pr(u, v) > Pthr instead of Pr(u, v) > 0 and
Pr(u, v)< Prthr instead of Pr(u, v) = 0, where Pthr is some small positive threshold
value. Note that a node may be isolated if all edges to it and from it are removed.
After the formation of the node u − v, all projections are made through parallel pro-
jections onto both sets ΠXu and ΠXv . As a result, projections onto the set Xu−v may
be obtained using (17):

ΠXu−v (x) = ΠXu (x) + ΠXv (x)

2
(17)

Bauschke and Borwein [19] study the convergence of these parallel (or more gen-
erally, weighted) projections through the use of active indices in their review paper.
Thus, in our algorithm we simply consider the average projection as the projection
onto node u − v. Note that as the algorithm progresses along with edge contracting,
we coalesce nodes with feasible intersections into a node denoted by u − v −· · ·−w.
Finally, the desired MFS is obtained by the indices that identify this coalesced node.
Note that in some application problems, a coalesced node may be directly associated
with other nodes, and as such, it may become necessary to include these nodes into
the final solution.

4.3 Mathematical Convergence of ARP

In this section, we present mathematical convergence results in relation to our algo-
rithm. Our goal is to show that in the pivot stage,

∥∥xk+1 − x∗∥∥ ≤ ∥∥xk − x∗∥∥ + e(xk, ωk) (18)

As in Wang and Bertsekas [20], we show this by bounding each term on the right
hand side (RHS) of the above equation to show that the iteration error e, which is a
function of the current iterate xk and the random index ωk is stochastically decreasing.

To do this, we take the conditional expectation of the ‘average improvement’ of the
history of the process’ iteratesFk = {x0, x1, . . . , xk, ω0, ω1, . . . , ωk, γ0, γ1, . . . , γk}.
That is, we analyze E[‖xk+1 − x∗‖2 |Fk] where E[·] denotes the expected value of a
random variable. Finally, we study the equivalence of two problems: one involving our
version of MFS with all m sets and the second involving convergence onto a smaller
number of sets which are results of solving the MFS problem a priori. As in Wang and
Bertsekas [20], we assume that the collection of sets Xi satisfies linear regularity as
follows.

Assumption 4.1 There exists a positive scalar η such that for any x ∈ R
n ,

‖x − Π(x)‖ ≤ η · max
i∈V :G={V,E}

∥∥x − ΠXi (x)
∥∥ .
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There are several situations, including polyhedral sets, where linear regularity holds
true. For a detailed discussion on this property, we refer the reader to Deutsch and
Hundal [21]. In simple words, the assumption roughly translates to saying that the
distance of a point from two sets is closely related to the distance from the intersection
of these two sets, when such an intersection exists.We also assume non-expansiveness
of the projection operator Π , that is:

Assumption 4.2 For any two points x and y inRn , and for all projections considered

‖Π(x) − Π(y)‖ ≤ ‖x − y‖ .

Finally, also assume that we can generate an increasing sequence of numbers {γk}.
We now begin our mathematical treatment of the algorithm, following the stencil
provided by Wang and Bertsekas [20].

Lemma 4.1 For any x ∈ R
n, and y ∈ S with S ⊆ R

n,

‖ΠS(x) − y‖2 ≤ ‖x − y‖2 − ‖x − ΠS(x)‖2

Proof Consider the quantity on the LHS, ‖ΠS(x) − y‖2

‖ΠS(x) − y‖2 = ‖ΠS(x) − x + x − y‖2
= ‖x − y‖2 + ‖x − ΠS(x)‖2 − 2 · (x − y)′(x − ΠS(x))

= ‖x − y‖2 + ‖x − ΠS(x)‖2
− 2 · (x − ΠS(x) + ΠS(x) − y)′ (x − ΠS(x))

Since (y − ΠS(x))′(x − ΠS(x)) ≤ 0

‖ΠS(x) − y‖2 ≤ ‖x − y‖2 + ‖x − ΠS(x)‖2 − 2 · (x − ΠS(x))
′(x − ΠS(x))

= ‖x − y‖2 − ‖x − ΠS(x)‖2 ��

For the next Lemma, we use the following information:

1. Lemma 4.1
2. ARP iterates xk+1 = Πωk xk
3. 2a′b ≤ ε ‖a‖2 + 1

ε
‖b‖2 ∀a, b ∈ R

n [20]
4. Distance dX (x) = ‖x − ΠX (x)‖

Lemma 4.2 For any x ∈ R
n, and y ∈ S with S ⊆ R

n,

‖xk+1 − y‖ ≤ (1 + ε) ‖xk − y‖ +
(
1 + 1

ε

)
d2(xk)

123

Author's personal copy



504 J Optim Theory Appl (2016) 170:493–511

Proof

‖ΠS(x) − y‖2 ≤ ‖x − y‖2 + ‖x − ΠS(x)‖2 − 2 · (x − y)′(x − ΠS(x))

≤ ‖x − y‖2 + ‖x − ΠS(x)‖2 +
[
ε ‖x − y‖2 + 1

ε
‖x − ΠS(x)‖2

]

= (1 + ε) ‖x − y‖2 +
(
1 + 1

ε

)
· d2(x) ��

where the required result is easily obtained by substituting x = xk . A consequence
of this lemma can be seen by substituting x = xk and y = x∗, and having the set
S = Xωi , that is,

∥∥Πωi (xk) − x∗∥∥2 = ∥∥xk+1 − x∗∥∥2 ≤ (1 + ε)
∥∥xk − x∗∥∥2 +

(
1 + 1

ε

)
· d2(xk)

(19)

Although this is not of significant consequence to our ‘expected’ or average decrease
in error, it is an interesting side note. Also, we can extend this result to an N step look-
ahead as follows.We are interested to study the progress of the quantity ‖xk+N − x∗‖2
as N grows. (19) looks one step ahead, that is, N = 1. For N = 2,

∥∥xk+2 − x∗∥∥2 ≤ ∥∥xk+1 − x∗∥∥2 − d2(xk+1)

≤ ∥∥xk − x∗∥∥2 − d2(xk) − d2(xk+1)
(20)

Therefore, for an N step look-ahead we can construct (21):

∥∥xk+N − x∗∥∥2 ≤ ∥∥xk − x∗∥∥2 −
[
d2(xk) + d2(xk+1) + · · · + d2(xk+N−1)

]
(21)

4.4 Progress Toward the Optimum

Before progressing to Proposition 4.1, we provide a lower bound of the ARP. This
average progress of ARP is given as the expected value of

∥∥x − Πωk (x)
∥∥ subject to

the history of the algorithm’s iteratesFk until the kth iteration.

E[∥∥x − Πωk (x)
∥∥2 |Fk] =

∑

i∈V
Pr(ωk = i |Fk) ‖x − Πi (x)‖2

=
∑

i∈V
Pr(ωk = i |ωk−1 = j) ‖x − Πi (x)‖2

≥ 2

m − 1

(
1 − 1

1 + exp−γk (̄c)i j

)
‖x − Πi (x)‖2

(22)
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where c̄i j corresponds to the minimum corresponding average constraint violation.
Now maximizing the RHS over j and using linear regularity (see Assumption 4.1)

E
[∥∥x − Πωk (x)

∥∥2 |Fk

]
≥ 2

η(m − 1)

(
1 − 1

1 + exp (−γk c̄i j )

)
‖x − Πi (x)‖2

(23)

Finally, we discuss the average progress of the algorithm toward the solution x∗ in
the following proposition

Proposition 4.1 Let Assumptions 4.1 and 4.2 hold, and let x∗ be an optimal solution
such that it converges to the MFS intersection while identifying the set itself. Then the
ARP algorithm generates a sequence of iterates xk such that

E
[
d2(xk+1)|Fk

]
≤

(
2 + ε + 1

ε

)
· 1

η(m − 1)
· d2(xk)

Proof Let ε be a positive scalar as defined earlier. Let d represent the distance to the
intersection of the MFS, and S represent the MFS. In Lemma 4.2, we use y = Πωk xk
and d2(xk+1) ≤ ‖xk+1 − ΠS(xk)‖2 to get

d2(xk+1) ≤ ‖xk+1 − ΠS(xk)‖2

≤ (1 + ε) ‖xk − ΠS(xk)‖ +
(
1 + 1

ε

)
d2(xk)

Now, taking the conditional expected value of both sides with respect to Fk and
using (23), [or see (19)] we get

E
[
d2(xk+1)|Fk

]
≤

(
2 + ε + 1

ε

)
· 2

η(m − 1)
·
(
1 − 1

1 + exp (−γk c̄i j )

)
· d2(xk)

≤
(
2 + ε + 1

ε

)
· 1

η(m − 1)
· d2(xk) ��

4.5 Implication of γk Sequence

The purpose of γk is to gradually amplify the effect of the average constraint violation
c̄i j . For the purpose of this discussion, let us assume that the sequence of {γk} is
generated using:

γk+1 = rγ · γk (24)

with γ0 > 0, and rate of increase rγ > 0. It is obvious that the rate rγ must be upper-
bounded to avoid artificial or premature convergence. This may lead to a wrong choice
of nodes that form the MFS, although some node that improves the value of f ∗ may
be found. However, the value of this upper bound depends on the rate of variation of
the average constraint violation c̄i j which is problem specific.
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5 Application to a Sensor Management Problem

There has been a growing interest in topics related to distributed optimization studies
of sensor management applications (see [22], for example). Generally, optimization
involves improving the value of some system performance metric such as information
maximization or risk minimization. We include an application problem in the sen-
sor management domain due to typical problem features that make application of our
algorithm to this problem very apt such as (1) distributed and localized function evalu-
ations, (2) optimization of a global goal by using local interactions, (3) the need to add
additional sensors/nodes/targets to the network, each of which is typically associated
with a local function and (4) the possibility of onboard computing.

Robust estimation is a popularly solved subproblem in this category (see [5,23–30]).
Each sensor in a network may collect local readings of an environmental variable (like
temperature or rainfall), or of a location parameter (like an energy source or target),
subject to noise. Robust estimates of parameters and locations are often obtained from
functions such as squared error and the Huber loss function [25]. Here, we will make
use of the latter function as the local fi being calculated by each sensor. The Huber
loss function is given by:

ρ(θ, x) =
{

(x−θ)2

2 , if |x − θ | ≤ γ ,

γ |x − θ | − γ 2

2 , otherwise,
. (25)

with the multi-dimensional variant involving the sum of these losses across all dimen-
sions. The Huber loss function is convex and differentiable. A general description of
the robust source estimation follows. Each sensor i = {1, . . . , N } collects a set of m
measurements xi which are randomly sampled from normal distributions N (θ, σ 2).
75% of the sensors sample the source location θ with a noise characterized by σ 2,
whereas the other 25% are faulty sensors with a noise of 10σ 2. We would like to find
an estimate of the source θ ∈ X which minimizes :

f (θ, x) =1

n

n∑

i=1

ρi (θ, x)

x ∈ X

(26)

In our problem, we randomly generate a network with N = 100 nodes uniformly
distributed on the unit square [0, 1] × [0, 1] (X ) as shown in Fig. 3a. We then connect
the nodes based on whether their distance is <0.145 units (obtained by reducing the
threshold value until the network remains connected) similar to the example in [31].
In the context of our paper, any new sensors added will also follow the same rule
of establishing connections with other existing nodes. This relates to the real-world
situation where wireless sensors may connect to other sensors within some range.
Each sensor processes m = 200 readings. The location of the sensors and the source
are randomly generated. A set of 16 new candidate sensors (positions shown in Fig.
3b) are given access to the last 50 readings of the original set of 100 sensors.
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(a) (b)

Fig. 3 In both images shown above, filled circle represents a sensor, filled square represents the source’s
location, and a open circle around a sensor indicates that it is faulty (also randomly generated). a Randomly
generated initial network. b New candidate sensors

Fig. 4 Mean estimate of the
source improving with number
of iterations

We first solve the problem with the original set of 100 sensors in the randomly
generated network using DDA. The aim is then to use the best source location obtained
as a result of the DDA algorithm to improve f ∗ value while simultaneously selecting
the most valuable, maximum subset of the 16 new candidate sensors.

5.1 Results

AcustomMATLAB2014a code running on an Intel Core i7-2630QM2GHz processor
was used. The sequence of γk was generated as a simple geometric sequence with
γ0 = 1 and γk+1 = γk ·1.0015 (refer Sect. 4.5 for discussion on rate of increase of γ ).
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Fig. 5 Progress of the ARP algorithm for selection of a subset of the 16 candidate sensors shown as edge
contraction of a directed graph corresponding to Pr(i, j) values after the kth iteration number. Circled
nodes are selected, and dashed lines connect coalesced nodes. a k = 1000, b k = 2000, c k = 3000,
d k = 4000, e k = 5000, f k = 5200, g k = 5400, h k = 5600, i k = 5821

The value of α for the initial run of the DDA algorithm is fixed at a value of 0.01. The
path taken by the mean source location is shown in Fig. 4.

As we can see, the mean estimate of the source location continuously improves
toward the actual location as the DDA algorithm progresses. Figure 4 shows the path
taken by the mean estimate of the source (shown as open square) moving toward the
actual source location filled square as time progresses in the presence of faults. Sizes
of the sensors filled circle have been reduced for clarity.

The maximum number of projections in ARP is set at 5000 (implying usability in
on-board systems) Also, for coalescing nodes, we use a threshold probability value of
Prthr = 0.05. Corresponding to the Pr(i, j) values, we obtain characteristic directed
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Table 1 Comparison of the four test cases in terms of number of mean, standard deviation, best and worst
f values (iterations are not reported since they are related to the number of readings taken, which in this
case is always 250)

Case Mean f SD f Best f Worst f

Case a 0.1376 0.2759 1.356e−4 1.020

Case b 0.1146 0.2840 9.839e−5 1.654

Case c 0.1135 0.2329 1.556e−4 1.264

Case d 0.1363 0.2719 2.191e−4 1.017

(a) (b)

Fig. 6 Refer to cases in text : a Case b: final network after ARP selection. b Case c: network used when
all candidate sensors are added a priori. New sensors are colored gray

graphs for the purpose of edge contraction and isolation as shown in Fig. 5. ARP
restarts after edge contraction and isolation procedures take place (Note transition
between Figs. 5d, e). At k = 5600 (Fig. 5h), four pairs of nodes (seenwith bidirectional
links) coalesce to form new nodes while allowing the corresponding edges to contract.
In Fig. 5i we see the result of ARP with a final converged set of nodes. A clear
improvement in f ∗ is noticed while selecting candidate sensors (see Table 1).

We now compare these results (mean f value) with a centralized optimization
counterpart with the following cases—Case (a) Original 100 node problem, Case (b)
All 16 candidate nodes are added to the network (Fig. 6a), Case (c) Nodes selected by
ARP are added a priori (Fig. 6b) and Case (d) Solved using DDA and ARP. Since the
mean f value itself oscillates at each iteration in this example, the best and worst f
values are also reported.

It is important to note that Cases a, b and c are run with varying numbers of sensors,
and therefore sample and distribute information differently. Furthermore, these cases
are run for exactly 200 time steps (or iterations of the DDA algorithm). Case d, on
the other hand, includes the pivot phase of the ARP algorithm for sensor selection
and improvement. The values reported in columns of Table 1 are valid at the 200th
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iteration. It is possible for other iterations to portray different comparisons since the
problem is stochastic in nature. That being said, the ARP algorithm selects useful
sensors and improves f ∗. These additional 7 sensors, when added to the network a
priori (Case c, Fig. 6b) and solved using DDA, report the best mean f value. When
all 16 sensors are added (Case b, Fig. 6a), the mean, best and worst values are slightly
inferior to Case c, although this may be an artifact of the aforementioned stochastic
nature of the problem.

6 Conclusions

An evolving counterpart of the standard minimum sum problem involving convex
functions is presented. We introduce a pivot phase in which new nodes (corresponding
to new functions) are selected by first converting the overall optimization problem to
a convex feasibility problem and then deriving the MFS. Proof of convergence of this
adaptive random projection (ARP) algorithm is provided. A relation for the upper
bound of the rate of increase in the sequence {γk} is an important area that is yet to be
explored.We solve an application problemwhich involves robust source localization in
the setting of evolving design spaces. Evolving the design space and solving usingARP
allows us to improve the design by intelligently reusing previously obtained results.
Comparisons were also made with alternate cases where nodes or agents selected by
the ARP algorithm are added a priori, and also when all candidate nodes are added
at once. The algorithm is widely applicable and may be important in problems where
the subset of candidate nodes or agents to be added for an overall improvement is
completely unknown.
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