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Lecture 1
Introduction to vectors and tensors



What is a tensor?

- Tensors are abstract mathematical entities.
- Vectors are first order tensors.
- Vectors and tensors exist separately of a particular 

coordinate system (i.e., they are coordinate invariant).

… so let’s start by reviewing Vector Algebra.
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Coordinate systems
- An origin (relative to which positions are measured)
- A set of coordinate curves (that correspond to paths through space

along which all but one of the coordinates are constant)

Vector algebra
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Coordinate systems
- An origin (relative to which positions are measured)
- A set of coordinate curves (that correspond to paths through space

along which all but one of the coordinates are constant)

- Basis are defined at each position 
in space as the tangent vectors 
to the coordinate curves. 
Therefore, basis vectors 
change from position to position.

- Basis          are non-orthogonal
in general.

Vector algebra
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Coordinate systems
- If the coordinate curves are straight lines, then the system is a 

rectilinear coordinate system.
- If the basis vectors of a rectilinear coordinate system are orthogonal 

then the system is a Cartesian coordinate system.
- If the basis vectors (or axes) of a Cartesian coordinate system are 

unit vectors          then the basis are called orthonormal and 
follow the the condition

- We will choose basis vectors that form a right-handed triad

Vector algebra
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DIY
What is the component of a vector (or the coordinate of a position vector)

along a basis vector direction?



Change of basis
- Two orthonormal bases             and
- The goal is to change bases from             to           , that is 

to write            as a linear combination of            .
- A linear transformation matrix       is then defined as
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Vector algebra

DIY
Let’s write the transformation 

using a column-matrix notation.

Show the following properties:

<latexit sha1_base64="Wqzvz8KGjpXVwy2z3df0Zay7GBg=">AAACLHicbVDLSsNAFJ3UV42vqEs3g23RVUmKqBuh1I3LFuwDmhImk2k7dJIJMxOhhP6PKz/FjYKKuPU7nLRZaOuFYQ7n3MO99/gxo1LZ9odRWFvf2Nwqbps7u3v7B9bhUUfyRGDSxpxx0fORJIxGpK2oYqQXC4JCn5GuP7nN9O4DEZLy6F5NYzII0SiiQ4qR0pRnNcpmy0upi1g8RjN4A12fs0BOQ/2lZHbmUejigKsl3ktzh1k2PatkV+15wVXg5KAE8mp61osbcJyEJFKYISn7jh2rQYqEopiRmVlxE0lihCdoRPoaRigkcpDOj53BimYCOORCv0jBOWv+cqQolNmeujNEaiyXtYz8T+snang9SGkUJ4pEeDFomDCoOMySgwEVBCs21QBhQfWyEI+RQFjpfLMUnOWbV0GnVnUuqxetWqneyPMoghNwCs6BA65AHdyBJmgDDB7BM3gD78aT8Wp8Gl+L1oKRe47BnzK+fwA+U6eV</latexit>

Qi↵ = e0i · e↵

<latexit sha1_base64="r97Pnxj8q4w74i68QUxZeK3Rwp8=">AAACFXicbVDLSsNAFJ3UV42vqEs3g21BEEtSRN0IRTcuW+gL2lgmk0k7dPJgZiKUkI9w5ae4EhTErQtX/o2TNgttPTDM4Zx7ufceJ2JUSNP81gorq2vrG8VNfWt7Z3fP2D/oiDDmmLRxyELec5AgjAakLalkpBdxgnyHka4zuc387gPhgoZBS04jYvtoFFCPYiSVNDROy/rACZkrpr76kmZ634LXcEFKzqxUL+tDo2RWzRngMrFyUgI5GkPja+CGOPZJIDFDQvQtM5J2grikmJFUrwxiQSKEJ2hE+ooGyCfCTmZXpbCiFBd6IVcvkHCm6r86EuSLbEdV6SM5FoteJv7n9WPpXdkJDaJYkgDPB3kxgzKEWUTQpZxgyaaKIMypWhbiMeIISxVkloK1ePMy6dSq1kX1vFkr1W/yPIrgCByDE2CBS1AHd6AB2gCDR/AMXsGb9qS9aO/ax7y0oOU9h+APtM8fOmKdjA==</latexit>

QT = Q�1

<latexit sha1_base64="xbC2ckE0QwGCqgl72k2Bs6nYNlA=">AAACC3icbVDLSsNAFJ3UV42vqEs30bZQNyUpoi6Lbly2YB/QhDKZTNqhM0mYmQglZO3KT3ElKIhbv8CVf+OkzUJbLwxzOOde7rnHiykR0rK+tdLa+sbmVnlb39nd2z8wDo96Iko4wl0U0YgPPCgwJSHuSiIpHsQcQ+ZR3Pemt7nef8BckCi8l7MYuwyOQxIQBKWiRsZpVXcYlBPOUh/LrO54EfXFjKkv7WTnelUfGRWrYc3LXAV2ASqgqPbI+HL8CCUMhxJRKMTQtmLpppBLgijO9JqTCBxDNIVjPFQwhAwLN53fkpk1xfhmEHH1QmnOWf3XRAqZyP2pzty3WNZy8j9tmMjg2k1JGCcSh2ixKEioKSMzD8b0CcdI0pkCEHGizJpoAjlEUsWXp2Av37wKes2Gfdm46DQrrZsijzI4AWegDmxwBVrgDrRBFyDwCJ7BK3jTnrQX7V37WLSWtGLmGPwp7fMHM2CZ1A==</latexit>

det(Q)

<latexit sha1_base64="LuPSr9IhS1khr5JXFduuPN6l+Jk=">AAAB/XicbVDNS8MwHE39nPWruqOX4DbwNNoh6nHoxeMG7gO2MtI028LSpCSpUMrwT/EkKIhX/xBP/jemWw+6+SDk8d7vR15eEDOqtOt+WxubW9s7u6U9e//g8OjYOTntKpFITDpYMCH7AVKEUU46mmpG+rEkKAoY6QWzu9zvPRKpqOAPOo2JH6EJp2OKkTbSyClX7WEgWKjSyFxZe25X7ZFTcevuAnCdeAWpgAKtkfM1DAVOIsI1ZkipgefG2s+Q1BQzMrdrw0SRGOEZmpCBoRxFRPnZIv0c1owSwrGQ5nANF6r9ayNDkcrjmckI6ala9XLxP2+Q6PGNn1EeJ5pwvHxonDCoBcyrgCGVBGuWGoKwpCYsxFMkEdamsLwFb/XP66TbqHtX9ct2o9K8LfoogTNwDi6AB65BE9yDFugADFLwDF7Bm/VkvVjv1sdydMMqdsrgD6zPH2Zrk90=</latexit>

Q
<latexit sha1_base64="2NwLtE/uFgYHUW3ZPtkphip7quk="></latexit>

e0i =
P3

↵=3 Qi↵e↵



Introduction to vectors and tensors

Any questions?
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