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Lecture 3 – Kinematics of deformations
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The deformation mapping
- A body can take on many different shapes or configurations:

+ Reference configuration               (typically chosen by convenience)
+ Deformed configuration

- The deformed configuration is described in terms of 
the deformation mapping or motion .         
(continuum particles cannot be destroyed or created ⇢ one-to-one mapping)
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Material and spatial descriptions

Scalar invariant fields
- Spatial or Eulerian description:

Temperature at a particular position in space regardless of which 
particle is occupying it at time     .

(i.e., temperature in terms of spatial positions)

- Material or Lagrangian description:
Temperature of a give particle regardless of where the particle is 
located in space at time     .

(i.e., temperature in terms of material particles)

Note: The two descriptions are related by:

- are referred to as material coordinates.
- are referred to as spatial coordinates. 
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Material and spatial descriptions

Tensor fields
- A tensor is a multi-linear mapping of vectors …

… but these vectors can be material vectors or spatial vectors!

- A spatial tensor has spatial vectors as arguments

- A material tensor has material vectors as arguments

- A mixed or two-point tensor has both spatial and material vectors 
as arguments



Material and spatial descriptions

Differentiation
- Indicial notation:

- Direct notation:

reference 
configuration

deformed 
configuration

CONTINUOUS
MEDIA
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Description of local deformation

Deformation gradient

reference 
configuration

deformed 
configuration

deformation gradient
(not symmetric, second-order

two-point tensor)

DIY
Basis?



Description of local deformation

Deformation gradient
- Stretch:

… alternatively …

- Volume change:
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right Cauchy-Green deformation tensor
(symmetric, positive-definite, 

second-order material tensor)

: Jacobian of the 
deformation mapping

WIT
volume preserving

deformation

stretch 
(of an infinitesimal 
element originally 
oriented along M)



Description of local deformation

Deformation gradient
- Area change:
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Element of oriented area

Nanson’s formula

DIY

reference 
configuration

deformed 
configuration
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Description of local deformation

Examples
- Uniform stretching

- Simple shear

10

DIY

DIY
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Description of local deformation

Polar decomposition theorem
- The deformation gradient provides a measure of the 

deformation of a material particle. 
This deformation includes:

. Changes in length or stretching

. Changes in angles or shearing

. Rotations
- Right and left (unique) polar decomposition of the deformation gradient

(this decomposition is unique if                       )
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proper orthogonal rotation
(two point tensor)

right stretch tensor
(symmetric, positive-definite, 
material second order tensor)

left stretch tensor
(symmetric, positive-definite, 

spatial second order tensor)

DIY
Geometric
meaning?



Description of local deformation

Polar decomposition theorem
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DIY

left Cauchy-Green deformation tensor
(symmetric, positive definite, 
second-order spatial tensor)

Let’s define:
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Description of local deformation

Polar decomposition theorem
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DIY

(congruence relation)

Is       proper orthogonal?

a)

b)

<latexit sha1_base64="6RC1BH8MuK4KiE8go7FmdW/jgUw="></latexit>

RTR = �IJeI ⌦ eJ = I
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Description of local deformation

Polar decomposition theorem
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DIY
Q: How to calculate        or       ?
A: Using the spectral decomposition…

Q: How to calculate       ?       A: Using



Description of local deformation

Deformation measures
- Recall: the right Cauchy-Green deformation tensor

- Change in squared length of an infinitesimal vector
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Lagrangian strain tensor
(symmetric, positive-definite, 

second-order material tensor)

Next lecture: the Lagrangian strain tensor is insensitive to rotations.
DIY



Description of local deformation

Examples
- Uniform stretching

- Simple shear

DIY

DIY
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Any questions?
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