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Lecture 4 — Kinematics of deformations
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Kinematics of deformation
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Kinematics of deformation

- The deformed configuration is described in terms of the deformation mapping QO(X’ t)

- Description of local deformation:
+ Right and left polar decomposition of the deformation gradient

FZ'JZR,']U[JZVZ'jRjJ@FZRUZ VR

. Proper orthogonal rotation: R (two point tensor)
. Right stretch tensor: U (symmetric, positive-definite, material tensor)
. Left stretch tensor: V (symmetric, positive-definite, spatial tensor)
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Kinematics of deformation

Review

e
|
| - The deformed configuration is described in terms of the deformation mapping QO(X’ t)

|
I - Description of local deformation: I
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Kinematics of deformation

Deformation measures
- Change in squared length of an infinitesimal vector
ds* —dS?* =M - (C — I\ MdS?

Erj=3%Cry-61))<=E=4C-1)=3(F'"F -1

Lagrangian strain tensor
(symmetric, positive-definite,

o o mm mm Em Em Em =y,

second-order material tensor)
Note: the Lagrangian strain tensor is insensitive to rotations n



Deformation gradient

Deformation gradient
- Example: elongation and rotation
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Deformation gradient

Deformation gradient

- Example: use cylindrical coordinates to write the deformation
mapping in Cartesian coordinates, and use the
deformation gradient to enforce incompressibility
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Deformation gradient

Deformation gradient

- Example: use cylindrical coordinates to write the deformation
mapping in Cartesian coordinates, and use the

— o o o o oy,



Deformation gradient

Deformation gradient

- Example: deformation and rotation
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Deformation gradient

Deformation gradient

- Example: deformation — changes in density?

(
1
|
1
1
|
1
1
|
1
1
|
1
1
|
1
1
|
1
1
{

S E— E— E—. E— EEE EEE EEE EEE EEE EE EEE EEE S EEE EEE EEn EE S S mEn EEn S EEm S S S mEn S S man S mae S S mem mee .

———————————————————————————————————————

11



Linearized kinematics

Linearized kinematics

- Linearized or incremental expressions for the kinematic quantities

are required when:
(i) the deformation process is described as a series of small steps
= p(X) = p(X) + u(X)

(ii) displacements are indeed small
X = X +u(X)

- We define the variation of [Jin the direction of the vector field u(X)

Vo0 -u=(V, U u) =
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Linearized kinematics

Linear parts of kinematic fields

Examples: Right Cauchy-Green deformation tensor

(i) the deformation process is described as a series of small steps
= p(X) = p(X) +u(X)

(i) displacements are indeed small
X — X +u(X) F=1 Vou=Vu

— o S S R R oy,
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Linearized kinematics

Linear parts of kinematic fields
- Examples (for = = ¢p(X) = ¢o(X) +u(X) ):

d 0
Vo F;u) = i + nu; e, e;=Vou
(Vo Fiu) an [aXJ(so U, >]n:o J 0_ _____
<V¢E§ u) = %[FTVO’UJ + (FTVOU)T] linearized quantities

used in computational
Odet F :

(Vydiu) = kil Vou = Jtr((Vou)F 1) mechanics
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Linearized kinematics

Linear parts of kinematic fields
- Examples (for X - X +u(X) ,i.e., F=1, Vou=Vu ):
[the linearization is evaluated in the undeformed configuration]
(VoE;u) = L{F'Vou+ (F'Vou)T] = 3[Vu + (Vu)!] = €

small-strain tensor
(employed in elasticity theory)

<V¢J§ u> = Jtr((VOU)F-l) = trVu = tre dilatation

(employed in elasticity theory)
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Lecture 4 — Kinematics of deformations

Any questions?




