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Lecture 5 — Conservation and balance laws
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x = p(X,t)
thermo-mechanical loads

laws of nature .
CONSERVATION OF MASS
BALANCE OF LINEAR MOMENTUM
BALANCE OF ANGULAR MOMENTUM
LAWS OF THERMODYNAMICS
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Kinematic rates

Material time derivative

oLI(X,t : DUl
Material time derivative of the field [ : (8 12 ‘ — [ = 7
(follows a particular material particle) t X t

[]
Local rate of change of the field 7: o0, )
(at a fixed spatial position) ot x
Example: the motion = ¢ (X, t) .
velocity

. Op(X,t)

x =0(X,t) = v(p Nz, t),t) = v(x,t)

ot

)Bt+At

CONTINUOUS

deformed

reference Bt configuration

configuration BO { e ]}



Kinematic rates

Rate of change of local deformation measures

- Rate of change of the deformation gradient

Ju; 0B Ov; Oxmy
8XJ_8XJ_6xk8XJ

Note: in a dynamical spatial setting, the velocity gradient plays
a role similar to the deformation gradient.

dz = FdX = VoFdX = Vudz @

Fi -

dz - dx = (Vode) - de + dz - (Vede) = dx - [vfu + (W)T} da

velocity gradient
(spatial gradient of the velocity field)

1 .
dij =3 (Uz‘ . Z) rate of deformation tensor

(symmetric part of the velocity gradient)

spin tensor

1
tJ 2 ( b J ,z) (antisymmetric part of the velocity gradient)



Conservation and balance laws

Review: Conservation of mass

e
|
- Divergence theorem: / w-n dA = / divw dV / Tn dA = / divT dV
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: - Reynolds transport theorem for extensive properties: I
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Conservation and balance laws

Conservation of linear momentum
D

____1;:: IpeXt
Dt
- Newton’s second law (for a system of particles)
N N
D [ RN 87 D s (83
Ft(mr):f Hto;mr—az::lf

- Continuum system (or continuum body)

B B B
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Conservation and balance laws

Conservation of linear momentum

External forces in a continuum body:
+ Body forces per unit mass (e.g., gravity and electromagnetic fields)

+ Surface forces per unit spatial area — Traction or stress vector

Afsurf B dfsurf Note: / dfsurf :/ idA
0B 0B

bpdV
B

t= lim

A0 AA dA these are
assumptions!

Amsurf —0 .
spatial form of the global
balance of linear momentum

D
,oa:dV F™(B) <:)/ xpdV = /
B

bpdV + / tdA
0B

surf

Dt
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Conservation and balance laws

Conservation of linear momentum

- Cauchy’s stress principle:
“Material interactions across an internal surface of a body can be
described as a distribution of tractions in the same way that the effect
of external forces on physical surfaces of the body are described”

/(:’iz—b)pdV:/ tdA=/ tdA+/ tdA+/ tdA
E oFE OP; 0P, OP,

@ T t(x,n) = —t(x,—n) Vo € B Cauchy’slemma
t(m7’n,) = i(w) Vx € 0B
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Conservation and balance laws

Conservation of linear momentum

- Stress state at € B: infinite number of t = t(n)
(it is an odd function of T, is it also a linear function of . ?)

- Let’s follow Cauchy ...

/(:’iz—b)pdV:/ tdA:/ tdA+/ tdA+/ tdA+/ tdA
T oT o1y 015 0713 oT,
@_ I t(n) = t(e1)n1 + t(ea)ns + t(es)ns = tle;)n;

€; t(n) = tz(’l’b) =e€e; - t(ej)nj = 0451

n
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Conservation and balance laws

Conservation of linear momentum
- Cauchy stress tensor

tiln) =o0;n; <= t(n) =on Cauchy stress tensor

@. ——— 0;; isthe component of the traction (i.e., the
stress) acting in the direction of e; on the face
normal to e;
Examples:
o011 is a normal (tensile/compressive) stress

ME Solid Mechanics | 012 is a shear stress
Elasticity: Theory, Applications, and Numerics
M. Sadd --Ch. 3
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Conservation and balance laws

Conservation of linear momentum

- Additive decomposition of the Cauchy stress tensor

aij:sij—p5ij<:>0':s—p1

p=— %tra is the hydrostatic stress or pressure

s is the deviatoric part of the stress tensor
(only includes information on shear stress)
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Conservation and balance laws

Conservation of linear momentum

- Local form of the balance of linear momentum

/(fi;—b)pdvz/ tdA:/ a'ndA:/ divedV VE C B
E oF oFE E

0ij.j + pbi = pa; <= dive + pb=pa Vx € B
local spatial form of
the balance of linear momentum
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Conservation and balance laws

Conservation of linear momentum

- Local form of the balance of linear momentum

0ij.j + pb; = pa; <= dive + pb=pa Vx € B

dive + pb=0 VYx € B stress equilibrium equation |

— o - - o o -y,
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Conservation and balance laws

Conservation of angular momentum

D
EHO = M(c;Xt o : the origin

- Moment of momentum principle (for a system of particles)

p X N
EZTQ X (m*r®) = Zro‘ x f<
a=1 a=1

- Continuum system (or continuum body)

HO(E):/E:BX (pic)dV ngt(E):/wa (pb)dV+/ %t dA

oF
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Conservation and balance laws

Conservation of angular momentum

[
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[
|

D
o wx(p:b)dV:/a:X(pb)dV—F/ x XtdA

oOFE
e ®
What can we say about the symmetry of the Cauchy stress tensor?

ME Solid Mechanics |
Elasticity: Theory, Applications, and Numerics
M. Sadd --Ch.3 ,

______________________________________ s
CONTINUOUS f]f J
eforme
configuration
reference pdV
configuration BO {e I} b

16



Conservation and balance laws

Example:

G I E— E— O EEE EE B EE D B S EE B B B B B B e e .y,

Given: Determine:

Normalstress ¢, =m-t=mn-(on)
o] = Tangential stress 7,, =t — [n - (on)|n
[n] _ Principal stresses

Principal directions

ME Solid Mechanics |
Elasticity: Theory, Applications, and Numerics |
M. Sadd --Ch.3 1
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Conservation and balance laws

True stress — Engineering stress

dF* True traction: Cauchy stress tensor
By . dfz o P (symmetric, spatial tensor,
A, tz’ — _dA = O3y —1l=0n a.k.a., true stress)

Nominal traction: first Piola-Kirchhoff

# df;
vaF T, = fi =P ;N;<— T =PN stress tensor
R dAO (non-symmetric, two-point tensor,
d.f a.k.a. engineering stress)

By Piy=JoyF;} <= P=JoF T ----@)
dA
~ 0 | Bt
dj—‘ \ 5 deformed

configuration

reference
configuration BO {e I}
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Conservation and balance laws

True stress — Engineering stress — ...

dF*

True traction: Cauchy stress tensor

df’i/ (S . .
_ _ L ymmetric, spatial tensor,
bi = = OijTj >t=on a.k.a., true stress)

dA

Nominal traction:

df; first Piola-Kirchhoff
T, =~ =P ;N;<—T=PN stress tensor
dAO (non-symmetric, two-point tensor,

a.k.a. engineering stress)

Py =JoijF;! < P=JoF ™'

Pull-back of the nominal traction:

dFu second Piola-Kirchhoff
T! = — F PN =SN stress tensor
dAO (symmetric, material tensor)

Siy=JF 0iFl < S=JF 'oF "
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Lecture 5 — Conservation and balance laws

Any questions?

Balance ~
in B,

Push-forward Pull-back Recall: Lagra_ngia.n deTc.ripti(r)‘ns are

to B, to B, \{ery convenient |n.so ving the non-
@ linear PDEs numerically.
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