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Lecture 7 – Constitutive relations

Experimental 
mechanics and 

thermodynamics

Tensor algebra 
Tensor analysis

reference 
configuration

thermo-mechanical loads

KINEMATICS OF DEFORMATIONS deformed 
configuration

CONTINUOUS
MEDIA

atomic/
micro/meso

structure
is revealed

16 unknown fields   +   5 equations

laws of nature                                       .
CONSERVATION  OF MASS

BALANCE OF LINEAR MOMENTUM
BALANCE OF ANGULAR MOMENTUM

LAWS OF THERMODYNAMICS CONSTITUTIVE 
EQUATIONS
11 equations

Empirical 
observation

Multi-scale
approaches

continuously varying fields
(time and space averages over 
the underlying structure)
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Summary

Continuum mechanics – Laws of nature
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Clausius-Duhem inequality

conservation of energy

balance of angular momentum

balance of linear momentum

conservation of mass  (1 equation)

(3 equations)

(1 equation)

(constraint)

(constraint)

(16 unknowns)

reference 
configuration

deformed 
configuration

CONTINUOUS
MEDIA

<latexit sha1_base64="DXQO4zKD5spjCKRVv55C3aO24W0=">AAACIHicbVDLSgMxFM34rONr1KWbYFtwVWaKVDdCqRtxVcE+oFNKJpNpQzPJkGSEMtQvceWnuBIURFzp15g+Ftp6INzDufeSc0+QMKq0635ZK6tr6xubuS17e2d3b985OGwqkUpMGlgwIdsBUoRRThqaakbaiSQoDhhpBcOrSb91T6Sigt/pUUK6MepzGlGMtJF6TqVg30BfDgS8nJaeaz8Y+JGQiDHoB4KFahSbkrXH0Kcc1sxIoefk3ZI7BVwm3pzkwRz1nvPphwKnMeEaM6RUx3MT3c2Q1BQzMraLfqpIgvAQ9UnHUI5iorrZ9MAxLBolhMaTeVzDqWr/2shQrCYuzWSM9EAt9ibif71OqqOLbkZ5kmrC8eyjKGVQCzhJC4ZUEqzZyBCEJTVmIR4gibA2mdomBW/x5mXSLJe8Sunstpyv1uZ55MAxOAGnwAPnoAquQR00AAaP4Bm8gjfryXqx3q2P2eiKNd85An9gff8AXcuhOg==</latexit>

J⇢ = ⇢0 8X 2 B0
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Constitutive relations

Constitutive relations
- Relations that describe the response of the material to mechanical and 

thermal loading, e.g.,

(11 constitutive equations)

reference 
configuration

deformed 
configuration

CONTINUOUS
MEDIA

Simple elastic material
… based on the internal energy 

<latexit sha1_base64="nUKjcxeQoNbziFWBBrNT2TsIWNQ=">AAACF3icbVDLSgMxFM34rPU16tLNYFuooGWmiLoRioK4rNAXdErJpJk2NDMZkjtCGfoVrvwUV4KCuBVX/o2ZtgttPRByOOfe5N7jRZwpsO1vY2l5ZXVtPbOR3dza3tk19/YbSsSS0DoRXMiWhxXlLKR1YMBpK5IUBx6nTW94k/rNByoVE2ENRhHtBLgfMp8RDFrqmqf55pUrdEX6QNIcu5z6UHQ9wXtqFOgruR2f1FzJ+gM4znfNnF2yJ7AWiTMjOTRDtWt+uT1B4oCGQDhWqu3YEXQSLIERTsfZghsrGmEyxH3a1jTEAVWdZLLX2CpopWf5QuoTgjVRs786EhyodEpdGWAYqHkvFf/z2jH4l52EhVEMNCTTj/yYWyCsNCSrxyQlwEeaYCKZHtYiAywxAR1lVqfgzO+8SBrlknNeOrsv5yrXszwy6BAdoSJy0AWqoDtURXVE0CN6Rq/ozXgyXox342NaumTMeg7QHxifP9kOn60=</latexit>

W = W (F , T )

<latexit sha1_base64="x5YuVetFFGonEOLxtswC2XGWFOY=">AAACG3icbVDLSsNAFJ3UV42vqEs3g23BhZSkiLosunFZoS9oQplMJu3QycOZiVBCv8OVn+JKUBB34sK/cZJmYVsPzMzhnHuZe48bMyqkaf5opbX1jc2t8ra+s7u3f2AcHnVFlHBMOjhiEe+7SBBGQ9KRVDLSjzlBgctIz53cZn7vkXBBo7AtpzFxAjQKqU8xkkoaGlbVdiPmiWmgntQWdBSgWfUcLsgPuZJkV7s6NCpm3cwBV4lVkAoo0BoaX7YX4SQgocQMCTGwzFg6KeKSYkZmes1OBIkRnqARGSgaooAIJ813m8GaUjzoR1ydUMJc1f90pCgQ2ZiqMkByLJa9TPzPGyTSv3ZSGsaJJCGef+QnDMoIZkFBj3KCJZsqgjCnaliIx4gjLFWcukrBWt55lXQbdeuyfnHfqDRvijzK4AScgjNggSvQBHegBToAgyfwAt7Au/asvWof2ue8tKQVPcdgAdr3LzPVn4g=</latexit>

�, q, u, T

<latexit sha1_base64="CDtZCCBFecxatT7aM+I3IIdwNEY=">AAACG3icbVBNS8MwGE79nPWr6tFLcBt4kNEOUY9DLx4nuA9Yy0jTdAtLm5qkwij7HZ78KZ4EBfEmHvw3pt0ObvOBJA/P877kfR8/YVQq2/4xVlbX1jc2S1vm9s7u3r51cNiWPBWYtDBnXHR9JAmjMWkpqhjpJoKgyGek449ucr/zSISkPL5X44R4ERrENKQYKS31Lafi+pwFchzpJ3MlHURoUjmDc/JDoXTyS1b6Vtmu2QXgMnFmpAxmaPatLzfgOI1IrDBDUvYcO1FehoSimJGJWXVTSRKER2hAeprGKCLSy4rdJrCqlQCGXOgTK1io5p+ODEUyH1NXRkgN5aKXi/95vVSFV15G4yRVJMbTj8KUQcVhHhQMqCBYsbEmCAuqh4V4iATCSsdp6hScxZ2XSbtecy5q53f1cuN6lkcJHIMTcAoccAka4BY0QQtg8ARewBt4N56NV+PD+JyWrhizniMwB+P7FzTFn4k=</latexit>

�, q, W , s

Simple elastic material
… based on the Helmholtz free energy 

(11 constitutive equations)
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Constitutive relations

Constitutive relations
- Relations that describe the response of the material to mechanical and 

thermal loading, e.g.,
(11 constitutive equations)

reference 
configuration

deformed 
configuration

CONTINUOUS
MEDIA

<latexit sha1_base64="CDtZCCBFecxatT7aM+I3IIdwNEY=">AAACG3icbVBNS8MwGE79nPWr6tFLcBt4kNEOUY9DLx4nuA9Yy0jTdAtLm5qkwij7HZ78KZ4EBfEmHvw3pt0ObvOBJA/P877kfR8/YVQq2/4xVlbX1jc2S1vm9s7u3r51cNiWPBWYtDBnXHR9JAmjMWkpqhjpJoKgyGek449ucr/zSISkPL5X44R4ERrENKQYKS31Lafi+pwFchzpJ3MlHURoUjmDc/JDoXTyS1b6Vtmu2QXgMnFmpAxmaPatLzfgOI1IrDBDUvYcO1FehoSimJGJWXVTSRKER2hAeprGKCLSy4rdJrCqlQCGXOgTK1io5p+ODEUyH1NXRkgN5aKXi/95vVSFV15G4yRVJMbTj8KUQcVhHhQMqCBYsbEmCAuqh4V4iATCSsdp6hScxZ2XSbtecy5q53f1cuN6lkcJHIMTcAoccAka4BY0QQtg8ARewBt4N56NV+PD+JyWrhizniMwB+P7FzTFn4k=</latexit>

�, q, W , s

<latexit sha1_base64="VXckfXTmXE6fa3qI2dk7S4Miu4Q="></latexit>

s = s (F , T, ...)
<latexit sha1_base64="HZ2+RDLdpouRCadJyf0XDFWG6Ys="></latexit>

q = q (F , T, ...)
<latexit sha1_base64="L/QALR2nfPcoJhmGroLQM2+x9+U="></latexit>

� = �̄ (F , T, ...)

<latexit sha1_base64="nUKjcxeQoNbziFWBBrNT2TsIWNQ=">AAACF3icbVDLSgMxFM34rPU16tLNYFuooGWmiLoRioK4rNAXdErJpJk2NDMZkjtCGfoVrvwUV4KCuBVX/o2ZtgttPRByOOfe5N7jRZwpsO1vY2l5ZXVtPbOR3dza3tk19/YbSsSS0DoRXMiWhxXlLKR1YMBpK5IUBx6nTW94k/rNByoVE2ENRhHtBLgfMp8RDFrqmqf55pUrdEX6QNIcu5z6UHQ9wXtqFOgruR2f1FzJ+gM4znfNnF2yJ7AWiTMjOTRDtWt+uT1B4oCGQDhWqu3YEXQSLIERTsfZghsrGmEyxH3a1jTEAVWdZLLX2CpopWf5QuoTgjVRs786EhyodEpdGWAYqHkvFf/z2jH4l52EhVEMNCTTj/yYWyCsNCSrxyQlwEeaYCKZHtYiAywxAR1lVqfgzO+8SBrlknNeOrsv5yrXszwy6BAdoSJy0AWqoDtURXVE0CN6Rq/ozXgyXox342NaumTMeg7QHxifP9kOn60=</latexit>

W = W (F , T )
Simple elastic material
… based on the Helmholtz free energy 

entropy

heat flux

Cauchy’s stress tensor
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Constitutive relations

Constitutive relations
- Relations that describe the response of the material to mechanical and 

thermal loading, e.g.,

- Can these constitutive relations be selected arbitrarily? NO!
They must follow fundamental principles:
+ Principle of determinism
+ Principle of local action
+ Second law of thermodynamics restrictions (Clausius-Duhem inequality)
+ Principle of material frame indifference (objectivity)
+ Material symmetry

(11 constitutive equations)

reference 
configuration

deformed 
configuration

CONTINUOUS
MEDIA

<latexit sha1_base64="CDtZCCBFecxatT7aM+I3IIdwNEY=">AAACG3icbVBNS8MwGE79nPWr6tFLcBt4kNEOUY9DLx4nuA9Yy0jTdAtLm5qkwij7HZ78KZ4EBfEmHvw3pt0ObvOBJA/P877kfR8/YVQq2/4xVlbX1jc2S1vm9s7u3r51cNiWPBWYtDBnXHR9JAmjMWkpqhjpJoKgyGek449ucr/zSISkPL5X44R4ERrENKQYKS31Lafi+pwFchzpJ3MlHURoUjmDc/JDoXTyS1b6Vtmu2QXgMnFmpAxmaPatLzfgOI1IrDBDUvYcO1FehoSimJGJWXVTSRKER2hAeprGKCLSy4rdJrCqlQCGXOgTK1io5p+ODEUyH1NXRkgN5aKXi/95vVSFV15G4yRVJMbTj8KUQcVhHhQMqCBYsbEmCAuqh4V4iATCSsdp6hScxZ2XSbtecy5q53f1cuN6lkcJHIMTcAoccAka4BY0QQtg8ARewBt4N56NV+PD+JyWrhizniMwB+P7FzTFn4k=</latexit>

�, q, W , s
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Constitutive relations

Constraints on constitutive relations
- Principle of determinism

(causal determinism, the concept of cause and effect, …)

“The current value of any physical variable can be determined from
the knowledge of the present and the past values of other variables”

time series materials with memory
materials with aging

reference 
configuration

deformed 
configuration

CONTINUOUS
MEDIA
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Constitutive relations

Constraints on constitutive relations
- Principle of local action

“The material response at a point depends only on the conditions 
within an arbitrarily small region about that point”

In general                    , therefore                                  . 

reference 
configuration

deformed 
configuration

CONTINUOUS
MEDIA
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Constitutive relations

Constraints on constitutive relations
- Second law restrictions

“A constitutive equation cannot violate the second law of 
thermodynamics”

The application of the Clausius-Duhem inequality to constitutive equations 
is known as the Coleman-Noll procedure (1963)

reference 
configuration

deformed 
configuration

CONTINUOUS
MEDIA



10

Constitutive relations

Coleman-Noll procedure
Using conservation of energy, the Clausius-Duhem inequality can be 
written as

Coleman and Noll made the argument that this inequality must be 
satisfied for every admissible process.

reference 
configuration

deformed 
configuration

CONTINUOUS
MEDIA

<latexit sha1_base64="P5S2fHH2bHWNv5wrVI5qk4MaiJI="></latexit>

⇢T ṡint = �⇢
h

1
⇢0

@W
@T + s

i
Ṫ +

h
�F�T � ⇢

⇢0

@W
@F

i
: Ḟ � 1

T qrT � 0

The application of the Clausius-Duhem inequality to constitutive equations 
is known as the Coleman-Noll procedure (1963)
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Constitutive relations

Coleman-Noll procedure
- Entropy constitutive relation

DIY

The inequality has to be verified by any arbitrary process.
(i.e., state variables can be chosen arbitrarily)

In particular, a process which has a deformation constant 
in time and a uniform temperature. Thus,

reference 
configuration

deformed 
configuration

CONTINUOUS
MEDIA

<latexit sha1_base64="P5S2fHH2bHWNv5wrVI5qk4MaiJI="></latexit>

⇢T ṡint = �⇢
h

1
⇢0

@W
@T + s

i
Ṫ +

h
�F�T � ⇢

⇢0

@W
@F

i
: Ḟ � 1

T qrT � 0

<latexit sha1_base64="SHcW2viGIH2ocA8OP8dElpFmVJs="></latexit>

s = s (F , T ) ⌘ � 1
⇢0

@W
@T

<latexit sha1_base64="nUKjcxeQoNbziFWBBrNT2TsIWNQ=">AAACF3icbVDLSgMxFM34rPU16tLNYFuooGWmiLoRioK4rNAXdErJpJk2NDMZkjtCGfoVrvwUV4KCuBVX/o2ZtgttPRByOOfe5N7jRZwpsO1vY2l5ZXVtPbOR3dza3tk19/YbSsSS0DoRXMiWhxXlLKR1YMBpK5IUBx6nTW94k/rNByoVE2ENRhHtBLgfMp8RDFrqmqf55pUrdEX6QNIcu5z6UHQ9wXtqFOgruR2f1FzJ+gM4znfNnF2yJ7AWiTMjOTRDtWt+uT1B4oCGQDhWqu3YEXQSLIERTsfZghsrGmEyxH3a1jTEAVWdZLLX2CpopWf5QuoTgjVRs786EhyodEpdGWAYqHkvFf/z2jH4l52EhVEMNCTTj/yYWyCsNCSrxyQlwEeaYCKZHtYiAywxAR1lVqfgzO+8SBrlknNeOrsv5yrXszwy6BAdoSJy0AWqoDtURXVE0CN6Rq/ozXgyXox342NaumTMeg7QHxifP9kOn60=</latexit>

W = W (F , T )

<latexit sha1_base64="4SBQGRVshEgzHeV5jTcE8JHbvJA="></latexit>

�⇢
h

1
⇢0

@W
@T + s

i
Ṫ � 0 8Ṫ
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Constitutive relations

Coleman-Noll procedure
- Heat flux constitutive relation

DIY

The inequality has to be verified by any arbitrary process.
In particular, one which has a deformation constant in time.
Then,

reference 
configuration

deformed 
configuration

CONTINUOUS
MEDIA

<latexit sha1_base64="ibSUvALnUgnHzi9QDzeX8YJfM2M="></latexit>h
�F�T � ⇢

⇢0

@W
@F

i
: Ḟ � 1

T qrT � 0

<latexit sha1_base64="1Tjxi6BrqAeVbLO44Q0HKmrCb7o="></latexit>

q = q (F , T,rT )
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Constitutive relations

Coleman-Noll procedure
- Cauchy stress constitutive relation

DIY

Since the stress tensor is not a state variable, we first partition it into
an elastic reversible part (which is a state variable) and an irreversible part 
(which is not associated with an equilibrium state and, therefore, it is not a 
state variable). Here, the partition is an additive decomposition (but it 
doesn’t have to be the case in general). 
The irreversible process has to produce entropy, that is

reference 
configuration

deformed 
configuration

CONTINUOUS
MEDIA

<latexit sha1_base64="ibSUvALnUgnHzi9QDzeX8YJfM2M="></latexit>h
�F�T � ⇢

⇢0

@W
@F

i
: Ḟ � 1

T qrT � 0
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Constitutive relations

Coleman-Noll procedure
- Cauchy stress constitutive relation

DIY

reference 
configuration

deformed 
configuration

CONTINUOUS
MEDIA

Since the stress tensor is not a state variable, we first partition it into
an elastic reversible part (which is a state variable) and an irreversible part 
(which is not associated with an equilibrium state and, therefore, it is not a 
state variable).
Finally,

<latexit sha1_base64="ibSUvALnUgnHzi9QDzeX8YJfM2M="></latexit>h
�F�T � ⇢

⇢0

@W
@F

i
: Ḟ � 1

T qrT � 0

<latexit sha1_base64="wyfXOPx7ZeoNWUTR78/sVlbzbdk="></latexit>h
�(e)F�T � ⇢

⇢0

@W
@F

i
: Ḟ � 0 8Ḟ

<latexit sha1_base64="pWnjB8S0YQ37Vt/nN5cw7hPcr4A="></latexit>

�̄(v) (F , T,d)

<latexit sha1_base64="r2l4pglTOjXqP7m4+KxvmtNPHJA="></latexit>

�(e) ⌘ 1
J

@W
@F F T
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Constitutive relations

Coleman-Noll procedure
- Energy change in reversible and irreversible processes

reference 
configuration

deformed 
configuration

CONTINUOUS
MEDIA

For any process

<latexit sha1_base64="nUKjcxeQoNbziFWBBrNT2TsIWNQ=">AAACF3icbVDLSgMxFM34rPU16tLNYFuooGWmiLoRioK4rNAXdErJpJk2NDMZkjtCGfoVrvwUV4KCuBVX/o2ZtgttPRByOOfe5N7jRZwpsO1vY2l5ZXVtPbOR3dza3tk19/YbSsSS0DoRXMiWhxXlLKR1YMBpK5IUBx6nTW94k/rNByoVE2ENRhHtBLgfMp8RDFrqmqf55pUrdEX6QNIcu5z6UHQ9wXtqFOgruR2f1FzJ+gM4znfNnF2yJ7AWiTMjOTRDtWt+uT1B4oCGQDhWqu3YEXQSLIERTsfZghsrGmEyxH3a1jTEAVWdZLLX2CpopWf5QuoTgjVRs786EhyodEpdGWAYqHkvFf/z2jH4l52EhVEMNCTTj/yYWyCsNCSrxyQlwEeaYCKZHtYiAywxAR1lVqfgzO+8SBrlknNeOrsv5yrXszwy6BAdoSJy0AWqoDtURXVE0CN6Rq/ozXgyXox342NaumTMeg7QHxifP9kOn60=</latexit>

W = W (F , T )

<latexit sha1_base64="SHcW2viGIH2ocA8OP8dElpFmVJs="></latexit>

s = s (F , T ) ⌘ � 1
⇢0

@W
@T

<latexit sha1_base64="1Tjxi6BrqAeVbLO44Q0HKmrCb7o="></latexit>

q = q (F , T,rT )

<latexit sha1_base64="pWnjB8S0YQ37Vt/nN5cw7hPcr4A="></latexit>

�̄(v) (F , T,d)
<latexit sha1_base64="r2l4pglTOjXqP7m4+KxvmtNPHJA="></latexit>

�(e) ⌘ 1
J

@W
@F F T
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Constitutive relations

Coleman-Noll procedure – Isothermal processes
- Isothermal processes, where the motion and deformation occur at such 

a low temporal rate that the temperature is uniform and constant.

reference 
configuration

deformed 
configuration

CONTINUOUS
MEDIA

<latexit sha1_base64="r2l4pglTOjXqP7m4+KxvmtNPHJA="></latexit>

�(e) ⌘ 1
J

@W
@F F T

<latexit sha1_base64="SHcW2viGIH2ocA8OP8dElpFmVJs="></latexit>

s = s (F , T ) ⌘ � 1
⇢0

@W
@T

<latexit sha1_base64="nUKjcxeQoNbziFWBBrNT2TsIWNQ=">AAACF3icbVDLSgMxFM34rPU16tLNYFuooGWmiLoRioK4rNAXdErJpJk2NDMZkjtCGfoVrvwUV4KCuBVX/o2ZtgttPRByOOfe5N7jRZwpsO1vY2l5ZXVtPbOR3dza3tk19/YbSsSS0DoRXMiWhxXlLKR1YMBpK5IUBx6nTW94k/rNByoVE2ENRhHtBLgfMp8RDFrqmqf55pUrdEX6QNIcu5z6UHQ9wXtqFOgruR2f1FzJ+gM4znfNnF2yJ7AWiTMjOTRDtWt+uT1B4oCGQDhWqu3YEXQSLIERTsfZghsrGmEyxH3a1jTEAVWdZLLX2CpopWf5QuoTgjVRs786EhyodEpdGWAYqHkvFf/z2jH4l52EhVEMNCTTj/yYWyCsNCSrxyQlwEeaYCKZHtYiAywxAR1lVqfgzO+8SBrlknNeOrsv5yrXszwy6BAdoSJy0AWqoDtURXVE0CN6Rq/ozXgyXox342NaumTMeg7QHxifP9kOn60=</latexit>

W = W (F , T )
<latexit sha1_base64="lnOFLiPzyWUZRDlOpFED0ih9cqY=">AAAB9XicbVDLSgMxFM3UVx1fVZdugm3BVZkpom6EohuXFfqCdiiZNNOGZjJjckcpQ7/DlaAgbv0YV/6NaTsLbT0QOJxzD/fm+LHgGhzn28qtrW9sbuW37Z3dvf2DwuFRS0eJoqxJIxGpjk80E1yyJnAQrBMrRkJfsLY/vp357UemNI9kAyYx80IylDzglICRvJLdG0SQNqbXjl3qF4pOxZkDrxI3I0WUod4vfJk0TUImgQqiddd1YvBSooBTwaZ2uZdoFhM6JkPWNVSSkGkvnV89xWWjDHAQKfMk4Llq/0qkJNR6EvpmMiQw0sveTPzP6yYQXHkpl3ECTNLFoiARGCI8qwAPuGIUxMQQQhU3x2I6IopQMEXZpgV3+c+rpFWtuBeV8/tqsXaT9ZFHJ+gUnSEXXaIaukN11EQUPaBn9IrerCfrxXq3PhajOSvLHKM/sD5/ABEikOY=</latexit>

Ṫ = 0

<latexit sha1_base64="V8CcTp1ZA6Ig7rou4wfTwxenYjY=">AAAB+nicbVDLSsNAFJ3UV42vqEs3g23BVUmKqMuiG5cV7APaUCbTm3boZBJmJoUS+yeuBAVx65+48m+ctllo64ELh3Punbn3BAlnSrvut1XY2Nza3inu2nv7B4dHzvFJS8WppNCkMY9lJyAKOBPQ1Exz6CQSSBRwaAfju7nfnoBULBaPepqAH5GhYCGjRBup7zhluzeIdaZmPQHYtct9p+RW3QXwOvFyUkI5Gn3nyzxA0wiEppwo1fXcRPsZkZpRDjO70ksVJISOyRC6hgoSgfKzxeozXDHKAIexNCU0Xqj2r4mMREpNo8B0RkSP1Ko3F//zuqkOb/yMiSTVIOjyozDlWMd4ngMeMAlU86khhEpmlsV0RCSh2qRlmxS81ZvXSatW9a6qlw+1Uv02z6OIztA5ukAeukZ1dI8aqIkomqBn9IrerCfrxXq3PpatBSufOUV/YH3+ANd/kmY=</latexit>

ṡ 6= 0

<latexit sha1_base64="VKMZkRa+sygb/rHklXGlbffQi0c=">AAAB+nicbVBNS8NAEJ3Urxq/oh69LLYFTyUpol6EohePFfoFbSib7bZdutmE3U2hxP4TT4KCePWfePLfuG1z0NYHA4/3ZpiZF8ScKe2631ZuY3Nreye/a+/tHxweOccnTRUlktAGiXgk2wFWlDNBG5ppTtuxpDgMOG0F4/u535pQqVgk6noaUz/EQ8EGjGBtpJ7jFO2uwAHHqI5ukWsXe07BLbsLoHXiZaQAGWo956vbj0gSUqEJx0p1PDfWfoqlZoTTmV3qJorGmIzxkHYMFTikyk8Xp89QySh9NIikKaHRQrV/TaQ4VGoaBqYzxHqkVr25+J/XSfTgxk+ZiBNNBVkuGiQc6QjNc0B9JinRfGoIJpKZYxEZYYmJNmnZJgVv9ed10qyUvavy5WOlUL3L8sjDGZzDBXhwDVV4gBo0gMAEnuEV3qwn68V6tz6WrTkrmzmFP7A+fwAwSJFU</latexit>

rT = 0

<latexit sha1_base64="pWnjB8S0YQ37Vt/nN5cw7hPcr4A="></latexit>

�̄(v) (F , T,d)

… based on the 
Helmholtz free energy 

<latexit sha1_base64="TQdcG0UICJTphxkHW6uu3SuXw0M=">AAACDXicbVDLSsNAFJ34rPFVdelmsC24sSRF1E2h6MZlhb6gCWUymbRDJ5M4MxFK6Ae48lNcCQri1g9w5d84abPQ1gvDHM45l3vv8WJGpbKsb2NldW19Y7OwZW7v7O7tFw8OOzJKBCZtHLFI9DwkCaOctBVVjPRiQVDoMdL1xjeZ3n0gQtKIt9QkJm6IhpwGFCOlqUGxVDYdL2K+nIT6S++nZt08G0OHI48h2IJ1yyxrl1W1ZgWXgZ2DEsirOSh+OX6Ek5BwhRmSsm9bsXJTJBTFjEzNipNIEiM8RkPS15CjkEg3nV0zhRXN+DCIhH5cwRlr/upIUSizdbUzRGokF7WM/E/rJyq4clPK40QRjueDgoRBFcEsGuhTQbBiEw0QFlQvC/EICYSVDtDUKdiLNy+DTq1qX1TP72qlxnWeRwEcgxNwCmxwCRrgFjRBG2DwCJ7BK3gznowX4934mFtXjLznCPwp4/MHFIuY9w==</latexit>

q = �krT = 0

<latexit sha1_base64="6GrPYqd4rJLBd5gNLZUghJM7iTw=">AAACGHicbVDLSsNAFJ3UV42vqks3g22hbkJSRN0IRTcuK9gHNLFMJpN26OTBzKRQQv7ClZ/iSlAQt7ryb5y2WdTWA8MczrmXe+9xY0aFNM0frbC2vrG5VdzWd3b39g9Kh0dtESUckxaOWMS7LhKE0ZC0JJWMdGNOUOAy0nFHt1O/MyZc0Ch8kJOYOAEahNSnGEkl9UtGRbfdiHliEqgvtQUdBCh7TGvjs0y/houememVfqlsGuYMcJVYOSmDHM1+6dv2IpwEJJSYISF6lhlLJ0VcUsxIplftRJAY4REakJ6iIQqIcNLZYRmsKsWDfsTVCyWcqfpCR4oCMd1OVQZIDsWyNxX/83qJ9K+clIZxIkmI54P8hEEZwWlK0KOcYMkmiiDMqVoW4iHiCEuVpa5SsJZvXiXtumFdGOf39XLjJs+jCE7AKagBC1yCBrgDTdACGDyBF/AG3rVn7VX70D7npQUt7zkGf6B9/QJDaJ88</latexit>

�(v) = 0If                     then the process 
is reversible, and the material 

is called hyperelastic
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Constitutive relations

Coleman-Noll procedure – Isentropic processes
- Isentropic processes, where the motion and deformation occur 

at a high temporal rate that no flow of heat occurs.

reference 
configuration

deformed 
configuration

CONTINUOUS
MEDIA

<latexit sha1_base64="fjT2CrvSpS0pfaPhbqYBQzMxisg=">AAAB9XicbVDLSgNBEOz1GddX1KOXwSTgKewGUS9C0IvHCOYByRJmJ5NkyOzDmV4lLPkOT4KCePVjPPk3TpI9aGLBQFHVRfeUH0uh0XG+rZXVtfWNzdyWvb2zu7efPzhs6ChRjNdZJCPV8qnmUoS8jgIlb8WK08CXvOmPbqZ+85ErLaLwHscx9wI6CEVfMIpG8op2pxdhqidXjl3s5gtO2ZmBLBM3IwXIUOvmv0yaJQEPkUmqddt1YvRSqlAwySd2qZNoHlM2ogPeNjSkAddeOrt6QkpG6ZF+pMwLkcxU+1cipYHW48A3kwHFoV70puJ/XjvB/qWXijBOkIdsvqifSIIRmVZAekJxhnJsCGVKmGMJG1JFGZqibNOCu/jnZdKolN3z8tldpVC9zvrIwTGcwCm4cAFVuIUa1IHBAzzDK7xZT9aL9W59zEdXrCxzBH9gff4AQNiRBQ==</latexit>

ṡ = 0
<latexit sha1_base64="7+FNvERK+Zh2akkf0Vm+/WQAmz8=">AAACC3icbVBNS8MwGE7n16xfVY9eqtvA02iHqBdh6MXjBPcBWxlpmm5haVKTVBhlZ0/+FE+Cgnj1F3jy35huPczNB0KePM/7kvd9/JgSqRznxyisrK6tbxQ3za3tnd09a/+gJXkiEG4iTrno+FBiShhuKqIo7sQCw8inuO2PbjK//YiFJJzdq3GMvQgOGAkJgkpLfeu4bPZ8TgM5jvSVPkyu5p/OxCz3rZJTdaawl4mbkxLI0ehb372AoyTCTCEKpey6Tqy8FApFEMUTs9JLJI4hGsEB7mrKYISll053mdgVrQR2yIU+TNlT1ZzrSGEks+l0ZQTVUC56mfif101UeOmlhMWJwgzNPgoTaituZ8HYAREYKTrWBCJB9LA2GkIBkdLxmToFd3HnZdKqVd3z6tldrVS/zvMogiNwAk6BCy5AHdyCBmgCBJ7AC3gD78az8Wp8GJ+z0oKR9xyCPzC+fgEueZp3</latexit>

q = 0

… based on the
internal energy 

<latexit sha1_base64="e5WrJ8YlCNJDxe887b9Q0xS0H4A="></latexit>

u = W
⇢0

+ Ts = u (F , s)

<latexit sha1_base64="hgjdBihCJYw8Hh2JVxrN/hiLBYc="></latexit>

T = T (F , s) ⌘ @u
@s

<latexit sha1_base64="nQ7tpOH93CJEjGUxJ+zaMdHJla0=">AAAB+3icbVDLSsNAFL3xWeMr1aWbwbbgqiRF1GXRjcsKfUEbymQ6aYdOJmFmopTQT3ElKIhbv8SVf+O0zUJbD1w4nHPvzL0nSDhT2nW/rY3Nre2d3cKevX9weHTsFE/aKk4loS0S81h2A6woZ4K2NNOcdhNJcRRw2gkmd3O/80ilYrFo6mlC/QiPBAsZwdpIA6dYtvvDWGfNGeoLily7PHBKbtVdAK0TLyclyNEYOF/mBZJGVGjCsVI9z020n2GpGeF0Zlf6qaIJJhM8oj1DBY6o8rPF7jNUMcoQhbE0JTRaqPaviQxHSk2jwHRGWI/VqjcX//N6qQ5v/IyJJNVUkOVHYcqRjtE8CDRkkhLNp4ZgIplZFpExlphoE5dtUvBWb14n7VrVu6pePtRK9ds8jwKcwTlcgAfXUId7aEALCDzBM7zCmzWzXqx362PZumHlM6fwB9bnDwE6knE=</latexit>

Ṫ 6= 0

<latexit sha1_base64="k/CRrYHuKPD+WXgXUbdkxXF1pDc="></latexit>

�(e) ⌘ 1
J

@⇢0u
@F F T

<latexit sha1_base64="6GrPYqd4rJLBd5gNLZUghJM7iTw=">AAACGHicbVDLSsNAFJ3UV42vqks3g22hbkJSRN0IRTcuK9gHNLFMJpN26OTBzKRQQv7ClZ/iSlAQt7ryb5y2WdTWA8MczrmXe+9xY0aFNM0frbC2vrG5VdzWd3b39g9Kh0dtESUckxaOWMS7LhKE0ZC0JJWMdGNOUOAy0nFHt1O/MyZc0Ch8kJOYOAEahNSnGEkl9UtGRbfdiHliEqgvtQUdBCh7TGvjs0y/houememVfqlsGuYMcJVYOSmDHM1+6dv2IpwEJJSYISF6lhlLJ0VcUsxIplftRJAY4REakJ6iIQqIcNLZYRmsKsWDfsTVCyWcqfpCR4oCMd1OVQZIDsWyNxX/83qJ9K+clIZxIkmI54P8hEEZwWlK0KOcYMkmiiDMqVoW4iHiCEuVpa5SsJZvXiXtumFdGOf39XLjJs+jCE7AKagBC1yCBrgDTdACGDyBF/AG3rVn7VX70D7npQUt7zkGf6B9/QJDaJ88</latexit>

�(v) = 0If                     then the process 
is reversible, and the material 

is called hyperelastic
<latexit sha1_base64="hBCZLmdqNPAJ2DPAPZ7cXp/YJqk="></latexit>

�̄(v) (F , s,d)
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Constitutive relations

Constraints on constitutive relations
- Principle of material frame indifference (objectivity)

“All physical variables for which constitute relations are required 
must be objective tensors”

Definition: an objective tensor is a tensor which is physically the same in all 
frames of reference.
Recall: a frame of reference is an Euclidean point space, which represents 
points, and a clock, which represent time (relativistic phenomena is not 
considered).

reference 
configuration

deformed 
configuration

CONTINUOUS
MEDIA



Constraints on constitutive relations
- Principle of material frame indifference (objectivity)

Is the Cauchy stress tensor an objective tensor? Yes.-

Constraint on constitutive relations

19

Constitutive relations

reference 
configuration

deformed 
configuration

CONTINUOUS
MEDIA

<latexit sha1_base64="P++cPumrLYfN6otlyssfYhMkxwc="></latexit>

W = W (F , T ) = cW (U , T ) = fW (C, T )
Recall:

<latexit sha1_base64="nUfRfQaG5zXbM/hqJwB7Tk6coEg=">AAACO3icbVBLS8NAEN74rPEV9ehlsS14KkkR9SIUBfHYFvuANpTNZtMu3TzY3Qgl5Hd58ld48uBJUBCv3t20OfThwLLffN8MM/M5EaNCmuabtra+sbm1XdjRd/f2Dw6No+O2CGOOSQuHLORdBwnCaEBakkpGuhEnyHcY6Tjju0zvPBEuaBg8yklEbB8NA+pRjKSiBkajpPedkLli4qsvuU/1m/m8mcL5tLUktxflZqqX9IFRNCvmNOAqsHJQBHnUB8Zr3w1x7JNAYoaE6FlmJO0EcUkxI6le7seCRAiP0ZD0FAyQT4SdTG9PYVkxLvRCrl4g4ZTV5zoS5ItsPVXpIzkSy1pG/qf1Yuld2wkNoliSAM8GeTGDMoSZkdClnGDJJgogzKlaFuIR4ghLZXfmgrV88ypoVyvWZeWiUS3WbnM/CuAUnIFzYIErUAMPoA5aAINn8A4+wZf2on1o39rPrHRNy3tOwEJov3/cVa6H</latexit>

F = RU = V R
A function of the 

right Cauchy-Green tensor<latexit sha1_base64="dsYnJuk1veuuCqeEhnh/Nwnvz2g="></latexit>

S(e) = 2@fW (C,T )
@C

<latexit sha1_base64="qlFSWubeEZHYFsedrFPpwaiMKFI="></latexit>

�(e) = 2
JF

@fW (C,T )
@C F T <latexit sha1_base64="xby4x7p2pgxuC3rTKQ6at+wkC4M=">AAACD3icbVDLSsNAFJ3UV42vqEs3g23BVUmKqBuh2I3LCqYttLFMJpN26OTBzEQoIV/gyk9xJSiIW9eu/BsnbRa19cAwZ865l7n3uDGjQprmj1ZaW9/Y3Cpv6zu7e/sHxuFRR0QJx8TGEYt4z0WCMBoSW1LJSC/mBAUuI1130sr97iPhgkbhvZzGxAnQKKQ+xUgqaWjUqvrAjZgnpoG60lamXy++7eyhoVf1oVEx6+YMcJVYBamAAu2h8T3wIpwEJJSYISH6lhlLJ0VcUsxIptcGiSAxwhM0In1FQxQQ4aSzfTJYU4oH/YirE0o4U/WFjhQFIh9QVQZIjsWyl4v/ef1E+ldOSsM4kSTE84/8hEEZwTwc6FFOsGRTRRDmVA0L8RhxhKWKME/BWt55lXQadeuifn7XqDRvijzK4AScgjNggUvQBLegDWyAwRN4AW/gXXvWXrUP7XNeWtKKnmPwB9rXL9mpmzo=</latexit>

C = U2
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Constitutive relations

Constraints on constitutive relations
- Material symmetry

“A constitutive relation must respect any symmetries that the material 
possesses”

reference 
configuration

deformed 
configuration

CONTINUOUS
MEDIA

CONTINUOUS
MEDIA

There are eight possible
different symmetries
at the macroscopic level

crystalline
material

composite
material
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Constitutive relations

Constraints on constitutive relations
- Material symmetry

“A constitutive relation must respect any symmetries that the material 
possesses”

reference 
configuration

deformed 
configuration

CONTINUOUS
MEDIA

crystalline
material

CONTINUOUS
MEDIA
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Constitutive relations

Constraints on constitutive relations
- Material symmetry – Examples

+ Isotropic solid

+ No symmetry at all

reference 
configuration

deformed 
configuration

CONTINUOUS
MEDIA

polycrystalline
material

Recall:
<latexit sha1_base64="nUfRfQaG5zXbM/hqJwB7Tk6coEg=">AAACO3icbVBLS8NAEN74rPEV9ehlsS14KkkR9SIUBfHYFvuANpTNZtMu3TzY3Qgl5Hd58ld48uBJUBCv3t20OfThwLLffN8MM/M5EaNCmuabtra+sbm1XdjRd/f2Dw6No+O2CGOOSQuHLORdBwnCaEBakkpGuhEnyHcY6Tjju0zvPBEuaBg8yklEbB8NA+pRjKSiBkajpPedkLli4qsvuU/1m/m8mcL5tLUktxflZqqX9IFRNCvmNOAqsHJQBHnUB8Zr3w1x7JNAYoaE6FlmJO0EcUkxI6le7seCRAiP0ZD0FAyQT4SdTG9PYVkxLvRCrl4g4ZTV5zoS5ItsPVXpIzkSy1pG/qf1Yuld2wkNoliSAM8GeTGDMoSZkdClnGDJJgogzKlaFuIR4ghLZXfmgrV88ypoVyvWZeWiUS3WbnM/CuAUnIFzYIErUAMPoA5aAINn8A4+wZf2on1o39rPrHRNy3tOwEJov3/cVa6H</latexit>

F = RU = V R
A function of the 

left Cauchy-Green tensor

<latexit sha1_base64="+Osq3bWEgSINqiHFyWc9Z6+G8ao="></latexit>

W = W (F , T ) =
ccW (V , T ) =

ffW (B, T )
<latexit sha1_base64="QNcIwN0iuB6SNNgwKQbpWcoKeXw=">AAACD3icbVBNS8MwGE7n16xfVY9egtvA02iHqBdhzIvHCe4DtjrSNNvC0qYkqTBKf4Enf4onQUG8evbkvzHdepibD4Q8eZ73Je/7eBGjUtn2j1FYW9/Y3Cpumzu7e/sH1uFRW/JYYNLCnHHR9ZAkjIakpahipBsJggKPkY43ucn8ziMRkvLwXk0j4gZoFNIhxUhpaWBVymbf48yX00BfSSM1rxff7fShZpbNgVWyq/YMcJU4OSmBHM2B9d33OY4DEirMkJQ9x46UmyChKGYkNSv9WJII4QkakZ6mIQqIdJPZPimsaMWHQy70CRWcqeZCR4ICmQ2oKwOkxnLZy8T/vF6shlduQsMoViTE84+GMYOKwywc6FNBsGJTTRAWVA8L8RgJhJWOMEvBWd55lbRrVeeien5XK9UbeR5FcAJOwRlwwCWog1vQBC2AwRN4AW/g3Xg2Xo0P43NeWjDynmPwB8bXL9mZmzo=</latexit>

B = V 2

glass

composites 
with randomly            

oriented/distributed
reinforcement
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Constitutive relations

reference 
configuration

deformed 
configuration

CONTINUOUS
MEDIA

DIY
The right and left Cauchy-Green tensors have the same principal invariants

<latexit sha1_base64="+Osq3bWEgSINqiHFyWc9Z6+G8ao="></latexit>

W = W (F , T ) =
ccW (V , T ) =

ffW (B, T )

<latexit sha1_base64="P++cPumrLYfN6otlyssfYhMkxwc="></latexit>

W = W (F , T ) = cW (U , T ) = fW (C, T ) A function of the 
right Cauchy-Green tensor

and
left Cauchy-Green tensor

Isotropic hyperelastic solids (no heat flux and viscous stress)
- Frame indifference

- Material symmetry: isotropic

- Strain energy density function:
<latexit sha1_base64="Bq4pF14Z+vMeI5MUO9/buieEhfc=">AAACDnicbVDLSgMxFM3UVx1fVZdugm2hgpSZKupGKLrRXQX7gM5QMmmmDc08SO4IpfQHXPkprgQFcevelX9jpu1CWw/kcjjnXm7u8WLBFVjWt5FZWl5ZXcuumxubW9s7ud29hooSSVmdRiKSLY8oJnjI6sBBsFYsGQk8wZre4Dr1mw9MKh6F9zCMmRuQXsh9TgloqZMrFMzmZdMRzIcSvu3Yx7pU0nKCHcl7fTgyC2Ynl7fK1gR4kdgzkkcz1Dq5L6cb0SRgIVBBlGrbVgzuiEjgVLCxWXQSxWJCB6TH2pqGJGDKHU3OGeOiVrrYj6R+IeCJav6aGJFAqWHg6c6AQF/Ne6n4n9dOwL9wRzyME2AhnS7yE4Ehwmk2uMsloyCGmhAquf4spn0iCQWdYJqCPX/zImlUyvZZ+fSukq9ezfLIogN0iErIRueoim5QDdURRY/oGb2iN+PJeDHejY9pa8aYzeyjPzA+fwBK5JfO</latexit>

W = W (I1, I2, I3)



Any questions?
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Lecture 7 – Constitutive relations


