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Lecture 8 – Constitutive relations

Experimental 
mechanics and 

thermodynamics

Tensor algebra 
Tensor analysis

reference 
configuration

thermo-mechanical loads

KINEMATICS OF DEFORMATIONS deformed 
configuration

CONTINUOUS
MEDIA

atomic/
micro/meso

structure
is revealed

16 unknown fields   +   5 equations

laws of nature                                       .
CONSERVATION  OF MASS

BALANCE OF LINEAR MOMENTUM
BALANCE OF ANGULAR MOMENTUM

LAWS OF THERMODYNAMICS CONSTITUTIVE 
EQUATIONS
11 equations

Empirical 
observation

Multi-scale
approaches

continuously varying fields
(time and space averages over 
the underlying structure)
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Summary

Laws of nature
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Clausius-Duhem inequality

conservation of energy

balance of angular momentum

balance of linear momentum

conservation of mass  (1 equation)

(3 equations)

(1 equation)

(constraint)

(constraint)

(16 unknowns)

reference 
configuration

deformed 
configuration

CONTINUOUS
MEDIA

<latexit sha1_base64="DXQO4zKD5spjCKRVv55C3aO24W0=">AAACIHicbVDLSgMxFM34rONr1KWbYFtwVWaKVDdCqRtxVcE+oFNKJpNpQzPJkGSEMtQvceWnuBIURFzp15g+Ftp6INzDufeSc0+QMKq0635ZK6tr6xubuS17e2d3b985OGwqkUpMGlgwIdsBUoRRThqaakbaiSQoDhhpBcOrSb91T6Sigt/pUUK6MepzGlGMtJF6TqVg30BfDgS8nJaeaz8Y+JGQiDHoB4KFahSbkrXH0Kcc1sxIoefk3ZI7BVwm3pzkwRz1nvPphwKnMeEaM6RUx3MT3c2Q1BQzMraLfqpIgvAQ9UnHUI5iorrZ9MAxLBolhMaTeVzDqWr/2shQrCYuzWSM9EAt9ibif71OqqOLbkZ5kmrC8eyjKGVQCzhJC4ZUEqzZyBCEJTVmIR4gibA2mdomBW/x5mXSLJe8Sunstpyv1uZ55MAxOAGnwAPnoAquQR00AAaP4Bm8gjfryXqx3q2P2eiKNd85An9gff8AXcuhOg==</latexit>

J⇢ = ⇢0 8X 2 B0
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Constitutive relations

Constitutive relations
- Relations that describe the response of the material to mechanical and 

thermal loading, e.g.,

- Can these constitutive relations be selected arbitrarily? NO!
They must follow fundamental principles:
+ Principle of determinism
+ Principle of local action
+ Second law of thermodynamics restrictions (Clausius-Duhem inequality)
+ Principle of material frame indifference (objectivity)
+ Material symmetry

reference 
configuration

deformed 
configuration

CONTINUOUS
MEDIA

(11 constitutive equations)
<latexit sha1_base64="CDtZCCBFecxatT7aM+I3IIdwNEY=">AAACG3icbVBNS8MwGE79nPWr6tFLcBt4kNEOUY9DLx4nuA9Yy0jTdAtLm5qkwij7HZ78KZ4EBfEmHvw3pt0ObvOBJA/P877kfR8/YVQq2/4xVlbX1jc2S1vm9s7u3r51cNiWPBWYtDBnXHR9JAmjMWkpqhjpJoKgyGek449ucr/zSISkPL5X44R4ERrENKQYKS31Lafi+pwFchzpJ3MlHURoUjmDc/JDoXTyS1b6Vtmu2QXgMnFmpAxmaPatLzfgOI1IrDBDUvYcO1FehoSimJGJWXVTSRKER2hAeprGKCLSy4rdJrCqlQCGXOgTK1io5p+ODEUyH1NXRkgN5aKXi/95vVSFV15G4yRVJMbTj8KUQcVhHhQMqCBYsbEmCAuqh4V4iATCSsdp6hScxZ2XSbtecy5q53f1cuN6lkcJHIMTcAoccAka4BY0QQtg8ARewBt4N56NV+PD+JyWrhizniMwB+P7FzTFn4k=</latexit>

�, q, W , s



Coleman-Noll procedure + Frame indifference + Isotropy
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Hyperelastic solids - Isotropic

reference 
configuration

deformed 
configuration

CONTINUOUS
MEDIA

<latexit sha1_base64="Bq4pF14Z+vMeI5MUO9/buieEhfc=">AAACDnicbVDLSgMxFM3UVx1fVZdugm2hgpSZKupGKLrRXQX7gM5QMmmmDc08SO4IpfQHXPkprgQFcevelX9jpu1CWw/kcjjnXm7u8WLBFVjWt5FZWl5ZXcuumxubW9s7ud29hooSSVmdRiKSLY8oJnjI6sBBsFYsGQk8wZre4Dr1mw9MKh6F9zCMmRuQXsh9TgloqZMrFMzmZdMRzIcSvu3Yx7pU0nKCHcl7fTgyC2Ynl7fK1gR4kdgzkkcz1Dq5L6cb0SRgIVBBlGrbVgzuiEjgVLCxWXQSxWJCB6TH2pqGJGDKHU3OGeOiVrrYj6R+IeCJav6aGJFAqWHg6c6AQF/Ne6n4n9dOwL9wRzyME2AhnS7yE4Ehwmk2uMsloyCGmhAquf4spn0iCQWdYJqCPX/zImlUyvZZ+fSukq9ezfLIogN0iErIRueoim5QDdURRY/oGb2iN+PJeDHejY9pa8aYzeyjPzA+fwBK5JfO</latexit>

W = W (I1, I2, I3)

<latexit sha1_base64="dsYnJuk1veuuCqeEhnh/Nwnvz2g="></latexit>

S(e) = 2@fW (C,T )
@C

<latexit sha1_base64="qlFSWubeEZHYFsedrFPpwaiMKFI="></latexit>

�(e) = 2
JF

@fW (C,T )
@C F T

strain energy density function
(a function of the principal invariants 

of the right/left Cauchy-Green tensor)

elastic part of the stress tensor
(the viscous part is zero 

and thus, the process is reversible)

<latexit sha1_base64="2vh3qJhdH/JYWkygEps8UxaeYuM=">AAACIXicbVDLSsNAFJ3UV42vqks3wbbQbkpSxboplHajrirYB7QxTCbTdugkE2YmQgn9FFd+iitBQXQl/oyTtgttPTDM4Zx7ufceN6RESNP80lJr6xubW+ltfWd3b/8gc3jUFiziCLcQo4x3XSgwJQFuSSIp7oYcQ9+luOOOG4nfecBcEBbcyUmIbR8OAzIgCEolOZlKTr92zqp9D8tC32XUExNffXFjWlwV69OiXr25L+s53clkzZI5g7FKrAXJggWaTuaz7zEU+TiQiEIhepYZSjuGXBJE8VTP9yOBQ4jGcIh7igbQx8KOZxdOjbxSPGPAuHqBNGaq/qsjhr5IllSVPpQjsewl4n9eL5KDSzsmQRhJHKD5oEFEDcmMJC7DIxwjSSeKQMSJWtZAI8ghkirUJAVr+eZV0i6XrIvS+W05W6sv8kiDE3AKCsACFVADV6AJWgCBR/AMXsGb9qS9aO/ax7w0pS16jsEfaN8/sw6hTg==</latexit>

I3 = det(C) = det(B) = J2

<latexit sha1_base64="3fhqxg+h6HNhu05WksoOKFpen2c=">AAACLHicdVDLSsNAFJ34rPEVdekm2BbqpiRF1I1Q2o3uKtgHNCFMJpN26OTBzEQoIf/jyk9xo6Aibv0OJ20W2uqFYQ7n3Ms997gxJVwYxruysrq2vrFZ2lK3d3b39rWDwx6PEoZwF0U0YgMXckxJiLuCCIoHMcMwcCnuu5N2rvfvMeMkCu/ENMZ2AEch8QmCQlKO1qqoN46pXlkBFGMWpIJlNcuNqMengfzSdnb6v9iSYkV1tLJRN2alLwOzAGVQVMfRni0vQkmAQ4Eo5HxoGrGwU8gEQRRnatVKOI4hmsARHkoYwgBzO50dm+lVyXi6HzH5QqHPWPXHRAoDnvuTnbltvqjl5F/aMBH+pZ2SME4EDtF8kZ9QXUR6npzuEYaRoFMJIGJEmtXRGDKIhMw3T8FcvHkZ9Bp187x+dtsoN1tFHiVwDE5ADZjgAjTBNeiALkDgATyBV/CmPCovyofyOW9dUYqZI/CrlK9vS46nAQ==</latexit>

I1 = tr(C) = tr(B)
<latexit sha1_base64="K1bozmxxma/4ZwoApu9dRd0Vjms="></latexit>

I2 = 1
2 [tr(C)2 � tr(C2)] = 1

2 [tr(B)2 � tr(B2)]

DIY
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reference 
configuration

deformed 
configuration

CONTINUOUS
MEDIA

Coleman-Noll procedure + Frame indifference + Isotropy
<latexit sha1_base64="Bq4pF14Z+vMeI5MUO9/buieEhfc=">AAACDnicbVDLSgMxFM3UVx1fVZdugm2hgpSZKupGKLrRXQX7gM5QMmmmDc08SO4IpfQHXPkprgQFcevelX9jpu1CWw/kcjjnXm7u8WLBFVjWt5FZWl5ZXcuumxubW9s7ud29hooSSVmdRiKSLY8oJnjI6sBBsFYsGQk8wZre4Dr1mw9MKh6F9zCMmRuQXsh9TgloqZMrFMzmZdMRzIcSvu3Yx7pU0nKCHcl7fTgyC2Ynl7fK1gR4kdgzkkcz1Dq5L6cb0SRgIVBBlGrbVgzuiEjgVLCxWXQSxWJCB6TH2pqGJGDKHU3OGeOiVrrYj6R+IeCJav6aGJFAqWHg6c6AQF/Ne6n4n9dOwL9wRzyME2AhnS7yE4Ehwmk2uMsloyCGmhAquf4spn0iCQWdYJqCPX/zImlUyvZZ+fSukq9ezfLIogN0iErIRueoim5QDdURRY/oGb2iN+PJeDHejY9pa8aYzeyjPzA+fwBK5JfO</latexit>

W = W (I1, I2, I3)

<latexit sha1_base64="pMJZH4cIRohMtWL1F1aXQ306Fl0="></latexit>

� = 2

I1/2
3

⇥
I3W,I3I + (W,I1 + I1W,I2)B �W,I2B

2⇤

<latexit sha1_base64="juE2dINsO7ZgwD6XcoG0yaaaN8o="></latexit>

S = 2
⇥
(W,I1 + I1W,I2)I �W,I2C + I3W,I3C

�1⇤

<latexit sha1_base64="+s/JRh3NllV3j9pfkXIgOZiXANg=">AAACHnicbVDLSsNAFJ3UV42vqEs3g22hbkpSiroRim5cVrAPaGKZTKbt0MmDmYlQQn7ElZ/iSlAQF270b5y0WWjbA8MczrmXe+9xI0aFNM0frbC2vrG5VdzWd3b39g+Mw6OOCGOOSRuHLOQ9FwnCaEDakkpGehEnyHcZ6bqTm8zvPhIuaBjcy2lEHB+NAjqkGEklDYxGWbfdkHli6qsvsQUd+SjVr1apD0mVnKV6WR8YJbNmzgCXiZWTEsjRGhhfthfi2CeBxAwJ0bfMSDoJ4pJiRlK9YseCRAhP0Ij0FQ2QT4STzM5LYUUpHhyGXL1Awpmq/+lIkC+yTVWlj+RYLHqZuMrrx3J46SQ0iGJJAjwfNIwZlCHMsoIe5QRLNlUEYU7VshCPEUdYqkSzFKzFm5dJp16zzmuNu3qpeZ3nUQQn4BRUgQUuQBPcghZoAwyewAt4A+/as/aqfWif89KClvccg3/Qvn8BzcKhmA==</latexit>

� = �(e)

DIY

Hyperelastic solids - Isotropic

<latexit sha1_base64="kYGz0q7xY6p8J4AcJJjT4U2nD2E="></latexit>

S = 2
P3

i=1
@W (I1,I2,I3)

@Ii
@Ii
@C

<latexit sha1_base64="XIPkaLhaI31lUogDlDe8ySS+DD4=">AAACK3icbVDLSsNAFJ34rPEVdelmsC24KkkRdSNUu7G7CvYBTSiT6aQdOnkwMxFKyPe48lNcFRTFrf/hpA1YWw8Mc+6593LvPW7EqJCm+aGtrW9sbm0XdvTdvf2DQ+PouC3CmGPSwiELeddFgjAakJakkpFuxAnyXUY67rie5TtPhAsaBo9yEhHHR8OAehQjqaS+cVvSbY8jnNgR4pIiBht9K/2NbDdkAzHx1ZfU01S/0ReVRqqX+kbRrJgzwFVi5aQIcjT7xtQehDj2SSAxQ0L0LDOSTpINxIyketmOBYkQHqMh6SkaIJ8IJ5ndmsKyUgbQC7l6gYQzVV/oSJAvsu1UpY/kSCznMvG/XC+W3rWT0CCKJQnwfJAXMyhDmBkHB5QTLNlEEYQ5VctCPELKOqns1ZUL1vLNq6RdrViXlYuHarF2l/tRAKfgDJwDC1yBGrgHTdACGDyDV/AG3rUXbap9al/z0jUt7zkBf6B9/wCn1adJ</latexit>

@I1
@C = I

<latexit sha1_base64="s5O90lawrI9XAw6MfHdkiCH1X7o="></latexit>

@I2
@C = I1I �C

<latexit sha1_base64="q6xMRYHVZmDEjgy4axncPGZXM6I="></latexit>

@I3
@C = I3C

�1

Hint:
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Incompressible hyperelastic materials
– Biomaterials such as biological soft tissues and solid polymers such 

as rubber-like materials undergo reversible finite strains.
– Vulcanized rubber undergoes very small volume changes at very high 

hydrostatic pressures. It is very much easier to change its shape than 
to change its volume. Rubber is often regarded as incompressible.

Hyperelastic solids - Isotropic

<latexit sha1_base64="6qEQRkI1hWS2M4nsHXpRdgm4SWM="></latexit>

W = W (I1, I2) subject to I3 = J2 = 1
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Compressible hyperelastic materials
– Foamed rubbers undergo reversible finite strain but cannot be 

regarded as being incompressible.

Hyperelastic solids - Isotropic

<latexit sha1_base64="Bq4pF14Z+vMeI5MUO9/buieEhfc=">AAACDnicbVDLSgMxFM3UVx1fVZdugm2hgpSZKupGKLrRXQX7gM5QMmmmDc08SO4IpfQHXPkprgQFcevelX9jpu1CWw/kcjjnXm7u8WLBFVjWt5FZWl5ZXcuumxubW9s7ud29hooSSVmdRiKSLY8oJnjI6sBBsFYsGQk8wZre4Dr1mw9MKh6F9zCMmRuQXsh9TgloqZMrFMzmZdMRzIcSvu3Yx7pU0nKCHcl7fTgyC2Ynl7fK1gR4kdgzkkcz1Dq5L6cb0SRgIVBBlGrbVgzuiEjgVLCxWXQSxWJCB6TH2pqGJGDKHU3OGeOiVrrYj6R+IeCJav6aGJFAqWHg6c6AQF/Ne6n4n9dOwL9wRzyME2AhnS7yE4Ehwmk2uMsloyCGmhAquf4spn0iCQWdYJqCPX/zImlUyvZZ+fSukq9ezfLIogN0iErIRueoim5QDdURRY/oGb2iN+PJeDHejY9pa8aYzeyjPzA+fwBK5JfO</latexit>

W = W (I1, I2, I3)
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Question: how is the pressure determined? The undetermined part of the pressure is
introduced as a Lagrange multiplier and it is determined from boundary conditions

Note: incompressibility is an internal constraint (or kinematic 
constraint) of the material

Incompressible hyperelastic materials

Moony-Rivlin materials

DIY

<latexit sha1_base64="xCGikab+ieCeGH3j0DeFeNKHDEk=">AAACD3icbZDLSsNAFIYn9VbjLerSTbAttKgliaJuhKIbu6tgL9CGMJlO2qGTCzMToYQ+gSsfxZWgIG5du/JtnLRZaOsPA9/85xxmzu9GlHBhGN9Kbml5ZXUtv65ubG5t72i7ey0exgzhJgppyDou5JiSADcFERR3Ioah71Lcdkc3ab39gBknYXAvxhG2fTgIiEcQFNJytFJRbZfrjnlcd6zKFXLM9HJyWjlCjiXRkqgWVUcrGFVjKn0RzAwKIFPD0b56/RDFPg4EopDzrmlEwk4gEwRRPFFLvZjjCKIRHOCuxAD6mNvJdJ+JXpJOX/dCJk8g9Kmr/ppIoM/52Hdlpw/FkM/XUvO/WjcW3qWdkCCKBQ7Q7CEvproI9TQcvU8YRoKOJUDEiPysjoaQQSRkhGkK5vzOi9CyquZ59ezOKtSuszzy4AAcgjIwwQWogVvQAE2AwCN4Bq/gTXlSXpR35WPWmlOymX3wR8rnD4jAlqA=</latexit>

W (I1, I2) = c1(I1 � 3) + c2(I2 � 3)

Hyperelastic solids - Isotropic

Limit of infinitesimal deformations:
<latexit sha1_base64="jRwCWa4q4nLTfyRoHe2Dl4lKWwI=">AAAB9nicbVDLSgNBEOyNr7i+oh69DCaBiBB2g0QvQlAEjxHMA5J1mZ1MkiGzD2ZmxbDkPzwJCuLVf/Hk3zhJ9qCJBQ1FVTfdXV7EmVSW9W1kVlbX1jeym+bW9s7uXm7/oCnDWBDaICEPRdvDknIW0IZiitN2JCj2PU5b3uh66rceqZAsDO7VOKKOjwcB6zOClZYeCjeX1RJx7VPiVk4Kbi5vla0Z0DKxU5KHFHU399XthST2aaAIx1J2bCtSToKFYoTTiVnsxpJGmIzwgHY0DbBPpZPMzp6golZ6qB8KXYFCM9X8NZFgX8qx7+lOH6uhXPSm4n9eJ1b9CydhQRQrGpD5on7MkQrRNAPUY4ISxceaYCKYPhaRIRaYKJ2UqVOwF39eJs1K2a6Wz+4q+dpVmkcWjuAYSmDDOdTgFurQAAICnuEV3own48V4Nz7mrRkjnTmEPzA+fwCzhZCb</latexit>

E = 6(c1 + c2)
shear modulus Young’s modulus

<latexit sha1_base64="MztBEZW6fl/sWdfbMV9LRB+V+gw=">AAAB+nicbVDLSsNAFJ3UV42vqEs3g22hIpQkiLoRim5cVrAPaEOYTCft0MkkzEwKJfZPXAkK4tY/ceXfOG2z0NYDFw7n3Mu99wQJo1LZ9rdRWFvf2Nwqbps7u3v7B9bhUUvGqcCkiWMWi06AJGGUk6aiipFOIgiKAkbawehu5rfHREga80c1SYgXoQGnIcVIacm3rHIvSm/cKvadc+y7Z2XfKtk1ew64SpyclECOhm999foxTiPCFWZIyq5jJ8rLkFAUMzI1K71UkgThERqQrqYcRUR62fz0KaxopQ/DWOjiCs5V89dEhiIpJ1GgOyOkhnLZm4n/ed1UhddeRnmSKsLxYlGYMqhiOMsB9qkgWLGJJggLqo+FeIgEwkqnZeoUnOWfV0nLrTmXtYsHt1S/zfMoghNwCqrAAVegDu5BAzQBBmPwDF7Bm/FkvBjvxseitWDkM8fgD4zPH/bQkdU=</latexit>

µ = 2(c1 + c2)

<latexit sha1_base64="yhDFdHZjp3wEBv38GtsmnRDOKiw="></latexit>

W (I1, I2) = c1(I1 � 3) + c2(I2 � 3)� c0(I3 � 1)
<latexit sha1_base64="D+WcvyL74MAJvLkLZlvmGnO8rpY="></latexit>

� = 2
⇥
(W,I1 + I1W,I2)B �W,I2B

2⇤� c0I
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Note: the neo-Hookean model is a special case of the Moony-Rivlin model

Note: incompressibility is an internal constraint (or kinematic 
constraint) of the material

Incompressible hyperelastic materials

neo-Hookean materials
<latexit sha1_base64="oFAbnn2pQw5zIaTmI2uVZltRrGA=">AAACBHicbVDLSsNAFJ3UV42vqDvdDLaFFrQkVdSNUHRjdxXsA9oQJtNpO3QyCTMToYSCKz/FlaAgbv0JV/6NSZuFth64cOace5l7jxswKpVpfmuZpeWV1bXsur6xubW9Y+zuNaUfCkwa2Ge+aLtIEkY5aSiqGGkHgiDPZaTljm4Sv/VAhKQ+v1fjgNgeGnDapxipWHKMg7zeKtYc67jmVEpX2LGSx8lpSc/rjpEzy+YUcJFYKcmBFHXH+Or2fBx6hCvMkJQdywyUHSGhKGZkohe6oSQBwiM0IJ2YcuQRaUfTIyawECs92PdFXFzBqar/moiQJ+XYc+NOD6mhnPcS8T+vE6r+pR1RHoSKcDz7qB8yqHyYJAJ7VBCs2DgmCAsaLwvxEAmEVZxbkoI1f/MiaVbK1nn57K6Sq16neWTBITgCRWCBC1AFt6AOGgCDR/AMXsGb9qS9aO/ax6w1o6Uz++APtM8fkBaTiA==</latexit>

W (I1, I2) = c1(I1 � 3)

Hyperelastic solids - Isotropic

DIY

<latexit sha1_base64="hrJwa27S0Y8/i/GbaBhLO0m6mw0="></latexit>

p = �tr�/3 = c0 � 2c1I1/3
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Example: Moony-Rivlin model extended to the compressible materials

with

Almost incompressible hyperelastic materials

DIY

<latexit sha1_base64="VXVuDmavjCsgB2VnpJ0Fd34Xg8E="></latexit>

W (C) = WD(C) +WH(I3)
<latexit sha1_base64="e58YmHc9O3/tUmuQrZ/IXEEnlps=">AAAB/nicbVDLSsNAFJ3UV42v+Ni5GWwLrkpSRd0IRTfqqoJ9QBvDZDpph04mYWYi1FDwU1wJCuLW/3Dl3zhpu9DWAxcO59zLvff4MaNS2fa3kVtYXFpeya+aa+sbm1vW9k5DRonApI4jFomWjyRhlJO6ooqRViwICn1Gmv7gMvObD0RIGvE7NYyJG6IepwHFSGnJs/aK5rV3BM/hzX0FdjiBjlk0Patgl+0x4DxxpqQApqh51lenG+EkJFxhhqRsO3as3BQJRTEjI7PUSSSJER6gHmlrylFIpJuOzx/Bkla6MIiELq7gWDV/TaQolHIY+rozRKovZ71M/M9rJyo4c1PK40QRjieLgoRBFcEsC9ilgmDFhpogLKg+FuI+EggrnViWgjP78zxpVMrOSfn4tlKoXkzzyIN9cAAOgQNOQRVcgRqoAwwewTN4BW/Gk/FivBsfk9acMZ3ZBX9gfP4AYUKR3Q==</latexit>

I3 = J2 6= 1
<latexit sha1_base64="o1DUSwKkp9BASdR/ve4t3x7rwso=">AAACIHicbVDLSgMxFM3UVx1fVZdugm3BjXWmSnUjFLsRVxXsAzpjyaRpG5qZDElGKMP8iSs/xZWgIOJKv8ZM24WtXgg5nHMP997jhYxKZVlfRmZpeWV1Lbtubmxube/kdveakkcCkwbmjIu2hyRhNCANRRUj7VAQ5HuMtLxRLdVbD0RIyoM7NQ6J66NBQPsUI6Wpbq5SMB2uG1J/7Hic9eTY119cS5LLm/v4uHxymsB5wSyY3VzeKlmTgn+BPQN5MKt6N/fp9DiOfBIozJCUHdsKlRsjoShmJDGLTiRJiPAIDUhHwwD5RLrx5MAEFjXTg30u9AsUnLDmL0eMfJmupzt9pIZyUUvJ/7ROpPoXbkyDMFIkwNNB/YhBxWGaFuxRQbBiYw0QFlQvC/EQCYSVzjRNwV68+S9olkt2pXR2W85Xr2Z5ZMEBOARHwAbnoAquQR00AAaP4Bm8gjfjyXgx3o2PaWvGmHn2wVwZ3z9vUqJx</latexit>

C = J�2/3C
<latexit sha1_base64="ACBOs19oHVg6JPhTpY7D8INc60M=">AAAB/3icbVDLSgMxFM34rONrVFy5CbYFV2WmiroRim50V8E+oB2GTJq2oZlkSDJCGbrwU1wJCuLW73Dl35hpZ6GtBwKHc87l3pwwZlRp1/22lpZXVtfWCxv25tb2zq6zt99UIpGYNLBgQrZDpAijnDQ01Yy0Y0lQFDLSCkc3md96JFJRwR/0OCZ+hAac9ilG2kiBc1iyu8IEsvn0LjidXHl2yQ6coltxp4CLxMtJEeSoB85XtydwEhGuMUNKdTw31n6KpKaYkYld7iaKxAiP0IB0DOUoIspPp/dPYNkoPdgX0jyu4VS1f02kKFJqHIUmGSE9VPNeJv7ndRLdv/RTyuNEE45ni/oJg1rArAzYo5JgzcaGICypORbiIZIIa1NZ1oI3/+dF0qxWvPPK2X21WLvO+yiAI3AMToAHLkAN3II6aAAMUvAMXsGb9WS9WO/Wxyy6ZOUzB+APrM8f9SOUFg==</latexit>

I3 = 1

deviatoric hydrostatic volume preserving
or isochoric part

Hyperelastic solids - Isotropic

<latexit sha1_base64="fEQNtYzf58wG2ln5/e0mR5hTjFs="></latexit>

W (I1, I2, I3) = c1(I1 � 3) + c2(I2 � 3) +WH(I3)

Limit of infinitesimal deformations:
<latexit sha1_base64="hgy2DR57uK1Sk7SejQ6zlexXTvU=">AAAB8XicbVBNS8NAEJ34WeNX1aOXxbbgqSZF1ItQ1IPgpYL9kDaUzXbTLt1swu5GKKG/wpOgIF79OZ78N27bHLT1wcDjvRlm5vkxZ0o7zre1tLyyurae27A3t7Z3dvN7+w0VJZLQOol4JFs+VpQzQeuaaU5bsaQ49Dlt+sPrid98olKxSDzoUUy9EPcFCxjB2kiPxbvLyslN1y128wWn7EyBFombkQJkqHXzX51eRJKQCk04VqrtOrH2Uiw1I5yO7VInUTTGZIj7tG2owCFVXjq9eIxKRumhIJKmhEZT1f41keJQqVHom84Q64Ga9ybif1470cGFlzIRJ5oKMlsUJBzpCE3eRz0mKdF8ZAgmkpljERlgiYk2IdkmBXf+50XSqJTds/LpfaVQvcryyMEhHMExuHAOVbiFGtSBQAjP8ApvlrJerHfrY9a6ZGUzB/AH1ucP2JqPCw==</latexit>

K = 2/D1

shear modulus bulk modulus

<latexit sha1_base64="MztBEZW6fl/sWdfbMV9LRB+V+gw=">AAAB+nicbVDLSsNAFJ3UV42vqEs3g22hIpQkiLoRim5cVrAPaEOYTCft0MkkzEwKJfZPXAkK4tY/ceXfOG2z0NYDFw7n3Mu99wQJo1LZ9rdRWFvf2Nwqbps7u3v7B9bhUUvGqcCkiWMWi06AJGGUk6aiipFOIgiKAkbawehu5rfHREga80c1SYgXoQGnIcVIacm3rHIvSm/cKvadc+y7Z2XfKtk1ew64SpyclECOhm999foxTiPCFWZIyq5jJ8rLkFAUMzI1K71UkgThERqQrqYcRUR62fz0KaxopQ/DWOjiCs5V89dEhiIpJ1GgOyOkhnLZm4n/ed1UhddeRnmSKsLxYlGYMqhiOMsB9qkgWLGJJggLqo+FeIgEwkqnZeoUnOWfV0nLrTmXtYsHt1S/zfMoghNwCqrAAVegDu5BAzQBBmPwDF7Bm/FkvBjvxseitWDkM8fgD4zPH/bQkdU=</latexit>

µ = 2(c1 + c2)

<latexit sha1_base64="QiVO+w28xmUlUx8MMTbBByY83zc=">AAACCnicbZDLSsNAFIYn9VbjLerSzWBbaBfWJIq6EYq6qLsK9gK9hMl00g6dXJiZCCV068pHcSUoiFvfwJVvY9Jmoa0/DHz85xzOnN8OGBVS17+VzNLyyupadl3d2Nza3tF29xrCDzkmdewzn7dsJAijHqlLKhlpBZwg12akaY+uk3rzgXBBfe9ejgPSddHAow7FSMaWpcG82rSqxVvrpHR5YxkJ9CLj2JwcGaWeqeZVS8vpZX0quAhGCjmQqmZpX52+j0OXeBIzJETb0APZjRCXFDMyUQudUJAA4REakHaMHnKJ6EbTUyawEDt96Pg8fp6EU1f9NREhV4ixa8edLpJDMV9LzP9q7VA6F92IekEoiYdni5yQQenDJBfYp5xgycYxIMxp/FmIh4gjLOP0khSM+ZsXoWGWjbPy6Z2Zq1yleWTBATgERWCAc1ABVVADdYDBI3gGr+BNeVJelHflY9aaUdKZffBHyucPo9aVwA==</latexit>

WH(I3) = D1(I
1/2
3 � 1)2 It is not a Lagrange multiplier 

but rather a penalization term 
that will generate ‘almost’
incompressible deformation 
mappings
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Compressible hyperelastic materials

Blatz-Ko materials

Hyperelastic solids - Isotropic

Note: What is the dependency of the resulting pressure? 
Does it depend only on the Jacobian of the deformation mapping? NO!

DIY
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DIY
The right and left stretch tensors have the same principal stretches (eigenvalues).

<latexit sha1_base64="+Osq3bWEgSINqiHFyWc9Z6+G8ao="></latexit>

W = W (F , T ) =
ccW (V , T ) =

ffW (B, T )

<latexit sha1_base64="P++cPumrLYfN6otlyssfYhMkxwc="></latexit>

W = W (F , T ) = cW (U , T ) = fW (C, T ) A function of the 
right Cauchy-Green tensor

and
left Cauchy-Green tensor

Isotropic hyperelastic materials – Another take …
- Frame indifference

- Material symmetry: isotropic

- Strain energy density function:
<latexit sha1_base64="FU4XEFs6KZv1pr5dhRqjzWC5lvw=">AAACIHicbZDJSgNBEIZ74hbHbdSjl8YkEEHCTJToRQh68RjBLJAJoafTkzTpWeiuEULIm3jyUTwJCiKe9GnsLLgk/tDw8VcV1fV7seAKbPvDSC0tr6yupdfNjc2t7R1rd6+mokRSVqWRiGTDI4oJHrIqcBCsEUtGAk+wute/Gtfrd0wqHoW3MIhZKyDdkPucEtBW2yplzfpF3RXMhzx2hR7skLZz/I3FHzzBruTdHhyZWbNtZeyCPRFeBGcGGTRTpW29u52IJgELgQqiVNOxY2gNiQROBRuZOTdRLCa0T7qsqTEkAVOt4eTAEc5pp4P9SOoXAp645q+JIQmUGgSe7gwI9NR8bWz+V2sm4J+3hjyME2AhnS7yE4EhwuO0cIdLRkEMNBAquf4spj0iCQWd6TgFZ/7mRagVC06pcHpTzJQvZ3mk0QE6RHnkoDNURteogqqIonv0iJ7Ri/FgPBmvxtu0NWXMZvbRHxmfXzYsn94=</latexit>

W = W (�1,�2,�3)

Hyperelastic solids - Isotropic

<latexit sha1_base64="pFmeDl2+X1bKqozB6vhnznN1KPE="></latexit>

⇤C
↵ = ⇤U

↵ = N↵ ↵ = {1, 2, 3}
<latexit sha1_base64="+zJIZoAeTKsbFvyQf3Qzvt9+eL0="></latexit>

UN↵ = �↵N↵ ↵ = {1, 2, 3}
<latexit sha1_base64="6DmtelyvZBhMu9FnnD/dqU+V5ng="></latexit>

CN↵ = �2
↵N↵ ↵ = {1, 2, 3}

<latexit sha1_base64="MyPvZHVNFMMRUdlAb2kKRos5ilM=">AAACDXicbVDLSgMxFM34rOOr6tJNsC24KjNF1I1QdONKKtgHdIaSyaRtaCYZkoxQxn6AKz/FlaAgbv0AV/6NmXYW2noh5HDOudx7TxAzqrTjfFtLyyura+uFDXtza3tnt7i331IikZg0sWBCdgKkCKOcNDXVjHRiSVAUMNIORleZ3r4nUlHB7/Q4Jn6EBpz2KUbaUL1iqWx7D9ALBAvVODJfejPpeYjFQwSNcAFdu2xcTtWZFlwEbg5KIK9Gr/jlhQInEeEaM6RU13Vi7adIaooZmdgVL1EkRniEBqRrIEcRUX46vWYCK4YJYV9I87iGU9b+1ZGiSGW7GmeE9FDNaxn5n9ZNdP/cTymPE004ng3qJwxqAbNoYEglwZqNDUBYUrMsxEMkEdYmQNuk4M7fvAhatap7Wj25rZXql3keBXAIjsAxcMEZqINr0ABNgMEjeAav4M16sl6sd+tjZl2y8p4D8Keszx9mqpnP</latexit>

kN↵k = 1

<latexit sha1_base64="Znc6IlDggmgmLudSbJryCSJiUXE="></latexit>

@�↵
@C = 1

2�↵
N↵ ⌦N↵ ↵ = {1, 2, 3}

Principal directions (eigenvectors).
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Incompressible hyperelastic materials

Ogden model

DIY

Hyperelastic solids - Isotropic

<latexit sha1_base64="s5HxjiaNm55bUQKTBOtidFHtx5I="></latexit>

W (�1,�2,�3) =
PN

p=1
µp

↵p

�
�
↵p

1 + �
↵p

2 + �
↵p

3 � 3
�

Note: incompressibility is an internal constraint (or kinematic 
constraint) of the material

<latexit sha1_base64="/GEpvRH1M1dA4elpHwNH14Z8wXA=">AAACDHicbZDLSsNAFIYn9VbjLerSzdALuKpJFXUjFN24rGAv0IYwmUzaoZMLMxOhhO5d+SiuBAVx6wu48m2ctClo6w8DH/85hzPnd2NGhTTNb62wsrq2vlHc1Le2d3b3jP2DtogSjkkLRyziXRcJwmhIWpJKRroxJyhwGem4o5us3nkgXNAovJfjmNgBGoTUpxhJZTlGqaL3mWr3kHN6ZZ3M2ZpDvaI7RtmsmVPBZbByKINcTcf46nsRTgISSsyQED3LjKWdIi4pZmSiV/uJIDHCIzQgPYUhCoiw0+kxE1hVjgf9iKsXSjh19V8TKQqEGAeu6gyQHIrFWmb+V+sl0r+0UxrGiSQhni3yEwZlBLNkoEc5wZKNFSDMqfosxEPEEZYqvywFa/HmZWjXa9Z57eyuXm5c53kUwREogWNggQvQALegCVoAg0fwDF7Bm/akvWjv2sestaDlM4fgj7TPHxeSmRQ=</latexit>

�3 = 1/�1�2

<latexit sha1_base64="bU9022hQWu6+HROiey4gUHu5AT0="></latexit>

µ = 1
2

PN
p=1 µp↵p with µp↵p > 0Limit of infinitesimal deformations:

shear modulus

Question: how is the pressure determined? The undetermined part of the pressure is
introduced as a Lagrange multiplier and it is determined from boundary conditions



Hyperelastic materials – One last take …
- Frame indifference

- Strain energy density function:

- Material symmetry: none

15

reference 
configuration

deformed 
configuration

CONTINUOUS
MEDIA

<latexit sha1_base64="rjfWK0dEnGjtskzKTmbPJZDcIpY="></latexit>

W = fW (C, T ) = W̌ (E, T )

Hyperelastic solids - Anisotropic

Saint Venant-Kirchhoff materials
<latexit sha1_base64="KpDJo5Oe04WCiWcwbSFTQHPt3+s="></latexit>

W̌ (E) = 1
2 (C : E) : E

<latexit sha1_base64="xSkQGRc9QPnx8uY3GO635n7Pp4w="></latexit>

S = @W̌ (E)
@E = C : E

material elastic tensor
(constant fourth-order tensor with

minor and major symmetries)
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Isotropic elastic material under hydrostatic compression

Hyperelastic solids – Isotropic – Food for thought

<latexit sha1_base64="2ttUgDmoKGOWGjn6hh8mwW0AHS8=">AAACAXicbVDLSgNBEJyNr7i+Vj148DKYBDyF3SDqMcSLxwjmAcmyzE4myZDZBzO9SliSi5/iSVAQr36GJ//GSbIHTSxoKKq66e7yY8EV2Pa3kVtb39jcym+bO7t7+wfW4VFTRYmkrEEjEcm2TxQTPGQN4CBYO5aMBL5gLX90M/NbD0wqHoX3MI6ZG5BByPucEtCSZ50Ua56Np13JB0MgUkaPU1zzoOhZBbtsz4FXiZORAspQ96yvbi+iScBCoIIo1XHsGNyUSOBUsIlZ6iaKxYSOyIB1NA1JwJSbzj+Y4JJWergfSV0h4Llq/ppISaDUOPB1Z0BgqJa9mfif10mgf+2mPIwTYCFdLOonAkOEZ3HgHpeMghhrQqjk+lhMh0QSCjo0U6fgLP+8SpqVsnNZvrirFKq1LI88OkVn6Bw56ApV0S2qowaiaIKe0St6M56MF+Pd+Fi05oxs5hj9gfH5A9LYldI=</latexit>

B0 ! Bt
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Saint Venant
Kirchhoff material 

neo-Hookean material extended 
to the compressible range

increasing 
Poisson’s ratio

<latexit sha1_base64="J4SKjZHbL1GooyFWNEAqQVMQ4GE="></latexit>

W (I1, I2, I3) =
�
2

h
ln
⇣
I1/23

⌘i2
� µ ln

⇣
I1/23

⌘
+ µ

2 (I1 � 3)

<latexit sha1_base64="ET6schm3SK4xwqDwSqKDVhjFpFo="></latexit>

CIJKL = ��IJ�KL + µ(�IK�JL + �IL�JK)
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Isotropic elastic material under uniaxial stretch

Saint Venant-Kirchhoff material 

Blatz-Ko material

DIY

<latexit sha1_base64="2ttUgDmoKGOWGjn6hh8mwW0AHS8=">AAACAXicbVDLSgNBEJyNr7i+Vj148DKYBDyF3SDqMcSLxwjmAcmyzE4myZDZBzO9SliSi5/iSVAQr36GJ//GSbIHTSxoKKq66e7yY8EV2Pa3kVtb39jcym+bO7t7+wfW4VFTRYmkrEEjEcm2TxQTPGQN4CBYO5aMBL5gLX90M/NbD0wqHoX3MI6ZG5BByPucEtCSZ50Ua56Np13JB0MgUkaPU1zzoOhZBbtsz4FXiZORAspQ96yvbi+iScBCoIIo1XHsGNyUSOBUsIlZ6iaKxYSOyIB1NA1JwJSbzj+Y4JJWergfSV0h4Llq/ppISaDUOPB1Z0BgqJa9mfif10mgf+2mPIwTYCFdLOonAkOEZ3HgHpeMghhrQqjk+lhMh0QSCjo0U6fgLP+8SpqVsnNZvrirFKq1LI88OkVn6Bw56ApV0S2qowaiaIKe0St6M56MF+Pd+Fi05oxs5hj9gfH5A9LYldI=</latexit>

B0 ! Bt

<latexit sha1_base64="g0t9/SZ4XNysWzGTDILbaqf66QA=">AAAB8nicbVBNS8NAEJ3Urxq/qh69LLYFTyEpfl2EohePFWwrtqFstpt26WYTdjdCCf0XngQF8eq/8eS/cdvmoK0PBh7vzTAzL0g4U9p1v63Cyura+kZx097a3tndK+0ftFScSkKbJOaxfAiwopwJ2tRMc/qQSIqjgNN2MLqZ+u0nKhWLxb0eJ9SP8ECwkBGsjfRY6Yr0ynVqZ5Veqew67gxomXg5KUOORq/01e3HJI2o0IRjpTqem2g/w1IzwunErnZTRRNMRnhAO4YKHFHlZ7OTJ6hqlD4KY2lKaDRT7V8TGY6UGkeB6YywHqpFbyr+53VSHV76GRNJqqkg80VhypGO0fR/1GeSEs3HhmAimTkWkSGWmGiTkm1S8BZ/XiatmuOdO6d3tXL9Os+jCEdwDCfgwQXU4RYa0AQCAp7hFd4sbb1Y79bHvLVg5TOH8AfW5w/LHo+Z</latexit>

⌫ = 0.25

<latexit sha1_base64="IJuH2w7BExWPuXhp+kg7p9/Lxm4=">AAAB8HicbVBNS8NAEJ3Urxq/qh69BNuCp5IUUY9FLx4r2A9oQ5lsN+3SzSbsboQS+ic8CQri1b/jyX/jts1BWx8MPN6bYWZekHCmtOt+W4WNza3tneKuvbd/cHhUOj5pqziVhLZIzGPZDVBRzgRtaaY57SaSYhRw2gkmd3O/80SlYrF41NOE+hGOBAsZQW2kbqWPPBljZVAquzV3AWedeDkpQ47moPTVH8YkjajQhKNSPc9NtJ+h1IxwOrOr/VTRBMkER7RnqMCIKj9bHDxzqkYZOmEsTQntLFT710SGkVLTKDCdEeqxWvXm4n9eL9XhjZ8xkaSaCrJcFKbc0bEz/94ZMkmJ5lNDkEhmjnXIGCUSbTKyTQre6s/rpF2veVe1y4d6uXGb51GEMziHC/DgGhpwD01oAQEOz/AKb5a0Xqx362PZWrDymVP4A+vzB6+dj6Y=</latexit>↵

Stretch

Hyperelastic solids – Isotropic – Food for thought
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Isotropic elastic material under simple shear

Saint Venant-Kirchhoff material 

Blatz-Ko material

DIY

<latexit sha1_base64="2ttUgDmoKGOWGjn6hh8mwW0AHS8=">AAACAXicbVDLSgNBEJyNr7i+Vj148DKYBDyF3SDqMcSLxwjmAcmyzE4myZDZBzO9SliSi5/iSVAQr36GJ//GSbIHTSxoKKq66e7yY8EV2Pa3kVtb39jcym+bO7t7+wfW4VFTRYmkrEEjEcm2TxQTPGQN4CBYO5aMBL5gLX90M/NbD0wqHoX3MI6ZG5BByPucEtCSZ50Ua56Np13JB0MgUkaPU1zzoOhZBbtsz4FXiZORAspQ96yvbi+iScBCoIIo1XHsGNyUSOBUsIlZ6iaKxYSOyIB1NA1JwJSbzj+Y4JJWergfSV0h4Llq/ppISaDUOPB1Z0BgqJa9mfif10mgf+2mPIwTYCFdLOonAkOEZ3HgHpeMghhrQqjk+lhMh0QSCjo0U6fgLP+8SpqVsnNZvrirFKq1LI88OkVn6Bw56ApV0S2qowaiaIKe0St6M56MF+Pd+Fi05oxs5hj9gfH5A9LYldI=</latexit>

B0 ! Bt <latexit sha1_base64="UEM25H/FFoWC6aQ19NgaSY3bsPk=">AAAB9XicbVBNS8NAEJ3Urxq/qh69LLYFTyUpoh6LXjxWsB/QhrLZbtqlu0nc3Sgh9Hd4EhTEqz/Gk//GbZuDtj4YeLw3w8w8P+ZMacf5tgpr6xubW8Vte2d3b/+gdHjUVlEiCW2RiEey62NFOQtpSzPNaTeWFAuf044/uZn5nUcqFYvCe53G1BN4FLKAEayN5FX6io0EHmRpOq0MSmWn5syBVombkzLkaA5KX/1hRBJBQ004VqrnOrH2Miw1I5xO7Wo/UTTGZIJHtGdoiAVVXja/eoqqRhmiIJKmQo3mqv1rIsNCqVT4plNgPVbL3kz8z+slOrjyMhbGiaYhWSwKEo50hGYRoCGTlGieGoKJZOZYRMZYYqJNULZJwV3+eZW06zX3onZ+Vy83rvM8inACp3AGLlxCA26hCS0g8ADP8Apv1pP1Yr1bH4vWgpXPHMMfWJ8/BhKSLA==</latexit>�yy

<latexit sha1_base64="vGLAISI8XMx1KoOmGoju4o3Udms=">AAAB9XicbVBNS8NAEJ3Urxq/qh69BNuCp5IUUY9FLx4r2A9oQ9lsN+3S3U3c3Sht6O/wJCiIV3+MJ/+N2zYHbX0w8Hhvhpl5Qcyo0q77beXW1jc2t/Lb9s7u3v5B4fCoqaJEYtLAEYtkO0CKMCpIQ1PNSDuWBPGAkVYwupn5rUciFY3EvR7HxOdoIGhIMdJG8ktdRQcc9dLJZFrqFYpuxZ3DWSVeRoqQod4rfHX7EU44ERozpFTHc2Ptp0hqihmZ2uVuokiM8AgNSMdQgThRfjq/euqUjdJ3wkiaEtqZq/aviRRxpcY8MJ0c6aFa9mbif14n0eGVn1IRJ5oIvFgUJszRkTOLwOlTSbBmY0MQltQc6+AhkghrE5RtUvCWf14lzWrFu6ic31WLtessjzycwCmcgQeXUINbqEMDMDzAM7zCm/VkvVjv1seiNWdlM8fwB9bnDwkhki4=</latexit>�zz

<latexit sha1_base64="qjlK7HryDCX1kd8TZrv1iP5JpTM=">AAAB83icbVDLSsNAFJ34rPFVdelmsC24KkkRdVl047KCfUAaymQ6aYdOZsI8xBD6Ga4EBXHr17jyb5y2WWjrgQuHc+7l3nuilFGlPe/bWVvf2NzaLu24u3v7B4flo+OOEkZi0saCCdmLkCKMctLWVDPSSyVBScRIN5rczvzuI5GKCv6gs5SECRpxGlOMtJWCal8jM8ifsml1UK54dW8OuEr8glRAgdag/NUfCmwSwjVmSKnA91Id5khqihmZurW+USRFeIJGJLCUo4SoMJ/fPIU1qwxhLKQtruFcdX9N5ChRKksi25kgPVbL3kz8zwuMjq/DnPLUaMLxYlFsGNQCzgKAQyoJ1iyzBGFJ7bEQj5FEWNuYXJuCv/zzKuk06v5l/eK+UWneFHmUwCk4A+fAB1egCe5AC7QBBgI8g1fw5hjnxXl3Phata04xcwL+wPn8AYNykVA=</latexit>⌧xy

<latexit sha1_base64="g0t9/SZ4XNysWzGTDILbaqf66QA=">AAAB8nicbVBNS8NAEJ3Urxq/qh69LLYFTyEpfl2EohePFWwrtqFstpt26WYTdjdCCf0XngQF8eq/8eS/cdvmoK0PBh7vzTAzL0g4U9p1v63Cyura+kZx097a3tndK+0ftFScSkKbJOaxfAiwopwJ2tRMc/qQSIqjgNN2MLqZ+u0nKhWLxb0eJ9SP8ECwkBGsjfRY6Yr0ynVqZ5Veqew67gxomXg5KUOORq/01e3HJI2o0IRjpTqem2g/w1IzwunErnZTRRNMRnhAO4YKHFHlZ7OTJ6hqlD4KY2lKaDRT7V8TGY6UGkeB6YywHqpFbyr+53VSHV76GRNJqqkg80VhypGO0fR/1GeSEs3HhmAimTkWkSGWmGiTkm1S8BZ/XiatmuOdO6d3tXL9Os+jCEdwDCfgwQXU4RYa0AQCAp7hFd4sbb1Y79bHvLVg5TOH8AfW5w/LHo+Z</latexit>

⌫ = 0.25

<latexit sha1_base64="UEM25H/FFoWC6aQ19NgaSY3bsPk=">AAAB9XicbVBNS8NAEJ3Urxq/qh69LLYFTyUpoh6LXjxWsB/QhrLZbtqlu0nc3Sgh9Hd4EhTEqz/Gk//GbZuDtj4YeLw3w8w8P+ZMacf5tgpr6xubW8Vte2d3b/+gdHjUVlEiCW2RiEey62NFOQtpSzPNaTeWFAuf044/uZn5nUcqFYvCe53G1BN4FLKAEayN5FX6io0EHmRpOq0MSmWn5syBVombkzLkaA5KX/1hRBJBQ004VqrnOrH2Miw1I5xO7Wo/UTTGZIJHtGdoiAVVXja/eoqqRhmiIJKmQo3mqv1rIsNCqVT4plNgPVbL3kz8z+slOrjyMhbGiaYhWSwKEo50hGYRoCGTlGieGoKJZOZYRMZYYqJNULZJwV3+eZW06zX3onZ+Vy83rvM8inACp3AGLlxCA26hCS0g8ADP8Apv1pP1Yr1bH4vWgpXPHMMfWJ8/BhKSLA==</latexit>�yy

Hyperelastic solids – Isotropic – Food for thought
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Isotropic elastic material under uniaxial compression

<latexit sha1_base64="2ttUgDmoKGOWGjn6hh8mwW0AHS8=">AAACAXicbVDLSgNBEJyNr7i+Vj148DKYBDyF3SDqMcSLxwjmAcmyzE4myZDZBzO9SliSi5/iSVAQr36GJ//GSbIHTSxoKKq66e7yY8EV2Pa3kVtb39jcym+bO7t7+wfW4VFTRYmkrEEjEcm2TxQTPGQN4CBYO5aMBL5gLX90M/NbD0wqHoX3MI6ZG5BByPucEtCSZ50Ua56Np13JB0MgUkaPU1zzoOhZBbtsz4FXiZORAspQ96yvbi+iScBCoIIo1XHsGNyUSOBUsIlZ6iaKxYSOyIB1NA1JwJSbzj+Y4JJWergfSV0h4Llq/ppISaDUOPB1Z0BgqJa9mfif10mgf+2mPIwTYCFdLOonAkOEZ3HgHpeMghhrQqjk+lhMh0QSCjo0U6fgLP+8SpqVsnNZvrirFKq1LI88OkVn6Bw56ApV0S2qowaiaIKe0St6M56MF+Pd+Fi05oxs5hj9gfH5A9LYldI=</latexit>

B0 ! Bt

<latexit sha1_base64="g0t9/SZ4XNysWzGTDILbaqf66QA=">AAAB8nicbVBNS8NAEJ3Urxq/qh69LLYFTyEpfl2EohePFWwrtqFstpt26WYTdjdCCf0XngQF8eq/8eS/cdvmoK0PBh7vzTAzL0g4U9p1v63Cyura+kZx097a3tndK+0ftFScSkKbJOaxfAiwopwJ2tRMc/qQSIqjgNN2MLqZ+u0nKhWLxb0eJ9SP8ECwkBGsjfRY6Yr0ynVqZ5Veqew67gxomXg5KUOORq/01e3HJI2o0IRjpTqem2g/w1IzwunErnZTRRNMRnhAO4YKHFHlZ7OTJ6hqlD4KY2lKaDRT7V8TGY6UGkeB6YywHqpFbyr+53VSHV76GRNJqqkg80VhypGO0fR/1GeSEs3HhmAimTkWkSGWmGiTkm1S8BZ/XiatmuOdO6d3tXL9Os+jCEdwDCfgwQXU4RYa0AQCAp7hFd4sbb1Y79bHvLVg5TOH8AfW5w/LHo+Z</latexit>

⌫ = 0.25
<latexit sha1_base64="IJuH2w7BExWPuXhp+kg7p9/Lxm4=">AAAB8HicbVBNS8NAEJ3Urxq/qh69BNuCp5IUUY9FLx4r2A9oQ5lsN+3SzSbsboQS+ic8CQri1b/jyX/jts1BWx8MPN6bYWZekHCmtOt+W4WNza3tneKuvbd/cHhUOj5pqziVhLZIzGPZDVBRzgRtaaY57SaSYhRw2gkmd3O/80SlYrF41NOE+hGOBAsZQW2kbqWPPBljZVAquzV3AWedeDkpQ47moPTVH8YkjajQhKNSPc9NtJ+h1IxwOrOr/VTRBMkER7RnqMCIKj9bHDxzqkYZOmEsTQntLFT710SGkVLTKDCdEeqxWvXm4n9eL9XhjZ8xkaSaCrJcFKbc0bEz/94ZMkmJ5lNDkEhmjnXIGCUSbTKyTQre6s/rpF2veVe1y4d6uXGb51GEMziHC/DgGhpwD01oAQEOz/AKb5a0Xqx362PZWrDymVP4A+vzB6+dj6Y=</latexit>↵
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Hyperelastic solids – Isotropic – Food for thought

<latexit sha1_base64="P2SR4DhgPP04Lb75lb4gWECd5WU=">AAAB83icbVBNS8NAEJ3Urxq/qh69LLYFTyUpoh6LXjxWsB+QhrLZbtulm03Y3UhL6M/wJCiIV3+NJ/+NmzYHbX0w8Hhvhpl5QcyZ0o7zbRU2Nre2d4q79t7+weFR6fikraJEEtoiEY9kN8CKciZoSzPNaTeWFIcBp51gcpf5nScqFYvEo57F1A/xSLAhI1gbyavYzX46nc7tit0vlZ2aswBaJ25OypCj2S999QYRSUIqNOFYKc91Yu2nWGpGOJ3b1V6iaIzJBI+oZ6jAIVV+urh5jqpGGaBhJE0JjRaq/WsixaFSszAwnSHWY7XqZeJ/npfo4Y2fMhEnmgqyXDRMONIRygJAAyYp0XxmCCaSmWMRGWOJiTYxZSm4qz+vk3a95l7VLh/q5cZtnkcRzuAcLsCFa2jAPTShBQQieIZXeLMS68V6tz6WrQUrnzmFP7A+fwCjFJAX</latexit>

Pxx

<latexit sha1_base64="+ahdu/ALMsiWxEfAqp1ZZ05qvfM=">AAAB/HicbVDLSsNAFJ3UV42vWJduBtuCq5IUUTdC0Y3LCvYBbQiT6aQdOnkwMxHTED/FlaAgbv0RV/6NkzYLbT1wuYdz7mXuHDdiVEjT/NZKa+sbm1vlbX1nd2//wDisdEUYc0w6OGQh77tIEEYD0pFUMtKPOEG+y0jPnd7kfu+BcEHD4F4mEbF9NA6oRzGSSnKMSk1vO2mSZFeqzWaZXtMdo2o2zDngKrEKUgUF2o7xNRyFOPZJIDFDQgwsM5J2irikmJFMrw9jQSKEp2hMBooGyCfCTufHZ7CulBH0Qq4qkHCu6r82UuQLkfiumvSRnIhlLxf/8wax9C7tlAZRLEmAFw95MYMyhHkScEQ5wZIliiDMqToW4gniCEuVV56CtfznVdJtNqzzxtlds9q6LvIog2NwAk6BBS5AC9yCNugADB7BM3gFb9qT9qK9ax+L0ZJW7ByBP9A+fwCXNZNo</latexit>

Pyy = Pzz

DIY



Any questions?
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Lecture 8 – Hyperelastic solids


