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ME 597 – Solid Mechanics II

Lecture 9
Hyperelastic solids

Stability and linearized equations
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Review: Incompressible hyperelastic materials

Ogden model

Hyperelastic solids - Isotropic

<latexit sha1_base64="s5HxjiaNm55bUQKTBOtidFHtx5I="></latexit>
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Note: incompressibility is an internal constraint (or kinematic 
constraint) of the material

<latexit sha1_base64="/GEpvRH1M1dA4elpHwNH14Z8wXA=">AAACDHicbZDLSsNAFIYn9VbjLerSzdALuKpJFXUjFN24rGAv0IYwmUzaoZMLMxOhhO5d+SiuBAVx6wu48m2ctClo6w8DH/85hzPnd2NGhTTNb62wsrq2vlHc1Le2d3b3jP2DtogSjkkLRyziXRcJwmhIWpJKRroxJyhwGem4o5us3nkgXNAovJfjmNgBGoTUpxhJZTlGqaL3mWr3kHN6ZZ3M2ZpDvaI7RtmsmVPBZbByKINcTcf46nsRTgISSsyQED3LjKWdIi4pZmSiV/uJIDHCIzQgPYUhCoiw0+kxE1hVjgf9iKsXSjh19V8TKQqEGAeu6gyQHIrFWmb+V+sl0r+0UxrGiSQhni3yEwZlBLNkoEc5wZKNFSDMqfosxEPEEZYqvywFa/HmZWjXa9Z57eyuXm5c53kUwREogWNggQvQALegCVoAg0fwDF7Bm/akvWjv2sestaDlM4fgj7TPHxeSmRQ=</latexit>

�3 = 1/�1�2

<latexit sha1_base64="bU9022hQWu6+HROiey4gUHu5AT0="></latexit>

µ = 1
2

PN
p=1 µp↵p with µp↵p > 0Limit of infinitesimal deformations:

shear modulus

neo-Hookean materials
<latexit sha1_base64="oFAbnn2pQw5zIaTmI2uVZltRrGA=">AAACBHicbVDLSsNAFJ3UV42vqDvdDLaFFrQkVdSNUHRjdxXsA9oQJtNpO3QyCTMToYSCKz/FlaAgbv0JV/6NSZuFth64cOace5l7jxswKpVpfmuZpeWV1bXsur6xubW9Y+zuNaUfCkwa2Ge+aLtIEkY5aSiqGGkHgiDPZaTljm4Sv/VAhKQ+v1fjgNgeGnDapxipWHKMg7zeKtYc67jmVEpX2LGSx8lpSc/rjpEzy+YUcJFYKcmBFHXH+Or2fBx6hCvMkJQdywyUHSGhKGZkohe6oSQBwiM0IJ2YcuQRaUfTIyawECs92PdFXFzBqar/moiQJ+XYc+NOD6mhnPcS8T+vE6r+pR1RHoSKcDz7qB8yqHyYJAJ7VBCs2DgmCAsaLwvxEAmEVZxbkoI1f/MiaVbK1nn57K6Sq16neWTBITgCRWCBC1AFt6AOGgCDR/AMXsGb9qS9aO/ax6w1o6Uz++APtM8fkBaTiA==</latexit>

W (I1, I2) = c1(I1 � 3)
<latexit sha1_base64="jRwCWa4q4nLTfyRoHe2Dl4lKWwI=">AAAB9nicbVDLSgNBEOyNr7i+oh69DCaBiBB2g0QvQlAEjxHMA5J1mZ1MkiGzD2ZmxbDkPzwJCuLVf/Hk3zhJ9qCJBQ1FVTfdXV7EmVSW9W1kVlbX1jeym+bW9s7uXm7/oCnDWBDaICEPRdvDknIW0IZiitN2JCj2PU5b3uh66rceqZAsDO7VOKKOjwcB6zOClZYeCjeX1RJx7VPiVk4Kbi5vla0Z0DKxU5KHFHU399XthST2aaAIx1J2bCtSToKFYoTTiVnsxpJGmIzwgHY0DbBPpZPMzp6golZ6qB8KXYFCM9X8NZFgX8qx7+lOH6uhXPSm4n9eJ1b9CydhQRQrGpD5on7MkQrRNAPUY4ISxceaYCKYPhaRIRaYKJ2UqVOwF39eJs1K2a6Wz+4q+dpVmkcWjuAYSmDDOdTgFurQAAICnuEV3own48V4Nz7mrRkjnTmEPzA+fwCzhZCb</latexit>

E = 6(c1 + c2)
shear modulus Young’s modulus

<latexit sha1_base64="MztBEZW6fl/sWdfbMV9LRB+V+gw=">AAAB+nicbVDLSsNAFJ3UV42vqEs3g22hIpQkiLoRim5cVrAPaEOYTCft0MkkzEwKJfZPXAkK4tY/ceXfOG2z0NYDFw7n3Mu99wQJo1LZ9rdRWFvf2Nwqbps7u3v7B9bhUUvGqcCkiWMWi06AJGGUk6aiipFOIgiKAkbawehu5rfHREga80c1SYgXoQGnIcVIacm3rHIvSm/cKvadc+y7Z2XfKtk1ew64SpyclECOhm999foxTiPCFWZIyq5jJ8rLkFAUMzI1K71UkgThERqQrqYcRUR62fz0KaxopQ/DWOjiCs5V89dEhiIpJ1GgOyOkhnLZm4n/ed1UhddeRnmSKsLxYlGYMqhiOMsB9qkgWLGJJggLqo+FeIgEwkqnZeoUnOWfV0nLrTmXtYsHt1S/zfMoghNwCqrAAVegDu5BAzQBBmPwDF7Bm/FkvBjvxseitWDkM8fgD4zPH/bQkdU=</latexit>

µ = 2(c1 + c2)Limit of infinitesimal deformations:

Note: Pressure is introduced as a Lagrange multiplier and determined from boundary conditions.

Moony-Rivlin materials
<latexit sha1_base64="xCGikab+ieCeGH3j0DeFeNKHDEk=">AAACD3icbZDLSsNAFIYn9VbjLerSTbAttKgliaJuhKIbu6tgL9CGMJlO2qGTCzMToYQ+gSsfxZWgIG5du/JtnLRZaOsPA9/85xxmzu9GlHBhGN9Kbml5ZXUtv65ubG5t72i7ey0exgzhJgppyDou5JiSADcFERR3Ioah71Lcdkc3ab39gBknYXAvxhG2fTgIiEcQFNJytFJRbZfrjnlcd6zKFXLM9HJyWjlCjiXRkqgWVUcrGFVjKn0RzAwKIFPD0b56/RDFPg4EopDzrmlEwk4gEwRRPFFLvZjjCKIRHOCuxAD6mNvJdJ+JXpJOX/dCJk8g9Kmr/ppIoM/52Hdlpw/FkM/XUvO/WjcW3qWdkCCKBQ7Q7CEvproI9TQcvU8YRoKOJUDEiPysjoaQQSRkhGkK5vzOi9CyquZ59ezOKtSuszzy4AAcgjIwwQWogVvQAE2AwCN4Bq/gTXlSXpR35WPWmlOymX3wR8rnD4jAlqA=</latexit>

W (I1, I2) = c1(I1 � 3) + c2(I2 � 3)



Inflation of a spherical (incompressible rubber) balloon

Hyperelastic solids - Isotropic

“It has been reposted […] that 
smartphone barometers are 

good enough for real physics 
experiments”

Source: Julien Vandermarlière , “On the inflation of a rubber balloon”
The Physics Teacher 54, 566-567 (2016)



Inflation of a spherical (incompressible rubber) balloon

Hyperelastic solids - Isotropic

Spherical inflation mode
<latexit sha1_base64="LIuKJato/D4EyJtNJG/oMjRBei0=">AAACDnicbVDLSsNAFJ3UV42vqEs3wbbgqiRF1E2h6MZlFfuAJoTJZNIOnUzCzEQoIT/gyk9xJSiIW/eu/BsnbQVtPTBwOOdc7tzjJ5QIaVlfWmlldW19o7ypb23v7O4Z+wddEacc4Q6Kacz7PhSYEoY7kkiK+wnHMPIp7vnjq8Lv3WMuSMzu5CTBbgSHjIQEQakkz6hWdYeqeAA9u/nDGk0n5BBlPM9uc72qe0bFqltTmMvEnpMKmKPtGZ9OEKM0wkwiCoUY2FYi3QxySRDFuV5zUoETiMZwiAeKMhhh4WbTc3KzppTADGOuHpPmVNV/TWQwEmIS+SoZQTkSi14h/ucNUhleuBlhSSoxQ7NFYUpNGZtFN2ZAOEaSThSBiBP1WRONoGpCqgaLFuzFm5dJt1G3z+qnN41K63LeRxkcgWNwAmxwDlrgGrRBByDwAJ7AC3jVHrVn7U17n0VL2nzmEPyB9vENbs2abA==</latexit>

�1 = �2 = r
R

Uniform for
thin walls

<latexit sha1_base64="HNE+J310WbADrQe+xnL4VraCmOY=">AAACCnicbVDLSsNAFJ3UV42vqEs3g23BVUmKqMuiG5cV7AOaECbTaTt0ZhJmJkIJ3bryU1wJCuLWP3Dl3zhps9DWAxcO59zLvfdECaNKu+63VVpb39jcKm/bO7t7+wfO4VFHxanEpI1jFstehBRhVJC2ppqRXiIJ4hEj3Whyk/vdByIVjcW9niYk4Ggk6JBipI0UOrBq+4qOOAol9BmBSehzpMeSZ4jKmV21Q6fi1t054CrxClIBBVqh8+UPYpxyIjRmSKm+5yY6yJDUFDMys2t+qkiC8ASNSN9QgThRQTZ/ZQZrRhnAYSxNCQ3nqv1rIkNcqSmPTGd+p1r2cvE/r5/q4VWQUZGkmgi8WDRMGdQxzHOBAyoJ1mxqCMKSmmMhHiOJsDbp5Sl4yz+vkk6j7l3Uz+8aleZ1kUcZnIBTcAY8cAma4Ba0QBtg8AiewSt4s56sF+vd+li0lqxi5hj8gfX5A+S8mRY=</latexit>

�r  pair

<latexit sha1_base64="CZvfAJ/Qs4Vy+Ay+sPX4jX+0x60=">AAAB/XicbVDLSgMxFM3UVx1fo126CbYFV2WmiLosunFZwT6gHYZMmmlDk8yQZIQyFD/FlaAgbv0QV/6NmXYW2nogcDjnXu7JCRNGlXbdb6u0sbm1vVPetff2Dw6PnOOTropTiUkHxyyW/RApwqggHU01I/1EEsRDRnrh9Db3e49EKhqLBz1LiM/RWNCIYqSNFDiVmp0EQ470RPIMUTm3a3bgVN2GuwBcJ15BqqBAO3C+hqMYp5wIjRlSauC5ifYzJDXFjMzt+jBVJEF4isZkYKhAnCg/W6Sfw7pRRjCKpXlCw4Vq/9rIEFdqxkMzmedUq14u/ucNUh1d+xkVSaqJwMtDUcqgjmFeBRxRSbBmM0MQltSEhXiCJMLaFJa34K3+eZ10mw3vsnFx36y2boo+yuAUnIFz4IEr0AJ3oA06AIMZeAav4M16sl6sd+tjOVqyip0K+APr8wd4u5Pp</latexit>pair
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<latexit sha1_base64="fjEeMGu9YFh15kDVbkcbth6ASC4=">AAAB9HicbVBNS8NAEJ34WeNX1aOXxbbgqSRF1GPRi8cK9gOaUDbbTbt0swm7m0IJ/RueBAXx6p/x5L9x0+agrQ8GHu/NMDMvSDhT2nG+rY3Nre2d3dKevX9weHRcPjntqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3Od+d0qlYrF40rOE+hEeCRYygrWRvKqtkcc5knbVHpQrTt1ZAK0TtyAVKNAalL+8YUzSiApNOFaq7zqJ9jMsNSOczu2alyqaYDLBI9o3VOCIKj9bHD1HNaMMURhLU0KjhWr/mshwpNQsCkxnhPVYrXq5+J/XT3V462dMJKmmgiwXhSlHOkZ5AmjIJCWazwzBRDJzLCJjLDHRJqc8BXf153XSadTd6/rVY6PSvCvyKME5XMAluHADTXiAFrSBQALP8Apv1tR6sd6tj2XrhlXMnMEfWJ8/a/KP5A==</latexit>

t ⌧ r

<latexit sha1_base64="+KoZRyGaIIin6tlh/50GWjil8PY=">AAACCnicbVDLSsNAFJ3UV42vqEs3g23BVUmKqMuiG5cV7AOaECbTSTp0JgkzE6GEbl35Ka4EBXHrH7jyb5y0WWjrgQuHc+7l3nuClFGpbPvbqKytb2xuVbfNnd29/QPr8Kgnk0xg0sUJS8QgQJIwGpOuooqRQSoI4gEj/WByU/j9ByIkTeJ7NU2Jx1EU05BipLTkW7BuupJGHPkKulEEU9/lSI0FzxEVM7Nu+lbNbtpzwFXilKQGSnR868sdJTjjJFaYISmHjp0qL0dCUczIzGy4mSQpwhMUkaGmMeJEevn8lRlsaGUEw0ToihWcq+aviRxxKac80J3FnXLZK8T/vGGmwisvp3GaKRLjxaIwY1AlsMgFjqggWLGpJggLqo+FeIwEwkqnV6TgLP+8SnqtpnPRPL9r1drXZR5VcAJOwRlwwCVog1vQAV2AwSN4Bq/gzXgyXox342PRWjHKmWPwB8bnD+MomRU=</latexit>

�t � pair

Source: Harold Alexander, “Tensile instability of initially spherical balloons”, Int. J. Engng Sci. Vol. 9, 15I-162, 1971.

<latexit sha1_base64="F2MH50OcnovzNNgq5HaffPqu5D8=">AAACBnicbVDJSgNBEO1xjeM26lEPjUkgXsJMEPUYzMWLEMEskAyhptOTNOlZ6O4RhiEXT36KJ0FBvPoPnvwbO8tBEx8UPN6roqqeF3MmlW1/Gyura+sbm7ktc3tnd2/fOjhsyigRhDZIxCPR9kBSzkLaUExx2o4FhcDjtOWNahO/9UCFZFF4r9KYugEMQuYzAkpLPeukBgkZplgqQaXEha5kgwAKuHRbh7OelbfL9hR4mThzkkdz1HvWV7cfkSSgoSIcpOw4dqzcDIRihNOxWewmksZARjCgHU1DCKh0s+kbY1zUSh/7kdAVKjxVzV8TGQRSpoGnOwNQQ7noTcT/vE6i/Cs3Y2GcKBqS2SI/4VhFeJIJ7jNBieKpJkAE08diMgQBROnkTJ2Cs/jzMmlWys5F+fyukq9ez/PIoWN0ikrIQZeoim5QHTUQQY/oGb2iN+PJeDHejY9Z64oxnzlCf2B8/gDIFJda</latexit> C
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<latexit sha1_base64="4uVx9xGf9p30K57MVgV2bAeKxWI=">AAAB+3icbVDLSsNAFJ34rPWV6tLNYFtwVZIi6rLoxmVF+4A2lMlk0g6dTMLMjVJCP8WVoCBu/RJX/o3TNgttPTBwOOce7p3jJ4JrcJxva219Y3Nru7BT3N3bPzi0S0dtHaeKshaNRay6PtFMcMlawEGwbqIYiXzBOv74ZuZ3HpnSPJYPMEmYF5Gh5CGnBIw0sEv3oBjQEa70hUkFpDKwy07NmQOvEjcnZZSjObC/+kFM04hJoIJo3XOdBLyMKOBUsGmx2k81SwgdkyHrGSpJxLSXzW+f4qpRAhzGyjwJeK4WfyUyEmk9iXwzGREY6WVvJv7n9VIIr7yMyyQFJuliUZgKDDGeFYEDrhgFMTGEUMXNsZiOiCIUTF1F04K7/OdV0q7X3Iva+V293LjO+yigE3SKzpCLLlED3aImaiGKntAzekVv1tR6sd6tj8XompVnjtEfWJ8/sreTiQ==</latexit>

Stretch �
<latexit sha1_base64="4uVx9xGf9p30K57MVgV2bAeKxWI=">AAAB+3icbVDLSsNAFJ34rPWV6tLNYFtwVZIi6rLoxmVF+4A2lMlk0g6dTMLMjVJCP8WVoCBu/RJX/o3TNgttPTBwOOce7p3jJ4JrcJxva219Y3Nru7BT3N3bPzi0S0dtHaeKshaNRay6PtFMcMlawEGwbqIYiXzBOv74ZuZ3HpnSPJYPMEmYF5Gh5CGnBIw0sEv3oBjQEa70hUkFpDKwy07NmQOvEjcnZZSjObC/+kFM04hJoIJo3XOdBLyMKOBUsGmx2k81SwgdkyHrGSpJxLSXzW+f4qpRAhzGyjwJeK4WfyUyEmk9iXwzGREY6WVvJv7n9VIIr7yMyyQFJuliUZgKDDGeFYEDrhgFMTGEUMXNsZiOiCIUTF1F04K7/OdV0q7X3Iva+V293LjO+yigE3SKzpCLLlED3aImaiGKntAzekVv1tR6sd6tj8XompVnjtEfWJ8/sreTiQ==</latexit>

Stretch �

<latexit sha1_base64="/MAJJTu91zGWW2f8oIHp3i3D/8Q=">AAACC3icbVDLSsNAFJ34rPEVdelmtCnUTUmKqMuiG91VsA9oY5lMJ+3QySTMTIQSunblp7gSFMStX+DKv3GaZqGtBwYO59zDnXv8mFGpHOfbWFpeWV1bL2yYm1vbO7vW3n5TRonApIEjFom2jyRhlJOGooqRdiwICn1GWv7oauq3HoiQNOJ3ahwTL0QDTgOKkdJSzzq64QHLONQ5KRNBoB3bsGy7zn3VrqOTnlV0Kk4GuEjcnBRBjnrP+ur2I5yEhCvMkJQd14mVlyKhKGZkYpa6iSQxwiM0IB1NOQqJ9NLslgksaaUPg0joxxXMVPNXIkWhlOPQ15MhUkM5703F/7xOooILL6U8ThTheLYoSBhUEZwWA/tUEKzYWBOEBdWfhXiIBMJK12fqFtz5mxdJs1pxzyqnt9Vi7TLvowAOwTEoAxecgxq4BnXQABg8gmfwCt6MJ+PFeDc+ZqNLRp45AH9gfP4ATHeYlw==</latexit> In
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<latexit sha1_base64="qa14hGZ4iV1KlEs1P5hanMNOQmg="></latexit>

�11 = �22 = pairr
2t



Inflation of a spherical (incompressible rubber) balloon

Hyperelastic solids - Isotropic

Spherical inflation mode
<latexit sha1_base64="LIuKJato/D4EyJtNJG/oMjRBei0=">AAACDnicbVDLSsNAFJ3UV42vqEs3wbbgqiRF1E2h6MZlFfuAJoTJZNIOnUzCzEQoIT/gyk9xJSiIW/eu/BsnbQVtPTBwOOdc7tzjJ5QIaVlfWmlldW19o7ypb23v7O4Z+wddEacc4Q6Kacz7PhSYEoY7kkiK+wnHMPIp7vnjq8Lv3WMuSMzu5CTBbgSHjIQEQakkz6hWdYeqeAA9u/nDGk0n5BBlPM9uc72qe0bFqltTmMvEnpMKmKPtGZ9OEKM0wkwiCoUY2FYi3QxySRDFuV5zUoETiMZwiAeKMhhh4WbTc3KzppTADGOuHpPmVNV/TWQwEmIS+SoZQTkSi14h/ucNUhleuBlhSSoxQ7NFYUpNGZtFN2ZAOEaSThSBiBP1WRONoGpCqgaLFuzFm5dJt1G3z+qnN41K63LeRxkcgWNwAmxwDlrgGrRBByDwAJ7AC3jVHrVn7U17n0VL2nzmEPyB9vENbs2abA==</latexit>

�1 = �2 = r
R

Uniform for
thin walls

<latexit sha1_base64="HNE+J310WbADrQe+xnL4VraCmOY=">AAACCnicbVDLSsNAFJ3UV42vqEs3g23BVUmKqMuiG5cV7AOaECbTaTt0ZhJmJkIJ3bryU1wJCuLWP3Dl3zhps9DWAxcO59zLvfdECaNKu+63VVpb39jcKm/bO7t7+wfO4VFHxanEpI1jFstehBRhVJC2ppqRXiIJ4hEj3Whyk/vdByIVjcW9niYk4Ggk6JBipI0UOrBq+4qOOAol9BmBSehzpMeSZ4jKmV21Q6fi1t054CrxClIBBVqh8+UPYpxyIjRmSKm+5yY6yJDUFDMys2t+qkiC8ASNSN9QgThRQTZ/ZQZrRhnAYSxNCQ3nqv1rIkNcqSmPTGd+p1r2cvE/r5/q4VWQUZGkmgi8WDRMGdQxzHOBAyoJ1mxqCMKSmmMhHiOJsDbp5Sl4yz+vkk6j7l3Uz+8aleZ1kUcZnIBTcAY8cAma4Ba0QBtg8AiewSt4s56sF+vd+li0lqxi5hj8gfX5A+S8mRY=</latexit>

�r  pair

5

<latexit sha1_base64="fjEeMGu9YFh15kDVbkcbth6ASC4=">AAAB9HicbVBNS8NAEJ34WeNX1aOXxbbgqSRF1GPRi8cK9gOaUDbbTbt0swm7m0IJ/RueBAXx6p/x5L9x0+agrQ8GHu/NMDMvSDhT2nG+rY3Nre2d3dKevX9weHRcPjntqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3Od+d0qlYrF40rOE+hEeCRYygrWRvKqtkcc5knbVHpQrTt1ZAK0TtyAVKNAalL+8YUzSiApNOFaq7zqJ9jMsNSOczu2alyqaYDLBI9o3VOCIKj9bHD1HNaMMURhLU0KjhWr/mshwpNQsCkxnhPVYrXq5+J/XT3V462dMJKmmgiwXhSlHOkZ5AmjIJCWazwzBRDJzLCJjLDHRJqc8BXf153XSadTd6/rVY6PSvCvyKME5XMAluHADTXiAFrSBQALP8Apv1tR6sd6tj2XrhlXMnMEfWJ8/a/KP5A==</latexit>

t ⌧ r

<latexit sha1_base64="+KoZRyGaIIin6tlh/50GWjil8PY=">AAACCnicbVDLSsNAFJ3UV42vqEs3g23BVUmKqMuiG5cV7AOaECbTSTp0JgkzE6GEbl35Ka4EBXHrH7jyb5y0WWjrgQuHc+7l3nuClFGpbPvbqKytb2xuVbfNnd29/QPr8Kgnk0xg0sUJS8QgQJIwGpOuooqRQSoI4gEj/WByU/j9ByIkTeJ7NU2Jx1EU05BipLTkW7BuupJGHPkKulEEU9/lSI0FzxEVM7Nu+lbNbtpzwFXilKQGSnR868sdJTjjJFaYISmHjp0qL0dCUczIzGy4mSQpwhMUkaGmMeJEevn8lRlsaGUEw0ToihWcq+aviRxxKac80J3FnXLZK8T/vGGmwisvp3GaKRLjxaIwY1AlsMgFjqggWLGpJggLqo+FeIwEwkqnV6TgLP+8SnqtpnPRPL9r1drXZR5VcAJOwRlwwCVog1vQAV2AwSN4Bq/gzXgyXox342PRWjHKmWPwB8bnD+MomRU=</latexit>

�t � pair

DIY

<latexit sha1_base64="CZvfAJ/Qs4Vy+Ay+sPX4jX+0x60=">AAAB/XicbVDLSgMxFM3UVx1fo126CbYFV2WmiLosunFZwT6gHYZMmmlDk8yQZIQyFD/FlaAgbv0QV/6NmXYW2nogcDjnXu7JCRNGlXbdb6u0sbm1vVPetff2Dw6PnOOTropTiUkHxyyW/RApwqggHU01I/1EEsRDRnrh9Db3e49EKhqLBz1LiM/RWNCIYqSNFDiVmp0EQ470RPIMUTm3a3bgVN2GuwBcJ15BqqBAO3C+hqMYp5wIjRlSauC5ifYzJDXFjMzt+jBVJEF4isZkYKhAnCg/W6Sfw7pRRjCKpXlCw4Vq/9rIEFdqxkMzmedUq14u/ucNUh1d+xkVSaqJwMtDUcqgjmFeBRxRSbBmM0MQltSEhXiCJMLaFJa34K3+eZ10mw3vsnFx36y2boo+yuAUnIFz4IEr0AJ3oA06AIMZeAav4M16sl6sd+tjOVqyip0K+APr8wd4u5Pp</latexit>pair

<latexit sha1_base64="qa14hGZ4iV1KlEs1P5hanMNOQmg="></latexit>

�11 = �22 = pairr
2t



Inflation of a spherical (incompressible rubber) balloon

Hyperelastic solids - Isotropic

6Source: Holzapfel G.A., “Nonlinear Solid Mechanics”, Wiley, 2000.

<latexit sha1_base64="F2MH50OcnovzNNgq5HaffPqu5D8=">AAACBnicbVDJSgNBEO1xjeM26lEPjUkgXsJMEPUYzMWLEMEskAyhptOTNOlZ6O4RhiEXT36KJ0FBvPoPnvwbO8tBEx8UPN6roqqeF3MmlW1/Gyura+sbm7ktc3tnd2/fOjhsyigRhDZIxCPR9kBSzkLaUExx2o4FhcDjtOWNahO/9UCFZFF4r9KYugEMQuYzAkpLPeukBgkZplgqQaXEha5kgwAKuHRbh7OelbfL9hR4mThzkkdz1HvWV7cfkSSgoSIcpOw4dqzcDIRihNOxWewmksZARjCgHU1DCKh0s+kbY1zUSh/7kdAVKjxVzV8TGQRSpoGnOwNQQ7noTcT/vE6i/Cs3Y2GcKBqS2SI/4VhFeJIJ7jNBieKpJkAE08diMgQBROnkTJ2Cs/jzMmlWys5F+fyukq9ez/PIoWN0ikrIQZeoim5QHTUQQY/oGb2iN+PJeDHejY9Z64oxnzlCf2B8/gDIFJda</latexit> C
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<latexit sha1_base64="4uVx9xGf9p30K57MVgV2bAeKxWI=">AAAB+3icbVDLSsNAFJ34rPWV6tLNYFtwVZIi6rLoxmVF+4A2lMlk0g6dTMLMjVJCP8WVoCBu/RJX/o3TNgttPTBwOOce7p3jJ4JrcJxva219Y3Nru7BT3N3bPzi0S0dtHaeKshaNRay6PtFMcMlawEGwbqIYiXzBOv74ZuZ3HpnSPJYPMEmYF5Gh5CGnBIw0sEv3oBjQEa70hUkFpDKwy07NmQOvEjcnZZSjObC/+kFM04hJoIJo3XOdBLyMKOBUsGmx2k81SwgdkyHrGSpJxLSXzW+f4qpRAhzGyjwJeK4WfyUyEmk9iXwzGREY6WVvJv7n9VIIr7yMyyQFJuliUZgKDDGeFYEDrhgFMTGEUMXNsZiOiCIUTF1F04K7/OdV0q7X3Iva+V293LjO+yigE3SKzpCLLlED3aImaiGKntAzekVv1tR6sd6tj8XompVnjtEfWJ8/sreTiQ==</latexit>

Stretch �

DIY

<latexit sha1_base64="SijyqP4CVbVERgMxBAulrlfvErY=">AAAB/nicbVDLSsNAFJ34rPEVHzs3g23BVUmKqMuiG5cV7AOaUCbTSTt0ZhJmJkINBT/FlaAgbv0PV/6NkzYLbT1w4XDOvdx7T5gwqrTrflsrq2vrG5ulLXt7Z3dv3zk4bKs4lZi0cMxi2Q2RIowK0tJUM9JNJEE8ZKQTjm9yv/NApKKxuNeThAQcDQWNKEbaSH3nuGL7CYV1CUfQV3TIkV2x+07ZrbkzwGXiFaQMCjT7zpc/iHHKidCYIaV6npvoIENSU8zI1K76qSIJwmM0JD1DBeJEBdns/CmsGmUAo1iaEhrOVPvXRIa4UhMemk6O9Egtern4n9dLdXQVZFQkqSYCzxdFKYM6hnkWcEAlwZpNDEFYUnMsxCMkEdYmsTwFb/HnZdKu17yL2vldvdy4LvIogRNwCs6ABy5BA9yCJmgBDB7BM3gFb9aT9WK9Wx/z1hWrmDkCf2B9/gBMd5MZ</latexit>

⇡2rh�

<latexit sha1_base64="GyrV+nDqML6StOYIehtPelm7ZOU=">AAACBXicbVDLSsNAFJ3UV42vqMtuBtuCq5IUUZdFNy4r2Ac0MUymk3boTBJmJkIJXbjyU1wJCuLWj3Dl3zhps9DWAxcO59zLvfcECaNS2fa3UVpb39jcKm+bO7t7+wfW4VFXxqnApINjFot+gCRhNCIdRRUj/UQQxANGesHkOvd7D0RIGkd3apoQj6NRREOKkdKSb1VqpptQKO6bMPFdjtRY8AxRMTNrpm9V7YY9B1wlTkGqoEDbt77cYYxTTiKFGZJy4NiJ8jIkFMWMzMy6m0qSIDxBIzLQNEKcSC+bfzGDda0MYRgLXZGCc9X8NZEhLuWUB7ozv1Mue7n4nzdIVXjpZTRKUkUivFgUpgyqGOaRwCEVBCs21QRhQfWxEI+RQFjp4PIUnOWfV0m32XDOG2e3zWrrqsijDCrgBJwCB1yAFrgBbdABGDyCZ/AK3own48V4Nz4WrSWjmDkGf2B8/gCWnZaw</latexit>

⇡r2pair



Inflation of a spherical (incompressible rubber) balloon

Hyperelastic solids - Isotropic

7Source: Holzapfel G.A., “Nonlinear Solid Mechanics”, Wiley, 2000.

<latexit sha1_base64="4uVx9xGf9p30K57MVgV2bAeKxWI=">AAAB+3icbVDLSsNAFJ34rPWV6tLNYFtwVZIi6rLoxmVF+4A2lMlk0g6dTMLMjVJCP8WVoCBu/RJX/o3TNgttPTBwOOce7p3jJ4JrcJxva219Y3Nru7BT3N3bPzi0S0dtHaeKshaNRay6PtFMcMlawEGwbqIYiXzBOv74ZuZ3HpnSPJYPMEmYF5Gh5CGnBIw0sEv3oBjQEa70hUkFpDKwy07NmQOvEjcnZZSjObC/+kFM04hJoIJo3XOdBLyMKOBUsGmx2k81SwgdkyHrGSpJxLSXzW+f4qpRAhzGyjwJeK4WfyUyEmk9iXwzGREY6WVvJv7n9VIIr7yMyyQFJuliUZgKDDGeFYEDrhgFMTGEUMXNsZiOiCIUTF1F04K7/OdV0q7X3Iva+V293LjO+yigE3SKzpCLLlED3aImaiGKntAzekVv1tR6sd6tj8XompVnjtEfWJ8/sreTiQ==</latexit>

Stretch �

<latexit sha1_base64="/MAJJTu91zGWW2f8oIHp3i3D/8Q=">AAACC3icbVDLSsNAFJ34rPEVdelmtCnUTUmKqMuiG91VsA9oY5lMJ+3QySTMTIQSunblp7gSFMStX+DKv3GaZqGtBwYO59zDnXv8mFGpHOfbWFpeWV1bL2yYm1vbO7vW3n5TRonApIEjFom2jyRhlJOGooqRdiwICn1GWv7oauq3HoiQNOJ3ahwTL0QDTgOKkdJSzzq64QHLONQ5KRNBoB3bsGy7zn3VrqOTnlV0Kk4GuEjcnBRBjnrP+ur2I5yEhCvMkJQd14mVlyKhKGZkYpa6iSQxwiM0IB1NOQqJ9NLslgksaaUPg0joxxXMVPNXIkWhlOPQ15MhUkM5703F/7xOooILL6U8ThTheLYoSBhUEZwWA/tUEKzYWBOEBdWfhXiIBMJK12fqFtz5mxdJs1pxzyqnt9Vi7TLvowAOwTEoAxecgxq4BnXQABg8gmfwCt6MJ+PFeDc+ZqNLRp45AH9gfP4ATHeYlw==</latexit> In
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at
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DIY

Questions …
How is the experiment carried out?

Is it a load-controlled or a 
displacement-controlled experiment?

What is a (stable) equilibrium 
configuration? 
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Static equilibrium – Stability
- Principle of stationary potential energy:

Given the set of admissible displacement fields for a conservative 
system, an equilibrium state will correspond to one for which the 
potential energy is stationary

- Stable solution? 
A stationary point could be a minimum, a maximum or a saddle point.

reference 
configuration

deformed 
configuration

CONTINUOUS
MEDIA

Stability of hyperelastic solids

internal external

<latexit sha1_base64="j/N5saYvTYDfsOHYIzlD9VKaBMQ="></latexit>

⇧ =
R
B0

W (F )dV0 �
R
B0

⇢b ·'dV0 �
R
@B0

t ·'dA0



9

Static equilibrium – Stability
- Stable solution? 

A stationary point could be a minimum, a maximum or a saddle point.

- Theory of stability of infinite-dimensional spaces is not trivial …

…. but, ultimately, necessary conditions can be inferred from the strain 
energy density, and sufficient conditions come from nonlinear terms 
(e.g., in the deformation mapping) and from boundary conditions.

reference 
configuration

deformed 
configuration

CONTINUOUS
MEDIA

Stability of hyperelastic solids



Inflation of a spherical balloon
Spherical inflation mode

<latexit sha1_base64="LIuKJato/D4EyJtNJG/oMjRBei0=">AAACDnicbVDLSsNAFJ3UV42vqEs3wbbgqiRF1E2h6MZlFfuAJoTJZNIOnUzCzEQoIT/gyk9xJSiIW/eu/BsnbQVtPTBwOOdc7tzjJ5QIaVlfWmlldW19o7ypb23v7O4Z+wddEacc4Q6Kacz7PhSYEoY7kkiK+wnHMPIp7vnjq8Lv3WMuSMzu5CTBbgSHjIQEQakkz6hWdYeqeAA9u/nDGk0n5BBlPM9uc72qe0bFqltTmMvEnpMKmKPtGZ9OEKM0wkwiCoUY2FYi3QxySRDFuV5zUoETiMZwiAeKMhhh4WbTc3KzppTADGOuHpPmVNV/TWQwEmIS+SoZQTkSi14h/ucNUhleuBlhSSoxQ7NFYUpNGZtFN2ZAOEaSThSBiBP1WRONoGpCqgaLFuzFm5dJt1G3z+qnN41K63LeRxkcgWNwAmxwDlrgGrRBByDwAJ7AC3jVHrVn7U17n0VL2nzmEPyB9vENbs2abA==</latexit>

�1 = �2 = r
R

10

Stability of hyperelastic solids
<latexit sha1_base64="exZfLPadR9RAHF8eKMpoOHkdAj0=">AAACAHicbVDNS8MwHE39nPWrKnjxEtwGnkY7RD0OvXis4D5gKyPN0i0sTUqSCqXu4p/iSVAQr/4bnvxvzLYedPNB4PHe75fkvTBhVGnX/bZWVtfWNzZLW/b2zu7evnNw2FIilZg0sWBCdkKkCKOcNDXVjHQSSVAcMtIOxzdTv/1ApKKC3+ssIUGMhpxGFCNtpL5z7AtNuKaIQcKJHGaw0vNppe+U3Zo7A1wmXkHKoIDfd756A4HT2NyFGVKq67mJDnIkNcWMTOxqL1UkQXiMhqRrKEcxUUE+CzCBVaMMYCSkOVzDmWr/2shRrFQWh2YyRnqkFr2p+J/XTXV0FeSUJ6lJiecPRSmDWsBpG3BAJcGaZYYgLKn5LMQjJBHWpjPbtOAtZl4mrXrNu6id39XLjeuijxI4AafgDHjgEjTALfBBE2DwCJ7BK3iznqwX6936mI+uWMXOEfgD6/MHW7uVkA==</latexit> P
ot
en
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al
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gy

⇧

<latexit sha1_base64="4yT9KGfP71Tr6wLmjeAAiYFEvrs=">AAAB9XicbVDLSgMxFL1TX3V8VV26CbYFV2WmiLoRim5cVrEPaIeSyaRtaCYzJhmlDP0OV4KCuPVjXPk3pu0stPVA4HDOudyb48ecKe0431ZuZXVtfSO/aW9t7+zuFfYPmipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryR9dTv/VIpWKRuNfjmHohHgjWZwRrI3klednlJh1gdFfqFYpOxZkBLRM3I0XIUO8VvrpBRJKQCk04VqrjOrH2Uiw1I5xO7HI3UTTGZIQHtGOowCFVXjq7eoLKRglQP5LmCY1mqv1rIsWhUuPQN8kQ66Fa9Kbif14n0f0LL2UiTjQVZL6on3CkIzStAAVMUqL52BBMJDPHIjLEEhNtirJNC+7in5dJs1pxzyqnt9Vi7SrrIw9HcAwn4MI51OAG6tAAAg/wDK/wZj1ZL9a79TGP5qxs5hD+wPr8AbrHkVQ=</latexit>

r = �R

<latexit sha1_base64="+E65lFCnawpAaQ6FAW3oZ6syYsY=">AAACAHicbVDLSgMxFM3UVx1fVcGNm2BbcFVmiqjLohvdVbAPaIeSSe+0oZnMkGSEMnbjp7gSFMStv+HKvzFtZ6GtBwKHc+7h5h4/5kxpx/m2ciura+sb+U17a3tnd6+wf9BUUSIpNGjEI9n2iQLOBDQ00xzasQQS+hxa/uh66rceQCoWiXs9jsELyUCwgFGijdQrHN2KgM84NjmlEgm4FJd6haJTcWbAy8TNSBFlqPcKX91+RJMQhKacKNVxnVh7KZGaUQ4Tu9xNFMSEjsgAOoYKEoLy0tkBE1w2Sh8HkTRPaDxT7V+JlIRKjUPfTIZED9WiNxX/8zqJDi69lIk40SDofFGQcKwjPG0D95kEqvnYEEIlM5/FdEgkodp0ZpsW3MWbl0mzWnHPK2d31WLtKusjj47RCTpFLrpANXSD6qiBKHpEz+gVvVlP1ov1bn3MR3NWljlEf2B9/gC7PZXO</latexit> In
fl
at
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p
<latexit sha1_base64="exZfLPadR9RAHF8eKMpoOHkdAj0=">AAACAHicbVDNS8MwHE39nPWrKnjxEtwGnkY7RD0OvXis4D5gKyPN0i0sTUqSCqXu4p/iSVAQr/4bnvxvzLYedPNB4PHe75fkvTBhVGnX/bZWVtfWNzZLW/b2zu7evnNw2FIilZg0sWBCdkKkCKOcNDXVjHQSSVAcMtIOxzdTv/1ApKKC3+ssIUGMhpxGFCNtpL5z7AtNuKaIQcKJHGaw0vNppe+U3Zo7A1wmXkHKoIDfd756A4HT2NyFGVKq67mJDnIkNcWMTOxqL1UkQXiMhqRrKEcxUUE+CzCBVaMMYCSkOVzDmWr/2shRrFQWh2YyRnqkFr2p+J/XTXV0FeSUJ6lJiecPRSmDWsBpG3BAJcGaZYYgLKn5LMQjJBHWpjPbtOAtZl4mrXrNu6id39XLjeuijxI4AafgDHjgEjTALfBBE2DwCJ7BK3iznqwX6936mI+uWMXOEfgD6/MHW7uVkA==</latexit> P
ot
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<latexit sha1_base64="4yT9KGfP71Tr6wLmjeAAiYFEvrs=">AAAB9XicbVDLSgMxFL1TX3V8VV26CbYFV2WmiLoRim5cVrEPaIeSyaRtaCYzJhmlDP0OV4KCuPVjXPk3pu0stPVA4HDOudyb48ecKe0431ZuZXVtfSO/aW9t7+zuFfYPmipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryR9dTv/VIpWKRuNfjmHohHgjWZwRrI3klednlJh1gdFfqFYpOxZkBLRM3I0XIUO8VvrpBRJKQCk04VqrjOrH2Uiw1I5xO7HI3UTTGZIQHtGOowCFVXjq7eoLKRglQP5LmCY1mqv1rIsWhUuPQN8kQ66Fa9Kbif14n0f0LL2UiTjQVZL6on3CkIzStAAVMUqL52BBMJDPHIjLEEhNtirJNC+7in5dJs1pxzyqnt9Vi7SrrIw9HcAwn4MI51OAG6tAAAg/wDK/wZj1ZL9a79TGP5qxs5hD+wPr8AbrHkVQ=</latexit>

r = �R
Source: Harold Alexander, “Tensile instability of initially spherical balloons”, Int. J. Engng Sci. Vol. 9, 15I-162, 1971.

stable

unstable



Review: Linearized kinematics
- Linearized or incremental expressions for the kinematic quantities 

are required when: 
(i) the deformation process is described as a series of small steps

(ii) displacements are indeed small

- If the linearization is evaluated in the ‘stress free’ undeformed 
configuration (                                          ), then
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reference 
configuration

deformed 
configuration

CONTINUOUS
MEDIA

Linearized constitutive equations

<latexit sha1_base64="ccJrJ6KqvNzt4RIdxpSmDaLiwOg="></latexit>

S = C : E ! dS⇤ = C⇤ : dE⇤
<latexit sha1_base64="0vkxkqIozB32Q6nwaOf7MZbUltM=">AAACCnicbVDLSsNAFJ3UV42vqEs3g21BXJSkiLoRit24rGAf0MQymUzaoZMHMxOhhGxd+SmuBAVx6x+48m+ctFlo64VhDufcyz33uDGjQprmt1ZaWV1b3yhv6lvbO7t7xv5BV0QJx6SDIxbxvosEYTQkHUklI/2YExS4jPTcSSvXew+ECxqFd3IaEydAo5D6FCOpqKEBq7odIDl23bSV3Z9e2W7EPDEN1JfiTK/qQ6Ni1s1ZwWVgFaACimoPjS/bi3ASkFBihoQYWGYsnRRxSTEjmV6zE0FihCdoRAYKhiggwklnp2SwphgP+hFXL5Rwxuq/JlIUiNye6sxti0UtJ//TBon0L52UhnEiSYjni/yEQRnBPBfoUU6wZFMFEOZUmYV4jDjCUqWXp2At3rwMuo26dV4/u21UmtdFHmVwBI7BCbDABWiCG9AGHYDBI3gGr+BNe9JetHftY95a0oqZQ/CntM8fH+CZOw==</latexit>

C⇤ = c
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(small strain) elasticity tensor
(minor and major symmetries)

“Continuum Mechanics of Anisotropic Materials” S.C. Cowin

Symmetry
Classes

Point 
Group

Symmetry
Operation

Triclinic 1 One onefold

Monoclinic 2 One twofold

Orthotropic 222 Three twofold

Tetragonal 4 One fourfold

Trigonal 3 One threefold

Transv. Isotropy 6 One sixfold

Cubic 23 Four threefold

Isotropic -

Linearized constitutive equations

Generalized Hooke’s law as a linearized hyperelasticity
- Material symmetry
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Generalized Hooke’s law as a linearized hyperelasticity
- Material symmetry

(small strain) elasticity tensor
(minor and major symmetries)

“Continuum Mechanics of Anisotropic Materials” S.C. Cowin

Note: 
Symmetries are retained only
under small deformations.

Although any symmetry can be
cast into an incremental 
formulation, it might not result
in an accurate representation.

Linearized constitutive equations
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reference 
configuration

deformed 
configuration

CONTINUOUS
MEDIA

(small strain) elasticity tensor
(minor and major symmetries)

DIY
Isotropic (any proper rotation)

Linearized constitutive equations

Generalized Hooke’s law as a linearized hyperelasticity
- Material symmetry: isotropic material
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reference 
configuration

deformed 
configuration

CONTINUOUS
MEDIA

(small strain) elasticity tensor
(minor and major symmetries)

DIY
Isotropic (any proper rotation)

Linearized constitutive equations

Generalized Hooke’s law as a linearized hyperelasticity
- Material symmetry: isotropic material



Any questions?
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Lecture 9 – Stability and linearized equations


