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Lecture 10 – Constitutive relations

Experimental 
mechanics and 

thermodynamics

Tensor algebra 
Tensor analysis

reference 
configuration

thermo-mechanical loads

KINEMATICS OF DEFORMATIONS deformed 
configuration

CONTINUOUS
MEDIA

atomic/
micro/meso

structure
is revealed

16 unknown fields   +   5 equations

laws of nature                                       .
CONSERVATION  OF MASS

BALANCE OF LINEAR MOMENTUM
BALANCE OF ANGULAR MOMENTUM

LAWS OF THERMODYNAMICS CONSTITUTIVE 
EQUATIONS
11 equations

Empirical 
observation

Multi-scale
approaches

continuously varying fields
(time and space averages over 
the underlying structure)
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Constitutive relations

Constraints on constitutive relations
- Relations that describe the response of the material to mechanical and 

thermal loading, e.g.,

- Can these constitutive relations be selected arbitrarily? NO!
They must follow the following fundamental principles:
Principle of determinism, principle of local action, second law of thermodynamics 
restrictions (Clausius-Duhem inequality), principle of material frame indifference,
material symmetry.

(11 constitutive equations)

reference 
configuration

deformed 
configuration

CONTINUOUS
MEDIA

isothermal processes

isentropic processes

<latexit sha1_base64="9jw0/sdrDuAJOk0SP9or9xjSnq8="></latexit>

� = �(e) + �(v), q = 0, ⇢0u(F , s), Ṫ 6= 0 (with ṡ = 0)
<latexit sha1_base64="HKaB6vGagULLKAny4FsWJtBdjbA="></latexit>

� = �(e) + �(v), q = 0,W (F , T ), ṡ 6= 0 (with Ṫ = 0)
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Constitutive relations

Constraints on constitutive relations
- Principle of determinism & Principle of local action

In general                    , therefore                                    

Simple elastic material

reference 
configuration

deformed 
configuration

CONTINUOUS
MEDIA

simple fluids

time series materials with memory
materials with aging

<latexit sha1_base64="wLbJ3IqcRT44pDZj1YaYt4X8n3w=">AAACF3icbVDLSgMxFM34rPU16tLNYFuooGWmiLoRit24rNAXdErJpJk2NDMZkjtCGfoVrvwUV4KCuBVX/o2ZtgttPRByOOfe5N7jRZwpsO1vY2V1bX1jM7OV3d7Z3ds3Dw6bSsSS0AYRXMi2hxXlLKQNYMBpO5IUBx6nLW9UTf3WA5WKibAO44h2AzwImc8IBi31zPN868YVuiJ9IGlNXE59KLqe4H01DvSVVCdndVeywRBO8z0zZ5fsKaxl4sxJDs1R65lfbl+QOKAhEI6V6jh2BN0ES2CE00m24MaKRpiM8IB2NA1xQFU3me41sQpa6Vu+kPqEYE3V7K+OBAcqnVJXBhiGatFLxf+8Tgz+dTdhYRQDDcnsIz/mFggrDcnqM0kJ8LEmmEimh7XIEEtMQEeZ1Sk4izsvk2a55FyWLu7LucrtPI8MOkYnqIgcdIUq6A7VUAMR9Iie0St6M56MF+Pd+JiVrhjzniP0B8bnD9Ren6o=</latexit>

W = W (C, T )
<latexit sha1_base64="yDhW0XlAXS9MFSPie0G6Cnj2FfI="></latexit>

S(e) = 2@W (C,T )
@C

<latexit sha1_base64="KgBCHUFYlZtCrw2Pi1Lh9J652ks=">AAACKnicbVDLSsNAFJ34rPEVdekm2BZaKCUpoi6L3bis0Bc0sUwm03bo5MHMpFBCfseVn+JKUShu/RAnbRZ9eGGYwznncu89TkgJF4YxV3Z29/YPDnNH6vHJ6dm5dnHZ4UHEEG6jgAas50COKfFxWxBBcS9kGHoOxV1n0kj17hQzTgK/JWYhtj048smQICgkNdDqBdVyAurymSe/2OJk5MHkJS5Ny0lpVWkklVZlzesmZbWgDrS8UTUWpW8DMwN5kFVzoH1aboAiD/sCUch53zRCYceQCYIoTtSiFXEcQjSBI9yX0Ice5na8ODXRi5Jx9WHA5POFvmDVlY4YejzdTzo9KMZ8U0vJ/7R+JIYPdkz8MBLYR8tBw4jqItDT3HSXMIwEnUkAESNyWR2NIYNIyHTTFMzNm7dBp1Y176q3z7V8/THLIweuwQ0oARPcgzp4Ak3QBgi8gnfwBb6VN+VDmSs/S+uOkvVcgbVSfv8AgVGmnA==</latexit>

�(v)(C, T,d)
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Constitutive relations

Materials with memory or with hereditary effects
- Materials whose behavior exhibits dependence upon the history of 

kinetic variables.
- Viscosity (Reiner–Rivlin fluid, Newtonian fluid)

- Internal processes (creep and relaxation) and hysteresis

reference 
configuration

deformed 
configuration

CONTINUOUS
MEDIA

<latexit sha1_base64="t60SVbqhpxwmr4Dfe4ztJDYbBSw=">AAACRnicbVDLSgMxFL1TX3V8VV26GWwLFUqZKaJuhGI3LivYB3RqyaSZNjTzIMkIZZifc+XelX/gSlAQt2baLvrwQsjJuedwb44TMiqkab5rmY3Nre2d7K6+t39weJQ7PmmJIOKYNHHAAt5xkCCM+qQpqWSkE3KCPIeRtjOup/32M+GCBv6jnISk56GhT12KkVRUP2cXdNsJ2EBMPHXFtqBDDyWlRa6TlOWFfrukc5cl9aS8/HxSjoLez+XNijktYx1Yc5CHeTX6uTd7EODII77EDAnRtcxQ9mLEJcWMJHrRjgQJER6jIekq6COPiF48jSExiooZGG7A1fGlMWX1BUeMPJFuqJQekiOx2kvJ/3rdSLo3vZj6YSSJj2eD3IgZMjDSTI0B5QRLNlEAYU7VsgYeIY6wVMmnKVirf14HrWrFuqpcPlTztbt5Hlk4g3MogQXXUIN7aEATMLzAB3zBt/aqfWo/2u9MmtHmnlNYqgz8AcUcsdU=</latexit>

�(X, t) = f(C,Ct)

<latexit sha1_base64="p3PRZUhTMsWsktqQA1BMrl/ArTY=">AAACVHicbVFbS8MwGE07r/VW9dGX4CYoyGiHqC+C6IuPCu4C6xxpls64XEqSCqP0PwqC4B/xSdB07sHpPgg5nO8cvi8nccqoNkHw7riVhcWl5ZVVb219Y3PL395paZkpTJpYMqk6MdKEUUGahhpGOqkiiMeMtOPRddlvPxOlqRT3ZpySHkdDQROKkbFU33+qeVEs2UCPub3ySNMhR8Xhb65THJsj72JGl8xKIpJqyqQojueyD9Zf8/p+NagHk4L/QTgFVTCt277/Gg0kzjgRBjOkdTcMUtPLkTIUM1J4B1GmSYrwCA1J10KBONG9fBJKAQ8sM4CJVPYIAyes98uRI67LRa2SI/Oo//ZKcl6vm5nkvJdTkWaGCPwzKMkYNBKWCcMBVQQbNrYAYUXtshA/IoWwsf9QphD+ffN/0GrUw9P6yV2jenk1zWMF7IF9cAhCcAYuwQ24BU2AwQv4AF8OcN6cT7fiLv5IXWfq2QUz5W5+A+NttYo=</latexit>

�(X, t) = f(✏, ✏t)
<latexit sha1_base64="/JKlygWv+Fex/yDudruROeg7E+8=">AAACQHicdVBNSwMxEM3Wr7p+VT16WWwLFaHsFlEvQtGLxwr2A9pasum0Dc0mS5IVytJ/5sm/4MmrJ0FBvHoy2/agrT4Y5vHeDJk8P2RUadd9tlJLyyura+l1e2Nza3sns7tXUyKSBKpEMCEbPlbAKIeqpppBI5SAA59B3R9eJX79HqSigt/qUQjtAPc57VGCtZE6mVrObvmCddUoMC1uQagoE3xsX/yt38UFOBrbx/+61Lg5u5PJukV3AmeReDOSRTNUOpmnVleQKACuCcNKNT031O0YS00Jg7Gdb0UKQkyGuA9NQzkOQLXjSQBjJ2+UrtMT0hTXzkS1f2zEOFDJrWYywHqg5r1E/MtrRrp33o4pDyMNnEwf6kXM0cJJ0nS6VALRbGQIJpKaYx0ywBITbTJPUvDm/7xIaqWid1o8uSlly5ezPNLoAB2iAvLQGSqja1RBVUTQA3pBb+jderRerQ/rczqasmY7++gXrK9vA06v7g==</latexit>

✏ = ✏(e) + ✏(i)

<latexit sha1_base64="RdBpJMXvZKlSieA5QqoFStoIqWQ=">AAACJHicbVDLSgMxFM34dnxVXboJ1oKrMiOi4qroxmUFa4VOKZlM2gYzyZDcUcow/+LKT3ElKIgLN36LmTqL2nog5HDOvcm9J0wEN+B5X87c/MLi0vLKqru2vrG5VdneuTUq1ZS1qBJK34XEMMElawEHwe4SzUgcCtYO7y8Lv/3AtOFK3sAoYd2YDCTvc0rASr3K+YEbhEpEZhTbK4vyQPPBEIjW6hEHkYJs0g5YYrhQMs/dA7dXqXp1bww8S/ySVFGJZq/yYR+kacwkUEGM6fheAt2MaOBUsNytBalhCaH3ZMA6lkoSM9PNxkvmuGaVCPeVtkcCHqvuREdGYlOMaStjAkMz7RXif14nhf5ZN+MySYFJ+vtRPxUYFC4SwxHXjIIYWUKo5nZYTIdEEwo21yIFf3rnWXJ7VPdP6sfXR9XGRZnHCtpD++gQ+egUNdAVaqIWougJvaA39O48O6/Oh/P5WzrnlD276A+c7x8076W3</latexit>

d ! ✏̇
<latexit sha1_base64="e7z4rmkpNO7cOyHKbDUJzZp2kHY="></latexit>

�(v)(d) = ⌘0I + ⌘1d+ ⌘2d
2

Limit of infinitesimal strains



6

Young’s modulus – Mechanical loss – Glass temperature
- Reversible transition from hard/brittle ‘glassy’ state into viscous state.
- Materials with good damping behavior (i.e., high vibrational energy 

dissipation) are typical soft and have low glass-transition temperatures.

Viscoelasticity
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Young’s modulus – Yield stress– Density
- Irreversible transition from elastic to plastic behavior.
- Contours of constant yield strain are a family of parallel lines on the 

Young’s modulus vs. yield strength plot.

Viscoelasticity – Infinitesimal strain

0.1% 1%
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Viscoelasticity

Standard solid model
- Creep process (at constant stress)

<latexit sha1_base64="W2EqnYZGlUed4H6oj3Tcv2hLdM8="></latexit>

✏̇(i) = 1
⌘1
� � E1

⌘1
✏(i)

<latexit sha1_base64="bx0OnmsnrMx/YGMOtt8HLkG4sSQ="></latexit>

✏(i)(t) = 1
⌘1

R t
�1 e�(t�t0)/⌧�(t0)dt0

<latexit sha1_base64="oI2FcLyJP42mbcTMDw8RUzYV4dA=">AAAB9nicbVBNS8NAEJ3Urxq/qh69BNuCp5oUUY9FETxWsB/QxrLZbtqlu5uwuxFL6P/wJCiIV/+LJ/+N2zYHbX0w8Hhvhpl5Qcyo0q77beVWVtfWN/Kb9tb2zu5eYf+gqaJEYtLAEYtkO0CKMCpIQ1PNSDuWBPGAkVYwup76rUciFY3EvR7HxOdoIGhIMdJGeijZXUUHHJ3e9Fy71CsU3Yo7g7NMvIwUIUO9V/jq9iOccCI0ZkipjufG2k+R1BQzMrHL3USRGOERGpCOoQJxovx0dvbEKRul74SRNCW0M1PtXxMp4kqNeWA6OdJDtehNxf+8TqLDSz+lIk40EXi+KEyYoyNnmoHTp5JgzcaGICypOdbBQyQR1iYp26TgLf68TJrVindeOburFmtXWR55OIJjOAEPLqAGt1CHBmCQ8Ayv8GY9WS/Wu/Uxb81Z2cwh/IH1+QNXeJEE</latexit>

�/E0

<latexit sha1_base64="MUGHZ8A0V4gFO7l1zYp9Ht9EoHE=">AAACAXicbVDLSsNAFJ3UV42vqAsXboJtoSLUpIi6LIrgsoJ9QBvCZDpph85MwsxEKKErP8WVoCBu/QxX/o2TNgutHriXwzn3MnNPEFMileN8GYWl5ZXVteK6ubG5tb1j7e61ZZQIhFsoopHoBlBiSjhuKaIo7sYCQxZQ3AnG15nfecBCkojfq0mMPQaHnIQEQaUl3zoom31JhgxW3dMb3znJuntsln2r5NScGey/xM1JCeRo+tZnfxChhGGuEIVS9lwnVl4KhSKI4qlZ6ScSxxCN4RD3NOWQYemlswumdkUrAzuMhC6u7Jlq/thIIZNywgI9yaAayUUvE//zeokKL72U8DhRmKP5Q2FCbRXZWRz2gAiMFJ1oApEg+rM2GkEBkdKhmToFd/Hmv6Rdr7nntbO7eqlxledRBIfgCFSBCy5AA9yCJmgBBKbgCbyAV+PReDbejPf5aMHId/bBLxgf3yTwk3E=</latexit>

�(1/E0 + 1/E1)

<latexit sha1_base64="VuJNFK7nCNO6eE3cI2EEuFQ2Ok0=">AAAB/XicbVDLSsNAFJ34rPEV7dJNsC24qkkRdSMURXBZwT6gCWEynbRDJw9mboQQip/iSlAQt36IK//GaZuFth64cDjnXu69x084k2BZ39rK6tr6xmZpS9/e2d3bNw4OOzJOBaFtEvNY9HwsKWcRbQMDTnuJoDj0Oe3645up332kQrI4eoAsoW6IhxELGMGgJM8oV3UHcHrlUMCefXrr2XrVMypW3ZrBXCZ2QSqoQMszvpxBTNKQRkA4lrJvWwm4ORbACKcTveakkiaYjPGQ9hWNcEilm8+un5g1pQzMIBaqIjBnqv5rIsehlFnoq84Qw0guelPxP6+fQnDp5ixKUqARmS8KUm5CbE6jMAdMUAI8UwQTwdSxJhlhgQmowHSVgr348zLpNOr2ef3svlFpXhd5lNAROkYnyEYXqInuUAu1EUEZekav6E170l60d+1j3rqiFTNl9Afa5w8WWJME</latexit>

⌧ = ⌘1/E1

St
ra

in

Time

<latexit sha1_base64="j8EI06ecQzxYeiCsmspIim7Z2QU="></latexit>

✏ = �
h

1
E0

+ 1�e�t/⌧

E1

i

<latexit sha1_base64="KaiBirsEK3OqTsJrzy1oQ+ydAN8=">AAACA3icbVDLSsNAFJ3UV42vqCtxE2wLrkpSRN0IRTcuK9gHNKFMptN26DzCzEQoobjyU1wJCuLWr3Dl3zhps9DWAxcO59zLvfdEMSVKe963VVhZXVvfKG7aW9s7u3vO/kFLiUQi3ESCCtmJoMKUcNzURFPciSWGLKK4HY1vMr/9gKUigt/rSYxDBoecDAiC2kg956hsB4oMGbwKGNQjyVIkuNJTu9xzSl7Vm8FdJn5OSiBHo+d8BX2BEoa5RhQq1fW9WIcplJogiqd2JUgUjiEawyHuGsohwypMZz9M3YpR+u5ASFNcuzPV/jWRQqbUhEWmMztULXqZ+J/XTfTgMkwJjxONOZovGiTU1cLNAnH7RGKk6cQQiCQxx7poBCVE2sRmmxT8xZ+XSatW9c+rZ3e1Uv06z6MIjsEJOAU+uAB1cAsaoAkQeATP4BW8WU/Wi/VufcxbC1Y+cwj+wPr8Aa6VluE=</latexit>

� = const

<latexit sha1_base64="Fx/MUFZTanlZAWsgSHmMSYWI8cM=">AAAB+XicbVBNS8NAEN34WeNHox69BNtCvZSkiHosevFYwX5AG8pmO2mXbnbD7kYoob/Ek6AgXv0pnvw3btsctPXBwOO9GWbmhQmjSnvet7WxubW9s1vYs/cPDo+KzvFJW4lUEmgRwYTshlgBoxxammoG3UQCjkMGnXByN/c7TyAVFfxRTxMIYjziNKIEayMNnGLZ7kOiKBO8qi/s8sApeTVvAXed+DkpoRzNgfPVHwqSxsA1YVipnu8lOsiw1JQwmNmVfqogwWSCR9AzlOMYVJAtLp+5FaMM3UhIU1y7C9X+NZHhWKlpHJrOGOuxWvXm4n9eL9XRTZBRnqQaOFkuilLmauHOY3CHVALRbGoIJpKaY10yxhITbcKyTQr+6s/rpF2v+Ve1y4d6qXGb51FAZ+gcVZGPrlED3aMmaiGCUvSMXtGblVkv1rv1sWzdsPKZU/QH1ucP/qOR6g==</latexit>

✏(t)

<latexit sha1_base64="KaiBirsEK3OqTsJrzy1oQ+ydAN8=">AAACA3icbVDLSsNAFJ3UV42vqCtxE2wLrkpSRN0IRTcuK9gHNKFMptN26DzCzEQoobjyU1wJCuLWr3Dl3zhps9DWAxcO59zLvfdEMSVKe963VVhZXVvfKG7aW9s7u3vO/kFLiUQi3ESCCtmJoMKUcNzURFPciSWGLKK4HY1vMr/9gKUigt/rSYxDBoecDAiC2kg956hsB4oMGbwKGNQjyVIkuNJTu9xzSl7Vm8FdJn5OSiBHo+d8BX2BEoa5RhQq1fW9WIcplJogiqd2JUgUjiEawyHuGsohwypMZz9M3YpR+u5ASFNcuzPV/jWRQqbUhEWmMztULXqZ+J/XTfTgMkwJjxONOZovGiTU1cLNAnH7RGKk6cQQiCQxx7poBCVE2sRmmxT8xZ+XSatW9c+rZ3e1Uv06z6MIjsEJOAU+uAB1cAsaoAkQeATP4BW8WU/Wi/VufcxbC1Y+cwj+wPr8Aa6VluE=</latexit>

� = const

Solution of  ODE: 

From equilibrium and compatibility:

<latexit sha1_base64="8uh963shgOVCAb0gGqg8vajbGw8=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LLYFTyUpRT0WRfBYwX5AG8pmu2mXbjZhdyOU0D/hSVAQr/4dT/4bN20O2vpg4PHeDDPz/JgzpR3n2ypsbG5t7xR37b39g8Oj0vFJR0WJJLRNIh7Jno8V5UzQtmaa014sKQ59Trv+9Dbzu09UKhaJRz2LqRfisWABI1gbqVex74auXbGHpbJTcxZA68TNSRlytIalr8EoIklIhSYcK9V3nVh7KZaaEU7ndnWQKBpjMsVj2jdU4JAqL10cPEdVo4xQEElTQqOFav+aSHGo1Cz0TWeI9UStepn4n9dPdHDtpUzEiaaCLBcFCUc6Qtn3aMQkJZrPDMFEMnMsIhMsMdEmoywFd/XnddKp19zLWuOhXm7e5HkU4QzO4QJcuIIm3EML2kCAwzO8wpslrRfr3fpYthasfOYU/sD6/AF9co43</latexit>

E1

<latexit sha1_base64="i8m1qrfq4WB0aMBk/U64FVXBW40=">AAAB83icbVBNS8NAEN3Urxq/qh69BNuCp5IUUY9FLx4r2A9IQ9lsJ+3SzW7Y3Qgl9Gd4EhTEq7/Gk//GTZuDtj4YeLw3w8y8MGFUadf9tkobm1vbO+Vde2//4PCocnzSVSKVBDpEMCH7IVbAKIeOpppBP5GA45BBL5ze5X7vCaSigj/qWQJBjMecRpRgbSS/Zg9A46Fn1+xhpeo23AWcdeIVpIoKtIeVr8FIkDQGrgnDSvmem+ggw1JTwmBu1wepggSTKR6DbyjHMaggW9w8d+pGGTmRkKa4dhaq/Wsiw7FSszg0nTHWE7Xq5eJ/np/q6CbIKE9SDZwsF0Upc7Rw8gCcEZVANJsZgomk5liHTLDERJuY8hS81Z/XSbfZ8K4alw/Nauu2yKOMztA5ukAeukYtdI/aqIMIEugZvaI3K7VerHfrY9lasoqZU/QH1ucP9fWPpg==</latexit>⌘1

<latexit sha1_base64="UPtsET98WCMuWsxeORAflDRHD8c=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LLYFTyUpRT0WRfBYwX5AG8pmu2mXbjZhdyOU0D/hSVAQr/4dT/4bN20O2vpg4PHeDDPz/JgzpR3n2ypsbG5t7xR37b39g8Oj0vFJR0WJJLRNIh7Jno8V5UzQtmaa014sKQ59Trv+9Dbzu09UKhaJRz2LqRfisWABI1gbqVex74aOXbGHpbJTcxZA68TNSRlytIalr8EoIklIhSYcK9V3nVh7KZaaEU7ndnWQKBpjMsVj2jdU4JAqL10cPEdVo4xQEElTQqOFav+aSHGo1Cz0TWeI9UStepn4n9dPdHDtpUzEiaaCLBcFCUc6Qtn3aMQkJZrPDMFEMnMsIhMsMdEmoywFd/XnddKp19zLWuOhXm7e5HkU4QzO4QJcuIIm3EML2kCAwzO8wpslrRfr3fpYthasfOYU/sD6/AF76o42</latexit>

E0
<latexit sha1_base64="UUg/52LYLNGDSNQKrEKU50FrEUM=">AAACFnicbZDLSgMxFIYz9VbHW9Wlm8G20KKUmSLqRii6cVnB2kI7lkx6pg3NZIYkI5ShL+HKR3ElKIhbwZVvY3pBausPgS//OYfk/F7EqFS2/W2klpZXVtfS6+bG5tb2TmZ3706GsSBQIyELRcPDEhjlUFNUMWhEAnDgMah7/atRvf4AQtKQ36pBBG6Au5z6lGClrXbmOGe2IJKUhdy8+MX7pADF4dHMlRaHZq6dydoleyxrEZwpZNFU1Xbmq9UJSRwAV4RhKZuOHSk3wUJRwmBo5luxhAiTPu5CUyPHAUg3Ga81tPLa6Vh+KPThyhq75sxEggMpB4GnOwOsenK+NjL/qzVj5Z+7CeVRrICTyUN+zCwVWqOMrA4VQBQbaMBEUP1Zi/SwwETpJE2dgjO/8yLclUvOaenkppytXE7zSKMDdIgKyEFnqIKuURXVEEGP6Bm9ojfjyXgx3o2PSWvKmM7soz8yPn8ASqKdiw==</latexit>

✏ = ✏(e) + ✏(i)
<latexit sha1_base64="ou6sirbi5rHf6dSII6ctUC1ReZk=">AAACB3icbVDLSgNBEJyNr7i+Vj2KMJgE4iXsBlEvQlAEjxHMA5IYZiedZMjs7DIzK4QlJ09+iidBQbz6DZ78GyePgyYWNBRV3XR3+RFnSrvut5VaWl5ZXUuv2xubW9s7zu5eVYWxpFChIQ9l3ScKOBNQ0UxzqEcSSOBzqPmDq7FfewCpWCju9DCCVkB6gnUZJdpIbecwazcV6wXk4rrt4iZEivFQ3Cd5OB7Z2baTcQvuBHiReDOSQTOU285XsxPSOAChKSdKNTw30q2ESM0oh5Gda8YKIkIHpAcNQwUJQLWSyR8jnDNKB3dDaUpoPFHtXxMJCZQaBr7pDIjuq3lvLP7nNWLdPW8lTESxBkGni7oxxzrE41Bwh0mgmg8NIVQycyymfSIJ1SY626Tgzf+8SKrFgndaOLktZkqXszzS6AAdoTzy0BkqoRtURhVE0SN6Rq/ozXqyXqx362PamrJmM/voD6zPH9nll1s=</latexit>

� = E0✏(e)
<latexit sha1_base64="3HZd4zGri3D+dlWVnYrkkH/7+VI=">AAACJXicbZDLSgMxFIYz9VbHW9Wlm2BbqAhlpogKIhRFcFnBXqCtJZOmbWgmMyRnhDL0YVz5KK4ERRFc+SqmF0FbDwR+vv+cJOf3QsE1OM6nlVhYXFpeSa7aa+sbm1up7Z2KDiJFWZkGIlA1j2gmuGRl4CBYLVSM+J5gVa9/OfKr90xpHshbGISs6ZOu5B1OCRjUSp1l7IbmXZ+cX7Vc3GCh5iKQd3GOHwzxoQFARrwdQPxjDieunWml0k7eGReeF+5UpNG0Sq3Um7mIRj6TQAXRuu46ITRjooBTwYZ2thFpFhLaJ11WN1ISn+lmPN5yiLOGtHEnUOZIwGNq/5qIia/1wPdMp0+gp2e9EfzPq0fQOW3GXIYRMEknD3UigSHAo8hwmytGQQyMIFRx81lMe0QRCiZY26Tgzu48LyqFvHucP7oppIsX0zySaA/toxxy0QkqomtUQmVE0QN6Qi/o1Xq0nq1362PSmrCmM7voT1lf3zz6oz4=</latexit>

� = E1✏(i) + ⌘1✏̇(i)
<latexit sha1_base64="vDeH7c3H1OXteFiY4DE8+jAv87s=">AAAB/HicbVBNS8NAEN3Urxq/Yj16CbaFeilJEfVY9OKxgv2ANpbNdtIu3WzC7kYsof4UT4KCePWPePLfuG1z0NYHA4/3ZpiZ58eMSuU430ZubX1jcyu/be7s7u0fWIeFlowSQaBJIhaJjo8lMMqhqahi0IkF4NBn0PbH1zO//QBC0ojfqUkMXoiHnAaUYKWlvlUomT2IJWURv08rcDo1S32r6FSdOexV4makiDI0+tZXbxCRJASuCMNSdl0nVl6KhaKEwdQs9xIJMSZjPISuphyHIL10fvzULmtlYAeR0MWVPVfNXxMpDqWchL7uDLEayWVvJv7ndRMVXHop5XGigJPFoiBhtorsWRL2gAogik00wURQfaxNRlhgonRepk7BXf55lbRqVfe8enZbK9avsjzy6BidoApy0QWqoxvUQE1E0CN6Rq/ozXgyXox342PRmjOymSP0B8bnD3Cck08=</latexit>

✏(e)
<latexit sha1_base64="H+7Y5hBtPwcSPrseOEmJpAxnwD0=">AAAB/HicbVDLSgMxFM3UVx1fY126CbaFuikzRdRl0Y3LCvYB7VgyaaYNzSRDkhHLUD/FlaAgbv0RV/6NaTsLbT1w4XDOvdx7TxAzqrTrflu5tfWNza38tr2zu7d/4BwWWkokEpMmFkzIToAUYZSTpqaakU4sCYoCRtrB+Hrmtx+IVFTwOz2JiR+hIachxUgbqe8USnaPxIoywe/TCj2d2qW+U3Sr7hxwlXgZKYIMjb7z1RsInESEa8yQUl3PjbWfIqkpZmRql3uJIjHCYzQkXUM5iojy0/nxU1g2ygCGQpriGs5V+9dEiiKlJlFgOiOkR2rZm4n/ed1Eh5d+SnmcaMLxYlGYMKgFnCUBB1QSrNnEEIQlNcdCPEISYW3ysk0K3vLPq6RVq3rn1bPbWrF+leWRB8fgBFSABy5AHdyABmgCDB7BM3gFb9aT9WK9Wx+L1pyVzRyBP7A+fwB2wJNT</latexit>

✏(i)

<latexit sha1_base64="0Ef+GZ+rx8R8laoYm/i7SAamC1o=">AAAB8nicbVBNSwMxEM36WdevqkcvwbbgqewWUY9FLx4r2A9sl5JNs21okl2SWaEs/ReeBAXx6r/x5L8xbfegrQ8GHu/NMDMvTAQ34Hnfztr6xubWdmHH3d3bPzgsHh23TJxqypo0FrHuhMQwwRVrAgfBOolmRIaCtcPx7cxvPzFteKweYJKwQJKh4hGnBKz0WHZ7hg8lccv9YsmrenPgVeLnpIRyNPrFr94gpqlkCqggxnR9L4EgIxo4FWzqVnqpYQmhYzJkXUsVkcwE2fzkKa5YZYCjWNtSgOeq+2siI9KYiQxtpyQwMsveTPzP66YQXQcZV0kKTNHFoigVGGI8+x8PuGYUxMQSQjW3x2I6IppQsCm5NgV/+edV0qpV/cvqxX2tVL/J8yigU3SGzpGPrlAd3aEGaiKKFHpGr+jNAefFeXc+Fq1rTj5zgv7A+fwBK/uP2Q==</latexit>�<latexit sha1_base64="0Ef+GZ+rx8R8laoYm/i7SAamC1o=">AAAB8nicbVBNSwMxEM36WdevqkcvwbbgqewWUY9FLx4r2A9sl5JNs21okl2SWaEs/ReeBAXx6r/x5L8xbfegrQ8GHu/NMDMvTAQ34Hnfztr6xubWdmHH3d3bPzgsHh23TJxqypo0FrHuhMQwwRVrAgfBOolmRIaCtcPx7cxvPzFteKweYJKwQJKh4hGnBKz0WHZ7hg8lccv9YsmrenPgVeLnpIRyNPrFr94gpqlkCqggxnR9L4EgIxo4FWzqVnqpYQmhYzJkXUsVkcwE2fzkKa5YZYCjWNtSgOeq+2siI9KYiQxtpyQwMsveTPzP66YQXQcZV0kKTNHFoigVGGI8+x8PuGYUxMQSQjW3x2I6IppQsCm5NgV/+edV0qpV/cvqxX2tVL/J8yigU3SGzpGPrlAd3aEGaiKKFHpGr+jNAefFeXc+Fq1rTj5zgv7A+fwBK/uP2Q==</latexit>�
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Viscoelasticity

Standard solid model
- Creep process (at constant stress)

<latexit sha1_base64="W2EqnYZGlUed4H6oj3Tcv2hLdM8="></latexit>

✏̇(i) = 1
⌘1
� � E1

⌘1
✏(i)

<latexit sha1_base64="bx0OnmsnrMx/YGMOtt8HLkG4sSQ="></latexit>

✏(i)(t) = 1
⌘1

R t
�1 e�(t�t0)/⌧�(t0)dt0Solution of  ODE: 

From equilibrium and compatibility:

<latexit sha1_base64="8uh963shgOVCAb0gGqg8vajbGw8=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LLYFTyUpRT0WRfBYwX5AG8pmu2mXbjZhdyOU0D/hSVAQr/4dT/4bN20O2vpg4PHeDDPz/JgzpR3n2ypsbG5t7xR37b39g8Oj0vFJR0WJJLRNIh7Jno8V5UzQtmaa014sKQ59Trv+9Dbzu09UKhaJRz2LqRfisWABI1gbqVex74auXbGHpbJTcxZA68TNSRlytIalr8EoIklIhSYcK9V3nVh7KZaaEU7ndnWQKBpjMsVj2jdU4JAqL10cPEdVo4xQEElTQqOFav+aSHGo1Cz0TWeI9UStepn4n9dPdHDtpUzEiaaCLBcFCUc6Qtn3aMQkJZrPDMFEMnMsIhMsMdEmoywFd/XnddKp19zLWuOhXm7e5HkU4QzO4QJcuIIm3EML2kCAwzO8wpslrRfr3fpYthasfOYU/sD6/AF9co43</latexit>

E1

<latexit sha1_base64="i8m1qrfq4WB0aMBk/U64FVXBW40=">AAAB83icbVBNS8NAEN3Urxq/qh69BNuCp5IUUY9FLx4r2A9IQ9lsJ+3SzW7Y3Qgl9Gd4EhTEq7/Gk//GTZuDtj4YeLw3w8y8MGFUadf9tkobm1vbO+Vde2//4PCocnzSVSKVBDpEMCH7IVbAKIeOpppBP5GA45BBL5ze5X7vCaSigj/qWQJBjMecRpRgbSS/Zg9A46Fn1+xhpeo23AWcdeIVpIoKtIeVr8FIkDQGrgnDSvmem+ggw1JTwmBu1wepggSTKR6DbyjHMaggW9w8d+pGGTmRkKa4dhaq/Wsiw7FSszg0nTHWE7Xq5eJ/np/q6CbIKE9SDZwsF0Upc7Rw8gCcEZVANJsZgomk5liHTLDERJuY8hS81Z/XSbfZ8K4alw/Nauu2yKOMztA5ukAeukYtdI/aqIMIEugZvaI3K7VerHfrY9lasoqZU/QH1ucP9fWPpg==</latexit>⌘1

<latexit sha1_base64="UPtsET98WCMuWsxeORAflDRHD8c=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LLYFTyUpRT0WRfBYwX5AG8pmu2mXbjZhdyOU0D/hSVAQr/4dT/4bN20O2vpg4PHeDDPz/JgzpR3n2ypsbG5t7xR37b39g8Oj0vFJR0WJJLRNIh7Jno8V5UzQtmaa014sKQ59Trv+9Dbzu09UKhaJRz2LqRfisWABI1gbqVex74aOXbGHpbJTcxZA68TNSRlytIalr8EoIklIhSYcK9V3nVh7KZaaEU7ndnWQKBpjMsVj2jdU4JAqL10cPEdVo4xQEElTQqOFav+aSHGo1Cz0TWeI9UStepn4n9dPdHDtpUzEiaaCLBcFCUc6Qtn3aMQkJZrPDMFEMnMsIhMsMdEmoywFd/XnddKp19zLWuOhXm7e5HkU4QzO4QJcuIIm3EML2kCAwzO8wpslrRfr3fpYthasfOYU/sD6/AF76o42</latexit>

E0
<latexit sha1_base64="UUg/52LYLNGDSNQKrEKU50FrEUM=">AAACFnicbZDLSgMxFIYz9VbHW9Wlm8G20KKUmSLqRii6cVnB2kI7lkx6pg3NZIYkI5ShL+HKR3ElKIhbwZVvY3pBausPgS//OYfk/F7EqFS2/W2klpZXVtfS6+bG5tb2TmZ3706GsSBQIyELRcPDEhjlUFNUMWhEAnDgMah7/atRvf4AQtKQ36pBBG6Au5z6lGClrXbmOGe2IJKUhdy8+MX7pADF4dHMlRaHZq6dydoleyxrEZwpZNFU1Xbmq9UJSRwAV4RhKZuOHSk3wUJRwmBo5luxhAiTPu5CUyPHAUg3Ga81tPLa6Vh+KPThyhq75sxEggMpB4GnOwOsenK+NjL/qzVj5Z+7CeVRrICTyUN+zCwVWqOMrA4VQBQbaMBEUP1Zi/SwwETpJE2dgjO/8yLclUvOaenkppytXE7zSKMDdIgKyEFnqIKuURXVEEGP6Bm9ojfjyXgx3o2PSWvKmM7soz8yPn8ASqKdiw==</latexit>

✏ = ✏(e) + ✏(i)
<latexit sha1_base64="ou6sirbi5rHf6dSII6ctUC1ReZk=">AAACB3icbVDLSgNBEJyNr7i+Vj2KMJgE4iXsBlEvQlAEjxHMA5IYZiedZMjs7DIzK4QlJ09+iidBQbz6DZ78GyePgyYWNBRV3XR3+RFnSrvut5VaWl5ZXUuv2xubW9s7zu5eVYWxpFChIQ9l3ScKOBNQ0UxzqEcSSOBzqPmDq7FfewCpWCju9DCCVkB6gnUZJdpIbecwazcV6wXk4rrt4iZEivFQ3Cd5OB7Z2baTcQvuBHiReDOSQTOU285XsxPSOAChKSdKNTw30q2ESM0oh5Gda8YKIkIHpAcNQwUJQLWSyR8jnDNKB3dDaUpoPFHtXxMJCZQaBr7pDIjuq3lvLP7nNWLdPW8lTESxBkGni7oxxzrE41Bwh0mgmg8NIVQycyymfSIJ1SY626Tgzf+8SKrFgndaOLktZkqXszzS6AAdoTzy0BkqoRtURhVE0SN6Rq/ozXqyXqx362PamrJmM/voD6zPH9nll1s=</latexit>

� = E0✏(e)
<latexit sha1_base64="3HZd4zGri3D+dlWVnYrkkH/7+VI=">AAACJXicbZDLSgMxFIYz9VbHW9Wlm2BbqAhlpogKIhRFcFnBXqCtJZOmbWgmMyRnhDL0YVz5KK4ERRFc+SqmF0FbDwR+vv+cJOf3QsE1OM6nlVhYXFpeSa7aa+sbm1up7Z2KDiJFWZkGIlA1j2gmuGRl4CBYLVSM+J5gVa9/OfKr90xpHshbGISs6ZOu5B1OCRjUSp1l7IbmXZ+cX7Vc3GCh5iKQd3GOHwzxoQFARrwdQPxjDieunWml0k7eGReeF+5UpNG0Sq3Um7mIRj6TQAXRuu46ITRjooBTwYZ2thFpFhLaJ11WN1ISn+lmPN5yiLOGtHEnUOZIwGNq/5qIia/1wPdMp0+gp2e9EfzPq0fQOW3GXIYRMEknD3UigSHAo8hwmytGQQyMIFRx81lMe0QRCiZY26Tgzu48LyqFvHucP7oppIsX0zySaA/toxxy0QkqomtUQmVE0QN6Qi/o1Xq0nq1362PSmrCmM7voT1lf3zz6oz4=</latexit>

� = E1✏(i) + ⌘1✏̇(i)
<latexit sha1_base64="vDeH7c3H1OXteFiY4DE8+jAv87s=">AAAB/HicbVBNS8NAEN3Urxq/Yj16CbaFeilJEfVY9OKxgv2ANpbNdtIu3WzC7kYsof4UT4KCePWPePLfuG1z0NYHA4/3ZpiZ58eMSuU430ZubX1jcyu/be7s7u0fWIeFlowSQaBJIhaJjo8lMMqhqahi0IkF4NBn0PbH1zO//QBC0ojfqUkMXoiHnAaUYKWlvlUomT2IJWURv08rcDo1S32r6FSdOexV4makiDI0+tZXbxCRJASuCMNSdl0nVl6KhaKEwdQs9xIJMSZjPISuphyHIL10fvzULmtlYAeR0MWVPVfNXxMpDqWchL7uDLEayWVvJv7ndRMVXHop5XGigJPFoiBhtorsWRL2gAogik00wURQfaxNRlhgonRepk7BXf55lbRqVfe8enZbK9avsjzy6BidoApy0QWqoxvUQE1E0CN6Rq/ozXgyXox342PRmjOymSP0B8bnD3Cck08=</latexit>

✏(e)
<latexit sha1_base64="H+7Y5hBtPwcSPrseOEmJpAxnwD0=">AAAB/HicbVDLSgMxFM3UVx1fY126CbaFuikzRdRl0Y3LCvYB7VgyaaYNzSRDkhHLUD/FlaAgbv0RV/6NaTsLbT1w4XDOvdx7TxAzqrTrflu5tfWNza38tr2zu7d/4BwWWkokEpMmFkzIToAUYZSTpqaakU4sCYoCRtrB+Hrmtx+IVFTwOz2JiR+hIachxUgbqe8USnaPxIoywe/TCj2d2qW+U3Sr7hxwlXgZKYIMjb7z1RsInESEa8yQUl3PjbWfIqkpZmRql3uJIjHCYzQkXUM5iojy0/nxU1g2ygCGQpriGs5V+9dEiiKlJlFgOiOkR2rZm4n/ed1Eh5d+SnmcaMLxYlGYMKgFnCUBB1QSrNnEEIQlNcdCPEISYW3ysk0K3vLPq6RVq3rn1bPbWrF+leWRB8fgBFSABy5AHdyABmgCDB7BM3gFb9aT9WK9Wx+L1pyVzRyBP7A+fwB2wJNT</latexit>

✏(i)

<latexit sha1_base64="0Ef+GZ+rx8R8laoYm/i7SAamC1o=">AAAB8nicbVBNSwMxEM36WdevqkcvwbbgqewWUY9FLx4r2A9sl5JNs21okl2SWaEs/ReeBAXx6r/x5L8xbfegrQ8GHu/NMDMvTAQ34Hnfztr6xubWdmHH3d3bPzgsHh23TJxqypo0FrHuhMQwwRVrAgfBOolmRIaCtcPx7cxvPzFteKweYJKwQJKh4hGnBKz0WHZ7hg8lccv9YsmrenPgVeLnpIRyNPrFr94gpqlkCqggxnR9L4EgIxo4FWzqVnqpYQmhYzJkXUsVkcwE2fzkKa5YZYCjWNtSgOeq+2siI9KYiQxtpyQwMsveTPzP66YQXQcZV0kKTNHFoigVGGI8+x8PuGYUxMQSQjW3x2I6IppQsCm5NgV/+edV0qpV/cvqxX2tVL/J8yigU3SGzpGPrlAd3aEGaiKKFHpGr+jNAefFeXc+Fq1rTj5zgv7A+fwBK/uP2Q==</latexit>�<latexit sha1_base64="0Ef+GZ+rx8R8laoYm/i7SAamC1o=">AAAB8nicbVBNSwMxEM36WdevqkcvwbbgqewWUY9FLx4r2A9sl5JNs21okl2SWaEs/ReeBAXx6r/x5L8xbfegrQ8GHu/NMDMvTAQ34Hnfztr6xubWdmHH3d3bPzgsHh23TJxqypo0FrHuhMQwwRVrAgfBOolmRIaCtcPx7cxvPzFteKweYJKwQJKh4hGnBKz0WHZ7hg8lccv9YsmrenPgVeLnpIRyNPrFr94gpqlkCqggxnR9L4EgIxo4FWzqVnqpYQmhYzJkXUsVkcwE2fzkKa5YZYCjWNtSgOeq+2siI9KYiQxtpyQwMsveTPzP66YQXQcZV0kKTNHFoigVGGI8+x8PuGYUxMQSQjW3x2I6IppQsCm5NgV/+edV0qpV/cvqxX2tVL/J8yigU3SGzpGPrlAd3aEGaiKKFHpGr+jNAefFeXc+Fq1rTj5zgv7A+fwBK/uP2Q==</latexit>�

DIY
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Viscoelasticity

Standard solid model
- Relaxation process (at constant strain)

<latexit sha1_base64="DttwOLCXi/hFD+IKMnUr+Wsz7rk="></latexit>

✏̇(i) = E0
⌘1

(✏� ✏(i))� E1
⌘1

✏(i)

<latexit sha1_base64="DUIsk28Xb3Sfzoen+IQrHJffMS4="></latexit>

✏(i)(t) = E0
⌘1

R t
�1 e�(t�t0)/⌧ ✏(t0)dt0

St
re

ss

Time

<latexit sha1_base64="E50J+w5TlGyszhmefTZwQywHO3Y=">AAAB+nicbVBNS8NAEN34WeNX1KOXxbbgqSRF1GNRBI8V7Ae0IWy203bpZhN2N4US+088CQri1X/iyX/jts1BWx8MPN6bYWZemHCmtOt+W2vrG5tb24Ude3dv/+DQOTpuqjiVFBo05rFsh0QBZwIammkO7UQCiUIOrXB0O/NbY5CKxeJRTxLwIzIQrM8o0UYKHKdk3wUu7kKiGI+FXQqcoltx58CrxMtJEeWoB85XtxfTNAKhKSdKdTw30X5GpGaUw9Qud1MFCaEjMoCOoYJEoPxsfvoUl43Sw/1YmhIaz1X710RGIqUmUWg6I6KHatmbif95nVT3r/2MiSTVIOhiUT/lWMd4lgPuMQlU84khhEpmjsV0SCSh2qRlmxS85Z9XSbNa8S4rFw/VYu0mz6OATtEZOkceukI1dI/qqIEoGqNn9IrerCfrxXq3Phata1Y+c4L+wPr8AWpgkiM=</latexit>

E0✏

<latexit sha1_base64="LpMrA1ZEjT6OHHPCpxAKKwGZd1k=">AAACBXicbVDLSsNAFJ3UV42vqMtuBtuCq5IUUTdC0Y3LCvYBTSiT6aQdOpkJMxOhhC5c+SmuBAVx60e48m+ctllo64ELh3Pu5d57woRRpV332yqsrW9sbhW37Z3dvf0D5/CorUQqMWlhwYTshkgRRjlpaaoZ6SaSoDhkpBOOb2Z+54FIRQW/15OEBDEachpRjLSR+k6pYvskUZQJfuXHSI9knGHBlZ7alb5TdmvuHHCVeDkpgxzNvvPlDwROY8I1ZkipnucmOsiQ1BQzMrWrfqpIgvAYDUnPUI5iooJs/sUUVo0ygJGQpriGc9X+NZGhWKlJHJrO2aFq2ZuJ/3m9VEeXQUZ5kmrC8WJRlDKoBZxFAgdUEqzZxBCEJTXHQjxCEmFtgrNNCt7yz6ukXa9557Wzu3q5cZ3nUQQlcAJOgQcuQAPcgiZoAQwewTN4BW/Wk/VivVsfi9aClc8cgz+wPn8AcFGX3g==</latexit>

✏ = const

<latexit sha1_base64="3QdhKGtb2HDd8AZG5vFgbu1KPZs=">AAAB9XicbVBNS8NAEN3Urxq/qh69LLaFeilJEfVY9OKxgv2ANpTNdtMu3U3i7kQpob/Dk6AgXv0xnvw3btsctPXBwOO9GWbm+bHgGhzn28qtrW9sbuW37Z3dvf2DwuFRS0eJoqxJIxGpjk80EzxkTeAgWCdWjEhfsLY/vpn57UemNI/Ce5jEzJNkGPKAUwJG8kp2T/OhJBU4s0v9QtGpOnPgVeJmpIgyNPqFr94goolkIVBBtO66TgxeShRwKtjULvcSzWJCx2TIuoaGRDLtpfOrp7hslAEOImUqBDxX7V8TKZFaT6RvOiWBkV72ZuJ/XjeB4MpLeRgnwEK6WBQkAkOEZxHgAVeMgpgYQqji5lhMR0QRCiYo26TgLv+8Slq1qntRPb+rFevXWR55dIJOUQW56BLV0S1qoCai6AE9o1f0Zj1ZL9a79bFozVnZzDH6A+vzB9BtkLw=</latexit>

�(t)

<latexit sha1_base64="gPOZHZMWbvpuMrMKvR/R8UL/TcI=">AAACA3icbVDJSgNBEO2JWxy3qCfx0pgEIkKcCaJehKAEPEYwC2SGoafTSZr0LHTXCCEET36KJ0FBvPoVnvwbO8tBEx8UPN6roqqeHwuuwLK+jdTS8srqWnrd3Njc2t7J7O7VVZRIymo0EpFs+kQxwUNWAw6CNWPJSOAL1vD7N2O/8cCk4lF4D4OYuQHphrzDKQEteZmDnOkASa4cBsSzTwsVzzqpePaxmfMyWatoTYAXiT0jWTRD1ct8Oe2IJgELgQqiVMu2YnCHRAKngo3MvJMoFhPaJ13W0jQkAVPucPLDCOe10sadSOoKAU9U89fEkARKDQJfdwYEemreG4v/ea0EOpfukIdxAiyk00WdRGCI8DgQ3OaSURADTQiVXB+LaY9IQkHHZuoU7PmfF0m9VLTPi2d3pWz5epZHGh2iI1RANrpAZXSLqqiGKHpEz+gVvRlPxovxbnxMW1PGbGYf/YHx+QMY9ZSQ</latexit>

⌧ = ⌘1/(E0 + E1)

<latexit sha1_base64="3QdhKGtb2HDd8AZG5vFgbu1KPZs=">AAAB9XicbVBNS8NAEN3Urxq/qh69LLaFeilJEfVY9OKxgv2ANpTNdtMu3U3i7kQpob/Dk6AgXv0xnvw3btsctPXBwOO9GWbm+bHgGhzn28qtrW9sbuW37Z3dvf2DwuFRS0eJoqxJIxGpjk80EzxkTeAgWCdWjEhfsLY/vpn57UemNI/Ce5jEzJNkGPKAUwJG8kp2T/OhJBU4s0v9QtGpOnPgVeJmpIgyNPqFr94goolkIVBBtO66TgxeShRwKtjULvcSzWJCx2TIuoaGRDLtpfOrp7hslAEOImUqBDxX7V8TKZFaT6RvOiWBkV72ZuJ/XjeB4MpLeRgnwEK6WBQkAkOEZxHgAVeMgpgYQqji5lhMR0QRCiYo26TgLv+8Slq1qntRPb+rFevXWR55dIJOUQW56BLV0S1qoCai6AE9o1f0Zj1ZL9a79bFozVnZzDH6A+vzB9BtkLw=</latexit>

�(t)

<latexit sha1_base64="dbecqwqK4MsKWMDHAAKgjfe7wFk="></latexit>

� = E0✏
h
1� E0

E0+E1
(1� e�t/⌧ )

i

<latexit sha1_base64="m66kJRMedv2EVY3BfgKukGOIIMo=">AAACBHicbVDLSsNAFJ3UV42vqDvdDLaFitAmRdRlUQSXFewD2hAm02k7dDIJMxOhhIIrP8WVoCBu/QlX/o2TNgutHriXwzn3MnOPHzEqlW1/Gbml5ZXVtfy6ubG5tb1j7e61ZBgLTJo4ZKHo+EgSRjlpKqoY6USCoMBnpO2Pr1K/fU+EpCG/U5OIuAEacjqgGCktedZB0eyRSFIW8mrZqV579knanWOz6FkFu2LPAP8SJyMFkKHhWZ+9fojjgHCFGZKy69iRchMkFMWMTM1SL5YkQniMhqSrKUcBkW4yO2IKS1rpw0EodHEFZ6r5YyNBgZSTwNeTAVIjueil4n9eN1aDCzehPIoV4Xj+0CBmUIUwTQT2qSBYsYkmCAuqPwvxCAmElc7N1Ck4izf/Ja1axTmrnN7WCvXLLI88OARHoAwccA7q4AY0QBNg8ACewAt4NR6NZ+PNeJ+P5oxsZx/8gvHxDVe2lKc=</latexit>

✏/(1/E0 + 1/E1)

Solution of  ODE: 

From equilibrium and compatibility:

<latexit sha1_base64="8uh963shgOVCAb0gGqg8vajbGw8=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LLYFTyUpRT0WRfBYwX5AG8pmu2mXbjZhdyOU0D/hSVAQr/4dT/4bN20O2vpg4PHeDDPz/JgzpR3n2ypsbG5t7xR37b39g8Oj0vFJR0WJJLRNIh7Jno8V5UzQtmaa014sKQ59Trv+9Dbzu09UKhaJRz2LqRfisWABI1gbqVex74auXbGHpbJTcxZA68TNSRlytIalr8EoIklIhSYcK9V3nVh7KZaaEU7ndnWQKBpjMsVj2jdU4JAqL10cPEdVo4xQEElTQqOFav+aSHGo1Cz0TWeI9UStepn4n9dPdHDtpUzEiaaCLBcFCUc6Qtn3aMQkJZrPDMFEMnMsIhMsMdEmoywFd/XnddKp19zLWuOhXm7e5HkU4QzO4QJcuIIm3EML2kCAwzO8wpslrRfr3fpYthasfOYU/sD6/AF9co43</latexit>

E1

<latexit sha1_base64="i8m1qrfq4WB0aMBk/U64FVXBW40=">AAAB83icbVBNS8NAEN3Urxq/qh69BNuCp5IUUY9FLx4r2A9IQ9lsJ+3SzW7Y3Qgl9Gd4EhTEq7/Gk//GTZuDtj4YeLw3w8y8MGFUadf9tkobm1vbO+Vde2//4PCocnzSVSKVBDpEMCH7IVbAKIeOpppBP5GA45BBL5ze5X7vCaSigj/qWQJBjMecRpRgbSS/Zg9A46Fn1+xhpeo23AWcdeIVpIoKtIeVr8FIkDQGrgnDSvmem+ggw1JTwmBu1wepggSTKR6DbyjHMaggW9w8d+pGGTmRkKa4dhaq/Wsiw7FSszg0nTHWE7Xq5eJ/np/q6CbIKE9SDZwsF0Upc7Rw8gCcEZVANJsZgomk5liHTLDERJuY8hS81Z/XSbfZ8K4alw/Nauu2yKOMztA5ukAeukYtdI/aqIMIEugZvaI3K7VerHfrY9lasoqZU/QH1ucP9fWPpg==</latexit>⌘1

<latexit sha1_base64="UPtsET98WCMuWsxeORAflDRHD8c=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LLYFTyUpRT0WRfBYwX5AG8pmu2mXbjZhdyOU0D/hSVAQr/4dT/4bN20O2vpg4PHeDDPz/JgzpR3n2ypsbG5t7xR37b39g8Oj0vFJR0WJJLRNIh7Jno8V5UzQtmaa014sKQ59Trv+9Dbzu09UKhaJRz2LqRfisWABI1gbqVex74aOXbGHpbJTcxZA68TNSRlytIalr8EoIklIhSYcK9V3nVh7KZaaEU7ndnWQKBpjMsVj2jdU4JAqL10cPEdVo4xQEElTQqOFav+aSHGo1Cz0TWeI9UStepn4n9dPdHDtpUzEiaaCLBcFCUc6Qtn3aMQkJZrPDMFEMnMsIhMsMdEmoywFd/XnddKp19zLWuOhXm7e5HkU4QzO4QJcuIIm3EML2kCAwzO8wpslrRfr3fpYthasfOYU/sD6/AF76o42</latexit>

E0
<latexit sha1_base64="UUg/52LYLNGDSNQKrEKU50FrEUM=">AAACFnicbZDLSgMxFIYz9VbHW9Wlm8G20KKUmSLqRii6cVnB2kI7lkx6pg3NZIYkI5ShL+HKR3ElKIhbwZVvY3pBausPgS//OYfk/F7EqFS2/W2klpZXVtfS6+bG5tb2TmZ3706GsSBQIyELRcPDEhjlUFNUMWhEAnDgMah7/atRvf4AQtKQ36pBBG6Au5z6lGClrXbmOGe2IJKUhdy8+MX7pADF4dHMlRaHZq6dydoleyxrEZwpZNFU1Xbmq9UJSRwAV4RhKZuOHSk3wUJRwmBo5luxhAiTPu5CUyPHAUg3Ga81tPLa6Vh+KPThyhq75sxEggMpB4GnOwOsenK+NjL/qzVj5Z+7CeVRrICTyUN+zCwVWqOMrA4VQBQbaMBEUP1Zi/SwwETpJE2dgjO/8yLclUvOaenkppytXE7zSKMDdIgKyEFnqIKuURXVEEGP6Bm9ojfjyXgx3o2PSWvKmM7soz8yPn8ASqKdiw==</latexit>

✏ = ✏(e) + ✏(i)
<latexit sha1_base64="ou6sirbi5rHf6dSII6ctUC1ReZk=">AAACB3icbVDLSgNBEJyNr7i+Vj2KMJgE4iXsBlEvQlAEjxHMA5IYZiedZMjs7DIzK4QlJ09+iidBQbz6DZ78GyePgyYWNBRV3XR3+RFnSrvut5VaWl5ZXUuv2xubW9s7zu5eVYWxpFChIQ9l3ScKOBNQ0UxzqEcSSOBzqPmDq7FfewCpWCju9DCCVkB6gnUZJdpIbecwazcV6wXk4rrt4iZEivFQ3Cd5OB7Z2baTcQvuBHiReDOSQTOU285XsxPSOAChKSdKNTw30q2ESM0oh5Gda8YKIkIHpAcNQwUJQLWSyR8jnDNKB3dDaUpoPFHtXxMJCZQaBr7pDIjuq3lvLP7nNWLdPW8lTESxBkGni7oxxzrE41Bwh0mgmg8NIVQycyymfSIJ1SY626Tgzf+8SKrFgndaOLktZkqXszzS6AAdoTzy0BkqoRtURhVE0SN6Rq/ozXqyXqx362PamrJmM/voD6zPH9nll1s=</latexit>

� = E0✏(e)
<latexit sha1_base64="3HZd4zGri3D+dlWVnYrkkH/7+VI=">AAACJXicbZDLSgMxFIYz9VbHW9Wlm2BbqAhlpogKIhRFcFnBXqCtJZOmbWgmMyRnhDL0YVz5KK4ERRFc+SqmF0FbDwR+vv+cJOf3QsE1OM6nlVhYXFpeSa7aa+sbm1up7Z2KDiJFWZkGIlA1j2gmuGRl4CBYLVSM+J5gVa9/OfKr90xpHshbGISs6ZOu5B1OCRjUSp1l7IbmXZ+cX7Vc3GCh5iKQd3GOHwzxoQFARrwdQPxjDieunWml0k7eGReeF+5UpNG0Sq3Um7mIRj6TQAXRuu46ITRjooBTwYZ2thFpFhLaJ11WN1ISn+lmPN5yiLOGtHEnUOZIwGNq/5qIia/1wPdMp0+gp2e9EfzPq0fQOW3GXIYRMEknD3UigSHAo8hwmytGQQyMIFRx81lMe0QRCiZY26Tgzu48LyqFvHucP7oppIsX0zySaA/toxxy0QkqomtUQmVE0QN6Qi/o1Xq0nq1362PSmrCmM7voT1lf3zz6oz4=</latexit>

� = E1✏(i) + ⌘1✏̇(i)
<latexit sha1_base64="vDeH7c3H1OXteFiY4DE8+jAv87s=">AAAB/HicbVBNS8NAEN3Urxq/Yj16CbaFeilJEfVY9OKxgv2ANpbNdtIu3WzC7kYsof4UT4KCePWPePLfuG1z0NYHA4/3ZpiZ58eMSuU430ZubX1jcyu/be7s7u0fWIeFlowSQaBJIhaJjo8lMMqhqahi0IkF4NBn0PbH1zO//QBC0ojfqUkMXoiHnAaUYKWlvlUomT2IJWURv08rcDo1S32r6FSdOexV4makiDI0+tZXbxCRJASuCMNSdl0nVl6KhaKEwdQs9xIJMSZjPISuphyHIL10fvzULmtlYAeR0MWVPVfNXxMpDqWchL7uDLEayWVvJv7ndRMVXHop5XGigJPFoiBhtorsWRL2gAogik00wURQfaxNRlhgonRepk7BXf55lbRqVfe8enZbK9avsjzy6BidoApy0QWqoxvUQE1E0CN6Rq/ozXgyXox342PRmjOymSP0B8bnD3Cck08=</latexit>

✏(e)
<latexit sha1_base64="H+7Y5hBtPwcSPrseOEmJpAxnwD0=">AAAB/HicbVDLSgMxFM3UVx1fY126CbaFuikzRdRl0Y3LCvYB7VgyaaYNzSRDkhHLUD/FlaAgbv0RV/6NaTsLbT1w4XDOvdx7TxAzqrTrflu5tfWNza38tr2zu7d/4BwWWkokEpMmFkzIToAUYZSTpqaakU4sCYoCRtrB+Hrmtx+IVFTwOz2JiR+hIachxUgbqe8USnaPxIoywe/TCj2d2qW+U3Sr7hxwlXgZKYIMjb7z1RsInESEa8yQUl3PjbWfIqkpZmRql3uJIjHCYzQkXUM5iojy0/nxU1g2ygCGQpriGs5V+9dEiiKlJlFgOiOkR2rZm4n/ed1Eh5d+SnmcaMLxYlGYMKgFnCUBB1QSrNnEEIQlNcdCPEISYW3ysk0K3vLPq6RVq3rn1bPbWrF+leWRB8fgBFSABy5AHdyABmgCDB7BM3gFb9aT9WK9Wx+L1pyVzRyBP7A+fwB2wJNT</latexit>

✏(i)

<latexit sha1_base64="0Ef+GZ+rx8R8laoYm/i7SAamC1o=">AAAB8nicbVBNSwMxEM36WdevqkcvwbbgqewWUY9FLx4r2A9sl5JNs21okl2SWaEs/ReeBAXx6r/x5L8xbfegrQ8GHu/NMDMvTAQ34Hnfztr6xubWdmHH3d3bPzgsHh23TJxqypo0FrHuhMQwwRVrAgfBOolmRIaCtcPx7cxvPzFteKweYJKwQJKh4hGnBKz0WHZ7hg8lccv9YsmrenPgVeLnpIRyNPrFr94gpqlkCqggxnR9L4EgIxo4FWzqVnqpYQmhYzJkXUsVkcwE2fzkKa5YZYCjWNtSgOeq+2siI9KYiQxtpyQwMsveTPzP66YQXQcZV0kKTNHFoigVGGI8+x8PuGYUxMQSQjW3x2I6IppQsCm5NgV/+edV0qpV/cvqxX2tVL/J8yigU3SGzpGPrlAd3aEGaiKKFHpGr+jNAefFeXc+Fq1rTj5zgv7A+fwBK/uP2Q==</latexit>�<latexit sha1_base64="0Ef+GZ+rx8R8laoYm/i7SAamC1o=">AAAB8nicbVBNSwMxEM36WdevqkcvwbbgqewWUY9FLx4r2A9sl5JNs21okl2SWaEs/ReeBAXx6r/x5L8xbfegrQ8GHu/NMDMvTAQ34Hnfztr6xubWdmHH3d3bPzgsHh23TJxqypo0FrHuhMQwwRVrAgfBOolmRIaCtcPx7cxvPzFteKweYJKwQJKh4hGnBKz0WHZ7hg8lccv9YsmrenPgVeLnpIRyNPrFr94gpqlkCqggxnR9L4EgIxo4FWzqVnqpYQmhYzJkXUsVkcwE2fzkKa5YZYCjWNtSgOeq+2siI9KYiQxtpyQwMsveTPzP66YQXQcZV0kKTNHFoigVGGI8+x8PuGYUxMQSQjW3x2I6IppQsCm5NgV/+edV0qpV/cvqxX2tVL/J8yigU3SGzpGPrlAd3aEGaiKKFHpGr+jNAefFeXc+Fq1rTj5zgv7A+fwBK/uP2Q==</latexit>�
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Viscoelasticity

Standard solid model
- Relaxation process (at constant strain)

<latexit sha1_base64="DttwOLCXi/hFD+IKMnUr+Wsz7rk="></latexit>

✏̇(i) = E0
⌘1

(✏� ✏(i))� E1
⌘1

✏(i)

<latexit sha1_base64="DUIsk28Xb3Sfzoen+IQrHJffMS4="></latexit>

✏(i)(t) = E0
⌘1

R t
�1 e�(t�t0)/⌧ ✏(t0)dt0Solution of  ODE: 

From equilibrium and compatibility:

<latexit sha1_base64="8uh963shgOVCAb0gGqg8vajbGw8=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LLYFTyUpRT0WRfBYwX5AG8pmu2mXbjZhdyOU0D/hSVAQr/4dT/4bN20O2vpg4PHeDDPz/JgzpR3n2ypsbG5t7xR37b39g8Oj0vFJR0WJJLRNIh7Jno8V5UzQtmaa014sKQ59Trv+9Dbzu09UKhaJRz2LqRfisWABI1gbqVex74auXbGHpbJTcxZA68TNSRlytIalr8EoIklIhSYcK9V3nVh7KZaaEU7ndnWQKBpjMsVj2jdU4JAqL10cPEdVo4xQEElTQqOFav+aSHGo1Cz0TWeI9UStepn4n9dPdHDtpUzEiaaCLBcFCUc6Qtn3aMQkJZrPDMFEMnMsIhMsMdEmoywFd/XnddKp19zLWuOhXm7e5HkU4QzO4QJcuIIm3EML2kCAwzO8wpslrRfr3fpYthasfOYU/sD6/AF9co43</latexit>

E1

<latexit sha1_base64="i8m1qrfq4WB0aMBk/U64FVXBW40=">AAAB83icbVBNS8NAEN3Urxq/qh69BNuCp5IUUY9FLx4r2A9IQ9lsJ+3SzW7Y3Qgl9Gd4EhTEq7/Gk//GTZuDtj4YeLw3w8y8MGFUadf9tkobm1vbO+Vde2//4PCocnzSVSKVBDpEMCH7IVbAKIeOpppBP5GA45BBL5ze5X7vCaSigj/qWQJBjMecRpRgbSS/Zg9A46Fn1+xhpeo23AWcdeIVpIoKtIeVr8FIkDQGrgnDSvmem+ggw1JTwmBu1wepggSTKR6DbyjHMaggW9w8d+pGGTmRkKa4dhaq/Wsiw7FSszg0nTHWE7Xq5eJ/np/q6CbIKE9SDZwsF0Upc7Rw8gCcEZVANJsZgomk5liHTLDERJuY8hS81Z/XSbfZ8K4alw/Nauu2yKOMztA5ukAeukYtdI/aqIMIEugZvaI3K7VerHfrY9lasoqZU/QH1ucP9fWPpg==</latexit>⌘1

<latexit sha1_base64="UPtsET98WCMuWsxeORAflDRHD8c=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LLYFTyUpRT0WRfBYwX5AG8pmu2mXbjZhdyOU0D/hSVAQr/4dT/4bN20O2vpg4PHeDDPz/JgzpR3n2ypsbG5t7xR37b39g8Oj0vFJR0WJJLRNIh7Jno8V5UzQtmaa014sKQ59Trv+9Dbzu09UKhaJRz2LqRfisWABI1gbqVex74aOXbGHpbJTcxZA68TNSRlytIalr8EoIklIhSYcK9V3nVh7KZaaEU7ndnWQKBpjMsVj2jdU4JAqL10cPEdVo4xQEElTQqOFav+aSHGo1Cz0TWeI9UStepn4n9dPdHDtpUzEiaaCLBcFCUc6Qtn3aMQkJZrPDMFEMnMsIhMsMdEmoywFd/XnddKp19zLWuOhXm7e5HkU4QzO4QJcuIIm3EML2kCAwzO8wpslrRfr3fpYthasfOYU/sD6/AF76o42</latexit>

E0
<latexit sha1_base64="UUg/52LYLNGDSNQKrEKU50FrEUM=">AAACFnicbZDLSgMxFIYz9VbHW9Wlm8G20KKUmSLqRii6cVnB2kI7lkx6pg3NZIYkI5ShL+HKR3ElKIhbwZVvY3pBausPgS//OYfk/F7EqFS2/W2klpZXVtfS6+bG5tb2TmZ3706GsSBQIyELRcPDEhjlUFNUMWhEAnDgMah7/atRvf4AQtKQ36pBBG6Au5z6lGClrXbmOGe2IJKUhdy8+MX7pADF4dHMlRaHZq6dydoleyxrEZwpZNFU1Xbmq9UJSRwAV4RhKZuOHSk3wUJRwmBo5luxhAiTPu5CUyPHAUg3Ga81tPLa6Vh+KPThyhq75sxEggMpB4GnOwOsenK+NjL/qzVj5Z+7CeVRrICTyUN+zCwVWqOMrA4VQBQbaMBEUP1Zi/SwwETpJE2dgjO/8yLclUvOaenkppytXE7zSKMDdIgKyEFnqIKuURXVEEGP6Bm9ojfjyXgx3o2PSWvKmM7soz8yPn8ASqKdiw==</latexit>

✏ = ✏(e) + ✏(i)
<latexit sha1_base64="ou6sirbi5rHf6dSII6ctUC1ReZk=">AAACB3icbVDLSgNBEJyNr7i+Vj2KMJgE4iXsBlEvQlAEjxHMA5IYZiedZMjs7DIzK4QlJ09+iidBQbz6DZ78GyePgyYWNBRV3XR3+RFnSrvut5VaWl5ZXUuv2xubW9s7zu5eVYWxpFChIQ9l3ScKOBNQ0UxzqEcSSOBzqPmDq7FfewCpWCju9DCCVkB6gnUZJdpIbecwazcV6wXk4rrt4iZEivFQ3Cd5OB7Z2baTcQvuBHiReDOSQTOU285XsxPSOAChKSdKNTw30q2ESM0oh5Gda8YKIkIHpAcNQwUJQLWSyR8jnDNKB3dDaUpoPFHtXxMJCZQaBr7pDIjuq3lvLP7nNWLdPW8lTESxBkGni7oxxzrE41Bwh0mgmg8NIVQycyymfSIJ1SY626Tgzf+8SKrFgndaOLktZkqXszzS6AAdoTzy0BkqoRtURhVE0SN6Rq/ozXqyXqx362PamrJmM/voD6zPH9nll1s=</latexit>

� = E0✏(e)
<latexit sha1_base64="3HZd4zGri3D+dlWVnYrkkH/7+VI=">AAACJXicbZDLSgMxFIYz9VbHW9Wlm2BbqAhlpogKIhRFcFnBXqCtJZOmbWgmMyRnhDL0YVz5KK4ERRFc+SqmF0FbDwR+vv+cJOf3QsE1OM6nlVhYXFpeSa7aa+sbm1up7Z2KDiJFWZkGIlA1j2gmuGRl4CBYLVSM+J5gVa9/OfKr90xpHshbGISs6ZOu5B1OCRjUSp1l7IbmXZ+cX7Vc3GCh5iKQd3GOHwzxoQFARrwdQPxjDieunWml0k7eGReeF+5UpNG0Sq3Um7mIRj6TQAXRuu46ITRjooBTwYZ2thFpFhLaJ11WN1ISn+lmPN5yiLOGtHEnUOZIwGNq/5qIia/1wPdMp0+gp2e9EfzPq0fQOW3GXIYRMEknD3UigSHAo8hwmytGQQyMIFRx81lMe0QRCiZY26Tgzu48LyqFvHucP7oppIsX0zySaA/toxxy0QkqomtUQmVE0QN6Qi/o1Xq0nq1362PSmrCmM7voT1lf3zz6oz4=</latexit>

� = E1✏(i) + ⌘1✏̇(i)
<latexit sha1_base64="vDeH7c3H1OXteFiY4DE8+jAv87s=">AAAB/HicbVBNS8NAEN3Urxq/Yj16CbaFeilJEfVY9OKxgv2ANpbNdtIu3WzC7kYsof4UT4KCePWPePLfuG1z0NYHA4/3ZpiZ58eMSuU430ZubX1jcyu/be7s7u0fWIeFlowSQaBJIhaJjo8lMMqhqahi0IkF4NBn0PbH1zO//QBC0ojfqUkMXoiHnAaUYKWlvlUomT2IJWURv08rcDo1S32r6FSdOexV4makiDI0+tZXbxCRJASuCMNSdl0nVl6KhaKEwdQs9xIJMSZjPISuphyHIL10fvzULmtlYAeR0MWVPVfNXxMpDqWchL7uDLEayWVvJv7ndRMVXHop5XGigJPFoiBhtorsWRL2gAogik00wURQfaxNRlhgonRepk7BXf55lbRqVfe8enZbK9avsjzy6BidoApy0QWqoxvUQE1E0CN6Rq/ozXgyXox342PRmjOymSP0B8bnD3Cck08=</latexit>

✏(e)
<latexit sha1_base64="H+7Y5hBtPwcSPrseOEmJpAxnwD0=">AAAB/HicbVDLSgMxFM3UVx1fY126CbaFuikzRdRl0Y3LCvYB7VgyaaYNzSRDkhHLUD/FlaAgbv0RV/6NaTsLbT1w4XDOvdx7TxAzqrTrflu5tfWNza38tr2zu7d/4BwWWkokEpMmFkzIToAUYZSTpqaakU4sCYoCRtrB+Hrmtx+IVFTwOz2JiR+hIachxUgbqe8USnaPxIoywe/TCj2d2qW+U3Sr7hxwlXgZKYIMjb7z1RsInESEa8yQUl3PjbWfIqkpZmRql3uJIjHCYzQkXUM5iojy0/nxU1g2ygCGQpriGs5V+9dEiiKlJlFgOiOkR2rZm4n/ed1Eh5d+SnmcaMLxYlGYMKgFnCUBB1QSrNnEEIQlNcdCPEISYW3ysk0K3vLPq6RVq3rn1bPbWrF+leWRB8fgBFSABy5AHdyABmgCDB7BM3gFb9aT9WK9Wx+L1pyVzRyBP7A+fwB2wJNT</latexit>

✏(i)

<latexit sha1_base64="0Ef+GZ+rx8R8laoYm/i7SAamC1o=">AAAB8nicbVBNSwMxEM36WdevqkcvwbbgqewWUY9FLx4r2A9sl5JNs21okl2SWaEs/ReeBAXx6r/x5L8xbfegrQ8GHu/NMDMvTAQ34Hnfztr6xubWdmHH3d3bPzgsHh23TJxqypo0FrHuhMQwwRVrAgfBOolmRIaCtcPx7cxvPzFteKweYJKwQJKh4hGnBKz0WHZ7hg8lccv9YsmrenPgVeLnpIRyNPrFr94gpqlkCqggxnR9L4EgIxo4FWzqVnqpYQmhYzJkXUsVkcwE2fzkKa5YZYCjWNtSgOeq+2siI9KYiQxtpyQwMsveTPzP66YQXQcZV0kKTNHFoigVGGI8+x8PuGYUxMQSQjW3x2I6IppQsCm5NgV/+edV0qpV/cvqxX2tVL/J8yigU3SGzpGPrlAd3aEGaiKKFHpGr+jNAefFeXc+Fq1rTj5zgv7A+fwBK/uP2Q==</latexit>�<latexit sha1_base64="0Ef+GZ+rx8R8laoYm/i7SAamC1o=">AAAB8nicbVBNSwMxEM36WdevqkcvwbbgqewWUY9FLx4r2A9sl5JNs21okl2SWaEs/ReeBAXx6r/x5L8xbfegrQ8GHu/NMDMvTAQ34Hnfztr6xubWdmHH3d3bPzgsHh23TJxqypo0FrHuhMQwwRVrAgfBOolmRIaCtcPx7cxvPzFteKweYJKwQJKh4hGnBKz0WHZ7hg8lccv9YsmrenPgVeLnpIRyNPrFr94gpqlkCqggxnR9L4EgIxo4FWzqVnqpYQmhYzJkXUsVkcwE2fzkKa5YZYCjWNtSgOeq+2siI9KYiQxtpyQwMsveTPzP66YQXQcZV0kKTNHFoigVGGI8+x8PuGYUxMQSQjW3x2I6IppQsCm5NgV/+edV0qpV/cvqxX2tVL/J8yigU3SGzpGPrlAd3aEGaiKKFHpGr+jNAefFeXc+Fq1rTj5zgv7A+fwBK/uP2Q==</latexit>�

DIY
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Viscoelasticity

Materials with memory

- Example: standard solid model
<latexit sha1_base64="3QdhKGtb2HDd8AZG5vFgbu1KPZs=">AAAB9XicbVBNS8NAEN3Urxq/qh69LLaFeilJEfVY9OKxgv2ANpTNdtMu3U3i7kQpob/Dk6AgXv0xnvw3btsctPXBwOO9GWbm+bHgGhzn28qtrW9sbuW37Z3dvf2DwuFRS0eJoqxJIxGpjk80EzxkTeAgWCdWjEhfsLY/vpn57UemNI/Ce5jEzJNkGPKAUwJG8kp2T/OhJBU4s0v9QtGpOnPgVeJmpIgyNPqFr94goolkIVBBtO66TgxeShRwKtjULvcSzWJCx2TIuoaGRDLtpfOrp7hslAEOImUqBDxX7V8TKZFaT6RvOiWBkV72ZuJ/XjeB4MpLeRgnwEK6WBQkAkOEZxHgAVeMgpgYQqji5lhMR0QRCiYo26TgLv+8Slq1qntRPb+rFevXWR55dIJOUQW56BLV0S1qoCai6AE9o1f0Zj1ZL9a79bFozVnZzDH6A+vzB9BtkLw=</latexit>

�(t)

<latexit sha1_base64="3QdhKGtb2HDd8AZG5vFgbu1KPZs=">AAAB9XicbVBNS8NAEN3Urxq/qh69LLaFeilJEfVY9OKxgv2ANpTNdtMu3U3i7kQpob/Dk6AgXv0xnvw3btsctPXBwOO9GWbm+bHgGhzn28qtrW9sbuW37Z3dvf2DwuFRS0eJoqxJIxGpjk80EzxkTeAgWCdWjEhfsLY/vpn57UemNI/Ce5jEzJNkGPKAUwJG8kp2T/OhJBU4s0v9QtGpOnPgVeJmpIgyNPqFr94goolkIVBBtO66TgxeShRwKtjULvcSzWJCx2TIuoaGRDLtpfOrp7hslAEOImUqBDxX7V8TKZFaT6RvOiWBkV72ZuJ/XjeB4MpLeRgnwEK6WBQkAkOEZxHgAVeMgpgYQqji5lhMR0QRCiYo26TgLv+8Slq1qntRPb+rFevXWR55dIJOUQW56BLV0S1qoCai6AE9o1f0Zj1ZL9a79bFozVnZzDH6A+vzB9BtkLw=</latexit>

�(t)

<latexit sha1_base64="Fx/MUFZTanlZAWsgSHmMSYWI8cM=">AAAB+XicbVBNS8NAEN34WeNHox69BNtCvZSkiHosevFYwX5AG8pmO2mXbnbD7kYoob/Ek6AgXv0pnvw3btsctPXBwOO9GWbmhQmjSnvet7WxubW9s1vYs/cPDo+KzvFJW4lUEmgRwYTshlgBoxxammoG3UQCjkMGnXByN/c7TyAVFfxRTxMIYjziNKIEayMNnGLZ7kOiKBO8qi/s8sApeTVvAXed+DkpoRzNgfPVHwqSxsA1YVipnu8lOsiw1JQwmNmVfqogwWSCR9AzlOMYVJAtLp+5FaMM3UhIU1y7C9X+NZHhWKlpHJrOGOuxWvXm4n9eL9XRTZBRnqQaOFkuilLmauHOY3CHVALRbGoIJpKaY10yxhITbcKyTQr+6s/rpF2v+Ve1y4d6qXGb51FAZ+gcVZGPrlED3aMmaiGCUvSMXtGblVkv1rv1sWzdsPKZU/QH1ucP/qOR6g==</latexit>

✏(t)

<latexit sha1_base64="gPOZHZMWbvpuMrMKvR/R8UL/TcI=">AAACA3icbVDJSgNBEO2JWxy3qCfx0pgEIkKcCaJehKAEPEYwC2SGoafTSZr0LHTXCCEET36KJ0FBvPoVnvwbO8tBEx8UPN6roqqeHwuuwLK+jdTS8srqWnrd3Njc2t7J7O7VVZRIymo0EpFs+kQxwUNWAw6CNWPJSOAL1vD7N2O/8cCk4lF4D4OYuQHphrzDKQEteZmDnOkASa4cBsSzTwsVzzqpePaxmfMyWatoTYAXiT0jWTRD1ct8Oe2IJgELgQqiVMu2YnCHRAKngo3MvJMoFhPaJ13W0jQkAVPucPLDCOe10sadSOoKAU9U89fEkARKDQJfdwYEemreG4v/ea0EOpfukIdxAiyk00WdRGCI8DgQ3OaSURADTQiVXB+LaY9IQkHHZuoU7PmfF0m9VLTPi2d3pWz5epZHGh2iI1RANrpAZXSLqqiGKHpEz+gVvRlPxovxbnxMW1PGbGYf/YHx+QMY9ZSQ</latexit>

⌧ = ⌘1/(E0 + E1)

relaxation modulus 
or memory kernel

relaxation time

instantaneous modulus

long-term modulus

<latexit sha1_base64="8uh963shgOVCAb0gGqg8vajbGw8=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LLYFTyUpRT0WRfBYwX5AG8pmu2mXbjZhdyOU0D/hSVAQr/4dT/4bN20O2vpg4PHeDDPz/JgzpR3n2ypsbG5t7xR37b39g8Oj0vFJR0WJJLRNIh7Jno8V5UzQtmaa014sKQ59Trv+9Dbzu09UKhaJRz2LqRfisWABI1gbqVex74auXbGHpbJTcxZA68TNSRlytIalr8EoIklIhSYcK9V3nVh7KZaaEU7ndnWQKBpjMsVj2jdU4JAqL10cPEdVo4xQEElTQqOFav+aSHGo1Cz0TWeI9UStepn4n9dPdHDtpUzEiaaCLBcFCUc6Qtn3aMQkJZrPDMFEMnMsIhMsMdEmoywFd/XnddKp19zLWuOhXm7e5HkU4QzO4QJcuIIm3EML2kCAwzO8wpslrRfr3fpYthasfOYU/sD6/AF9co43</latexit>

E1

<latexit sha1_base64="i8m1qrfq4WB0aMBk/U64FVXBW40=">AAAB83icbVBNS8NAEN3Urxq/qh69BNuCp5IUUY9FLx4r2A9IQ9lsJ+3SzW7Y3Qgl9Gd4EhTEq7/Gk//GTZuDtj4YeLw3w8y8MGFUadf9tkobm1vbO+Vde2//4PCocnzSVSKVBDpEMCH7IVbAKIeOpppBP5GA45BBL5ze5X7vCaSigj/qWQJBjMecRpRgbSS/Zg9A46Fn1+xhpeo23AWcdeIVpIoKtIeVr8FIkDQGrgnDSvmem+ggw1JTwmBu1wepggSTKR6DbyjHMaggW9w8d+pGGTmRkKa4dhaq/Wsiw7FSszg0nTHWE7Xq5eJ/np/q6CbIKE9SDZwsF0Upc7Rw8gCcEZVANJsZgomk5liHTLDERJuY8hS81Z/XSbfZ8K4alw/Nauu2yKOMztA5ukAeukYtdI/aqIMIEugZvaI3K7VerHfrY9lasoqZU/QH1ucP9fWPpg==</latexit>⌘1

<latexit sha1_base64="UPtsET98WCMuWsxeORAflDRHD8c=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LLYFTyUpRT0WRfBYwX5AG8pmu2mXbjZhdyOU0D/hSVAQr/4dT/4bN20O2vpg4PHeDDPz/JgzpR3n2ypsbG5t7xR37b39g8Oj0vFJR0WJJLRNIh7Jno8V5UzQtmaa014sKQ59Trv+9Dbzu09UKhaJRz2LqRfisWABI1gbqVex74aOXbGHpbJTcxZA68TNSRlytIalr8EoIklIhSYcK9V3nVh7KZaaEU7ndnWQKBpjMsVj2jdU4JAqL10cPEdVo4xQEElTQqOFav+aSHGo1Cz0TWeI9UStepn4n9dPdHDtpUzEiaaCLBcFCUc6Qtn3aMQkJZrPDMFEMnMsIhMsMdEmoywFd/XnddKp19zLWuOhXm7e5HkU4QzO4QJcuIIm3EML2kCAwzO8wpslrRfr3fpYthasfOYU/sD6/AF76o42</latexit>

E0
<latexit sha1_base64="UUg/52LYLNGDSNQKrEKU50FrEUM=">AAACFnicbZDLSgMxFIYz9VbHW9Wlm8G20KKUmSLqRii6cVnB2kI7lkx6pg3NZIYkI5ShL+HKR3ElKIhbwZVvY3pBausPgS//OYfk/F7EqFS2/W2klpZXVtfS6+bG5tb2TmZ3706GsSBQIyELRcPDEhjlUFNUMWhEAnDgMah7/atRvf4AQtKQ36pBBG6Au5z6lGClrXbmOGe2IJKUhdy8+MX7pADF4dHMlRaHZq6dydoleyxrEZwpZNFU1Xbmq9UJSRwAV4RhKZuOHSk3wUJRwmBo5luxhAiTPu5CUyPHAUg3Ga81tPLa6Vh+KPThyhq75sxEggMpB4GnOwOsenK+NjL/qzVj5Z+7CeVRrICTyUN+zCwVWqOMrA4VQBQbaMBEUP1Zi/SwwETpJE2dgjO/8yLclUvOaenkppytXE7zSKMDdIgKyEFnqIKuURXVEEGP6Bm9ojfjyXgx3o2PSWvKmM7soz8yPn8ASqKdiw==</latexit>

✏ = ✏(e) + ✏(i)
<latexit sha1_base64="ou6sirbi5rHf6dSII6ctUC1ReZk=">AAACB3icbVDLSgNBEJyNr7i+Vj2KMJgE4iXsBlEvQlAEjxHMA5IYZiedZMjs7DIzK4QlJ09+iidBQbz6DZ78GyePgyYWNBRV3XR3+RFnSrvut5VaWl5ZXUuv2xubW9s7zu5eVYWxpFChIQ9l3ScKOBNQ0UxzqEcSSOBzqPmDq7FfewCpWCju9DCCVkB6gnUZJdpIbecwazcV6wXk4rrt4iZEivFQ3Cd5OB7Z2baTcQvuBHiReDOSQTOU285XsxPSOAChKSdKNTw30q2ESM0oh5Gda8YKIkIHpAcNQwUJQLWSyR8jnDNKB3dDaUpoPFHtXxMJCZQaBr7pDIjuq3lvLP7nNWLdPW8lTESxBkGni7oxxzrE41Bwh0mgmg8NIVQycyymfSIJ1SY626Tgzf+8SKrFgndaOLktZkqXszzS6AAdoTzy0BkqoRtURhVE0SN6Rq/ozXqyXqx362PamrJmM/voD6zPH9nll1s=</latexit>

� = E0✏(e)
<latexit sha1_base64="3HZd4zGri3D+dlWVnYrkkH/7+VI=">AAACJXicbZDLSgMxFIYz9VbHW9Wlm2BbqAhlpogKIhRFcFnBXqCtJZOmbWgmMyRnhDL0YVz5KK4ERRFc+SqmF0FbDwR+vv+cJOf3QsE1OM6nlVhYXFpeSa7aa+sbm1up7Z2KDiJFWZkGIlA1j2gmuGRl4CBYLVSM+J5gVa9/OfKr90xpHshbGISs6ZOu5B1OCRjUSp1l7IbmXZ+cX7Vc3GCh5iKQd3GOHwzxoQFARrwdQPxjDieunWml0k7eGReeF+5UpNG0Sq3Um7mIRj6TQAXRuu46ITRjooBTwYZ2thFpFhLaJ11WN1ISn+lmPN5yiLOGtHEnUOZIwGNq/5qIia/1wPdMp0+gp2e9EfzPq0fQOW3GXIYRMEknD3UigSHAo8hwmytGQQyMIFRx81lMe0QRCiZY26Tgzu48LyqFvHucP7oppIsX0zySaA/toxxy0QkqomtUQmVE0QN6Qi/o1Xq0nq1362PSmrCmM7voT1lf3zz6oz4=</latexit>

� = E1✏(i) + ⌘1✏̇(i)
<latexit sha1_base64="vDeH7c3H1OXteFiY4DE8+jAv87s=">AAAB/HicbVBNS8NAEN3Urxq/Yj16CbaFeilJEfVY9OKxgv2ANpbNdtIu3WzC7kYsof4UT4KCePWPePLfuG1z0NYHA4/3ZpiZ58eMSuU430ZubX1jcyu/be7s7u0fWIeFlowSQaBJIhaJjo8lMMqhqahi0IkF4NBn0PbH1zO//QBC0ojfqUkMXoiHnAaUYKWlvlUomT2IJWURv08rcDo1S32r6FSdOexV4makiDI0+tZXbxCRJASuCMNSdl0nVl6KhaKEwdQs9xIJMSZjPISuphyHIL10fvzULmtlYAeR0MWVPVfNXxMpDqWchL7uDLEayWVvJv7ndRMVXHop5XGigJPFoiBhtorsWRL2gAogik00wURQfaxNRlhgonRepk7BXf55lbRqVfe8enZbK9avsjzy6BidoApy0QWqoxvUQE1E0CN6Rq/ozXgyXox342PRmjOymSP0B8bnD3Cck08=</latexit>

✏(e)
<latexit sha1_base64="H+7Y5hBtPwcSPrseOEmJpAxnwD0=">AAAB/HicbVDLSgMxFM3UVx1fY126CbaFuikzRdRl0Y3LCvYB7VgyaaYNzSRDkhHLUD/FlaAgbv0RV/6NaTsLbT1w4XDOvdx7TxAzqrTrflu5tfWNza38tr2zu7d/4BwWWkokEpMmFkzIToAUYZSTpqaakU4sCYoCRtrB+Hrmtx+IVFTwOz2JiR+hIachxUgbqe8USnaPxIoywe/TCj2d2qW+U3Sr7hxwlXgZKYIMjb7z1RsInESEa8yQUl3PjbWfIqkpZmRql3uJIjHCYzQkXUM5iojy0/nxU1g2ygCGQpriGs5V+9dEiiKlJlFgOiOkR2rZm4n/ed1Eh5d+SnmcaMLxYlGYMKgFnCUBB1QSrNnEEIQlNcdCPEISYW3ysk0K3vLPq6RVq3rn1bPbWrF+leWRB8fgBFSABy5AHdyABmgCDB7BM3gFb9aT9WK9Wx+L1pyVzRyBP7A+fwB2wJNT</latexit>

✏(i)

<latexit sha1_base64="0Ef+GZ+rx8R8laoYm/i7SAamC1o=">AAAB8nicbVBNSwMxEM36WdevqkcvwbbgqewWUY9FLx4r2A9sl5JNs21okl2SWaEs/ReeBAXx6r/x5L8xbfegrQ8GHu/NMDMvTAQ34Hnfztr6xubWdmHH3d3bPzgsHh23TJxqypo0FrHuhMQwwRVrAgfBOolmRIaCtcPx7cxvPzFteKweYJKwQJKh4hGnBKz0WHZ7hg8lccv9YsmrenPgVeLnpIRyNPrFr94gpqlkCqggxnR9L4EgIxo4FWzqVnqpYQmhYzJkXUsVkcwE2fzkKa5YZYCjWNtSgOeq+2siI9KYiQxtpyQwMsveTPzP66YQXQcZV0kKTNHFoigVGGI8+x8PuGYUxMQSQjW3x2I6IppQsCm5NgV/+edV0qpV/cvqxX2tVL/J8yigU3SGzpGPrlAd3aEGaiKKFHpGr+jNAefFeXc+Fq1rTj5zgv7A+fwBK/uP2Q==</latexit>�<latexit sha1_base64="0Ef+GZ+rx8R8laoYm/i7SAamC1o=">AAAB8nicbVBNSwMxEM36WdevqkcvwbbgqewWUY9FLx4r2A9sl5JNs21okl2SWaEs/ReeBAXx6r/x5L8xbfegrQ8GHu/NMDMvTAQ34Hnfztr6xubWdmHH3d3bPzgsHh23TJxqypo0FrHuhMQwwRVrAgfBOolmRIaCtcPx7cxvPzFteKweYJKwQJKh4hGnBKz0WHZ7hg8lccv9YsmrenPgVeLnpIRyNPrFr94gpqlkCqggxnR9L4EgIxo4FWzqVnqpYQmhYzJkXUsVkcwE2fzkKa5YZYCjWNtSgOeq+2siI9KYiQxtpyQwMsveTPzP66YQXQcZV0kKTNHFoigVGGI8+x8PuGYUxMQSQjW3x2I6IppQsCm5NgV/+edV0qpV/cvqxX2tVL/J8yigU3SGzpGPrlAd3aEGaiKKFHpGr+jNAefFeXc+Fq1rTj5zgv7A+fwBK/uP2Q==</latexit>�<latexit sha1_base64="wK6uUVnt3uUaZZzM1NYVhYPwZPw="></latexit>

�(t) =
R t
�1 R(t� t0)✏̇(t0)dt0

<latexit sha1_base64="Ao8MNN2BodboJXCdVgyIWruxkeg="></latexit>

R(t) = R1 + (R0 �R1)e�t/⌧

<latexit sha1_base64="SAtHurPnE0myjzKzv4LTVG93ers=">AAAB83icbVBNS8NAEJ34WeNX1aOXxbbgqSRF1ItQFMFjFfsBaQib7aZdusmG3Y1QSn+GJ0FBvPprPPlv3LY5aOuDgcd7M8zMC1POlHacb2tldW19Y7OwZW/v7O7tFw8OW0pkktAmEVzITogV5SyhTc00p51UUhyHnLbD4c3Ubz9RqZhIHvUopX6M+wmLGMHaSF7Zfgicq9vAsctBseRUnRnQMnFzUoIcjaD41e0JksU00YRjpTzXSbU/xlIzwunErnQzRVNMhrhPPUMTHFPlj2c3T1DFKD0UCWkq0Wim2r8mxjhWahSHpjPGeqAWvan4n+dlOrr0xyxJM00TMl8UZRxpgaYBoB6TlGg+MgQTycyxiAywxESbmGyTgrv48zJp1aruefXsvlaqX+d5FOAYTuAUXLiAOtxBA5pAQMAzvMKblVkv1rv1MW9dsfKZI/gD6/MHlU2PaA==</latexit>

R0 = E0
<latexit sha1_base64="Ful7VxUixvJxg3UmAHEKEdcvl9Y="></latexit>

R1 =
⇣

1
E0

+ 1
E1

⌘�1
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Viscoelasticity

Materials with memory - Hysteresis

- Example: standard solid model

relaxation modulus 
or memory kernel

St
re

ss

Strain

Phase angle: phase difference between 
the dynamic stress and the dynamic strain 

mechanical loss coefficient

<latexit sha1_base64="6Y1dlLkeXO83Jkvc3wS0MrbzlJg=">AAACEnicbZDLSgMxFIYzXut4q7p0E2wLdVNmiqgboejGZQWrQqeUTHpag5lkSM4IpfQVXPkorgQFcevOlW9jehG8/RD4+M85nJw/TqWwGAQf3szs3PzCYm7JX15ZXVvPb2xeWJ0ZDg2upTZXMbMghYIGCpRwlRpgSSzhMr45GdUvb8FYodU59lNoJaynRFdwhs5q58tFP4LUCqlVGXePvrgd0MgKVY50Aj1GcbfYzheCSjAW/QvhFApkqno7/x51NM8SUMgls7YZBim2Bsyg4BKGfinKLKSM37AeNB0qloBtDcYnDWnJOR3a1cY9hXTs+t8mBiyxtp/ErjNheG1/10bmf7Vmht3D1kCoNENQfLKom0mKmo7yoR1hgKPsO2DcCPdZyq+ZYRxdir5LIfx981+4qFbC/creWbVQO57mkSPbZIeUSUgOSI2ckjppEE7uyAN5Is/evffovXivk9YZbzqzRX7Ie/sEdv6cDA==</latexit>

✏(t) = ✏0 sin(!t)
<latexit sha1_base64="lOxXBInnORy+gUZuHZIgZb128b0=">AAACF3icbZDPSxtBFMdnba1xW9ttPXoZGoWIGHal2F4KohePCo0RsiG8nbwkgzOzy8zbQgj5K3rqn9KToCBexZP/jZMfh5r4hYEP3/ceb943K5R0FMdPwcqbt6vv1irr4fsPGx8/RZ+/XLi8tAIbIle5vczAoZIGGyRJ4WVhEXSmsJldnUzqzd9onczNLxoW2NbQN7InBZC3OtH+dpg62ddQo92fM+rE3IOppbnGPnDiezztoiLY3e5E1bgeT8WXIZlDlc111oke024uSo2GhALnWklcUHsElqRQOA530tJhAeIK+tjyaECja4+md435jne6vJdb/wzxqRv+NzEC7dxQZ75TAw3cYm1ivlZrldT70R5JU5SERswW9UrFKeeTkHhXWhSkhh5AWOk/y8UALAjyUYY+hWTx5mW4OKgnh/Vv5wfVo+N5HhW2xb6yGkvYd3bETtkZazDB/rB/7IbdBn+D6+AuuJ+1rgTzmU32QsHDM+1BnT0=</latexit>

�(t) = �0 sin(!t+ �)

Stable loop

<latexit sha1_base64="UU+2dzPd2cYlrmD75CzqZ5zwl5U=">AAACA3icbVBNS8NAEN34WeNX1JN4CbaFeilJEfVY9OKxgv2AJpTNZtMu3WzC7kQooXjyp3gSFMSrv8KT/8akzUFbHww83pthZp4Xc6bAsr61ldW19Y3N0pa+vbO7t28cHHZUlEhC2yTikex5WFHOBG0DA057saQ49DjteuOb3O8+UKlYJO5hElM3xEPBAkYwZNLAOK7oTohhJMMUsJjWHJ9ywGd6RR8YZatuzWAuE7sgZVSgNTC+HD8iSUgFEI6V6ttWDG6KJTDC6VSvOomiMSZjPKT9jAocUuWmsx+mZjVTfDOIZFYCzJmq/5pIcajUJPSyzvxetejl4n9eP4Hgyk2ZiBOggswXBQk3ITLzQEyfSUqATzKCiWTZsSYZYYkJZLHlKdiLPy+TTqNuX9TP7xrl5nWRRwmdoFNUQza6RE10i1qojQh6RM/oFb1pT9qL9q59zFtXtGLmCP2B9vkDd2eWFA==</latexit>

tan(�)

<latexit sha1_base64="8uh963shgOVCAb0gGqg8vajbGw8=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LLYFTyUpRT0WRfBYwX5AG8pmu2mXbjZhdyOU0D/hSVAQr/4dT/4bN20O2vpg4PHeDDPz/JgzpR3n2ypsbG5t7xR37b39g8Oj0vFJR0WJJLRNIh7Jno8V5UzQtmaa014sKQ59Trv+9Dbzu09UKhaJRz2LqRfisWABI1gbqVex74auXbGHpbJTcxZA68TNSRlytIalr8EoIklIhSYcK9V3nVh7KZaaEU7ndnWQKBpjMsVj2jdU4JAqL10cPEdVo4xQEElTQqOFav+aSHGo1Cz0TWeI9UStepn4n9dPdHDtpUzEiaaCLBcFCUc6Qtn3aMQkJZrPDMFEMnMsIhMsMdEmoywFd/XnddKp19zLWuOhXm7e5HkU4QzO4QJcuIIm3EML2kCAwzO8wpslrRfr3fpYthasfOYU/sD6/AF9co43</latexit>

E1

<latexit sha1_base64="i8m1qrfq4WB0aMBk/U64FVXBW40=">AAAB83icbVBNS8NAEN3Urxq/qh69BNuCp5IUUY9FLx4r2A9IQ9lsJ+3SzW7Y3Qgl9Gd4EhTEq7/Gk//GTZuDtj4YeLw3w8y8MGFUadf9tkobm1vbO+Vde2//4PCocnzSVSKVBDpEMCH7IVbAKIeOpppBP5GA45BBL5ze5X7vCaSigj/qWQJBjMecRpRgbSS/Zg9A46Fn1+xhpeo23AWcdeIVpIoKtIeVr8FIkDQGrgnDSvmem+ggw1JTwmBu1wepggSTKR6DbyjHMaggW9w8d+pGGTmRkKa4dhaq/Wsiw7FSszg0nTHWE7Xq5eJ/np/q6CbIKE9SDZwsF0Upc7Rw8gCcEZVANJsZgomk5liHTLDERJuY8hS81Z/XSbfZ8K4alw/Nauu2yKOMztA5ukAeukYtdI/aqIMIEugZvaI3K7VerHfrY9lasoqZU/QH1ucP9fWPpg==</latexit>⌘1

<latexit sha1_base64="UPtsET98WCMuWsxeORAflDRHD8c=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LLYFTyUpRT0WRfBYwX5AG8pmu2mXbjZhdyOU0D/hSVAQr/4dT/4bN20O2vpg4PHeDDPz/JgzpR3n2ypsbG5t7xR37b39g8Oj0vFJR0WJJLRNIh7Jno8V5UzQtmaa014sKQ59Trv+9Dbzu09UKhaJRz2LqRfisWABI1gbqVex74aOXbGHpbJTcxZA68TNSRlytIalr8EoIklIhSYcK9V3nVh7KZaaEU7ndnWQKBpjMsVj2jdU4JAqL10cPEdVo4xQEElTQqOFav+aSHGo1Cz0TWeI9UStepn4n9dPdHDtpUzEiaaCLBcFCUc6Qtn3aMQkJZrPDMFEMnMsIhMsMdEmoywFd/XnddKp19zLWuOhXm7e5HkU4QzO4QJcuIIm3EML2kCAwzO8wpslrRfr3fpYthasfOYU/sD6/AF76o42</latexit>

E0
<latexit sha1_base64="UUg/52LYLNGDSNQKrEKU50FrEUM=">AAACFnicbZDLSgMxFIYz9VbHW9Wlm8G20KKUmSLqRii6cVnB2kI7lkx6pg3NZIYkI5ShL+HKR3ElKIhbwZVvY3pBausPgS//OYfk/F7EqFS2/W2klpZXVtfS6+bG5tb2TmZ3706GsSBQIyELRcPDEhjlUFNUMWhEAnDgMah7/atRvf4AQtKQ36pBBG6Au5z6lGClrXbmOGe2IJKUhdy8+MX7pADF4dHMlRaHZq6dydoleyxrEZwpZNFU1Xbmq9UJSRwAV4RhKZuOHSk3wUJRwmBo5luxhAiTPu5CUyPHAUg3Ga81tPLa6Vh+KPThyhq75sxEggMpB4GnOwOsenK+NjL/qzVj5Z+7CeVRrICTyUN+zCwVWqOMrA4VQBQbaMBEUP1Zi/SwwETpJE2dgjO/8yLclUvOaenkppytXE7zSKMDdIgKyEFnqIKuURXVEEGP6Bm9ojfjyXgx3o2PSWvKmM7soz8yPn8ASqKdiw==</latexit>

✏ = ✏(e) + ✏(i)
<latexit sha1_base64="ou6sirbi5rHf6dSII6ctUC1ReZk=">AAACB3icbVDLSgNBEJyNr7i+Vj2KMJgE4iXsBlEvQlAEjxHMA5IYZiedZMjs7DIzK4QlJ09+iidBQbz6DZ78GyePgyYWNBRV3XR3+RFnSrvut5VaWl5ZXUuv2xubW9s7zu5eVYWxpFChIQ9l3ScKOBNQ0UxzqEcSSOBzqPmDq7FfewCpWCju9DCCVkB6gnUZJdpIbecwazcV6wXk4rrt4iZEivFQ3Cd5OB7Z2baTcQvuBHiReDOSQTOU285XsxPSOAChKSdKNTw30q2ESM0oh5Gda8YKIkIHpAcNQwUJQLWSyR8jnDNKB3dDaUpoPFHtXxMJCZQaBr7pDIjuq3lvLP7nNWLdPW8lTESxBkGni7oxxzrE41Bwh0mgmg8NIVQycyymfSIJ1SY626Tgzf+8SKrFgndaOLktZkqXszzS6AAdoTzy0BkqoRtURhVE0SN6Rq/ozXqyXqx362PamrJmM/voD6zPH9nll1s=</latexit>

� = E0✏(e)
<latexit sha1_base64="3HZd4zGri3D+dlWVnYrkkH/7+VI=">AAACJXicbZDLSgMxFIYz9VbHW9Wlm2BbqAhlpogKIhRFcFnBXqCtJZOmbWgmMyRnhDL0YVz5KK4ERRFc+SqmF0FbDwR+vv+cJOf3QsE1OM6nlVhYXFpeSa7aa+sbm1up7Z2KDiJFWZkGIlA1j2gmuGRl4CBYLVSM+J5gVa9/OfKr90xpHshbGISs6ZOu5B1OCRjUSp1l7IbmXZ+cX7Vc3GCh5iKQd3GOHwzxoQFARrwdQPxjDieunWml0k7eGReeF+5UpNG0Sq3Um7mIRj6TQAXRuu46ITRjooBTwYZ2thFpFhLaJ11WN1ISn+lmPN5yiLOGtHEnUOZIwGNq/5qIia/1wPdMp0+gp2e9EfzPq0fQOW3GXIYRMEknD3UigSHAo8hwmytGQQyMIFRx81lMe0QRCiZY26Tgzu48LyqFvHucP7oppIsX0zySaA/toxxy0QkqomtUQmVE0QN6Qi/o1Xq0nq1362PSmrCmM7voT1lf3zz6oz4=</latexit>

� = E1✏(i) + ⌘1✏̇(i)
<latexit sha1_base64="vDeH7c3H1OXteFiY4DE8+jAv87s=">AAAB/HicbVBNS8NAEN3Urxq/Yj16CbaFeilJEfVY9OKxgv2ANpbNdtIu3WzC7kYsof4UT4KCePWPePLfuG1z0NYHA4/3ZpiZ58eMSuU430ZubX1jcyu/be7s7u0fWIeFlowSQaBJIhaJjo8lMMqhqahi0IkF4NBn0PbH1zO//QBC0ojfqUkMXoiHnAaUYKWlvlUomT2IJWURv08rcDo1S32r6FSdOexV4makiDI0+tZXbxCRJASuCMNSdl0nVl6KhaKEwdQs9xIJMSZjPISuphyHIL10fvzULmtlYAeR0MWVPVfNXxMpDqWchL7uDLEayWVvJv7ndRMVXHop5XGigJPFoiBhtorsWRL2gAogik00wURQfaxNRlhgonRepk7BXf55lbRqVfe8enZbK9avsjzy6BidoApy0QWqoxvUQE1E0CN6Rq/ozXgyXox342PRmjOymSP0B8bnD3Cck08=</latexit>

✏(e)
<latexit sha1_base64="H+7Y5hBtPwcSPrseOEmJpAxnwD0=">AAAB/HicbVDLSgMxFM3UVx1fY126CbaFuikzRdRl0Y3LCvYB7VgyaaYNzSRDkhHLUD/FlaAgbv0RV/6NaTsLbT1w4XDOvdx7TxAzqrTrflu5tfWNza38tr2zu7d/4BwWWkokEpMmFkzIToAUYZSTpqaakU4sCYoCRtrB+Hrmtx+IVFTwOz2JiR+hIachxUgbqe8USnaPxIoywe/TCj2d2qW+U3Sr7hxwlXgZKYIMjb7z1RsInESEa8yQUl3PjbWfIqkpZmRql3uJIjHCYzQkXUM5iojy0/nxU1g2ygCGQpriGs5V+9dEiiKlJlFgOiOkR2rZm4n/ed1Eh5d+SnmcaMLxYlGYMKgFnCUBB1QSrNnEEIQlNcdCPEISYW3ysk0K3vLPq6RVq3rn1bPbWrF+leWRB8fgBFSABy5AHdyABmgCDB7BM3gFb9aT9WK9Wx+L1pyVzRyBP7A+fwB2wJNT</latexit>

✏(i)

<latexit sha1_base64="0Ef+GZ+rx8R8laoYm/i7SAamC1o=">AAAB8nicbVBNSwMxEM36WdevqkcvwbbgqewWUY9FLx4r2A9sl5JNs21okl2SWaEs/ReeBAXx6r/x5L8xbfegrQ8GHu/NMDMvTAQ34Hnfztr6xubWdmHH3d3bPzgsHh23TJxqypo0FrHuhMQwwRVrAgfBOolmRIaCtcPx7cxvPzFteKweYJKwQJKh4hGnBKz0WHZ7hg8lccv9YsmrenPgVeLnpIRyNPrFr94gpqlkCqggxnR9L4EgIxo4FWzqVnqpYQmhYzJkXUsVkcwE2fzkKa5YZYCjWNtSgOeq+2siI9KYiQxtpyQwMsveTPzP66YQXQcZV0kKTNHFoigVGGI8+x8PuGYUxMQSQjW3x2I6IppQsCm5NgV/+edV0qpV/cvqxX2tVL/J8yigU3SGzpGPrlAd3aEGaiKKFHpGr+jNAefFeXc+Fq1rTj5zgv7A+fwBK/uP2Q==</latexit>�<latexit sha1_base64="0Ef+GZ+rx8R8laoYm/i7SAamC1o=">AAAB8nicbVBNSwMxEM36WdevqkcvwbbgqewWUY9FLx4r2A9sl5JNs21okl2SWaEs/ReeBAXx6r/x5L8xbfegrQ8GHu/NMDMvTAQ34Hnfztr6xubWdmHH3d3bPzgsHh23TJxqypo0FrHuhMQwwRVrAgfBOolmRIaCtcPx7cxvPzFteKweYJKwQJKh4hGnBKz0WHZ7hg8lccv9YsmrenPgVeLnpIRyNPrFr94gpqlkCqggxnR9L4EgIxo4FWzqVnqpYQmhYzJkXUsVkcwE2fzkKa5YZYCjWNtSgOeq+2siI9KYiQxtpyQwMsveTPzP66YQXQcZV0kKTNHFoigVGGI8+x8PuGYUxMQSQjW3x2I6IppQsCm5NgV/+edV0qpV/cvqxX2tVL/J8yigU3SGzpGPrlAd3aEGaiKKFHpGr+jNAefFeXc+Fq1rTj5zgv7A+fwBK/uP2Q==</latexit>�<latexit sha1_base64="wK6uUVnt3uUaZZzM1NYVhYPwZPw="></latexit>

�(t) =
R t
�1 R(t� t0)✏̇(t0)dt0

<latexit sha1_base64="Ao8MNN2BodboJXCdVgyIWruxkeg="></latexit>

R(t) = R1 + (R0 �R1)e�t/⌧
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Viscoelasticity

Materials with memory - Hysteresis
- Phase angle | Mechanical loss coefficient

St
re

ss

Strain

<latexit sha1_base64="6Y1dlLkeXO83Jkvc3wS0MrbzlJg=">AAACEnicbZDLSgMxFIYzXut4q7p0E2wLdVNmiqgboejGZQWrQqeUTHpag5lkSM4IpfQVXPkorgQFcevOlW9jehG8/RD4+M85nJw/TqWwGAQf3szs3PzCYm7JX15ZXVvPb2xeWJ0ZDg2upTZXMbMghYIGCpRwlRpgSSzhMr45GdUvb8FYodU59lNoJaynRFdwhs5q58tFP4LUCqlVGXePvrgd0MgKVY50Aj1GcbfYzheCSjAW/QvhFApkqno7/x51NM8SUMgls7YZBim2Bsyg4BKGfinKLKSM37AeNB0qloBtDcYnDWnJOR3a1cY9hXTs+t8mBiyxtp/ErjNheG1/10bmf7Vmht3D1kCoNENQfLKom0mKmo7yoR1hgKPsO2DcCPdZyq+ZYRxdir5LIfx981+4qFbC/creWbVQO57mkSPbZIeUSUgOSI2ckjppEE7uyAN5Is/evffovXivk9YZbzqzRX7Ie/sEdv6cDA==</latexit>

✏(t) = ✏0 sin(!t)
<latexit sha1_base64="lOxXBInnORy+gUZuHZIgZb128b0=">AAACF3icbZDPSxtBFMdnba1xW9ttPXoZGoWIGHal2F4KohePCo0RsiG8nbwkgzOzy8zbQgj5K3rqn9KToCBexZP/jZMfh5r4hYEP3/ceb943K5R0FMdPwcqbt6vv1irr4fsPGx8/RZ+/XLi8tAIbIle5vczAoZIGGyRJ4WVhEXSmsJldnUzqzd9onczNLxoW2NbQN7InBZC3OtH+dpg62ddQo92fM+rE3IOppbnGPnDiezztoiLY3e5E1bgeT8WXIZlDlc111oke024uSo2GhALnWklcUHsElqRQOA530tJhAeIK+tjyaECja4+md435jne6vJdb/wzxqRv+NzEC7dxQZ75TAw3cYm1ivlZrldT70R5JU5SERswW9UrFKeeTkHhXWhSkhh5AWOk/y8UALAjyUYY+hWTx5mW4OKgnh/Vv5wfVo+N5HhW2xb6yGkvYd3bETtkZazDB/rB/7IbdBn+D6+AuuJ+1rgTzmU32QsHDM+1BnT0=</latexit>

�(t) = �0 sin(!t+ �)

Stable loop

DIY

storage and loss moduli 
of the material

<latexit sha1_base64="T5/KT6wi1SzPVVLP45VINW1ssjg=">AAACDHicbVDLSsNAFJ3UV42vqEs3Qx+0bmpSRN0IRSm4rGAf0JYymU7boZNJmLkRSujelZ/iSlAQt/6AK//GpO1CqwcuHM65l3vvcQPBNdj2l5FaWV1b30hvmlvbO7t71v5BQ/uhoqxOfeGrlks0E1yyOnAQrBUoRjxXsKY7vk785j1TmvvyDiYB63pkKPmAUwKx1LMyObPjERgpLwIip8VOnwkgx/gSVwuFk2rBzJk9K2uX7BnwX+IsSBYtUOtZn52+T0OPSaCCaN127AC6EVHAqWBTM98JNQsIHZMha8dUEo/pbjR7ZorzsdLHA1/FJQHPVPPHREQ8rSeeG3cmh+tlLxH/89ohDC66EZdBCEzS+aJBKDD4OEkG97liFMQkJoQqHh+L6YgoQiHOL0nBWf75L2mUS85Z6fS2nK1cLfJIoyOUQUXkoHNUQTeohuqIogf0hF7Qq/FoPBtvxvu8NWUsZg7RLxgf36M8mBk=</latexit>

tan(�) = E00/E0

<latexit sha1_base64="yBJISemFe/TVyXUDk3e+6z/00U0="></latexit>

E0 = [�0cos(�)]/✏0
<latexit sha1_base64="8IjAmY1rRFcYFqHYwNk9kCLIyF4="></latexit>

E00 = [�0sin(�)]/✏0
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Viscoelasticity

Materials with memory – Time integration

- Time discretization

kinetic equation
<latexit sha1_base64="DttwOLCXi/hFD+IKMnUr+Wsz7rk="></latexit>

✏̇(i) = E0
⌘1

(✏� ✏(i))� E1
⌘1

✏(i)

<latexit sha1_base64="+RgjhRvkpsONxVWsrNpG8VoRVQQ="></latexit>

�n+1 = E0(✏n+1 � ✏(i)n+1)

constitutive update
(using a Backward-Euler scheme)

<latexit sha1_base64="c79dXD76ESItpVp7I1yRX6GrvdQ="></latexit>n
✏(i)n , ✏n+1,�t

o

<latexit sha1_base64="qTYdM5AEc25caLMbjFDITA3gOH0=">AAACInicbZDLSsQwFIZT78bbqEs3wVFQlKEVUZeiG5cKjgrTcUgzpzPBNC3JqTCUvoorH8WVoCCuBB/GzGXh7YfAz3fO4eT8UaakRd//8MbGJyanpmdm6dz8wuJSZXnlyqa5EVAXqUrNTcQtKKmhjhIV3GQGeBIpuI7uTvv163swVqb6EnsZNBPe0TKWgqNDrcrRBg0VxBgWNITMSuVgoXeC8rbYktvlLqOhlZ2EDyENjex0MSzpRqtS9Wv+QOyvCUamSkY6b1Xew3Yq8gQ0CsWtbQR+hs2CG5RCQUk3w9xCxsUd70DDWc0TsM1icGLJNh1pszg17mlkA0q/TRQ8sbaXRK4z4di1v2t9+F+tkWN81CykznIELYaL4lwxTFk/L9aWBgSqnjNcGOk+y0SXGy7QpUpdCsHvm/+aq71acFDbv9irHp+M8pgha2SdbJGAHJJjckbOSZ0I8kCeyAt59R69Z+/Nex+2jnmjmVXyQ97nFxDTohk=</latexit>n
✏(i)n+1,�n+1

o

<latexit sha1_base64="qTYdM5AEc25caLMbjFDITA3gOH0=">AAACInicbZDLSsQwFIZT78bbqEs3wVFQlKEVUZeiG5cKjgrTcUgzpzPBNC3JqTCUvoorH8WVoCCuBB/GzGXh7YfAz3fO4eT8UaakRd//8MbGJyanpmdm6dz8wuJSZXnlyqa5EVAXqUrNTcQtKKmhjhIV3GQGeBIpuI7uTvv163swVqb6EnsZNBPe0TKWgqNDrcrRBg0VxBgWNITMSuVgoXeC8rbYktvlLqOhlZ2EDyENjex0MSzpRqtS9Wv+QOyvCUamSkY6b1Xew3Yq8gQ0CsWtbQR+hs2CG5RCQUk3w9xCxsUd70DDWc0TsM1icGLJNh1pszg17mlkA0q/TRQ8sbaXRK4z4di1v2t9+F+tkWN81CykznIELYaL4lwxTFk/L9aWBgSqnjNcGOk+y0SXGy7QpUpdCsHvm/+aq71acFDbv9irHp+M8pgha2SdbJGAHJJjckbOSZ0I8kCeyAt59R69Z+/Nex+2jnmjmVXyQ97nFxDTohk=</latexit>n
✏(i)n+1,�n+1

o

<latexit sha1_base64="JCZyRQLX/Qg3ltJK7cHmg1WjhGA="></latexit>

✏(i)n+1 = E0✏n+1+⌘1/�t ✏(i)n
E0+E1+⌘1/�t

<latexit sha1_base64="mOsxoE1xm53G+Rz6DK0xb0i7OMk=">AAACFHicbVDLSgNBEJyNr7i+oh69DCYBMRB2g6gXIagHjxHMA5KwzE4myZDZ2WWmVwlL/sGTn+JJUBCvXjz5N04eB00saCiquunu8iPBNTjOt5VaWl5ZXUuv2xubW9s7md29mg5jRVmVhiJUDZ9oJrhkVeAgWCNSjAS+YHV/cDX26/dMaR7KOxhGrB2QnuRdTgkYycsc52zwJG4p3usDUSp8wOAlsuCOLsZ6oXXNBJAERnbOy2SdojMBXiTujGTRDBUv89XqhDQOmAQqiNZN14mgnRAFnAo2svOtWLOI0AHpsaahkgRMt5PJUyOcN0oHd0NlSgKeqPaviYQEWg8D33QGBPp63huL/3nNGLrn7YTLKAYm6XRRNxYYQjxOCHe4YhTE0BBCFTfHYtonilAwOdomBXf+50VSKxXd0+LJbSlbvpzlkUYH6BAdIRedoTK6QRVURRQ9omf0it6sJ+vFerc+pq0pazazj/7A+vwBUkedEw==</latexit>

tn ! tn+1 = tn +�t

<latexit sha1_base64="8uh963shgOVCAb0gGqg8vajbGw8=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LLYFTyUpRT0WRfBYwX5AG8pmu2mXbjZhdyOU0D/hSVAQr/4dT/4bN20O2vpg4PHeDDPz/JgzpR3n2ypsbG5t7xR37b39g8Oj0vFJR0WJJLRNIh7Jno8V5UzQtmaa014sKQ59Trv+9Dbzu09UKhaJRz2LqRfisWABI1gbqVex74auXbGHpbJTcxZA68TNSRlytIalr8EoIklIhSYcK9V3nVh7KZaaEU7ndnWQKBpjMsVj2jdU4JAqL10cPEdVo4xQEElTQqOFav+aSHGo1Cz0TWeI9UStepn4n9dPdHDtpUzEiaaCLBcFCUc6Qtn3aMQkJZrPDMFEMnMsIhMsMdEmoywFd/XnddKp19zLWuOhXm7e5HkU4QzO4QJcuIIm3EML2kCAwzO8wpslrRfr3fpYthasfOYU/sD6/AF9co43</latexit>

E1

<latexit sha1_base64="i8m1qrfq4WB0aMBk/U64FVXBW40=">AAAB83icbVBNS8NAEN3Urxq/qh69BNuCp5IUUY9FLx4r2A9IQ9lsJ+3SzW7Y3Qgl9Gd4EhTEq7/Gk//GTZuDtj4YeLw3w8y8MGFUadf9tkobm1vbO+Vde2//4PCocnzSVSKVBDpEMCH7IVbAKIeOpppBP5GA45BBL5ze5X7vCaSigj/qWQJBjMecRpRgbSS/Zg9A46Fn1+xhpeo23AWcdeIVpIoKtIeVr8FIkDQGrgnDSvmem+ggw1JTwmBu1wepggSTKR6DbyjHMaggW9w8d+pGGTmRkKa4dhaq/Wsiw7FSszg0nTHWE7Xq5eJ/np/q6CbIKE9SDZwsF0Upc7Rw8gCcEZVANJsZgomk5liHTLDERJuY8hS81Z/XSbfZ8K4alw/Nauu2yKOMztA5ukAeukYtdI/aqIMIEugZvaI3K7VerHfrY9lasoqZU/QH1ucP9fWPpg==</latexit>⌘1

<latexit sha1_base64="UPtsET98WCMuWsxeORAflDRHD8c=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LLYFTyUpRT0WRfBYwX5AG8pmu2mXbjZhdyOU0D/hSVAQr/4dT/4bN20O2vpg4PHeDDPz/JgzpR3n2ypsbG5t7xR37b39g8Oj0vFJR0WJJLRNIh7Jno8V5UzQtmaa014sKQ59Trv+9Dbzu09UKhaJRz2LqRfisWABI1gbqVex74aOXbGHpbJTcxZA68TNSRlytIalr8EoIklIhSYcK9V3nVh7KZaaEU7ndnWQKBpjMsVj2jdU4JAqL10cPEdVo4xQEElTQqOFav+aSHGo1Cz0TWeI9UStepn4n9dPdHDtpUzEiaaCLBcFCUc6Qtn3aMQkJZrPDMFEMnMsIhMsMdEmoywFd/XnddKp19zLWuOhXm7e5HkU4QzO4QJcuIIm3EML2kCAwzO8wpslrRfr3fpYthasfOYU/sD6/AF76o42</latexit>

E0
<latexit sha1_base64="UUg/52LYLNGDSNQKrEKU50FrEUM=">AAACFnicbZDLSgMxFIYz9VbHW9Wlm8G20KKUmSLqRii6cVnB2kI7lkx6pg3NZIYkI5ShL+HKR3ElKIhbwZVvY3pBausPgS//OYfk/F7EqFS2/W2klpZXVtfS6+bG5tb2TmZ3706GsSBQIyELRcPDEhjlUFNUMWhEAnDgMah7/atRvf4AQtKQ36pBBG6Au5z6lGClrXbmOGe2IJKUhdy8+MX7pADF4dHMlRaHZq6dydoleyxrEZwpZNFU1Xbmq9UJSRwAV4RhKZuOHSk3wUJRwmBo5luxhAiTPu5CUyPHAUg3Ga81tPLa6Vh+KPThyhq75sxEggMpB4GnOwOsenK+NjL/qzVj5Z+7CeVRrICTyUN+zCwVWqOMrA4VQBQbaMBEUP1Zi/SwwETpJE2dgjO/8yLclUvOaenkppytXE7zSKMDdIgKyEFnqIKuURXVEEGP6Bm9ojfjyXgx3o2PSWvKmM7soz8yPn8ASqKdiw==</latexit>

✏ = ✏(e) + ✏(i)
<latexit sha1_base64="ou6sirbi5rHf6dSII6ctUC1ReZk=">AAACB3icbVDLSgNBEJyNr7i+Vj2KMJgE4iXsBlEvQlAEjxHMA5IYZiedZMjs7DIzK4QlJ09+iidBQbz6DZ78GyePgyYWNBRV3XR3+RFnSrvut5VaWl5ZXUuv2xubW9s7zu5eVYWxpFChIQ9l3ScKOBNQ0UxzqEcSSOBzqPmDq7FfewCpWCju9DCCVkB6gnUZJdpIbecwazcV6wXk4rrt4iZEivFQ3Cd5OB7Z2baTcQvuBHiReDOSQTOU285XsxPSOAChKSdKNTw30q2ESM0oh5Gda8YKIkIHpAcNQwUJQLWSyR8jnDNKB3dDaUpoPFHtXxMJCZQaBr7pDIjuq3lvLP7nNWLdPW8lTESxBkGni7oxxzrE41Bwh0mgmg8NIVQycyymfSIJ1SY626Tgzf+8SKrFgndaOLktZkqXszzS6AAdoTzy0BkqoRtURhVE0SN6Rq/ozXqyXqx362PamrJmM/voD6zPH9nll1s=</latexit>

� = E0✏(e)
<latexit sha1_base64="3HZd4zGri3D+dlWVnYrkkH/7+VI=">AAACJXicbZDLSgMxFIYz9VbHW9Wlm2BbqAhlpogKIhRFcFnBXqCtJZOmbWgmMyRnhDL0YVz5KK4ERRFc+SqmF0FbDwR+vv+cJOf3QsE1OM6nlVhYXFpeSa7aa+sbm1up7Z2KDiJFWZkGIlA1j2gmuGRl4CBYLVSM+J5gVa9/OfKr90xpHshbGISs6ZOu5B1OCRjUSp1l7IbmXZ+cX7Vc3GCh5iKQd3GOHwzxoQFARrwdQPxjDieunWml0k7eGReeF+5UpNG0Sq3Um7mIRj6TQAXRuu46ITRjooBTwYZ2thFpFhLaJ11WN1ISn+lmPN5yiLOGtHEnUOZIwGNq/5qIia/1wPdMp0+gp2e9EfzPq0fQOW3GXIYRMEknD3UigSHAo8hwmytGQQyMIFRx81lMe0QRCiZY26Tgzu48LyqFvHucP7oppIsX0zySaA/toxxy0QkqomtUQmVE0QN6Qi/o1Xq0nq1362PSmrCmM7voT1lf3zz6oz4=</latexit>

� = E1✏(i) + ⌘1✏̇(i)
<latexit sha1_base64="vDeH7c3H1OXteFiY4DE8+jAv87s=">AAAB/HicbVBNS8NAEN3Urxq/Yj16CbaFeilJEfVY9OKxgv2ANpbNdtIu3WzC7kYsof4UT4KCePWPePLfuG1z0NYHA4/3ZpiZ58eMSuU430ZubX1jcyu/be7s7u0fWIeFlowSQaBJIhaJjo8lMMqhqahi0IkF4NBn0PbH1zO//QBC0ojfqUkMXoiHnAaUYKWlvlUomT2IJWURv08rcDo1S32r6FSdOexV4makiDI0+tZXbxCRJASuCMNSdl0nVl6KhaKEwdQs9xIJMSZjPISuphyHIL10fvzULmtlYAeR0MWVPVfNXxMpDqWchL7uDLEayWVvJv7ndRMVXHop5XGigJPFoiBhtorsWRL2gAogik00wURQfaxNRlhgonRepk7BXf55lbRqVfe8enZbK9avsjzy6BidoApy0QWqoxvUQE1E0CN6Rq/ozXgyXox342PRmjOymSP0B8bnD3Cck08=</latexit>

✏(e)
<latexit sha1_base64="H+7Y5hBtPwcSPrseOEmJpAxnwD0=">AAAB/HicbVDLSgMxFM3UVx1fY126CbaFuikzRdRl0Y3LCvYB7VgyaaYNzSRDkhHLUD/FlaAgbv0RV/6NaTsLbT1w4XDOvdx7TxAzqrTrflu5tfWNza38tr2zu7d/4BwWWkokEpMmFkzIToAUYZSTpqaakU4sCYoCRtrB+Hrmtx+IVFTwOz2JiR+hIachxUgbqe8USnaPxIoywe/TCj2d2qW+U3Sr7hxwlXgZKYIMjb7z1RsInESEa8yQUl3PjbWfIqkpZmRql3uJIjHCYzQkXUM5iojy0/nxU1g2ygCGQpriGs5V+9dEiiKlJlFgOiOkR2rZm4n/ed1Eh5d+SnmcaMLxYlGYMKgFnCUBB1QSrNnEEIQlNcdCPEISYW3ysk0K3vLPq6RVq3rn1bPbWrF+leWRB8fgBFSABy5AHdyABmgCDB7BM3gFb9aT9WK9Wx+L1pyVzRyBP7A+fwB2wJNT</latexit>

✏(i)

<latexit sha1_base64="0Ef+GZ+rx8R8laoYm/i7SAamC1o=">AAAB8nicbVBNSwMxEM36WdevqkcvwbbgqewWUY9FLx4r2A9sl5JNs21okl2SWaEs/ReeBAXx6r/x5L8xbfegrQ8GHu/NMDMvTAQ34Hnfztr6xubWdmHH3d3bPzgsHh23TJxqypo0FrHuhMQwwRVrAgfBOolmRIaCtcPx7cxvPzFteKweYJKwQJKh4hGnBKz0WHZ7hg8lccv9YsmrenPgVeLnpIRyNPrFr94gpqlkCqggxnR9L4EgIxo4FWzqVnqpYQmhYzJkXUsVkcwE2fzkKa5YZYCjWNtSgOeq+2siI9KYiQxtpyQwMsveTPzP66YQXQcZV0kKTNHFoigVGGI8+x8PuGYUxMQSQjW3x2I6IppQsCm5NgV/+edV0qpV/cvqxX2tVL/J8yigU3SGzpGPrlAd3aEGaiKKFHpGr+jNAefFeXc+Fq1rTj5zgv7A+fwBK/uP2Q==</latexit>�<latexit sha1_base64="0Ef+GZ+rx8R8laoYm/i7SAamC1o=">AAAB8nicbVBNSwMxEM36WdevqkcvwbbgqewWUY9FLx4r2A9sl5JNs21okl2SWaEs/ReeBAXx6r/x5L8xbfegrQ8GHu/NMDMvTAQ34Hnfztr6xubWdmHH3d3bPzgsHh23TJxqypo0FrHuhMQwwRVrAgfBOolmRIaCtcPx7cxvPzFteKweYJKwQJKh4hGnBKz0WHZ7hg8lccv9YsmrenPgVeLnpIRyNPrFr94gpqlkCqggxnR9L4EgIxo4FWzqVnqpYQmhYzJkXUsVkcwE2fzkKa5YZYCjWNtSgOeq+2siI9KYiQxtpyQwMsveTPzP66YQXQcZV0kKTNHFoigVGGI8+x8PuGYUxMQSQjW3x2I6IppQsCm5NgV/+edV0qpV/cvqxX2tVL/J8yigU3SGzpGPrlAd3aEGaiKKFHpGr+jNAefFeXc+Fq1rTj5zgv7A+fwBK/uP2Q==</latexit>�
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Viscoelasticity

Materials with memory – Time integration

- Time discretization
<latexit sha1_base64="mOsxoE1xm53G+Rz6DK0xb0i7OMk=">AAACFHicbVDLSgNBEJyNr7i+oh69DCYBMRB2g6gXIagHjxHMA5KwzE4myZDZ2WWmVwlL/sGTn+JJUBCvXjz5N04eB00saCiquunu8iPBNTjOt5VaWl5ZXUuv2xubW9s7md29mg5jRVmVhiJUDZ9oJrhkVeAgWCNSjAS+YHV/cDX26/dMaR7KOxhGrB2QnuRdTgkYycsc52zwJG4p3usDUSp8wOAlsuCOLsZ6oXXNBJAERnbOy2SdojMBXiTujGTRDBUv89XqhDQOmAQqiNZN14mgnRAFnAo2svOtWLOI0AHpsaahkgRMt5PJUyOcN0oHd0NlSgKeqPaviYQEWg8D33QGBPp63huL/3nNGLrn7YTLKAYm6XRRNxYYQjxOCHe4YhTE0BBCFTfHYtonilAwOdomBXf+50VSKxXd0+LJbSlbvpzlkUYH6BAdIRedoTK6QRVURRQ9omf0it6sJ+vFerc+pq0pazazj/7A+vwBUkedEw==</latexit>

tn ! tn+1 = tn +�t

kinetic equation
<latexit sha1_base64="DttwOLCXi/hFD+IKMnUr+Wsz7rk="></latexit>

✏̇(i) = E0
⌘1

(✏� ✏(i))� E1
⌘1

✏(i)

<latexit sha1_base64="8uh963shgOVCAb0gGqg8vajbGw8=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LLYFTyUpRT0WRfBYwX5AG8pmu2mXbjZhdyOU0D/hSVAQr/4dT/4bN20O2vpg4PHeDDPz/JgzpR3n2ypsbG5t7xR37b39g8Oj0vFJR0WJJLRNIh7Jno8V5UzQtmaa014sKQ59Trv+9Dbzu09UKhaJRz2LqRfisWABI1gbqVex74auXbGHpbJTcxZA68TNSRlytIalr8EoIklIhSYcK9V3nVh7KZaaEU7ndnWQKBpjMsVj2jdU4JAqL10cPEdVo4xQEElTQqOFav+aSHGo1Cz0TWeI9UStepn4n9dPdHDtpUzEiaaCLBcFCUc6Qtn3aMQkJZrPDMFEMnMsIhMsMdEmoywFd/XnddKp19zLWuOhXm7e5HkU4QzO4QJcuIIm3EML2kCAwzO8wpslrRfr3fpYthasfOYU/sD6/AF9co43</latexit>

E1

<latexit sha1_base64="i8m1qrfq4WB0aMBk/U64FVXBW40=">AAAB83icbVBNS8NAEN3Urxq/qh69BNuCp5IUUY9FLx4r2A9IQ9lsJ+3SzW7Y3Qgl9Gd4EhTEq7/Gk//GTZuDtj4YeLw3w8y8MGFUadf9tkobm1vbO+Vde2//4PCocnzSVSKVBDpEMCH7IVbAKIeOpppBP5GA45BBL5ze5X7vCaSigj/qWQJBjMecRpRgbSS/Zg9A46Fn1+xhpeo23AWcdeIVpIoKtIeVr8FIkDQGrgnDSvmem+ggw1JTwmBu1wepggSTKR6DbyjHMaggW9w8d+pGGTmRkKa4dhaq/Wsiw7FSszg0nTHWE7Xq5eJ/np/q6CbIKE9SDZwsF0Upc7Rw8gCcEZVANJsZgomk5liHTLDERJuY8hS81Z/XSbfZ8K4alw/Nauu2yKOMztA5ukAeukYtdI/aqIMIEugZvaI3K7VerHfrY9lasoqZU/QH1ucP9fWPpg==</latexit>⌘1

<latexit sha1_base64="UPtsET98WCMuWsxeORAflDRHD8c=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LLYFTyUpRT0WRfBYwX5AG8pmu2mXbjZhdyOU0D/hSVAQr/4dT/4bN20O2vpg4PHeDDPz/JgzpR3n2ypsbG5t7xR37b39g8Oj0vFJR0WJJLRNIh7Jno8V5UzQtmaa014sKQ59Trv+9Dbzu09UKhaJRz2LqRfisWABI1gbqVex74aOXbGHpbJTcxZA68TNSRlytIalr8EoIklIhSYcK9V3nVh7KZaaEU7ndnWQKBpjMsVj2jdU4JAqL10cPEdVo4xQEElTQqOFav+aSHGo1Cz0TWeI9UStepn4n9dPdHDtpUzEiaaCLBcFCUc6Qtn3aMQkJZrPDMFEMnMsIhMsMdEmoywFd/XnddKp19zLWuOhXm7e5HkU4QzO4QJcuIIm3EML2kCAwzO8wpslrRfr3fpYthasfOYU/sD6/AF76o42</latexit>

E0
<latexit sha1_base64="UUg/52LYLNGDSNQKrEKU50FrEUM=">AAACFnicbZDLSgMxFIYz9VbHW9Wlm8G20KKUmSLqRii6cVnB2kI7lkx6pg3NZIYkI5ShL+HKR3ElKIhbwZVvY3pBausPgS//OYfk/F7EqFS2/W2klpZXVtfS6+bG5tb2TmZ3706GsSBQIyELRcPDEhjlUFNUMWhEAnDgMah7/atRvf4AQtKQ36pBBG6Au5z6lGClrXbmOGe2IJKUhdy8+MX7pADF4dHMlRaHZq6dydoleyxrEZwpZNFU1Xbmq9UJSRwAV4RhKZuOHSk3wUJRwmBo5luxhAiTPu5CUyPHAUg3Ga81tPLa6Vh+KPThyhq75sxEggMpB4GnOwOsenK+NjL/qzVj5Z+7CeVRrICTyUN+zCwVWqOMrA4VQBQbaMBEUP1Zi/SwwETpJE2dgjO/8yLclUvOaenkppytXE7zSKMDdIgKyEFnqIKuURXVEEGP6Bm9ojfjyXgx3o2PSWvKmM7soz8yPn8ASqKdiw==</latexit>

✏ = ✏(e) + ✏(i)
<latexit sha1_base64="ou6sirbi5rHf6dSII6ctUC1ReZk=">AAACB3icbVDLSgNBEJyNr7i+Vj2KMJgE4iXsBlEvQlAEjxHMA5IYZiedZMjs7DIzK4QlJ09+iidBQbz6DZ78GyePgyYWNBRV3XR3+RFnSrvut5VaWl5ZXUuv2xubW9s7zu5eVYWxpFChIQ9l3ScKOBNQ0UxzqEcSSOBzqPmDq7FfewCpWCju9DCCVkB6gnUZJdpIbecwazcV6wXk4rrt4iZEivFQ3Cd5OB7Z2baTcQvuBHiReDOSQTOU285XsxPSOAChKSdKNTw30q2ESM0oh5Gda8YKIkIHpAcNQwUJQLWSyR8jnDNKB3dDaUpoPFHtXxMJCZQaBr7pDIjuq3lvLP7nNWLdPW8lTESxBkGni7oxxzrE41Bwh0mgmg8NIVQycyymfSIJ1SY626Tgzf+8SKrFgndaOLktZkqXszzS6AAdoTzy0BkqoRtURhVE0SN6Rq/ozXqyXqx362PamrJmM/voD6zPH9nll1s=</latexit>

� = E0✏(e)
<latexit sha1_base64="3HZd4zGri3D+dlWVnYrkkH/7+VI=">AAACJXicbZDLSgMxFIYz9VbHW9Wlm2BbqAhlpogKIhRFcFnBXqCtJZOmbWgmMyRnhDL0YVz5KK4ERRFc+SqmF0FbDwR+vv+cJOf3QsE1OM6nlVhYXFpeSa7aa+sbm1up7Z2KDiJFWZkGIlA1j2gmuGRl4CBYLVSM+J5gVa9/OfKr90xpHshbGISs6ZOu5B1OCRjUSp1l7IbmXZ+cX7Vc3GCh5iKQd3GOHwzxoQFARrwdQPxjDieunWml0k7eGReeF+5UpNG0Sq3Um7mIRj6TQAXRuu46ITRjooBTwYZ2thFpFhLaJ11WN1ISn+lmPN5yiLOGtHEnUOZIwGNq/5qIia/1wPdMp0+gp2e9EfzPq0fQOW3GXIYRMEknD3UigSHAo8hwmytGQQyMIFRx81lMe0QRCiZY26Tgzu48LyqFvHucP7oppIsX0zySaA/toxxy0QkqomtUQmVE0QN6Qi/o1Xq0nq1362PSmrCmM7voT1lf3zz6oz4=</latexit>

� = E1✏(i) + ⌘1✏̇(i)
<latexit sha1_base64="vDeH7c3H1OXteFiY4DE8+jAv87s=">AAAB/HicbVBNS8NAEN3Urxq/Yj16CbaFeilJEfVY9OKxgv2ANpbNdtIu3WzC7kYsof4UT4KCePWPePLfuG1z0NYHA4/3ZpiZ58eMSuU430ZubX1jcyu/be7s7u0fWIeFlowSQaBJIhaJjo8lMMqhqahi0IkF4NBn0PbH1zO//QBC0ojfqUkMXoiHnAaUYKWlvlUomT2IJWURv08rcDo1S32r6FSdOexV4makiDI0+tZXbxCRJASuCMNSdl0nVl6KhaKEwdQs9xIJMSZjPISuphyHIL10fvzULmtlYAeR0MWVPVfNXxMpDqWchL7uDLEayWVvJv7ndRMVXHop5XGigJPFoiBhtorsWRL2gAogik00wURQfaxNRlhgonRepk7BXf55lbRqVfe8enZbK9avsjzy6BidoApy0QWqoxvUQE1E0CN6Rq/ozXgyXox342PRmjOymSP0B8bnD3Cck08=</latexit>

✏(e)
<latexit sha1_base64="H+7Y5hBtPwcSPrseOEmJpAxnwD0=">AAAB/HicbVDLSgMxFM3UVx1fY126CbaFuikzRdRl0Y3LCvYB7VgyaaYNzSRDkhHLUD/FlaAgbv0RV/6NaTsLbT1w4XDOvdx7TxAzqrTrflu5tfWNza38tr2zu7d/4BwWWkokEpMmFkzIToAUYZSTpqaakU4sCYoCRtrB+Hrmtx+IVFTwOz2JiR+hIachxUgbqe8USnaPxIoywe/TCj2d2qW+U3Sr7hxwlXgZKYIMjb7z1RsInESEa8yQUl3PjbWfIqkpZmRql3uJIjHCYzQkXUM5iojy0/nxU1g2ygCGQpriGs5V+9dEiiKlJlFgOiOkR2rZm4n/ed1Eh5d+SnmcaMLxYlGYMKgFnCUBB1QSrNnEEIQlNcdCPEISYW3ysk0K3vLPq6RVq3rn1bPbWrF+leWRB8fgBFSABy5AHdyABmgCDB7BM3gFb9aT9WK9Wx+L1pyVzRyBP7A+fwB2wJNT</latexit>

✏(i)

<latexit sha1_base64="0Ef+GZ+rx8R8laoYm/i7SAamC1o=">AAAB8nicbVBNSwMxEM36WdevqkcvwbbgqewWUY9FLx4r2A9sl5JNs21okl2SWaEs/ReeBAXx6r/x5L8xbfegrQ8GHu/NMDMvTAQ34Hnfztr6xubWdmHH3d3bPzgsHh23TJxqypo0FrHuhMQwwRVrAgfBOolmRIaCtcPx7cxvPzFteKweYJKwQJKh4hGnBKz0WHZ7hg8lccv9YsmrenPgVeLnpIRyNPrFr94gpqlkCqggxnR9L4EgIxo4FWzqVnqpYQmhYzJkXUsVkcwE2fzkKa5YZYCjWNtSgOeq+2siI9KYiQxtpyQwMsveTPzP66YQXQcZV0kKTNHFoigVGGI8+x8PuGYUxMQSQjW3x2I6IppQsCm5NgV/+edV0qpV/cvqxX2tVL/J8yigU3SGzpGPrlAd3aEGaiKKFHpGr+jNAefFeXc+Fq1rTj5zgv7A+fwBK/uP2Q==</latexit>�<latexit sha1_base64="0Ef+GZ+rx8R8laoYm/i7SAamC1o=">AAAB8nicbVBNSwMxEM36WdevqkcvwbbgqewWUY9FLx4r2A9sl5JNs21okl2SWaEs/ReeBAXx6r/x5L8xbfegrQ8GHu/NMDMvTAQ34Hnfztr6xubWdmHH3d3bPzgsHh23TJxqypo0FrHuhMQwwRVrAgfBOolmRIaCtcPx7cxvPzFteKweYJKwQJKh4hGnBKz0WHZ7hg8lccv9YsmrenPgVeLnpIRyNPrFr94gpqlkCqggxnR9L4EgIxo4FWzqVnqpYQmhYzJkXUsVkcwE2fzkKa5YZYCjWNtSgOeq+2siI9KYiQxtpyQwMsveTPzP66YQXQcZV0kKTNHFoigVGGI8+x8PuGYUxMQSQjW3x2I6IppQsCm5NgV/+edV0qpV/cvqxX2tVL/J8yigU3SGzpGPrlAd3aEGaiKKFHpGr+jNAefFeXc+Fq1rTj5zgv7A+fwBK/uP2Q==</latexit>�

DIY
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Viscoelasticity – Creep

Examples: polymers and metals

St
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in

Time

increasing 
temperature

increasing 
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Polymers 
Viscoeleastic models capture the behavior over
a wide range of temperatures and stress levels

Metals 
Ad-hoc creep models are needed under 

more extreme conditions
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Viscoelasticity – Creep

Polymers: time-temperature superposition

Remark: It is usually not practical to perform a creep test for an extremely long 
period of time. 

Time-temperature superposition (TTS):
Extrapolation technique to predict the long-term creep 
behavior using short-term testing. TTS assumes that the 
viscoelastic behavior of amorphous polymers at one 
temperature can be related to that at another temperature 
by a change in the time scale only. 
How?!
The curves from tests at different temperatures are 
horizontally shifted along a logarithmic time axis until the 
curves overlap to form one continuous master curve.

Lo
g 

St
ra

in

Log Time

increasing 
temperature

measured

m
ea

su
re

d

sh
ift

ed
 in

 
tim

e 
an

d 
ex

tr
ap

ol
at

ed



19

Viscoelasticity

Generalized Maxwell model

Generalization to multiaxial behavior

Discussion 
Relaxation functions can be generalized to nonlinear behavior, but most 
applications to real materials (i.e., nonlinear inelastic materials) require 
the use of internal variables.

relaxation modulus 
or memory kernel

<latexit sha1_base64="x62qs7DmMmkTTRGMLHQ3RwaIjMM=">AAAB/3icbVDLSsNAFJ3UV42vqLhyE2wLrmpSRN0IRRFcVrAPaEKYTCftkMmDmRuhhC78FFeCgrj1O1z5N07bLLR64MLhnHu59x4/5UyCZX1ppaXlldW18rq+sbm1vWPs7nVkkglC2yThiej5WFLOYtoGBpz2UkFx5HPa9cPrqd99oEKyJL6HcUrdCA9jFjCCQUmecVDVHcCZF146FLAXntx4oV71jIpVt2Yw/xK7IBVUoOUZn84gIVlEYyAcS9m3rRTcHAtghNOJXnMySVNMQjykfUVjHFHp5rP7J2ZNKQMzSISqGMyZqv+YyHEk5TjyVWeEYSQXvan4n9fPILhwcxanGdCYzBcFGTchMadhmAMmKAE+VgQTwdSxJhlhgQmoyHSVgr3481/SadTts/rpXaPSvCryKKNDdISOkY3OURPdohZqI4Jy9IRe0Kv2qD1rb9r7vLWkFTP76Be0j29UF5RW</latexit>

⌧k = ⌘k/Ek

relaxation modulus
(major and minor symmetries)

<latexit sha1_base64="wK6uUVnt3uUaZZzM1NYVhYPwZPw="></latexit>

�(t) =
R t
�1 R(t� t0)✏̇(t0)dt0

<latexit sha1_base64="Rt43kG9/7p/dWv+NKInQtnCjOT0="></latexit>

R(t) = E1 +
Pn

k=1 Eke�t/⌧k

<latexit sha1_base64="a4r+eCAGmMMO6BE0BVHI9AVSbiY="></latexit>

Rijkl(t) = R0(t)�ij�kl +R1(t)(�ik�jl + �il�jk)



Any questions?
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Lecture 10 – Viscoelastic solids


