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Lecture 11 – Constitutive relations

Experimental 
mechanics and 

thermodynamics

Tensor algebra 
Tensor analysis

reference 
configuration

thermo-mechanical loads

KINEMATICS OF DEFORMATIONS deformed 
configuration

CONTINUOUS
MEDIA

atomic/
micro/meso

structure
is revealed

16 unknown fields   +   5 equations

laws of nature                                       .
CONSERVATION  OF MASS

BALANCE OF LINEAR MOMENTUM
BALANCE OF ANGULAR MOMENTUM

LAWS OF THERMODYNAMICS CONSTITUTIVE 
EQUATIONS
11 equations

Empirical 
observation

Multi-scale
approaches

continuously varying fields
(time and space averages over 
the underlying structure)
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Constitutive relations

Constraints on constitutive relations
- Relations that describe the response of the material to mechanical and 

thermal loading, e.g.,

- Can these constitutive relations be selected arbitrarily? NO!
They must follow the following fundamental principles:
Principle of determinism, principle of local action, second law of thermodynamics 
restrictions (Clausius-Duhem inequality), principle of material frame indifference,
material symmetry.

(11 constitutive equations)

reference 
configuration

deformed 
configuration

CONTINUOUS
MEDIA

isothermal processes

isentropic processes

<latexit sha1_base64="9jw0/sdrDuAJOk0SP9or9xjSnq8="></latexit>

� = �(e) + �(v), q = 0, ⇢0u(F , s), Ṫ 6= 0 (with ṡ = 0)
<latexit sha1_base64="HKaB6vGagULLKAny4FsWJtBdjbA="></latexit>

� = �(e) + �(v), q = 0,W (F , T ), ṡ 6= 0 (with Ṫ = 0)
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Constitutive relations

Constraints on constitutive relations
- Principle of determinism & Principle of local action

Material with memory (infinitesimal strain)

reference 
configuration

deformed 
configuration

CONTINUOUS
MEDIA

time series materials with memory
materials with aging

Simple elastic material
simple fluids

<latexit sha1_base64="wLbJ3IqcRT44pDZj1YaYt4X8n3w=">AAACF3icbVDLSgMxFM34rPU16tLNYFuooGWmiLoRit24rNAXdErJpJk2NDMZkjtCGfoVrvwUV4KCuBVX/o2ZtgttPRByOOfe5N7jRZwpsO1vY2V1bX1jM7OV3d7Z3ds3Dw6bSsSS0AYRXMi2hxXlLKQNYMBpO5IUBx6nLW9UTf3WA5WKibAO44h2AzwImc8IBi31zPN868YVuiJ9IGlNXE59KLqe4H01DvSVVCdndVeywRBO8z0zZ5fsKaxl4sxJDs1R65lfbl+QOKAhEI6V6jh2BN0ES2CE00m24MaKRpiM8IB2NA1xQFU3me41sQpa6Vu+kPqEYE3V7K+OBAcqnVJXBhiGatFLxf+8Tgz+dTdhYRQDDcnsIz/mFggrDcnqM0kJ8LEmmEimh7XIEEtMQEeZ1Sk4izsvk2a55FyWLu7LucrtPI8MOkYnqIgcdIUq6A7VUAMR9Iie0St6M56MF+Pd+JiVrhjzniP0B8bnD9Ren6o=</latexit>

W = W (C, T )
<latexit sha1_base64="yDhW0XlAXS9MFSPie0G6Cnj2FfI="></latexit>

S(e) = 2@W (C,T )
@C

<latexit sha1_base64="KgBCHUFYlZtCrw2Pi1Lh9J652ks=">AAACKnicbVDLSsNAFJ34rPEVdekm2BZaKCUpoi6L3bis0Bc0sUwm03bo5MHMpFBCfseVn+JKUShu/RAnbRZ9eGGYwznncu89TkgJF4YxV3Z29/YPDnNH6vHJ6dm5dnHZ4UHEEG6jgAas50COKfFxWxBBcS9kGHoOxV1n0kj17hQzTgK/JWYhtj048smQICgkNdDqBdVyAurymSe/2OJk5MHkJS5Ny0lpVWkklVZlzesmZbWgDrS8UTUWpW8DMwN5kFVzoH1aboAiD/sCUch53zRCYceQCYIoTtSiFXEcQjSBI9yX0Ice5na8ODXRi5Jx9WHA5POFvmDVlY4YejzdTzo9KMZ8U0vJ/7R+JIYPdkz8MBLYR8tBw4jqItDT3HSXMIwEnUkAESNyWR2NIYNIyHTTFMzNm7dBp1Y176q3z7V8/THLIweuwQ0oARPcgzp4Ak3QBgi8gnfwBb6VN+VDmSs/S+uOkvVcgbVSfv8AgVGmnA==</latexit>

�(v)(C, T,d)

<latexit sha1_base64="mY9YIYeGpHGD+uAg1WfZ5tsi36E="></latexit>

�(t) =
R t
�1 G(t� t0)✏̇(t0)dt0



<latexit sha1_base64="0Ef+GZ+rx8R8laoYm/i7SAamC1o=">AAAB8nicbVBNSwMxEM36WdevqkcvwbbgqewWUY9FLx4r2A9sl5JNs21okl2SWaEs/ReeBAXx6r/x5L8xbfegrQ8GHu/NMDMvTAQ34Hnfztr6xubWdmHH3d3bPzgsHh23TJxqypo0FrHuhMQwwRVrAgfBOolmRIaCtcPx7cxvPzFteKweYJKwQJKh4hGnBKz0WHZ7hg8lccv9YsmrenPgVeLnpIRyNPrFr94gpqlkCqggxnR9L4EgIxo4FWzqVnqpYQmhYzJkXUsVkcwE2fzkKa5YZYCjWNtSgOeq+2siI9KYiQxtpyQwMsveTPzP66YQXQcZV0kKTNHFoigVGGI8+x8PuGYUxMQSQjW3x2I6IppQsCm5NgV/+edV0qpV/cvqxX2tVL/J8yigU3SGzpGPrlAd3aEGaiKKFHpGr+jNAefFeXc+Fq1rTj5zgv7A+fwBK/uP2Q==</latexit>�

<latexit sha1_base64="0Ef+GZ+rx8R8laoYm/i7SAamC1o=">AAAB8nicbVBNSwMxEM36WdevqkcvwbbgqewWUY9FLx4r2A9sl5JNs21okl2SWaEs/ReeBAXx6r/x5L8xbfegrQ8GHu/NMDMvTAQ34Hnfztr6xubWdmHH3d3bPzgsHh23TJxqypo0FrHuhMQwwRVrAgfBOolmRIaCtcPx7cxvPzFteKweYJKwQJKh4hGnBKz0WHZ7hg8lccv9YsmrenPgVeLnpIRyNPrFr94gpqlkCqggxnR9L4EgIxo4FWzqVnqpYQmhYzJkXUsVkcwE2fzkKa5YZYCjWNtSgOeq+2siI9KYiQxtpyQwMsveTPzP66YQXQcZV0kKTNHFoigVGGI8+x8PuGYUxMQSQjW3x2I6IppQsCm5NgV/+edV0qpV/cvqxX2tVL/J8yigU3SGzpGPrlAd3aEGaiKKFHpGr+jNAefFeXc+Fq1rTj5zgv7A+fwBK/uP2Q==</latexit>�

<latexit sha1_base64="0Ef+GZ+rx8R8laoYm/i7SAamC1o=">AAAB8nicbVBNSwMxEM36WdevqkcvwbbgqewWUY9FLx4r2A9sl5JNs21okl2SWaEs/ReeBAXx6r/x5L8xbfegrQ8GHu/NMDMvTAQ34Hnfztr6xubWdmHH3d3bPzgsHh23TJxqypo0FrHuhMQwwRVrAgfBOolmRIaCtcPx7cxvPzFteKweYJKwQJKh4hGnBKz0WHZ7hg8lccv9YsmrenPgVeLnpIRyNPrFr94gpqlkCqggxnR9L4EgIxo4FWzqVnqpYQmhYzJkXUsVkcwE2fzkKa5YZYCjWNtSgOeq+2siI9KYiQxtpyQwMsveTPzP66YQXQcZV0kKTNHFoigVGGI8+x8PuGYUxMQSQjW3x2I6IppQsCm5NgV/+edV0qpV/cvqxX2tVL/J8yigU3SGzpGPrlAd3aEGaiKKFHpGr+jNAefFeXc+Fq1rTj5zgv7A+fwBK/uP2Q==</latexit>�

<latexit sha1_base64="0Ef+GZ+rx8R8laoYm/i7SAamC1o=">AAAB8nicbVBNSwMxEM36WdevqkcvwbbgqewWUY9FLx4r2A9sl5JNs21okl2SWaEs/ReeBAXx6r/x5L8xbfegrQ8GHu/NMDMvTAQ34Hnfztr6xubWdmHH3d3bPzgsHh23TJxqypo0FrHuhMQwwRVrAgfBOolmRIaCtcPx7cxvPzFteKweYJKwQJKh4hGnBKz0WHZ7hg8lccv9YsmrenPgVeLnpIRyNPrFr94gpqlkCqggxnR9L4EgIxo4FWzqVnqpYQmhYzJkXUsVkcwE2fzkKa5YZYCjWNtSgOeq+2siI9KYiQxtpyQwMsveTPzP66YQXQcZV0kKTNHFoigVGGI8+x8PuGYUxMQSQjW3x2I6IppQsCm5NgV/+edV0qpV/cvqxX2tVL/J8yigU3SGzpGPrlAd3aEGaiKKFHpGr+jNAefFeXc+Fq1rTj5zgv7A+fwBK/uP2Q==</latexit>�

<latexit sha1_base64="0Ef+GZ+rx8R8laoYm/i7SAamC1o=">AAAB8nicbVBNSwMxEM36WdevqkcvwbbgqewWUY9FLx4r2A9sl5JNs21okl2SWaEs/ReeBAXx6r/x5L8xbfegrQ8GHu/NMDMvTAQ34Hnfztr6xubWdmHH3d3bPzgsHh23TJxqypo0FrHuhMQwwRVrAgfBOolmRIaCtcPx7cxvPzFteKweYJKwQJKh4hGnBKz0WHZ7hg8lccv9YsmrenPgVeLnpIRyNPrFr94gpqlkCqggxnR9L4EgIxo4FWzqVnqpYQmhYzJkXUsVkcwE2fzkKa5YZYCjWNtSgOeq+2siI9KYiQxtpyQwMsveTPzP66YQXQcZV0kKTNHFoigVGGI8+x8PuGYUxMQSQjW3x2I6IppQsCm5NgV/+edV0qpV/cvqxX2tVL/J8yigU3SGzpGPrlAd3aEGaiKKFHpGr+jNAefFeXc+Fq1rTj5zgv7A+fwBK/uP2Q==</latexit>�

<latexit sha1_base64="0Ef+GZ+rx8R8laoYm/i7SAamC1o=">AAAB8nicbVBNSwMxEM36WdevqkcvwbbgqewWUY9FLx4r2A9sl5JNs21okl2SWaEs/ReeBAXx6r/x5L8xbfegrQ8GHu/NMDMvTAQ34Hnfztr6xubWdmHH3d3bPzgsHh23TJxqypo0FrHuhMQwwRVrAgfBOolmRIaCtcPx7cxvPzFteKweYJKwQJKh4hGnBKz0WHZ7hg8lccv9YsmrenPgVeLnpIRyNPrFr94gpqlkCqggxnR9L4EgIxo4FWzqVnqpYQmhYzJkXUsVkcwE2fzkKa5YZYCjWNtSgOeq+2siI9KYiQxtpyQwMsveTPzP66YQXQcZV0kKTNHFoigVGGI8+x8PuGYUxMQSQjW3x2I6IppQsCm5NgV/+edV0qpV/cvqxX2tVL/J8yigU3SGzpGPrlAd3aEGaiKKFHpGr+jNAefFeXc+Fq1rTj5zgv7A+fwBK/uP2Q==</latexit>�

<latexit sha1_base64="0Ef+GZ+rx8R8laoYm/i7SAamC1o=">AAAB8nicbVBNSwMxEM36WdevqkcvwbbgqewWUY9FLx4r2A9sl5JNs21okl2SWaEs/ReeBAXx6r/x5L8xbfegrQ8GHu/NMDMvTAQ34Hnfztr6xubWdmHH3d3bPzgsHh23TJxqypo0FrHuhMQwwRVrAgfBOolmRIaCtcPx7cxvPzFteKweYJKwQJKh4hGnBKz0WHZ7hg8lccv9YsmrenPgVeLnpIRyNPrFr94gpqlkCqggxnR9L4EgIxo4FWzqVnqpYQmhYzJkXUsVkcwE2fzkKa5YZYCjWNtSgOeq+2siI9KYiQxtpyQwMsveTPzP66YQXQcZV0kKTNHFoigVGGI8+x8PuGYUxMQSQjW3x2I6IppQsCm5NgV/+edV0qpV/cvqxX2tVL/J8yigU3SGzpGPrlAd3aEGaiKKFHpGr+jNAefFeXc+Fq1rTj5zgv7A+fwBK/uP2Q==</latexit>�

<latexit sha1_base64="0Ef+GZ+rx8R8laoYm/i7SAamC1o=">AAAB8nicbVBNSwMxEM36WdevqkcvwbbgqewWUY9FLx4r2A9sl5JNs21okl2SWaEs/ReeBAXx6r/x5L8xbfegrQ8GHu/NMDMvTAQ34Hnfztr6xubWdmHH3d3bPzgsHh23TJxqypo0FrHuhMQwwRVrAgfBOolmRIaCtcPx7cxvPzFteKweYJKwQJKh4hGnBKz0WHZ7hg8lccv9YsmrenPgVeLnpIRyNPrFr94gpqlkCqggxnR9L4EgIxo4FWzqVnqpYQmhYzJkXUsVkcwE2fzkKa5YZYCjWNtSgOeq+2siI9KYiQxtpyQwMsveTPzP66YQXQcZV0kKTNHFoigVGGI8+x8PuGYUxMQSQjW3x2I6IppQsCm5NgV/+edV0qpV/cvqxX2tVL/J8yigU3SGzpGPrlAd3aEGaiKKFHpGr+jNAefFeXc+Fq1rTj5zgv7A+fwBK/uP2Q==</latexit>�

<latexit sha1_base64="0Ef+GZ+rx8R8laoYm/i7SAamC1o=">AAAB8nicbVBNSwMxEM36WdevqkcvwbbgqewWUY9FLx4r2A9sl5JNs21okl2SWaEs/ReeBAXx6r/x5L8xbfegrQ8GHu/NMDMvTAQ34Hnfztr6xubWdmHH3d3bPzgsHh23TJxqypo0FrHuhMQwwRVrAgfBOolmRIaCtcPx7cxvPzFteKweYJKwQJKh4hGnBKz0WHZ7hg8lccv9YsmrenPgVeLnpIRyNPrFr94gpqlkCqggxnR9L4EgIxo4FWzqVnqpYQmhYzJkXUsVkcwE2fzkKa5YZYCjWNtSgOeq+2siI9KYiQxtpyQwMsveTPzP66YQXQcZV0kKTNHFoigVGGI8+x8PuGYUxMQSQjW3x2I6IppQsCm5NgV/+edV0qpV/cvqxX2tVL/J8yigU3SGzpGPrlAd3aEGaiKKFHpGr+jNAefFeXc+Fq1rTj5zgv7A+fwBK/uP2Q==</latexit>�

<latexit sha1_base64="0Ef+GZ+rx8R8laoYm/i7SAamC1o=">AAAB8nicbVBNSwMxEM36WdevqkcvwbbgqewWUY9FLx4r2A9sl5JNs21okl2SWaEs/ReeBAXx6r/x5L8xbfegrQ8GHu/NMDMvTAQ34Hnfztr6xubWdmHH3d3bPzgsHh23TJxqypo0FrHuhMQwwRVrAgfBOolmRIaCtcPx7cxvPzFteKweYJKwQJKh4hGnBKz0WHZ7hg8lccv9YsmrenPgVeLnpIRyNPrFr94gpqlkCqggxnR9L4EgIxo4FWzqVnqpYQmhYzJkXUsVkcwE2fzkKa5YZYCjWNtSgOeq+2siI9KYiQxtpyQwMsveTPzP66YQXQcZV0kKTNHFoigVGGI8+x8PuGYUxMQSQjW3x2I6IppQsCm5NgV/+edV0qpV/cvqxX2tVL/J8yigU3SGzpGPrlAd3aEGaiKKFHpGr+jNAefFeXc+Fq1rTj5zgv7A+fwBK/uP2Q==</latexit>�

Materials with memory
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Creep, relaxation and hysteresis

Spring

Dashpot

Maxwell
model

Kelvin/Voigt
model

Standard 
linear 
model

Creep Relaxation Model 
Parameters

1

1

2

2

3



Materials with memory

Wave propagation
- 1D viscoelastic solid

(balance of linear momentum)

- Standard linear model

- Fourier transform 

<latexit sha1_base64="zbTDiCBlplU/IfejbGCBeOWf1fE="></latexit>

@�
@x = ⇢@2u

@t2

<latexit sha1_base64="aRf0iB7MCezI6Ml7/TTfH6pwPIU="></latexit>

� + ⌘1

E0+E1
�̇ = E0E1

E0+E1

h
✏+ ⌘1

E1
✏̇
i

stress-strain-time

complex modulus
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<latexit sha1_base64="RwSpxpfQ4xhsKnL5qcvEsSOaekE=">AAACJXicbVDJSgNBFOxxd9yiHr0MRkEvYUZEBRFEL14EBaNCJoQ3nZekSS9Dd48QhnyMJz/Fk6Aogid/xc6Ce0FDUVWP16+SlDNjw/DNGxkdG5+YnJr2Z2bn5hcKi0uXRmWaYpkqrvR1AgY5k1i2zHK8TjWCSDheJe3jnn91g9owJS9sJ8WqgKZkDUbBOqlW2F/z4xbYPDasKaC7ESuBTdj0D/zTTz4IYGoYV/IrslYrFMNS2Efwl0RDUiRDnNUKz3Fd0UygtJSDMZUoTG01B20Z5dj11+PMYAq0DU2sOCpBoKnm/Su7wbpT6kFDafekDfqq/20iB2FMRyQuKcC2zG+vJ/7nVTLb2KvmTKaZRUkHixoZD6wKepUFdaaRWt5xBKhm7rMBbYEGal2xvmsh+n3zX3K5VYp2StvnW8XDo2EfU2SFrJINEpFdckhOyBkpE0puyT15JE/enffgvXivg+iIN5xZJj/gvX8AOqajNg==</latexit>

�̂(!) = M(!)✏̂(!)
<latexit sha1_base64="f2/s9KR8mvDlveGQrrwb4IkStzs=">AAAB9XicbVBdSwJBFJ21L9u+rB57GVLBXmRXonqUeuklMEgTdJHZcVYH52ObmS1k8Xf0FBREr/2Ynvo3jboPpR24cDjnXu69J4wZ1cbzvp3cyura+kZ+093a3tndK+wftLRMFCZNLJlU7RBpwqggTUMNI+1YEcRDRu7D0dXUv38kSlMp7sw4JgFHA0EjipGxUlBybypdyckAnbilXqHoVb0Z4DLxM1IEGRq9wle3L3HCiTCYIa07vhebIEXKUMzIxC13E01ihEdoQDqWCsSJDtLZ1RNYtkofRlLZEgbOVPfXRIq41mMe2k6OzFAvelPxP6+TmOgiSKmIE0MEni+KEgaNhNMIYJ8qgg0bW4KwovZYiIdIIWxsUK5NwV/8eZm0alX/rHp6WyvWL7M88uAIHIMK8ME5qINr0ABNgMEDeAav4M15cl6cd+dj3ppzsplD8AfO5w+GcJCN</latexit>

M(!)

DIY

<latexit sha1_base64="eI6+9Nei8nvLRCtue3FI/lZ/PN8=">AAACFnicbZBNS8MwGMfT+TbrW9Wjl+A28CCjHaJehKEXjxPcC6xlpFm6haVpSVJxlH0JT34UT4KCeBU8+W1Mt4K6+YfAj//zPEmevx8zKpVtfxmFpeWV1bXiurmxubW9Y+3utWSUCEyaOGKR6PhIEkY5aSqqGOnEgqDQZ6Ttj66yevuOCEkjfqvGMfFCNOA0oBgpbfWs47LpklhSFnHzwnQDgXDqxkgoihhMJj98PzHLPatkV+2p4CI4OZRArkbP+nT7EU5CwhVmSMquY8fKS7MrMSMTs+ImksQIj9CAdDVyFBLppdO1JrCinT4MIqEPV3Dqmr8mUhRKOQ593RkiNZTztcz8r9ZNVHDupZTHiSIczx4KEgZVBLOMYJ8KghUba0BYUP1ZiIdIR6N0kqZOwZnfeRFatapzWj25qZXql3keRXAADsERcMAZqINr0ABNgMEDeAIv4NV4NJ6NN+N91low8pl98EfGxzdk/54/</latexit>

✏ = @u
@x

<latexit sha1_base64="/iZ3bPZyYg0qAovDNars9BOc4cY="></latexit>

u(x, t) = u0ei(!t�kx)
complex wavenumber

frequency

<latexit sha1_base64="IjA8uw3Qi0D4yffBkNVrsuH1b+Y=">AAAB7XicbVBNSwMxEJ2tX3X9qnr0EmwLnspuEfVY9OKxgtsW2qVk02wbmk2WJCuU0t/gSVAQr/4gT/4b03YP2vpg4PHeDDPzopQzbTzv2ylsbG5t7xR33b39g8Oj0vFJS8tMERoQyaXqRFhTzgQNDDOcdlJFcRJx2o7Gd3O//USVZlI8mklKwwQPBYsZwcZKQcUdu5V+qezVvAXQOvFzUoYczX7pqzeQJEuoMIRjrbu+l5pwipVhhNOZW+1lmqaYjPGQdi0VOKE6nC6unaGqVQYolsqWMGihur8mpjjRepJEtjPBZqRXvbn4n9fNTHwTTplIM0MFWS6KM46MRPPX0YApSgyfWIKJYvZYREZYYWJsQK5NwV/9eZ206jX/qnb5UC83bvM8inAG53ABPlxDA+6hCQEQYPAMr/DmSOfFeXc+lq0FJ585hT9wPn8AWwiNpQ==</latexit>

k
<latexit sha1_base64="hmNCGcpWCTygYBLmQjdy4go1B9Y=">AAAB8nicbVDLSgNBEOz1GddX1KOXxSTgKewGUY9BLx4jmAcmS5idzCZD5rHMzAphyV94EhTEq3/jyb9xkuxBEwsaiqpuuruihFFtfP/bWVvf2NzaLuy4u3v7B4fFo+OWlqnCpIklk6oTIU0YFaRpqGGkkyiCeMRIOxrfzvz2E1GaSvFgJgkJORoKGlOMjJUey25PcjJEbrlfLPlVfw5vlQQ5KUGORr/41RtInHIiDGZI627gJybMkDIUMzJ1K71UkwThMRqSrqUCcaLDbH7y1KtYZeDFUtkSxpur7q+JDHGtJzyynRyZkV72ZuJ/Xjc18XWYUZGkhgi8WBSnzDPSm/3vDagi2LCJJQgrao/18AgphI1NybUpBMs/r5JWrRpcVi/ua6X6TZ5HAU7hDM4hgCuowx00oAkYBDzDK7w5xnlx3p2PReuak8+cwB84nz8ftY/R</latexit>!

(cont.)



Materials with memory

Wave propagation
- 1D viscoelastic solid

(balance of linear momentum)

- Standard linear model

- Fourier transform 

<latexit sha1_base64="zbTDiCBlplU/IfejbGCBeOWf1fE="></latexit>

@�
@x = ⇢@2u

@t2

<latexit sha1_base64="aRf0iB7MCezI6Ml7/TTfH6pwPIU="></latexit>

� + ⌘1

E0+E1
�̇ = E0E1

E0+E1

h
✏+ ⌘1

E1
✏̇
i

stress-strain-time

complex modulus
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<latexit sha1_base64="RwSpxpfQ4xhsKnL5qcvEsSOaekE=">AAACJXicbVDJSgNBFOxxd9yiHr0MRkEvYUZEBRFEL14EBaNCJoQ3nZekSS9Dd48QhnyMJz/Fk6Aogid/xc6Ce0FDUVWP16+SlDNjw/DNGxkdG5+YnJr2Z2bn5hcKi0uXRmWaYpkqrvR1AgY5k1i2zHK8TjWCSDheJe3jnn91g9owJS9sJ8WqgKZkDUbBOqlW2F/z4xbYPDasKaC7ESuBTdj0D/zTTz4IYGoYV/IrslYrFMNS2Efwl0RDUiRDnNUKz3Fd0UygtJSDMZUoTG01B20Z5dj11+PMYAq0DU2sOCpBoKnm/Su7wbpT6kFDafekDfqq/20iB2FMRyQuKcC2zG+vJ/7nVTLb2KvmTKaZRUkHixoZD6wKepUFdaaRWt5xBKhm7rMBbYEGal2xvmsh+n3zX3K5VYp2StvnW8XDo2EfU2SFrJINEpFdckhOyBkpE0puyT15JE/enffgvXivg+iIN5xZJj/gvX8AOqajNg==</latexit>

�̂(!) = M(!)✏̂(!)
<latexit sha1_base64="f2/s9KR8mvDlveGQrrwb4IkStzs=">AAAB9XicbVBdSwJBFJ21L9u+rB57GVLBXmRXonqUeuklMEgTdJHZcVYH52ObmS1k8Xf0FBREr/2Ynvo3jboPpR24cDjnXu69J4wZ1cbzvp3cyura+kZ+093a3tndK+wftLRMFCZNLJlU7RBpwqggTUMNI+1YEcRDRu7D0dXUv38kSlMp7sw4JgFHA0EjipGxUlBybypdyckAnbilXqHoVb0Z4DLxM1IEGRq9wle3L3HCiTCYIa07vhebIEXKUMzIxC13E01ihEdoQDqWCsSJDtLZ1RNYtkofRlLZEgbOVPfXRIq41mMe2k6OzFAvelPxP6+TmOgiSKmIE0MEni+KEgaNhNMIYJ8qgg0bW4KwovZYiIdIIWxsUK5NwV/8eZm0alX/rHp6WyvWL7M88uAIHIMK8ME5qINr0ABNgMEDeAav4M15cl6cd+dj3ppzsplD8AfO5w+GcJCN</latexit>

M(!)

DIY
<latexit sha1_base64="IhvOuuXd7OYIIBuOrk/NN/78Y/A=">AAAB/XicbVDLSsNAFJ3UV42vaJduBttC3YSkiLoRim7cCBXsA9pQJtNJO3QmCTMTIYTip7gSFMStH+LKv3HaZqGtBy4czrmXe+/xY0alcpxvo7C2vrG5Vdw2d3b39g+sw6O2jBKBSQtHLBJdH0nCaEhaiipGurEgiPuMdPzJzczvPBIhaRQ+qDQmHkejkAYUI6WlgVWqmHe1fsTJCJ3CK2jbtlkZWGXHduaAq8TNSRnkaA6sr/4wwgknocIMSdlznVh5GRKKYkamZrWfSBIjPEEj0tM0RJxIL5tfP4VVrQxhEAldoYJz1fw1kSEuZcp93cmRGstlbyb+5/USFVx6GQ3jRJEQLxYFCYMqgrMo4JAKghVLNUFYUH0sxGMkEFY6MFOn4C7/vEradds9t8/u6+XGdZ5HERyDE1ADLrgADXALmqAFMEjBM3gFb8aT8WK8Gx+L1oKRz5TAHxifP4ROkgE=</latexit>

M(!) = ...

<latexit sha1_base64="eI6+9Nei8nvLRCtue3FI/lZ/PN8=">AAACFnicbZBNS8MwGMfT+TbrW9Wjl+A28CCjHaJehKEXjxPcC6xlpFm6haVpSVJxlH0JT34UT4KCeBU8+W1Mt4K6+YfAj//zPEmevx8zKpVtfxmFpeWV1bXiurmxubW9Y+3utWSUCEyaOGKR6PhIEkY5aSqqGOnEgqDQZ6Ttj66yevuOCEkjfqvGMfFCNOA0oBgpbfWs47LpklhSFnHzwnQDgXDqxkgoihhMJj98PzHLPatkV+2p4CI4OZRArkbP+nT7EU5CwhVmSMquY8fKS7MrMSMTs+ImksQIj9CAdDVyFBLppdO1JrCinT4MIqEPV3Dqmr8mUhRKOQ593RkiNZTztcz8r9ZNVHDupZTHiSIczx4KEgZVBLOMYJ8KghUba0BYUP1ZiIdIR6N0kqZOwZnfeRFatapzWj25qZXql3keRXAADsERcMAZqINr0ABNgMEDeAIv4NV4NJ6NN+N91low8pl98EfGxzdk/54/</latexit>

✏ = @u
@x

<latexit sha1_base64="/iZ3bPZyYg0qAovDNars9BOc4cY="></latexit>

u(x, t) = u0ei(!t�kx)
complex wavenumber

frequency

<latexit sha1_base64="IjA8uw3Qi0D4yffBkNVrsuH1b+Y=">AAAB7XicbVBNSwMxEJ2tX3X9qnr0EmwLnspuEfVY9OKxgtsW2qVk02wbmk2WJCuU0t/gSVAQr/4gT/4b03YP2vpg4PHeDDPzopQzbTzv2ylsbG5t7xR33b39g8Oj0vFJS8tMERoQyaXqRFhTzgQNDDOcdlJFcRJx2o7Gd3O//USVZlI8mklKwwQPBYsZwcZKQcUdu5V+qezVvAXQOvFzUoYczX7pqzeQJEuoMIRjrbu+l5pwipVhhNOZW+1lmqaYjPGQdi0VOKE6nC6unaGqVQYolsqWMGihur8mpjjRepJEtjPBZqRXvbn4n9fNTHwTTplIM0MFWS6KM46MRPPX0YApSgyfWIKJYvZYREZYYWJsQK5NwV/9eZ206jX/qnb5UC83bvM8inAG53ABPlxDA+6hCQEQYPAMr/DmSOfFeXc+lq0FJ585hT9wPn8AWwiNpQ==</latexit>

k
<latexit sha1_base64="hmNCGcpWCTygYBLmQjdy4go1B9Y=">AAAB8nicbVDLSgNBEOz1GddX1KOXxSTgKewGUY9BLx4jmAcmS5idzCZD5rHMzAphyV94EhTEq3/jyb9xkuxBEwsaiqpuuruihFFtfP/bWVvf2NzaLuy4u3v7B4fFo+OWlqnCpIklk6oTIU0YFaRpqGGkkyiCeMRIOxrfzvz2E1GaSvFgJgkJORoKGlOMjJUey25PcjJEbrlfLPlVfw5vlQQ5KUGORr/41RtInHIiDGZI627gJybMkDIUMzJ1K71UkwThMRqSrqUCcaLDbH7y1KtYZeDFUtkSxpur7q+JDHGtJzyynRyZkV72ZuJ/Xjc18XWYUZGkhgi8WBSnzDPSm/3vDagi2LCJJQgrao/18AgphI1NybUpBMs/r5JWrRpcVi/ua6X6TZ5HAU7hDM4hgCuowx00oAkYBDzDK7w5xnlx3p2PReuak8+cwB84nz8ftY/R</latexit>!



Materials with memory

Wave propagation – Phase velocity – Dispersion
- 1D viscoelastic solid (frequency domain)

complex velocity

phase velocity

8

<latexit sha1_base64="Dikd4xAxNYhEeu9e6RccTodATEk=">AAACA3icbZDLSgMxFIYz9VbH26grcRNsC67KTBF1IxTduBEq2At0xpJJ0zY0mQxJRihDceWjuBIUxK1P4cq3MW1noa0/BD7+cw4n5w9jRpV23W8rt7S8srqWX7c3Nre2d5zdvYYSicSkjgUTshUiRRiNSF1TzUgrlgTxkJFmOLya1JsPRCoqojs9iknAUT+iPYqRNlbHOSjaN3B4X4EX0Bec9JFBXw6EXew4BbfsTgUXwcugADLVOs6X3xU44STSmCGl2p4b6yBFUlPMyNgu+YkiMcJD1CdtgxHiRAXp9IYxLBmnC3tCmhdpOHXtXxMp4kqNeGg6OdIDNV+bmP/V2onunQcpjeJEkwjPFvUSBrWAk0Bgl0qCNRsZQFhS81mIB0girE1stknBm795ERqVsndaPrmtFKqXWR55cAiOwDHwwBmogmtQA3WAwSN4Bq/gzXqyXqx362PWmrOymX3wR9bnD3LIlNI=</latexit>

Mk2 = !2⇢

<latexit sha1_base64="TkqhnZiwM21Om+0xRXIaZCGBbO0="></latexit>

vp(!) = [Re(1/vc)]
�1

<latexit sha1_base64="mabb3mmz/x13q6h/6KbOtt5jHTU=">AAACDXicbVDLSsNAFJ34rPFVdelmsC1UhJoUUZdFKbisYB/QhDCZTtqhk0ycmQgl9ANc+SmuBAVx6we48m+ctllo64GBc8+5lzv3+DGjUlnWt7G0vLK6tp7bMDe3tnd283v7LckTgUkTc8ZFx0eSMBqRpqKKkU4sCAp9Rtr+8Hritx+IkJRHd2oUEzdE/YgGFCOlJS9fKJqOvBcqrXsWrHs2PIWOGHBY1vWJro/HZlF3WRVrCrhI7IwUQIaGl/9yehwnIYkUZkjKrm3Fyk2RUBQzMjZLTiJJjPAQ9UlX0wiFRLrp9JoxLGmlBwMu9IsUnKrmr4kUhVKOQl93hkgN5Lw3Ef/zuokKLt2URnGiSIRni4KEQcXhJBrYo4JgxUaaICyo/izEAyQQVjpAU6dgz9+8SFrVin1eObutFmpXWR45cAiOQBnY4ALUwA1ogCbA4BE8g1fwZjwZL8a78TFrXTKymQPwB8bnD0Vrl9c=</latexit>p
E0E1/⇢(E0 + E1)

<latexit sha1_base64="6IPQLTR4hD9AHLGspltSkcGREKw=">AAACAHicbVDLSsNAFJ3UV42vqODGzWBbcFWTIuqyKILLCvYBTQiT6aQdOpnEmYlQYjd+iitBQdz6G678G6dtFtp64MLhnHu5954gYVQq2/42CkvLK6trxXVzY3Nre8fa3WvJOBWYNHHMYtEJkCSMctJUVDHSSQRBUcBIOxheTfz2AxGSxvxOjRLiRajPaUgxUlryrYOy6cp7obJr34Yn0BWDGI7Nsm+V7Ko9BVwkTk5KIEfDt77cXozTiHCFGZKy69iJ8jIkFMWMjM2Km0qSIDxEfdLVlKOISC+bPjCGFa30YBgLXVzBqWr+mshQJOUoCnRnhNRAznsT8T+vm6rwwssoT1JFOJ4tClMGVQwnacAeFQQrNtIEYUH1sRAPkEBY6cxMnYIz//MiadWqzln19LZWql/meRTBITgCx8AB56AObkADNAEGj+AZvII348l4Md6Nj1lrwchn9sEfGJ8/Q+CUOw==</latexit>p
E0/⇢

Ph
as

e 
Ve

lo
ci

ty

log[⍵]

<latexit sha1_base64="8uh963shgOVCAb0gGqg8vajbGw8=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LLYFTyUpRT0WRfBYwX5AG8pmu2mXbjZhdyOU0D/hSVAQr/4dT/4bN20O2vpg4PHeDDPz/JgzpR3n2ypsbG5t7xR37b39g8Oj0vFJR0WJJLRNIh7Jno8V5UzQtmaa014sKQ59Trv+9Dbzu09UKhaJRz2LqRfisWABI1gbqVex74auXbGHpbJTcxZA68TNSRlytIalr8EoIklIhSYcK9V3nVh7KZaaEU7ndnWQKBpjMsVj2jdU4JAqL10cPEdVo4xQEElTQqOFav+aSHGo1Cz0TWeI9UStepn4n9dPdHDtpUzEiaaCLBcFCUc6Qtn3aMQkJZrPDMFEMnMsIhMsMdEmoywFd/XnddKp19zLWuOhXm7e5HkU4QzO4QJcuIIm3EML2kCAwzO8wpslrRfr3fpYthasfOYU/sD6/AF9co43</latexit>

E1

<latexit sha1_base64="i8m1qrfq4WB0aMBk/U64FVXBW40=">AAAB83icbVBNS8NAEN3Urxq/qh69BNuCp5IUUY9FLx4r2A9IQ9lsJ+3SzW7Y3Qgl9Gd4EhTEq7/Gk//GTZuDtj4YeLw3w8y8MGFUadf9tkobm1vbO+Vde2//4PCocnzSVSKVBDpEMCH7IVbAKIeOpppBP5GA45BBL5ze5X7vCaSigj/qWQJBjMecRpRgbSS/Zg9A46Fn1+xhpeo23AWcdeIVpIoKtIeVr8FIkDQGrgnDSvmem+ggw1JTwmBu1wepggSTKR6DbyjHMaggW9w8d+pGGTmRkKa4dhaq/Wsiw7FSszg0nTHWE7Xq5eJ/np/q6CbIKE9SDZwsF0Upc7Rw8gCcEZVANJsZgomk5liHTLDERJuY8hS81Z/XSbfZ8K4alw/Nauu2yKOMztA5ukAeukYtdI/aqIMIEugZvaI3K7VerHfrY9lasoqZU/QH1ucP9fWPpg==</latexit>⌘1

<latexit sha1_base64="UPtsET98WCMuWsxeORAflDRHD8c=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LLYFTyUpRT0WRfBYwX5AG8pmu2mXbjZhdyOU0D/hSVAQr/4dT/4bN20O2vpg4PHeDDPz/JgzpR3n2ypsbG5t7xR37b39g8Oj0vFJR0WJJLRNIh7Jno8V5UzQtmaa014sKQ59Trv+9Dbzu09UKhaJRz2LqRfisWABI1gbqVex74aOXbGHpbJTcxZA68TNSRlytIalr8EoIklIhSYcK9V3nVh7KZaaEU7ndnWQKBpjMsVj2jdU4JAqL10cPEdVo4xQEElTQqOFav+aSHGo1Cz0TWeI9UStepn4n9dPdHDtpUzEiaaCLBcFCUc6Qtn3aMQkJZrPDMFEMnMsIhMsMdEmoywFd/XnddKp19zLWuOhXm7e5HkU4QzO4QJcuIIm3EML2kCAwzO8wpslrRfr3fpYthasfOYU/sD6/AF76o42</latexit>

E0
<latexit sha1_base64="UUg/52LYLNGDSNQKrEKU50FrEUM=">AAACFnicbZDLSgMxFIYz9VbHW9Wlm8G20KKUmSLqRii6cVnB2kI7lkx6pg3NZIYkI5ShL+HKR3ElKIhbwZVvY3pBausPgS//OYfk/F7EqFS2/W2klpZXVtfS6+bG5tb2TmZ3706GsSBQIyELRcPDEhjlUFNUMWhEAnDgMah7/atRvf4AQtKQ36pBBG6Au5z6lGClrXbmOGe2IJKUhdy8+MX7pADF4dHMlRaHZq6dydoleyxrEZwpZNFU1Xbmq9UJSRwAV4RhKZuOHSk3wUJRwmBo5luxhAiTPu5CUyPHAUg3Ga81tPLa6Vh+KPThyhq75sxEggMpB4GnOwOsenK+NjL/qzVj5Z+7CeVRrICTyUN+zCwVWqOMrA4VQBQbaMBEUP1Zi/SwwETpJE2dgjO/8yLclUvOaenkppytXE7zSKMDdIgKyEFnqIKuURXVEEGP6Bm9ojfjyXgx3o2PSWvKmM7soz8yPn8ASqKdiw==</latexit>

✏ = ✏(e) + ✏(i)
<latexit sha1_base64="ou6sirbi5rHf6dSII6ctUC1ReZk=">AAACB3icbVDLSgNBEJyNr7i+Vj2KMJgE4iXsBlEvQlAEjxHMA5IYZiedZMjs7DIzK4QlJ09+iidBQbz6DZ78GyePgyYWNBRV3XR3+RFnSrvut5VaWl5ZXUuv2xubW9s7zu5eVYWxpFChIQ9l3ScKOBNQ0UxzqEcSSOBzqPmDq7FfewCpWCju9DCCVkB6gnUZJdpIbecwazcV6wXk4rrt4iZEivFQ3Cd5OB7Z2baTcQvuBHiReDOSQTOU285XsxPSOAChKSdKNTw30q2ESM0oh5Gda8YKIkIHpAcNQwUJQLWSyR8jnDNKB3dDaUpoPFHtXxMJCZQaBr7pDIjuq3lvLP7nNWLdPW8lTESxBkGni7oxxzrE41Bwh0mgmg8NIVQycyymfSIJ1SY626Tgzf+8SKrFgndaOLktZkqXszzS6AAdoTzy0BkqoRtURhVE0SN6Rq/ozXqyXqx362PamrJmM/voD6zPH9nll1s=</latexit>

� = E0✏(e)
<latexit sha1_base64="3HZd4zGri3D+dlWVnYrkkH/7+VI=">AAACJXicbZDLSgMxFIYz9VbHW9Wlm2BbqAhlpogKIhRFcFnBXqCtJZOmbWgmMyRnhDL0YVz5KK4ERRFc+SqmF0FbDwR+vv+cJOf3QsE1OM6nlVhYXFpeSa7aa+sbm1up7Z2KDiJFWZkGIlA1j2gmuGRl4CBYLVSM+J5gVa9/OfKr90xpHshbGISs6ZOu5B1OCRjUSp1l7IbmXZ+cX7Vc3GCh5iKQd3GOHwzxoQFARrwdQPxjDieunWml0k7eGReeF+5UpNG0Sq3Um7mIRj6TQAXRuu46ITRjooBTwYZ2thFpFhLaJ11WN1ISn+lmPN5yiLOGtHEnUOZIwGNq/5qIia/1wPdMp0+gp2e9EfzPq0fQOW3GXIYRMEknD3UigSHAo8hwmytGQQyMIFRx81lMe0QRCiZY26Tgzu48LyqFvHucP7oppIsX0zySaA/toxxy0QkqomtUQmVE0QN6Qi/o1Xq0nq1362PSmrCmM7voT1lf3zz6oz4=</latexit>

� = E1✏(i) + ⌘1✏̇(i)
<latexit sha1_base64="vDeH7c3H1OXteFiY4DE8+jAv87s=">AAAB/HicbVBNS8NAEN3Urxq/Yj16CbaFeilJEfVY9OKxgv2ANpbNdtIu3WzC7kYsof4UT4KCePWPePLfuG1z0NYHA4/3ZpiZ58eMSuU430ZubX1jcyu/be7s7u0fWIeFlowSQaBJIhaJjo8lMMqhqahi0IkF4NBn0PbH1zO//QBC0ojfqUkMXoiHnAaUYKWlvlUomT2IJWURv08rcDo1S32r6FSdOexV4makiDI0+tZXbxCRJASuCMNSdl0nVl6KhaKEwdQs9xIJMSZjPISuphyHIL10fvzULmtlYAeR0MWVPVfNXxMpDqWchL7uDLEayWVvJv7ndRMVXHop5XGigJPFoiBhtorsWRL2gAogik00wURQfaxNRlhgonRepk7BXf55lbRqVfe8enZbK9avsjzy6BidoApy0QWqoxvUQE1E0CN6Rq/ozXgyXox342PRmjOymSP0B8bnD3Cck08=</latexit>

✏(e)
<latexit sha1_base64="H+7Y5hBtPwcSPrseOEmJpAxnwD0=">AAAB/HicbVDLSgMxFM3UVx1fY126CbaFuikzRdRl0Y3LCvYB7VgyaaYNzSRDkhHLUD/FlaAgbv0RV/6NaTsLbT1w4XDOvdx7TxAzqrTrflu5tfWNza38tr2zu7d/4BwWWkokEpMmFkzIToAUYZSTpqaakU4sCYoCRtrB+Hrmtx+IVFTwOz2JiR+hIachxUgbqe8USnaPxIoywe/TCj2d2qW+U3Sr7hxwlXgZKYIMjb7z1RsInESEa8yQUl3PjbWfIqkpZmRql3uJIjHCYzQkXUM5iojy0/nxU1g2ygCGQpriGs5V+9dEiiKlJlFgOiOkR2rZm4n/ed1Eh5d+SnmcaMLxYlGYMKgFnCUBB1QSrNnEEIQlNcdCPEISYW3ysk0K3vLPq6RVq3rn1bPbWrF+leWRB8fgBFSABy5AHdyABmgCDB7BM3gFb9aT9WK9Wx+L1pyVzRyBP7A+fwB2wJNT</latexit>

✏(i)

<latexit sha1_base64="0Ef+GZ+rx8R8laoYm/i7SAamC1o=">AAAB8nicbVBNSwMxEM36WdevqkcvwbbgqewWUY9FLx4r2A9sl5JNs21okl2SWaEs/ReeBAXx6r/x5L8xbfegrQ8GHu/NMDMvTAQ34Hnfztr6xubWdmHH3d3bPzgsHh23TJxqypo0FrHuhMQwwRVrAgfBOolmRIaCtcPx7cxvPzFteKweYJKwQJKh4hGnBKz0WHZ7hg8lccv9YsmrenPgVeLnpIRyNPrFr94gpqlkCqggxnR9L4EgIxo4FWzqVnqpYQmhYzJkXUsVkcwE2fzkKa5YZYCjWNtSgOeq+2siI9KYiQxtpyQwMsveTPzP66YQXQcZV0kKTNHFoigVGGI8+x8PuGYUxMQSQjW3x2I6IppQsCm5NgV/+edV0qpV/cvqxX2tVL/J8yigU3SGzpGPrlAd3aEGaiKKFHpGr+jNAefFeXc+Fq1rTj5zgv7A+fwBK/uP2Q==</latexit>�<latexit sha1_base64="0Ef+GZ+rx8R8laoYm/i7SAamC1o=">AAAB8nicbVBNSwMxEM36WdevqkcvwbbgqewWUY9FLx4r2A9sl5JNs21okl2SWaEs/ReeBAXx6r/x5L8xbfegrQ8GHu/NMDMvTAQ34Hnfztr6xubWdmHH3d3bPzgsHh23TJxqypo0FrHuhMQwwRVrAgfBOolmRIaCtcPx7cxvPzFteKweYJKwQJKh4hGnBKz0WHZ7hg8lccv9YsmrenPgVeLnpIRyNPrFr94gpqlkCqggxnR9L4EgIxo4FWzqVnqpYQmhYzJkXUsVkcwE2fzkKa5YZYCjWNtSgOeq+2siI9KYiQxtpyQwMsveTPzP66YQXQcZV0kKTNHFoigVGGI8+x8PuGYUxMQSQjW3x2I6IppQsCm5NgV/+edV0qpV/cvqxX2tVL/J8yigU3SGzpGPrlAd3aEGaiKKFHpGr+jNAefFeXc+Fq1rTj5zgv7A+fwBK/uP2Q==</latexit>�

dispersion relation
<latexit sha1_base64="Wmw9kK/fmI98LT11QGCcMJdUyVo="></latexit>

vc(!) =
q

M(!)
⇢ = !

k



Materials with memory

Wave propagation – Dissipation
- Quality factor: twice the time-averaged strain-energy density divided by 

the time-averaged dissipated-energy density

dissipation factor

9
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<latexit sha1_base64="8uh963shgOVCAb0gGqg8vajbGw8=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LLYFTyUpRT0WRfBYwX5AG8pmu2mXbjZhdyOU0D/hSVAQr/4dT/4bN20O2vpg4PHeDDPz/JgzpR3n2ypsbG5t7xR37b39g8Oj0vFJR0WJJLRNIh7Jno8V5UzQtmaa014sKQ59Trv+9Dbzu09UKhaJRz2LqRfisWABI1gbqVex74auXbGHpbJTcxZA68TNSRlytIalr8EoIklIhSYcK9V3nVh7KZaaEU7ndnWQKBpjMsVj2jdU4JAqL10cPEdVo4xQEElTQqOFav+aSHGo1Cz0TWeI9UStepn4n9dPdHDtpUzEiaaCLBcFCUc6Qtn3aMQkJZrPDMFEMnMsIhMsMdEmoywFd/XnddKp19zLWuOhXm7e5HkU4QzO4QJcuIIm3EML2kCAwzO8wpslrRfr3fpYthasfOYU/sD6/AF9co43</latexit>

E1

<latexit sha1_base64="i8m1qrfq4WB0aMBk/U64FVXBW40=">AAAB83icbVBNS8NAEN3Urxq/qh69BNuCp5IUUY9FLx4r2A9IQ9lsJ+3SzW7Y3Qgl9Gd4EhTEq7/Gk//GTZuDtj4YeLw3w8y8MGFUadf9tkobm1vbO+Vde2//4PCocnzSVSKVBDpEMCH7IVbAKIeOpppBP5GA45BBL5ze5X7vCaSigj/qWQJBjMecRpRgbSS/Zg9A46Fn1+xhpeo23AWcdeIVpIoKtIeVr8FIkDQGrgnDSvmem+ggw1JTwmBu1wepggSTKR6DbyjHMaggW9w8d+pGGTmRkKa4dhaq/Wsiw7FSszg0nTHWE7Xq5eJ/np/q6CbIKE9SDZwsF0Upc7Rw8gCcEZVANJsZgomk5liHTLDERJuY8hS81Z/XSbfZ8K4alw/Nauu2yKOMztA5ukAeukYtdI/aqIMIEugZvaI3K7VerHfrY9lasoqZU/QH1ucP9fWPpg==</latexit>⌘1

<latexit sha1_base64="UPtsET98WCMuWsxeORAflDRHD8c=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LLYFTyUpRT0WRfBYwX5AG8pmu2mXbjZhdyOU0D/hSVAQr/4dT/4bN20O2vpg4PHeDDPz/JgzpR3n2ypsbG5t7xR37b39g8Oj0vFJR0WJJLRNIh7Jno8V5UzQtmaa014sKQ59Trv+9Dbzu09UKhaJRz2LqRfisWABI1gbqVex74aOXbGHpbJTcxZA68TNSRlytIalr8EoIklIhSYcK9V3nVh7KZaaEU7ndnWQKBpjMsVj2jdU4JAqL10cPEdVo4xQEElTQqOFav+aSHGo1Cz0TWeI9UStepn4n9dPdHDtpUzEiaaCLBcFCUc6Qtn3aMQkJZrPDMFEMnMsIhMsMdEmoywFd/XnddKp19zLWuOhXm7e5HkU4QzO4QJcuIIm3EML2kCAwzO8wpslrRfr3fpYthasfOYU/sD6/AF76o42</latexit>

E0
<latexit sha1_base64="UUg/52LYLNGDSNQKrEKU50FrEUM=">AAACFnicbZDLSgMxFIYz9VbHW9Wlm8G20KKUmSLqRii6cVnB2kI7lkx6pg3NZIYkI5ShL+HKR3ElKIhbwZVvY3pBausPgS//OYfk/F7EqFS2/W2klpZXVtfS6+bG5tb2TmZ3706GsSBQIyELRcPDEhjlUFNUMWhEAnDgMah7/atRvf4AQtKQ36pBBG6Au5z6lGClrXbmOGe2IJKUhdy8+MX7pADF4dHMlRaHZq6dydoleyxrEZwpZNFU1Xbmq9UJSRwAV4RhKZuOHSk3wUJRwmBo5luxhAiTPu5CUyPHAUg3Ga81tPLa6Vh+KPThyhq75sxEggMpB4GnOwOsenK+NjL/qzVj5Z+7CeVRrICTyUN+zCwVWqOMrA4VQBQbaMBEUP1Zi/SwwETpJE2dgjO/8yLclUvOaenkppytXE7zSKMDdIgKyEFnqIKuURXVEEGP6Bm9ojfjyXgx3o2PSWvKmM7soz8yPn8ASqKdiw==</latexit>

✏ = ✏(e) + ✏(i)
<latexit sha1_base64="ou6sirbi5rHf6dSII6ctUC1ReZk=">AAACB3icbVDLSgNBEJyNr7i+Vj2KMJgE4iXsBlEvQlAEjxHMA5IYZiedZMjs7DIzK4QlJ09+iidBQbz6DZ78GyePgyYWNBRV3XR3+RFnSrvut5VaWl5ZXUuv2xubW9s7zu5eVYWxpFChIQ9l3ScKOBNQ0UxzqEcSSOBzqPmDq7FfewCpWCju9DCCVkB6gnUZJdpIbecwazcV6wXk4rrt4iZEivFQ3Cd5OB7Z2baTcQvuBHiReDOSQTOU285XsxPSOAChKSdKNTw30q2ESM0oh5Gda8YKIkIHpAcNQwUJQLWSyR8jnDNKB3dDaUpoPFHtXxMJCZQaBr7pDIjuq3lvLP7nNWLdPW8lTESxBkGni7oxxzrE41Bwh0mgmg8NIVQycyymfSIJ1SY626Tgzf+8SKrFgndaOLktZkqXszzS6AAdoTzy0BkqoRtURhVE0SN6Rq/ozXqyXqx362PamrJmM/voD6zPH9nll1s=</latexit>

� = E0✏(e)
<latexit sha1_base64="3HZd4zGri3D+dlWVnYrkkH/7+VI=">AAACJXicbZDLSgMxFIYz9VbHW9Wlm2BbqAhlpogKIhRFcFnBXqCtJZOmbWgmMyRnhDL0YVz5KK4ERRFc+SqmF0FbDwR+vv+cJOf3QsE1OM6nlVhYXFpeSa7aa+sbm1up7Z2KDiJFWZkGIlA1j2gmuGRl4CBYLVSM+J5gVa9/OfKr90xpHshbGISs6ZOu5B1OCRjUSp1l7IbmXZ+cX7Vc3GCh5iKQd3GOHwzxoQFARrwdQPxjDieunWml0k7eGReeF+5UpNG0Sq3Um7mIRj6TQAXRuu46ITRjooBTwYZ2thFpFhLaJ11WN1ISn+lmPN5yiLOGtHEnUOZIwGNq/5qIia/1wPdMp0+gp2e9EfzPq0fQOW3GXIYRMEknD3UigSHAo8hwmytGQQyMIFRx81lMe0QRCiZY26Tgzu48LyqFvHucP7oppIsX0zySaA/toxxy0QkqomtUQmVE0QN6Qi/o1Xq0nq1362PSmrCmM7voT1lf3zz6oz4=</latexit>

� = E1✏(i) + ⌘1✏̇(i)
<latexit sha1_base64="vDeH7c3H1OXteFiY4DE8+jAv87s=">AAAB/HicbVBNS8NAEN3Urxq/Yj16CbaFeilJEfVY9OKxgv2ANpbNdtIu3WzC7kYsof4UT4KCePWPePLfuG1z0NYHA4/3ZpiZ58eMSuU430ZubX1jcyu/be7s7u0fWIeFlowSQaBJIhaJjo8lMMqhqahi0IkF4NBn0PbH1zO//QBC0ojfqUkMXoiHnAaUYKWlvlUomT2IJWURv08rcDo1S32r6FSdOexV4makiDI0+tZXbxCRJASuCMNSdl0nVl6KhaKEwdQs9xIJMSZjPISuphyHIL10fvzULmtlYAeR0MWVPVfNXxMpDqWchL7uDLEayWVvJv7ndRMVXHop5XGigJPFoiBhtorsWRL2gAogik00wURQfaxNRlhgonRepk7BXf55lbRqVfe8enZbK9avsjzy6BidoApy0QWqoxvUQE1E0CN6Rq/ozXgyXox342PRmjOymSP0B8bnD3Cck08=</latexit>

✏(e)
<latexit sha1_base64="H+7Y5hBtPwcSPrseOEmJpAxnwD0=">AAAB/HicbVDLSgMxFM3UVx1fY126CbaFuikzRdRl0Y3LCvYB7VgyaaYNzSRDkhHLUD/FlaAgbv0RV/6NaTsLbT1w4XDOvdx7TxAzqrTrflu5tfWNza38tr2zu7d/4BwWWkokEpMmFkzIToAUYZSTpqaakU4sCYoCRtrB+Hrmtx+IVFTwOz2JiR+hIachxUgbqe8USnaPxIoywe/TCj2d2qW+U3Sr7hxwlXgZKYIMjb7z1RsInESEa8yQUl3PjbWfIqkpZmRql3uJIjHCYzQkXUM5iojy0/nxU1g2ygCGQpriGs5V+9dEiiKlJlFgOiOkR2rZm4n/ed1Eh5d+SnmcaMLxYlGYMKgFnCUBB1QSrNnEEIQlNcdCPEISYW3ysk0K3vLPq6RVq3rn1bPbWrF+leWRB8fgBFSABy5AHdyABmgCDB7BM3gFb9aT9WK9Wx+L1pyVzRyBP7A+fwB2wJNT</latexit>

✏(i)

<latexit sha1_base64="0Ef+GZ+rx8R8laoYm/i7SAamC1o=">AAAB8nicbVBNSwMxEM36WdevqkcvwbbgqewWUY9FLx4r2A9sl5JNs21okl2SWaEs/ReeBAXx6r/x5L8xbfegrQ8GHu/NMDMvTAQ34Hnfztr6xubWdmHH3d3bPzgsHh23TJxqypo0FrHuhMQwwRVrAgfBOolmRIaCtcPx7cxvPzFteKweYJKwQJKh4hGnBKz0WHZ7hg8lccv9YsmrenPgVeLnpIRyNPrFr94gpqlkCqggxnR9L4EgIxo4FWzqVnqpYQmhYzJkXUsVkcwE2fzkKa5YZYCjWNtSgOeq+2siI9KYiQxtpyQwMsveTPzP66YQXQcZV0kKTNHFoigVGGI8+x8PuGYUxMQSQjW3x2I6IppQsCm5NgV/+edV0qpV/cvqxX2tVL/J8yigU3SGzpGPrlAd3aEGaiKKFHpGr+jNAefFeXc+Fq1rTj5zgv7A+fwBK/uP2Q==</latexit>�<latexit sha1_base64="0Ef+GZ+rx8R8laoYm/i7SAamC1o=">AAAB8nicbVBNSwMxEM36WdevqkcvwbbgqewWUY9FLx4r2A9sl5JNs21okl2SWaEs/ReeBAXx6r/x5L8xbfegrQ8GHu/NMDMvTAQ34Hnfztr6xubWdmHH3d3bPzgsHh23TJxqypo0FrHuhMQwwRVrAgfBOolmRIaCtcPx7cxvPzFteKweYJKwQJKh4hGnBKz0WHZ7hg8lccv9YsmrenPgVeLnpIRyNPrFr94gpqlkCqggxnR9L4EgIxo4FWzqVnqpYQmhYzJkXUsVkcwE2fzkKa5YZYCjWNtSgOeq+2siI9KYiQxtpyQwMsveTPzP66YQXQcZV0kKTNHFoigVGGI8+x8PuGYUxMQSQjW3x2I6IppQsCm5NgV/+edV0qpV/cvqxX2tVL/J8yigU3SGzpGPrlAd3aEGaiKKFHpGr+jNAefFeXc+Fq1rTj5zgv7A+fwBK/uP2Q==</latexit>�

<latexit sha1_base64="yyBoHoYbMoHZbO1nyVKD3AyzdPo=">AAACGHicbVDLSgMxFM3UVx1foy7dDLaFilBniqjLohRcVrAP6IxDJk3b0MzD5I5Qhv6FKz/FlaAgbnXl35g+Ftp6IORwzr0k5/gxZxIs61vLLC2vrK5l1/WNza3tHWN3ryGjRBBaJxGPRMvHknIW0jow4LQVC4oDn9OmP7ga+80HKiSLwlsYxtQNcC9kXUYwKMkzSnndCTD0RZDyqDdqO/JeQFr17GLVs47VfXTiUMCefVceuXreM3JWyZrAXCT2jOTQDDXP+HI6EUkCGgLhWMq2bcXgplgAI5yO9IKTSBpjMsA92lY0xAGVbjoJNjILSumY3UioE4I5UfVfGykOpBwGvpoch5Dz3lj8z2sn0L1wUxbGCdCQTB/qJtyEyBy3ZHaYoAT4UBFMBFOfNUkfC0xAdamrFuz5zIukUS7ZZ6XTm3KucjnrI4sO0CEqIhudowq6RjVURwQ9omf0it60J+1Fe9c+pqMZbbazj/5A+/wBGJ6d2Q==</latexit>

log[
p

E1(E0 + E1)/⌘21 ]

<latexit sha1_base64="S04V+uIODjjTk+vtvmYyt2gWqCs=">AAACFXicbVDLSsNAFJ3UV42vqEs3wbZQEUpSRN0IRTe6EFqxD2hCmUwn7dCZJMxMhBL6Ea78FFeCgrh14cq/cZoG0eqBgXPPuZe593gRJUJa1qeWW1hcWl7Jr+pr6xubW8b2TkuEMUe4iUIa8o4HBaYkwE1JJMWdiGPIPIrb3uhi6rfvMBckDG7lOMIug4OA+ARBqaSecVjUG2eOzyFKHAblkLPkBk/K1weT7/qKpbVe7BkFq2KlMP8SOyMFkKHeMz6cfohihgOJKBSia1uRdBPIJUEUT/SSEwscQTSCA9xVNIAMCzdJr5qYJaX0TT/k6gXSTFX9x0QCmRBj5qnO6aZi3puK/3ndWPqnbkKCKJY4QLOP/JiaMjSnEZl9wjGSdKwIRJyoZU00hCoiqYLUVQr2/M1/SatasY8rR41qoXae5ZEHe2AflIENTkANXII6aAIE7sEjeAYv2oP2pL1qb7PWnJbN7IJf0N6/AIY3ncA=</latexit>

Q = Re(M)
Im(M)

<latexit sha1_base64="p7xSJwZDI29WsPA88zAniaSAi0k=">AAAB8nicbVBNS8NAEN3Urxq/qh69LLYFL5akiHosevHYgv3ANpbNdtMu3WzC7kQoof/Ck6AgXv03nvw3btsctPXBwOO9GWbm+bHgGhzn28qtrW9sbuW37Z3dvf2DwuFRS0eJoqxJIxGpjk80E1yyJnAQrBMrRkJfsLY/vp357SemNI/kPUxi5oVkKHnAKQEjPZTsxmN67k7tUr9QdCrOHHiVuBkpogz1fuGrN4hoEjIJVBCtu64Tg5cSBZwKNrXLvUSzmNAxGbKuoZKETHvp/OQpLhtlgINImZKA56r9ayIlodaT0DedIYGRXvZm4n9eN4Hg2ku5jBNgki4WBYnAEOHZ/3jAFaMgJoYQqrg5FtMRUYSCSck2KbjLP6+SVrXiXlYuGtVi7SbLI49O0Ck6Qy66QjV0h+qoiSiS6Bm9ojcLrBfr3fpYtOasbOYY/YH1+QOMD49x</latexit>

Q�1
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Materials with memory

Internal variables and evolution equation
- The memory or path-dependency of a material can be represented through an 

array of internal variables (scalars and second-order tensors)

The presence of additional variables in the constitutive laws requires additional 
constitutive equations, namely evolution equations. The hypothesis is that the 
rate of evolution of the internal variables is also determined from the local state.

- Example: standard solid model

evolution equation (kinetic equation)

internal variable
<latexit sha1_base64="AzNptmvk/nQ3wDExbV7CSaDF5J0=">AAACA3icbVDLSsNAFJ3UV42vqCtxM9gW6qYkRdSNUHTjsoJ9QBPDZDpph04mYWYillBc+SmuBAVx61e48m9M2iy09cCFwzn3cu89XsSoVKb5rRWWlldW14rr+sbm1vaOsbvXlmEsMGnhkIWi6yFJGOWkpahipBsJggKPkY43usr8zj0Rkob8Vo0j4gRowKlPMVKp5BoHZd1+oK51YZNIUhbyu6RKjyd6WXeNklkzp4CLxMpJCeRousaX3Q9xHBCuMENS9iwzUk6ChKKYkYlesWNJIoRHaEB6KeUoINJJpj9MYCVV+tAPRVpcwamq/5pIUCDlOPDSzgCpoZz3MvE/rxcr/9xJKI9iRTieLfJjBlUIs0BgnwqCFRunBGFB02MhHiKBsEpjy1Kw5n9eJO16zTqtndzUS43LPI8iOARHoAoscAYa4Bo0QQtg8AiewSt40560F+1d+5i1FrR8Zh/8gfb5A9Lqla0=</latexit>

⇠1 = ✏(i)

<latexit sha1_base64="9IgFsPAn1g8zazlWCqha+ASSob8="></latexit>

✏̇(i) = g1(�, ⇠1) =
1
⌘1
� � E1

⌘1
✏(i)

<latexit sha1_base64="vtqIZDPEfYv3epIdYk2CuC/BwpA="></latexit>

�(X, t) = f(✏, T, ✏t) ⌘
⇢

f(✏, T, ⇠)
⇠̇↵ = g↵(�, T, ⇠) evolution equations

<latexit sha1_base64="s11bSUu1Xdjq0cMNUNYlSb+dY5Y="></latexit>

✏̇(i) = g1(✏, ⇠1) =
E0
⌘1

(✏� ✏(i))� E1
⌘1

✏(i) (an evolution equation in terms 
of strain is not always possible)

<latexit sha1_base64="8uh963shgOVCAb0gGqg8vajbGw8=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LLYFTyUpRT0WRfBYwX5AG8pmu2mXbjZhdyOU0D/hSVAQr/4dT/4bN20O2vpg4PHeDDPz/JgzpR3n2ypsbG5t7xR37b39g8Oj0vFJR0WJJLRNIh7Jno8V5UzQtmaa014sKQ59Trv+9Dbzu09UKhaJRz2LqRfisWABI1gbqVex74auXbGHpbJTcxZA68TNSRlytIalr8EoIklIhSYcK9V3nVh7KZaaEU7ndnWQKBpjMsVj2jdU4JAqL10cPEdVo4xQEElTQqOFav+aSHGo1Cz0TWeI9UStepn4n9dPdHDtpUzEiaaCLBcFCUc6Qtn3aMQkJZrPDMFEMnMsIhMsMdEmoywFd/XnddKp19zLWuOhXm7e5HkU4QzO4QJcuIIm3EML2kCAwzO8wpslrRfr3fpYthasfOYU/sD6/AF9co43</latexit>

E1

<latexit sha1_base64="i8m1qrfq4WB0aMBk/U64FVXBW40=">AAAB83icbVBNS8NAEN3Urxq/qh69BNuCp5IUUY9FLx4r2A9IQ9lsJ+3SzW7Y3Qgl9Gd4EhTEq7/Gk//GTZuDtj4YeLw3w8y8MGFUadf9tkobm1vbO+Vde2//4PCocnzSVSKVBDpEMCH7IVbAKIeOpppBP5GA45BBL5ze5X7vCaSigj/qWQJBjMecRpRgbSS/Zg9A46Fn1+xhpeo23AWcdeIVpIoKtIeVr8FIkDQGrgnDSvmem+ggw1JTwmBu1wepggSTKR6DbyjHMaggW9w8d+pGGTmRkKa4dhaq/Wsiw7FSszg0nTHWE7Xq5eJ/np/q6CbIKE9SDZwsF0Upc7Rw8gCcEZVANJsZgomk5liHTLDERJuY8hS81Z/XSbfZ8K4alw/Nauu2yKOMztA5ukAeukYtdI/aqIMIEugZvaI3K7VerHfrY9lasoqZU/QH1ucP9fWPpg==</latexit>⌘1

<latexit sha1_base64="UPtsET98WCMuWsxeORAflDRHD8c=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LLYFTyUpRT0WRfBYwX5AG8pmu2mXbjZhdyOU0D/hSVAQr/4dT/4bN20O2vpg4PHeDDPz/JgzpR3n2ypsbG5t7xR37b39g8Oj0vFJR0WJJLRNIh7Jno8V5UzQtmaa014sKQ59Trv+9Dbzu09UKhaJRz2LqRfisWABI1gbqVex74aOXbGHpbJTcxZA68TNSRlytIalr8EoIklIhSYcK9V3nVh7KZaaEU7ndnWQKBpjMsVj2jdU4JAqL10cPEdVo4xQEElTQqOFav+aSHGo1Cz0TWeI9UStepn4n9dPdHDtpUzEiaaCLBcFCUc6Qtn3aMQkJZrPDMFEMnMsIhMsMdEmoywFd/XnddKp19zLWuOhXm7e5HkU4QzO4QJcuIIm3EML2kCAwzO8wpslrRfr3fpYthasfOYU/sD6/AF76o42</latexit>

E0
<latexit sha1_base64="UUg/52LYLNGDSNQKrEKU50FrEUM=">AAACFnicbZDLSgMxFIYz9VbHW9Wlm8G20KKUmSLqRii6cVnB2kI7lkx6pg3NZIYkI5ShL+HKR3ElKIhbwZVvY3pBausPgS//OYfk/F7EqFS2/W2klpZXVtfS6+bG5tb2TmZ3706GsSBQIyELRcPDEhjlUFNUMWhEAnDgMah7/atRvf4AQtKQ36pBBG6Au5z6lGClrXbmOGe2IJKUhdy8+MX7pADF4dHMlRaHZq6dydoleyxrEZwpZNFU1Xbmq9UJSRwAV4RhKZuOHSk3wUJRwmBo5luxhAiTPu5CUyPHAUg3Ga81tPLa6Vh+KPThyhq75sxEggMpB4GnOwOsenK+NjL/qzVj5Z+7CeVRrICTyUN+zCwVWqOMrA4VQBQbaMBEUP1Zi/SwwETpJE2dgjO/8yLclUvOaenkppytXE7zSKMDdIgKyEFnqIKuURXVEEGP6Bm9ojfjyXgx3o2PSWvKmM7soz8yPn8ASqKdiw==</latexit>

✏ = ✏(e) + ✏(i)
<latexit sha1_base64="ou6sirbi5rHf6dSII6ctUC1ReZk=">AAACB3icbVDLSgNBEJyNr7i+Vj2KMJgE4iXsBlEvQlAEjxHMA5IYZiedZMjs7DIzK4QlJ09+iidBQbz6DZ78GyePgyYWNBRV3XR3+RFnSrvut5VaWl5ZXUuv2xubW9s7zu5eVYWxpFChIQ9l3ScKOBNQ0UxzqEcSSOBzqPmDq7FfewCpWCju9DCCVkB6gnUZJdpIbecwazcV6wXk4rrt4iZEivFQ3Cd5OB7Z2baTcQvuBHiReDOSQTOU285XsxPSOAChKSdKNTw30q2ESM0oh5Gda8YKIkIHpAcNQwUJQLWSyR8jnDNKB3dDaUpoPFHtXxMJCZQaBr7pDIjuq3lvLP7nNWLdPW8lTESxBkGni7oxxzrE41Bwh0mgmg8NIVQycyymfSIJ1SY626Tgzf+8SKrFgndaOLktZkqXszzS6AAdoTzy0BkqoRtURhVE0SN6Rq/ozXqyXqx362PamrJmM/voD6zPH9nll1s=</latexit>

� = E0✏(e)
<latexit sha1_base64="3HZd4zGri3D+dlWVnYrkkH/7+VI=">AAACJXicbZDLSgMxFIYz9VbHW9Wlm2BbqAhlpogKIhRFcFnBXqCtJZOmbWgmMyRnhDL0YVz5KK4ERRFc+SqmF0FbDwR+vv+cJOf3QsE1OM6nlVhYXFpeSa7aa+sbm1up7Z2KDiJFWZkGIlA1j2gmuGRl4CBYLVSM+J5gVa9/OfKr90xpHshbGISs6ZOu5B1OCRjUSp1l7IbmXZ+cX7Vc3GCh5iKQd3GOHwzxoQFARrwdQPxjDieunWml0k7eGReeF+5UpNG0Sq3Um7mIRj6TQAXRuu46ITRjooBTwYZ2thFpFhLaJ11WN1ISn+lmPN5yiLOGtHEnUOZIwGNq/5qIia/1wPdMp0+gp2e9EfzPq0fQOW3GXIYRMEknD3UigSHAo8hwmytGQQyMIFRx81lMe0QRCiZY26Tgzu48LyqFvHucP7oppIsX0zySaA/toxxy0QkqomtUQmVE0QN6Qi/o1Xq0nq1362PSmrCmM7voT1lf3zz6oz4=</latexit>

� = E1✏(i) + ⌘1✏̇(i)
<latexit sha1_base64="vDeH7c3H1OXteFiY4DE8+jAv87s=">AAAB/HicbVBNS8NAEN3Urxq/Yj16CbaFeilJEfVY9OKxgv2ANpbNdtIu3WzC7kYsof4UT4KCePWPePLfuG1z0NYHA4/3ZpiZ58eMSuU430ZubX1jcyu/be7s7u0fWIeFlowSQaBJIhaJjo8lMMqhqahi0IkF4NBn0PbH1zO//QBC0ojfqUkMXoiHnAaUYKWlvlUomT2IJWURv08rcDo1S32r6FSdOexV4makiDI0+tZXbxCRJASuCMNSdl0nVl6KhaKEwdQs9xIJMSZjPISuphyHIL10fvzULmtlYAeR0MWVPVfNXxMpDqWchL7uDLEayWVvJv7ndRMVXHop5XGigJPFoiBhtorsWRL2gAogik00wURQfaxNRlhgonRepk7BXf55lbRqVfe8enZbK9avsjzy6BidoApy0QWqoxvUQE1E0CN6Rq/ozXgyXox342PRmjOymSP0B8bnD3Cck08=</latexit>

✏(e)
<latexit sha1_base64="H+7Y5hBtPwcSPrseOEmJpAxnwD0=">AAAB/HicbVDLSgMxFM3UVx1fY126CbaFuikzRdRl0Y3LCvYB7VgyaaYNzSRDkhHLUD/FlaAgbv0RV/6NaTsLbT1w4XDOvdx7TxAzqrTrflu5tfWNza38tr2zu7d/4BwWWkokEpMmFkzIToAUYZSTpqaakU4sCYoCRtrB+Hrmtx+IVFTwOz2JiR+hIachxUgbqe8USnaPxIoywe/TCj2d2qW+U3Sr7hxwlXgZKYIMjb7z1RsInESEa8yQUl3PjbWfIqkpZmRql3uJIjHCYzQkXUM5iojy0/nxU1g2ygCGQpriGs5V+9dEiiKlJlFgOiOkR2rZm4n/ed1Eh5d+SnmcaMLxYlGYMKgFnCUBB1QSrNnEEIQlNcdCPEISYW3ysk0K3vLPq6RVq3rn1bPbWrF+leWRB8fgBFSABy5AHdyABmgCDB7BM3gFb9aT9WK9Wx+L1pyVzRyBP7A+fwB2wJNT</latexit>

✏(i)

<latexit sha1_base64="0Ef+GZ+rx8R8laoYm/i7SAamC1o=">AAAB8nicbVBNSwMxEM36WdevqkcvwbbgqewWUY9FLx4r2A9sl5JNs21okl2SWaEs/ReeBAXx6r/x5L8xbfegrQ8GHu/NMDMvTAQ34Hnfztr6xubWdmHH3d3bPzgsHh23TJxqypo0FrHuhMQwwRVrAgfBOolmRIaCtcPx7cxvPzFteKweYJKwQJKh4hGnBKz0WHZ7hg8lccv9YsmrenPgVeLnpIRyNPrFr94gpqlkCqggxnR9L4EgIxo4FWzqVnqpYQmhYzJkXUsVkcwE2fzkKa5YZYCjWNtSgOeq+2siI9KYiQxtpyQwMsveTPzP66YQXQcZV0kKTNHFoigVGGI8+x8PuGYUxMQSQjW3x2I6IppQsCm5NgV/+edV0qpV/cvqxX2tVL/J8yigU3SGzpGPrlAd3aEGaiKKFHpGr+jNAefFeXc+Fq1rTj5zgv7A+fwBK/uP2Q==</latexit>�<latexit sha1_base64="0Ef+GZ+rx8R8laoYm/i7SAamC1o=">AAAB8nicbVBNSwMxEM36WdevqkcvwbbgqewWUY9FLx4r2A9sl5JNs21okl2SWaEs/ReeBAXx6r/x5L8xbfegrQ8GHu/NMDMvTAQ34Hnfztr6xubWdmHH3d3bPzgsHh23TJxqypo0FrHuhMQwwRVrAgfBOolmRIaCtcPx7cxvPzFteKweYJKwQJKh4hGnBKz0WHZ7hg8lccv9YsmrenPgVeLnpIRyNPrFr94gpqlkCqggxnR9L4EgIxo4FWzqVnqpYQmhYzJkXUsVkcwE2fzkKa5YZYCjWNtSgOeq+2siI9KYiQxtpyQwMsveTPzP66YQXQcZV0kKTNHFoigVGGI8+x8PuGYUxMQSQjW3x2I6IppQsCm5NgV/+edV0qpV/cvqxX2tVL/J8yigU3SGzpGPrlAd3aEGaiKKFHpGr+jNAefFeXc+Fq1rTj5zgv7A+fwBK/uP2Q==</latexit>�
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Materials with memory

Internal variables and evolution equation
- The memory or path-dependency of a material can be represented through an 

array of internal variables (scalars and second-order tensors)

The presence of additional variables in the constitutive laws requires additional 
constitutive equations, namely evolution equations. The hypothesis is that the 
rate of evolution of the internal variables is also determined from the local state.

Two types …
- Physical internal variables: describe aspects of the local physical-chemical 

structure which may change spontaneously (e.g., extent of chemical reaction or 
phase change, density of structural defects).

- Phenomenological internal variables: mathematical constructs (e.g., inelastic 
strain) with a functional dependence with stress (strain) is assumed a priori 
(i.e., evolution equations).

<latexit sha1_base64="vtqIZDPEfYv3epIdYk2CuC/BwpA="></latexit>

�(X, t) = f(✏, T, ✏t) ⌘
⇢

f(✏, T, ⇠)
⇠̇↵ = g↵(�, T, ⇠) evolution equations



12

Internal variables and thermodynamics
Using conservation of energy, the Clausius-Duhem inequality can be written as

Coleman and Noll made the argument that this inequality must be satisfied for
every admissible process.
Let’s now consider path-dependent behavior characterized by a set of internal 
variables and corresponding evolution equations, that is

Materials with memory

<latexit sha1_base64="y/QHhMoK+t8GS1qpKvtNMa2xVOk=">AAACJ3icbVDLSgMxFM34rONr1KWbwbZQoZSZIuqmUHTjskJf0Cklk6ZtaCYZkoxYhvkaV36KK8GC6NI/MdN2YVsPhBzOuTe59/ghJVI5zrexsbm1vbOb2TP3Dw6Pjq2T06bkkUC4gTjlou1DiSlhuKGIorgdCgwDn+KWP75P/dYTFpJwVleTEHcDOGRkQBBUWupZlZzZqpge1zXpE3ErKXg+p305CfQVeziUhHKWFOvFJf2ZJJdmrmdlnZIzg71O3AXJggVqPWvq9TmKAswUolDKjuuEqhtDoQiiODHzXiRxCNEYDnFHUwYDLLvxbM/Ezmulbw+40Icpe6aafzpiGMh0QF0ZQDWSq14q/ud1IjW47caEhZHCDM0/GkTUVtxOQ7P7RGCk6EQTiATRw9poBAVESkdr6hTc1Z3XSbNccq9LV4/lbPVukUcGnIMLUAAuuAFV8ABqoAEQeAFv4ANMjVfj3fg0vualG8ai5wwswfj5BeAvpe4=</latexit>

W = W (✏, T, ⇠)
<latexit sha1_base64="vzXOa5BkZrjtiLYtD6s8OsnD3Q4="></latexit>

⇠̇↵ = g↵(�, T, ⇠)

reference 
configuration

deformed 
configuration

CONTINUOUS
MEDIA

<latexit sha1_base64="y+Tgt/3dQy+wh2USe6gif7s6+/0="></latexit>

⇢T ṡint = �⇢
h

1
⇢0

@W
@T + s

i
Ṫ +

h
� � ⇢

⇢0

@W
@✏

i
: ✏̇� 1

T q ·rT � 0



13

Internal variables and thermodynamics
- Isentropic/Adiabatic processes

Assuming                                             , then there exists
if and only if 

DIY

<latexit sha1_base64="x91keATVXE2djCc6Ea5t3tilXmM="></latexit>

q = 0,W (✏, T, ⇠), ṡ 6= 0 (with Ṫ = 0)

<latexit sha1_base64="c731ePgdJHHMVMogoD3jxiKr6v8="></latexit>

W (✏, T, ⇠) = W (e)(✏� ✏(i)(⇠), T ) +W (i)(⇠, T )

<latexit sha1_base64="Ua6Ds98WDN/6guORDWVaQ2QoaYA="></latexit>

✏ = ✏(e)(�, T ) + ✏(i)(⇠)
<latexit sha1_base64="nvtZ56aXpUzW6IEmG1dgHg3NtqU=">AAACGXicbVDLSgMxFM3UVx1foy7dDLaFCqXOFFGXRTcuK/QF7VAymbQNzSRDkhHL0M9w5ae4EhTEbVf+jZm2C9t6IORwzr3ce48fUSKV4/wYmY3Nre2d7K65t39weGQdnzQljwXCDcQpF20fSkwJww1FFMXtSGAY+hS3/NF96reesJCEs7oaR9gL4YCRPkFQaalnXebNVrHrcxrIcai/pIsjSShnk1K9tKQ/k8mFme9ZOafszGCvE3dBcmCBWs+adgOO4hAzhSiUsuM6kfISKBRBFE/MQjeWOIJoBAe4oymDIZZeMrtsYhe0Eth9LvRjyp6p5p+OBIYyXVBXhlAN5aqXiv95nVj1b72EsChWmKH5oH5MbcXtNCY7IAIjRceaQCSIXtZGQyggUjpMU6fgrt68TpqVsntdvnqs5Kp3izyy4AycgyJwwQ2oggdQAw2AwAt4Ax/g03g13o0v43temjEWPadgCcb0F6bIoAw=</latexit>

W (✏, T, ⇠)

<latexit sha1_base64="1R/TzCTE0HQ1JK/IrmLPwbWQe9U="></latexit>

Ẇ = @W
@✏ : ✏̇+ @W

@T Ṫ +
P

↵
@W
@⇠↵

⇠̇↵

Materials with memory

(cont.)
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Internal variables and thermodynamics
- Isentropic/Adiabatic processes

Assuming                                             , then there exists
if and only if 

DIY

<latexit sha1_base64="x91keATVXE2djCc6Ea5t3tilXmM="></latexit>

q = 0,W (✏, T, ⇠), ṡ 6= 0 (with Ṫ = 0)

<latexit sha1_base64="c731ePgdJHHMVMogoD3jxiKr6v8="></latexit>

W (✏, T, ⇠) = W (e)(✏� ✏(i)(⇠), T ) +W (i)(⇠, T )

<latexit sha1_base64="Ua6Ds98WDN/6guORDWVaQ2QoaYA="></latexit>

✏ = ✏(e)(�, T ) + ✏(i)(⇠)
<latexit sha1_base64="nvtZ56aXpUzW6IEmG1dgHg3NtqU=">AAACGXicbVDLSgMxFM3UVx1foy7dDLaFCqXOFFGXRTcuK/QF7VAymbQNzSRDkhHL0M9w5ae4EhTEbVf+jZm2C9t6IORwzr3ce48fUSKV4/wYmY3Nre2d7K65t39weGQdnzQljwXCDcQpF20fSkwJww1FFMXtSGAY+hS3/NF96reesJCEs7oaR9gL4YCRPkFQaalnXebNVrHrcxrIcai/pIsjSShnk1K9tKQ/k8mFme9ZOafszGCvE3dBcmCBWs+adgOO4hAzhSiUsuM6kfISKBRBFE/MQjeWOIJoBAe4oymDIZZeMrtsYhe0Eth9LvRjyp6p5p+OBIYyXVBXhlAN5aqXiv95nVj1b72EsChWmKH5oH5MbcXtNCY7IAIjRceaQCSIXtZGQyggUjpMU6fgrt68TpqVsntdvnqs5Kp3izyy4AycgyJwwQ2oggdQAw2AwAt4Ax/g03g13o0v43temjEWPadgCcb0F6bIoAw=</latexit>

W (✏, T, ⇠)

<latexit sha1_base64="5BUldBosSb/rh5M3Jy4cqJY6nCg="></latexit>

� : ✏̇(i) � ⇢
⇢0

P
↵

@W (i)

@⇠↵
⇠̇↵ � 0

<latexit sha1_base64="aXvJHKoaylEFwnyg4Br7QITfL1I="></latexit>

� = ⇢
⇢0

@W (e)

@✏(e)

Materials with memory

(cont.)
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Internal variables and thermodynamics
- Example: standard solid model

DIY
<latexit sha1_base64="WRRcER0aTw25zEhVIOpZxBOk1uc="></latexit>

W (✏, T, ⇠) = W (e)(✏� ✏(i)(⇠), T ) +W (i)(⇠, T ) = 1
2E0(✏� ✏(i))2 + 1

2E1(✏(i))2

Internal variable
<latexit sha1_base64="Aotc6Enzc4ZtyqFOCDZljxBys1k=">AAACBXicbVDLSsNAFJ34rPEVddlNsC20m5IUUTdC0Y3LCvYBTSyT6aQdOpkJMxOxhC5c+SmuBAVx60e48m+ctllo64F7OZxzLzP3BDElUjnOt7Gyura+sZnbMrd3dvf2rYPDluSJQLiJOOWiE0CJKWG4qYiiuBMLDKOA4nYwupr67XssJOHsVo1j7EdwwEhIEFRa6ln5ounhWBLK2V1aJpVJ2XsglQvdzGLPKjhVZwZ7mbgZKYAMjZ715fU5SiLMFKJQyq7rxMpPoVAEUTwxS14icQzRCA5wV1MGIyz9dHbFxC5ppW+HXOhiyp6p5q+NFEZSjqNAT0ZQDeWiNxX/87qJCs/9lLA4UZih+UNhQm3F7Wkkdp8IjBQdawKRIPqzNhpCAZHSwZk6BXfx5mXSqlXd0+rJTa1Qv8zyyIE8OAZl4IIzUAfXoAGaAIFH8AxewZvxZLwY78bHfHTFyHaOwB8Ynz+kUJa1</latexit>

✏(i)(⇠) = ⇠

Evolution equation

Clausius-Duhem inequality 
<latexit sha1_base64="jfOrOQDiC4wT8YOtinP1mmi0cWU=">AAACE3icbVA9SwNBEN3zM55fp5Y2i1FImnAXRC2DNpYRjAq5JOxtJnFxb+/YnRPCkd9g5U+xEhTE1srKf+Pmo1Djg4HHezO7My9KpTDo+1/O3PzC4tJyYcVdXVvf2PS2tq9MkmkODZ7IRN9EzIAUChooUMJNqoHFkYTr6O5s5F/fgzYiUZc4SKEVs74SPcEZWqnjlffdEJB1AloKuwnmIaRGyEQN23lJlIfldpWGfaC+u9/xin7FH4POkmBKimSKesf7tC/yLAaFXDJjmoGfYitnGgWXMHQPwsxAyvgd60PTUsViMK18fNOQHlilS3uJtqWQjlX3x0TOYmMGcWQ7Y4a35q83Ev/zmhn2Tlq5UGmGoPjko14mKSZ0FBDtCg0c5cASxrWwy1J+yzTjaGN0bQrB35tnyVW1EhxVDi+qxdrpNI8C2SV7pEQCckxq5JzUSYNw8kCeyAt5dR6dZ+fNeZ+0zjnTmR3yC87HN9qOm5M=</latexit>

⌘1(✏̇(i))2 � 0

<latexit sha1_base64="uO16MqvmCYPK8nmgIU29z8oFNpM=">AAAB+3icbVDLSgMxFM3UVx1fU126CbYFV2WmiLopFN24rGAf0A5DJs20oZlkSDJKGfoprgQFceuXuPJvTNtZaOuBezmccy+5OWHCqNKu+20VNja3tneKu/be/sHhkVM67iiRSkzaWDAheyFShFFO2ppqRnqJJCgOGemGk9u5330kUlHBH/Q0IX6MRpxGFCNtpMApVeyBHIvGvAVuw7MrgVN2a+4CcJ14OSmDHK3A+RoMBU5jwjVmSKm+5ybaz5DUFDMys6uDVJEE4Qkakb6hHMVE+dni9hmsGmUIIyFNcQ0Xqv1rI0OxUtM4NJMx0mO16s3F/7x+qqNrP6M8STXhePlQlDKoBZwHAYdUEqzZ1BCEJTXHQjxGEmFt4rJNCt7qn9dJp17zLmsX9/Vy8ybPowhOwRk4Bx64Ak1wB1qgDTB4As/gFbxZM+vFerc+lqMFK985AX9gff4A8UySZw==</latexit>

⇢ = ⇢0 = 1

Viscoelasticity

<latexit sha1_base64="0W7NI8CkJr1vBq/f6/OSoO5mPFM="></latexit>

⇠̇ = g(�, ⇠) = ��E1⇠
⌘1

<latexit sha1_base64="8uh963shgOVCAb0gGqg8vajbGw8=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LLYFTyUpRT0WRfBYwX5AG8pmu2mXbjZhdyOU0D/hSVAQr/4dT/4bN20O2vpg4PHeDDPz/JgzpR3n2ypsbG5t7xR37b39g8Oj0vFJR0WJJLRNIh7Jno8V5UzQtmaa014sKQ59Trv+9Dbzu09UKhaJRz2LqRfisWABI1gbqVex74auXbGHpbJTcxZA68TNSRlytIalr8EoIklIhSYcK9V3nVh7KZaaEU7ndnWQKBpjMsVj2jdU4JAqL10cPEdVo4xQEElTQqOFav+aSHGo1Cz0TWeI9UStepn4n9dPdHDtpUzEiaaCLBcFCUc6Qtn3aMQkJZrPDMFEMnMsIhMsMdEmoywFd/XnddKp19zLWuOhXm7e5HkU4QzO4QJcuIIm3EML2kCAwzO8wpslrRfr3fpYthasfOYU/sD6/AF9co43</latexit>

E1

<latexit sha1_base64="i8m1qrfq4WB0aMBk/U64FVXBW40=">AAAB83icbVBNS8NAEN3Urxq/qh69BNuCp5IUUY9FLx4r2A9IQ9lsJ+3SzW7Y3Qgl9Gd4EhTEq7/Gk//GTZuDtj4YeLw3w8y8MGFUadf9tkobm1vbO+Vde2//4PCocnzSVSKVBDpEMCH7IVbAKIeOpppBP5GA45BBL5ze5X7vCaSigj/qWQJBjMecRpRgbSS/Zg9A46Fn1+xhpeo23AWcdeIVpIoKtIeVr8FIkDQGrgnDSvmem+ggw1JTwmBu1wepggSTKR6DbyjHMaggW9w8d+pGGTmRkKa4dhaq/Wsiw7FSszg0nTHWE7Xq5eJ/np/q6CbIKE9SDZwsF0Upc7Rw8gCcEZVANJsZgomk5liHTLDERJuY8hS81Z/XSbfZ8K4alw/Nauu2yKOMztA5ukAeukYtdI/aqIMIEugZvaI3K7VerHfrY9lasoqZU/QH1ucP9fWPpg==</latexit>⌘1

<latexit sha1_base64="UPtsET98WCMuWsxeORAflDRHD8c=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LLYFTyUpRT0WRfBYwX5AG8pmu2mXbjZhdyOU0D/hSVAQr/4dT/4bN20O2vpg4PHeDDPz/JgzpR3n2ypsbG5t7xR37b39g8Oj0vFJR0WJJLRNIh7Jno8V5UzQtmaa014sKQ59Trv+9Dbzu09UKhaJRz2LqRfisWABI1gbqVex74aOXbGHpbJTcxZA68TNSRlytIalr8EoIklIhSYcK9V3nVh7KZaaEU7ndnWQKBpjMsVj2jdU4JAqL10cPEdVo4xQEElTQqOFav+aSHGo1Cz0TWeI9UStepn4n9dPdHDtpUzEiaaCLBcFCUc6Qtn3aMQkJZrPDMFEMnMsIhMsMdEmoywFd/XnddKp19zLWuOhXm7e5HkU4QzO4QJcuIIm3EML2kCAwzO8wpslrRfr3fpYthasfOYU/sD6/AF76o42</latexit>

E0
<latexit sha1_base64="UUg/52LYLNGDSNQKrEKU50FrEUM=">AAACFnicbZDLSgMxFIYz9VbHW9Wlm8G20KKUmSLqRii6cVnB2kI7lkx6pg3NZIYkI5ShL+HKR3ElKIhbwZVvY3pBausPgS//OYfk/F7EqFS2/W2klpZXVtfS6+bG5tb2TmZ3706GsSBQIyELRcPDEhjlUFNUMWhEAnDgMah7/atRvf4AQtKQ36pBBG6Au5z6lGClrXbmOGe2IJKUhdy8+MX7pADF4dHMlRaHZq6dydoleyxrEZwpZNFU1Xbmq9UJSRwAV4RhKZuOHSk3wUJRwmBo5luxhAiTPu5CUyPHAUg3Ga81tPLa6Vh+KPThyhq75sxEggMpB4GnOwOsenK+NjL/qzVj5Z+7CeVRrICTyUN+zCwVWqOMrA4VQBQbaMBEUP1Zi/SwwETpJE2dgjO/8yLclUvOaenkppytXE7zSKMDdIgKyEFnqIKuURXVEEGP6Bm9ojfjyXgx3o2PSWvKmM7soz8yPn8ASqKdiw==</latexit>

✏ = ✏(e) + ✏(i)
<latexit sha1_base64="ou6sirbi5rHf6dSII6ctUC1ReZk=">AAACB3icbVDLSgNBEJyNr7i+Vj2KMJgE4iXsBlEvQlAEjxHMA5IYZiedZMjs7DIzK4QlJ09+iidBQbz6DZ78GyePgyYWNBRV3XR3+RFnSrvut5VaWl5ZXUuv2xubW9s7zu5eVYWxpFChIQ9l3ScKOBNQ0UxzqEcSSOBzqPmDq7FfewCpWCju9DCCVkB6gnUZJdpIbecwazcV6wXk4rrt4iZEivFQ3Cd5OB7Z2baTcQvuBHiReDOSQTOU285XsxPSOAChKSdKNTw30q2ESM0oh5Gda8YKIkIHpAcNQwUJQLWSyR8jnDNKB3dDaUpoPFHtXxMJCZQaBr7pDIjuq3lvLP7nNWLdPW8lTESxBkGni7oxxzrE41Bwh0mgmg8NIVQycyymfSIJ1SY626Tgzf+8SKrFgndaOLktZkqXszzS6AAdoTzy0BkqoRtURhVE0SN6Rq/ozXqyXqx362PamrJmM/voD6zPH9nll1s=</latexit>

� = E0✏(e)
<latexit sha1_base64="3HZd4zGri3D+dlWVnYrkkH/7+VI=">AAACJXicbZDLSgMxFIYz9VbHW9Wlm2BbqAhlpogKIhRFcFnBXqCtJZOmbWgmMyRnhDL0YVz5KK4ERRFc+SqmF0FbDwR+vv+cJOf3QsE1OM6nlVhYXFpeSa7aa+sbm1up7Z2KDiJFWZkGIlA1j2gmuGRl4CBYLVSM+J5gVa9/OfKr90xpHshbGISs6ZOu5B1OCRjUSp1l7IbmXZ+cX7Vc3GCh5iKQd3GOHwzxoQFARrwdQPxjDieunWml0k7eGReeF+5UpNG0Sq3Um7mIRj6TQAXRuu46ITRjooBTwYZ2thFpFhLaJ11WN1ISn+lmPN5yiLOGtHEnUOZIwGNq/5qIia/1wPdMp0+gp2e9EfzPq0fQOW3GXIYRMEknD3UigSHAo8hwmytGQQyMIFRx81lMe0QRCiZY26Tgzu48LyqFvHucP7oppIsX0zySaA/toxxy0QkqomtUQmVE0QN6Qi/o1Xq0nq1362PSmrCmM7voT1lf3zz6oz4=</latexit>

� = E1✏(i) + ⌘1✏̇(i)
<latexit sha1_base64="vDeH7c3H1OXteFiY4DE8+jAv87s=">AAAB/HicbVBNS8NAEN3Urxq/Yj16CbaFeilJEfVY9OKxgv2ANpbNdtIu3WzC7kYsof4UT4KCePWPePLfuG1z0NYHA4/3ZpiZ58eMSuU430ZubX1jcyu/be7s7u0fWIeFlowSQaBJIhaJjo8lMMqhqahi0IkF4NBn0PbH1zO//QBC0ojfqUkMXoiHnAaUYKWlvlUomT2IJWURv08rcDo1S32r6FSdOexV4makiDI0+tZXbxCRJASuCMNSdl0nVl6KhaKEwdQs9xIJMSZjPISuphyHIL10fvzULmtlYAeR0MWVPVfNXxMpDqWchL7uDLEayWVvJv7ndRMVXHop5XGigJPFoiBhtorsWRL2gAogik00wURQfaxNRlhgonRepk7BXf55lbRqVfe8enZbK9avsjzy6BidoApy0QWqoxvUQE1E0CN6Rq/ozXgyXox342PRmjOymSP0B8bnD3Cck08=</latexit>

✏(e)
<latexit sha1_base64="H+7Y5hBtPwcSPrseOEmJpAxnwD0=">AAAB/HicbVDLSgMxFM3UVx1fY126CbaFuikzRdRl0Y3LCvYB7VgyaaYNzSRDkhHLUD/FlaAgbv0RV/6NaTsLbT1w4XDOvdx7TxAzqrTrflu5tfWNza38tr2zu7d/4BwWWkokEpMmFkzIToAUYZSTpqaakU4sCYoCRtrB+Hrmtx+IVFTwOz2JiR+hIachxUgbqe8USnaPxIoywe/TCj2d2qW+U3Sr7hxwlXgZKYIMjb7z1RsInESEa8yQUl3PjbWfIqkpZmRql3uJIjHCYzQkXUM5iojy0/nxU1g2ygCGQpriGs5V+9dEiiKlJlFgOiOkR2rZm4n/ed1Eh5d+SnmcaMLxYlGYMKgFnCUBB1QSrNnEEIQlNcdCPEISYW3ysk0K3vLPq6RVq3rn1bPbWrF+leWRB8fgBFSABy5AHdyABmgCDB7BM3gFb9aT9WK9Wx+L1pyVzRyBP7A+fwB2wJNT</latexit>

✏(i)

<latexit sha1_base64="0Ef+GZ+rx8R8laoYm/i7SAamC1o=">AAAB8nicbVBNSwMxEM36WdevqkcvwbbgqewWUY9FLx4r2A9sl5JNs21okl2SWaEs/ReeBAXx6r/x5L8xbfegrQ8GHu/NMDMvTAQ34Hnfztr6xubWdmHH3d3bPzgsHh23TJxqypo0FrHuhMQwwRVrAgfBOolmRIaCtcPx7cxvPzFteKweYJKwQJKh4hGnBKz0WHZ7hg8lccv9YsmrenPgVeLnpIRyNPrFr94gpqlkCqggxnR9L4EgIxo4FWzqVnqpYQmhYzJkXUsVkcwE2fzkKa5YZYCjWNtSgOeq+2siI9KYiQxtpyQwMsveTPzP66YQXQcZV0kKTNHFoigVGGI8+x8PuGYUxMQSQjW3x2I6IppQsCm5NgV/+edV0qpV/cvqxX2tVL/J8yigU3SGzpGPrlAd3aEGaiKKFHpGr+jNAefFeXc+Fq1rTj5zgv7A+fwBK/uP2Q==</latexit>�<latexit sha1_base64="0Ef+GZ+rx8R8laoYm/i7SAamC1o=">AAAB8nicbVBNSwMxEM36WdevqkcvwbbgqewWUY9FLx4r2A9sl5JNs21okl2SWaEs/ReeBAXx6r/x5L8xbfegrQ8GHu/NMDMvTAQ34Hnfztr6xubWdmHH3d3bPzgsHh23TJxqypo0FrHuhMQwwRVrAgfBOolmRIaCtcPx7cxvPzFteKweYJKwQJKh4hGnBKz0WHZ7hg8lccv9YsmrenPgVeLnpIRyNPrFr94gpqlkCqggxnR9L4EgIxo4FWzqVnqpYQmhYzJkXUsVkcwE2fzkKa5YZYCjWNtSgOeq+2siI9KYiQxtpyQwMsveTPzP66YQXQcZV0kKTNHFoigVGGI8+x8PuGYUxMQSQjW3x2I6IppQsCm5NgV/+edV0qpV/cvqxX2tVL/J8yigU3SGzpGPrlAd3aEGaiKKFHpGr+jNAefFeXc+Fq1rTj5zgv7A+fwBK/uP2Q==</latexit>�
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Internal variables and thermodynamics
- Example: multiaxial behavior and time integration

DIY

Internal variable

Evolution equation

Viscoelasticity

<latexit sha1_base64="QyDgbLJs/xhJ87Y1/MGJEmaA9xI="></latexit>

W (✏, T, ⇠) = W (e)(✏� ✏(i)(⇠), T ) +W (i)(⇠, T )
<latexit sha1_base64="tRrU4BPVGdfKDPiMH/PF95ZO1Gw=">AAACLHicbVDLSgMxFM3UVx1foy7dDLaFdlNmiqgbodSNywr2AW0tmTTThmaSIcmIZZj/ceWnuFFQEbd+h5m2C9t6IORwzr3ce48XUiKV43wambX1jc2t7La5s7u3f2AdHjUljwTCDcQpF20PSkwJww1FFMXtUGAYeBS3vPF16rcesJCEszs1CXEvgENGfIKg0lLfquXNrsfpQE4C/cVdHEpCOUvu4yIpJcUF75Ekpatlxcz3rZxTdqawV4k7JzkwR71vvXYHHEUBZgpRKGXHdULVi6FQBFGcmIVuJHEI0RgOcUdTBgMse/H02MQuaGVg+1zox5Q9Vc0/HTEMZLqfrgygGsllLxX/8zqR8i97MWFhpDBDs0F+RG3F7TQ5e0AERopONIFIEL2sjUZQQKR0vqZOwV2+eZU0K2X3vHx2W8lVa/M8suAEnIIicMEFqIIbUAcNgMATeAHv4MN4Nt6ML+N7Vpox5j3HYAHGzy9d/ajc</latexit>

✏(i)(⇠) = ⇠

Time integration

- Given

- Update internal variable

- Update stress ……………..

<latexit sha1_base64="RJOjhK4GXNmjkIu5F4cPPOgEWng="></latexit>

W (i)(⇠, T ) = 1
2E1✏(i) : ✏(i)

<latexit sha1_base64="+VVe0f6qTKP/8aA/u/oBhrtsGbI="></latexit>

✏̇(i) = ��E1✏
(i)

⌘1

<latexit sha1_base64="mOsxoE1xm53G+Rz6DK0xb0i7OMk=">AAACFHicbVDLSgNBEJyNr7i+oh69DCYBMRB2g6gXIagHjxHMA5KwzE4myZDZ2WWmVwlL/sGTn+JJUBCvXjz5N04eB00saCiquunu8iPBNTjOt5VaWl5ZXUuv2xubW9s7md29mg5jRVmVhiJUDZ9oJrhkVeAgWCNSjAS+YHV/cDX26/dMaR7KOxhGrB2QnuRdTgkYycsc52zwJG4p3usDUSp8wOAlsuCOLsZ6oXXNBJAERnbOy2SdojMBXiTujGTRDBUv89XqhDQOmAQqiNZN14mgnRAFnAo2svOtWLOI0AHpsaahkgRMt5PJUyOcN0oHd0NlSgKeqPaviYQEWg8D33QGBPp63huL/3nNGLrn7YTLKAYm6XRRNxYYQjxOCHe4YhTE0BBCFTfHYtonilAwOdomBXf+50VSKxXd0+LJbSlbvpzlkUYH6BAdIRedoTK6QRVURRQ9omf0it6sJ+vFerc+pq0pazazj/7A+vwBUkedEw==</latexit>

tn ! tn+1 = tn +�t

<latexit sha1_base64="IctpUXPWpFDl2jX3oIJy9MONqRU="></latexit>

✏(i)n+1 = 1
⌘1/�t�n + ✏(i)n

h
1� E1

⌘1/�t

i

<latexit sha1_base64="3h+rfljNAM+avdDmWznO5BYtcrE="></latexit>

�n+1 = ⇢n+1

⇢0

@W (e)
n+1

@✏(e)

<latexit sha1_base64="zWzvIol3Fw0Upl93TInTwQUpK6c="></latexit>n
✏n+1,�n, ✏

(i)
n

o



Any questions?
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Lecture 11 – Viscoelastic solids


