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Material parameter estimation

<latexit sha1_base64="lZKo97RtRwtKIHWU6P3PlirMwEs=">AAAB63icbVBNSwMxEJ2tX3X9qnr0EmwLnspuEfVYFMFjRfsB7VKyabYNTbJLkhVK6U/wJCiIV3+RJ/+NabsHbX0w8Hhvhpl5YcKZNp737eTW1jc2t/Lb7s7u3v5B4fCoqeNUEdogMY9VO8SaciZpwzDDaTtRFIuQ01Y4upn5rSeqNIvloxknNBB4IFnECDZWeijdlnqFolfx5kCrxM9IETLUe4Wvbj8mqaDSEI617vheYoIJVoYRTqduuZtqmmAywgPasVRiQXUwmd86RWWr9FEUK1vSoLnq/pqYYKH1WIS2U2Az1MveTPzP66QmugomTCapoZIsFkUpRyZGs8dRnylKDB9bgoli9lhEhlhhYmw8rk3BX/55lTSrFf+icn5fLdauszzycAKncAY+XEIN7qAODSAwgGd4hTdHOC/Ou/OxaM052cwx/IHz+QO4Ao1X</latexit>

E <latexit sha1_base64="Hk95UPyF0VUtCBjFuY0WjccoiyU=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CbYFT2W3iHosevFYwW0L7VKyabYNzSZLkhXK0t/gSVAQr/4gT/4b03YP2vpg4PHeDDPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTtpapItQnkkvVDbGmnAnqG2Y47SaK4jjktBNO7uZ+54kqzaR4NNOEBjEeCRYxgo2V/GpfpNVBueLW3QXQOvFyUoEcrUH5qz+UJI2pMIRjrXuem5ggw8owwumsVOunmiaYTPCI9iwVOKY6yBbXzlDNKkMUSWVLGLRQS78mMhxrPY1D2xljM9ar3lz8z+ulJroJMiaS1FBBlouilCMj0fx1NGSKEsOnlmCimD0WkTFWmBgbUMmm4K3+vE7ajbp3Vb98aFSat3keRTiDc7gAD66hCffQAh8IMHiGV3hzpPPivDsfy9aCk8+cwh84nz+APo5l</latexit>⌫

Material model selection and parameter estimation
- Every computational solid mechanics model/software (e.g., 

FEM/Abaqus) requires a calibrated material model for each material 
to be simulated. 

- Each material model, in turn, consists of two parts: 
+ a constitutive model specifying the equations that govern the

material response, and 
+ a set of parameters that go into the equations and 

are specific for each material.
Example: a linear elastic material model is given by the 
generalized Hooke’s law equations and takes two 
material parameters:      and     .

- Experimental data sets required! 

Alternative paradigm: multiscale analysis
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Material parameter estimation

Material model selection and parameter estimation
Material parameter estimation (as well as material model selection)  is a 
topic that traditionally hasn’t been well covered in the literature.

Aim: to find those parameters for which the predictions obtained from a 
model best match measurements or observations in the actual physical 
system. 

- Deterministic (traditional) approach: to find the best set of material 
parameters, i.e., those values for which the predicted behavior best 
matches actual measurements (there are different, competing ways 
to define what constitutes the best parameters). 
Note: any approach that only produces a single best value does not consider 
the fact that measurements contain measurement noise or that the exact 
model is not known.

- Statistical approach (Bayesian method): it accounts for information 
about the measurement process and the measured data, as well as 
any prior knowledge about the material parameters. 
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Material parameter estimation

Material model selection and parameter estimation
Aim: to find those parameters for which the predictions obtained from a 
model best match measurements or observations in the actual physical 
system. 

- Material model and type of experimental data

- Initial guess of the material parameters

- Error measurement functions
- Algorithm for finding optimal material parameters
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Material parameter estimation

Material model and type of experimental data

<latexit sha1_base64="tXP8eWVAErgF5MwHlT4h4NaXMr8=">AAAB+3icbVDLSsNAFL2prxpfqS7dBNuCq5IUUZdFEVxWsA9oY5lMp+3QySTMTJQS8imuBAVx65e48m+ctFlo64GBwzn3cs8cP2JUKsf5Ngpr6xubW8Vtc2d3b//AKh22ZRgLTFo4ZKHo+kgSRjlpKaoY6UaCoMBnpONPrzO/80iEpCG/V7OIeAEaczqiGCktDaxSxewHSE0wYslN+kDNysAqOzVnDnuVuDkpQ47mwPrqD0McB4QrzJCUPdeJlJcgoShmJDWr/ViSCOEpGpOephwFRHrJPHtqV7UytEeh0I8re66avzYSFEg5C3w9meWUy14m/uf1YjW69BLKo1gRjheHRjGzVWhnRdhDKghWbKYJwoLqsDaeIIGw0nWZugV3+c+rpF2vuee1s7t6uXGV91GEYziBU3DhAhpwC01oAYYneIZXeDNS48V4Nz4WowUj3zmCPzA+fwAI6JMd</latexit>

E i

<latexit sha1_base64="73f+TNG5p7w2yqu0f393l+0UJvI=">AAACEHicbVDLSsNAFJ34rPFVdekm2FbqpiRF1GXRjRuhgn1AU8tkMmmHTiZh5kYooX/gyk9xJSiIW7eu/BsnbRfaemGYwzn3cs89XsyZAtv+NpaWV1bX1nMb5ubW9s5ufm+/qaJEEtogEY9k28OKciZoAxhw2o4lxaHHacsbXmV664FKxSJxB6OYdkPcFyxgBIOmevnjoumGGAYE8/RmfM/KrhdxX41C/aUuDCjg8YlZ7OULdsWelLUInBkooFnVe/kv149IElIBhGOlOo4dQzfFEhjhdGyW3ETRGJMh7tOOhgKHVHXTyUFjq6QZ3woiqZ8Aa8KavyZSHKrMo+7MzKt5LSP/0zoJBBfdlIk4ASrIdFGQcAsiK0vH8pmkBPhIA0wk02YtMsASE9AZmjoFZ/7mRdCsVpyzyulttVC7nOWRQ4foCJWRg85RDV2jOmoggh7RM3pFb8aT8WK8Gx/T1iVjNnOA/pTx+QOXE5xF</latexit>

Mi(✓)

<latexit sha1_base64="4Af3kpLUUL8Ppk/1Jx67IT62n8s=">AAACEHicbVDLSsNAFJ34rPFVdekm2FZclaSIuiy6cVnBPqAJZTK9bYdOHszcCCXkD1z5Ka4EBXHr1pV/46TtQlsvDHM4517uucePBVdo29/Gyura+sZmYcvc3tnd2y8eHLZUlEgGTRaJSHZ8qkDwEJrIUUAnlkADX0DbH9/kevsBpOJReI+TGLyADkM+4IyipnrF07Lp+pHoq0mgv9TFESDNem5AcSSDdJiAUplZ7hVLdtWelrUMnDkokXk1esUvtx+xJIAQmaBKdR07Ri+lEjkTkJkVN1EQUzamQ+hqGNIAlJdOD8qsimb61iCS+oVoTVnz10RKA5U71p25UbWo5eR/WjfBwZWX8jBOEEI2WzRIhIWRladj9bkEhmKiAWWSa7MWG1FJGeoMTZ2Cs3jzMmjVqs5F9fyuVqpfz/MokGNyQs6IQy5JndySBmkSRh7JM3klb8aT8WK8Gx+z1hVjPnNE/pTx+QPe4J0V</latexit>

✓guess

<latexit sha1_base64="V8ZZGBr23TA/TbGJzAElivGtYlk="></latexit>PM
i=1 f(Mi(✓)� E i)

<latexit sha1_base64="sDnZS6GfbMG1JteBumZudseU4vs=">AAAB+XicbVDLSsNAFL2prxofjbp0M9gWXJWkiLosunEjVLAPaEOZTKft0MkkzEyEEvolrgQFceunuPJvnLRZaOuBgcM593LPnCDmTGnX/bYKG5tb2zvFXXtv/+Cw5Bwdt1WUSEJbJOKR7AZYUc4EbWmmOe3GkuIw4LQTTG8zv/NEpWKReNSzmPohHgs2YgRrIw2cUsXuh1hPCObp/dyuDJyyW3MXQOvEy0kZcjQHzld/GJEkpEITjpXqeW6s/RRLzQinc7vaTxSNMZniMe0ZKnBIlZ8uks9R1ShDNIqkeUKjhWr/2khxqNQsDMxkllKtepn4n9dL9OjaT5mIE00FWR4aJRzpCGU1oCGTlGg+MwQTyUxYRCZYYqJNWbZpwVv98zpp12veZe3ioV5u3OR9FOEUzuAcPLiCBtxBE1pAIIFneIU3K7VerHfrYzlasPKdE/gD6/MHkTeSSg==</latexit>

M

<latexit sha1_base64="4zeFAxMeq7jz9r7zymC62BNGZ64="></latexit>

min✓
PM

i=1 f(Mi(✓)� E i)

estimated
material parameters

Solid Mechanics II

<latexit sha1_base64="0kUYBbe4ygQiBg71u1rhAt22yOU="></latexit>

✓̄ = argmin✓
PM

i=1 f(Mi(✓)� E i)
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Material parameter estimation

Material model and type of experimental data

Examples:

- Hyperelastic isotropic solid: monotonic loading in one or more loading 
modes to a final finite strain; no need of experimental data at 
different strain rates.

- Viscoelastic isotropic solid: monotonic loading in one or more loading 
modes and at different strain-rates.

Note: different constitutive 
models need different types 
of experimental data for the 
purpose of calibration. 

estimated
material parameters

<latexit sha1_base64="tXP8eWVAErgF5MwHlT4h4NaXMr8=">AAAB+3icbVDLSsNAFL2prxpfqS7dBNuCq5IUUZdFEVxWsA9oY5lMp+3QySTMTJQS8imuBAVx65e48m+ctFlo64GBwzn3cs8cP2JUKsf5Ngpr6xubW8Vtc2d3b//AKh22ZRgLTFo4ZKHo+kgSRjlpKaoY6UaCoMBnpONPrzO/80iEpCG/V7OIeAEaczqiGCktDaxSxewHSE0wYslN+kDNysAqOzVnDnuVuDkpQ47mwPrqD0McB4QrzJCUPdeJlJcgoShmJDWr/ViSCOEpGpOephwFRHrJPHtqV7UytEeh0I8re66avzYSFEg5C3w9meWUy14m/uf1YjW69BLKo1gRjheHRjGzVWhnRdhDKghWbKYJwoLqsDaeIIGw0nWZugV3+c+rpF2vuee1s7t6uXGV91GEYziBU3DhAhpwC01oAYYneIZXeDNS48V4Nz4WowUj3zmCPzA+fwAI6JMd</latexit>

E i
<latexit sha1_base64="sDnZS6GfbMG1JteBumZudseU4vs=">AAAB+XicbVDLSsNAFL2prxofjbp0M9gWXJWkiLosunEjVLAPaEOZTKft0MkkzEyEEvolrgQFceunuPJvnLRZaOuBgcM593LPnCDmTGnX/bYKG5tb2zvFXXtv/+Cw5Bwdt1WUSEJbJOKR7AZYUc4EbWmmOe3GkuIw4LQTTG8zv/NEpWKReNSzmPohHgs2YgRrIw2cUsXuh1hPCObp/dyuDJyyW3MXQOvEy0kZcjQHzld/GJEkpEITjpXqeW6s/RRLzQinc7vaTxSNMZniMe0ZKnBIlZ8uks9R1ShDNIqkeUKjhWr/2khxqNQsDMxkllKtepn4n9dL9OjaT5mIE00FWR4aJRzpCGU1oCGTlGg+MwQTyUxYRCZYYqJNWbZpwVv98zpp12veZe3ioV5u3OR9FOEUzuAcPLiCBtxBE1pAIIFneIU3K7VerHfrYzlasPKdE/gD6/MHkTeSSg==</latexit>

M

<latexit sha1_base64="0kUYBbe4ygQiBg71u1rhAt22yOU="></latexit>

✓̄ = argmin✓
PM

i=1 f(Mi(✓)� E i)
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Material parameter estimation

Initial guess of the material parameters

- Finding a good initial guess of the material parameters is important in 
order to ensure that the material parameters that are determined by the 
minimization algorithm are close to the global optimum. 

- A poor initial guess can cause the minimization algorithm to get stuck at 
an undesirable local minimum, and it can also significantly slow down the 
parameter extraction procedure.

- Most common approaches for finding a good initial guess:
- The Monte Carlo method: each material parameter is first restricted to be in a 

certain pre-defined interval, and then for each parameter a random value in 
the specified range is generated. 

- Prior knowledge of similar materials.

estimated
material parameters

<latexit sha1_base64="0kUYBbe4ygQiBg71u1rhAt22yOU="></latexit>

✓̄ = argmin✓
PM

i=1 f(Mi(✓)� E i)
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Material parameter estimation

Error measurement functions

- Normalized root-mean square difference

- Normalized mean absolute difference

- Coefficient of determination

estimated
material parameters

<latexit sha1_base64="rmX8C66iJygeerpndYYQFEuauGY="></latexit>PM
i=1 f(Mi(✓)� E i) =

1
M

P
|Mi(✓)�Ei|

1
M

P
|Ei|

<latexit sha1_base64="xyhGOligPiaOlw2Q76N0F2NycLs="></latexit>PM
i=1 f(Mi(✓)� E i) =

1
M

pP
(Mi(✓)�Ei)2

1
M

pP
(Ei)2

<latexit sha1_base64="Js0slgHH9rS2YCoNwanC3pxzg1Q="></latexit>PM
i=1 f(Mi(✓)� E i) = 1�

P (Mi(✓)�Ei)2P
(Ei� 1

M

P
Ei)2

<latexit sha1_base64="0kUYBbe4ygQiBg71u1rhAt22yOU="></latexit>

✓̄ = argmin✓
PM

i=1 f(Mi(✓)� E i)
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Material parameter estimation

Error measurement functions

- Strain-control vs stress-control   ||  Stress-time   ||  Strain-time

estimated
material parameters
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st
ra
in
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<latexit sha1_base64="0kUYBbe4ygQiBg71u1rhAt22yOU="></latexit>

✓̄ = argmin✓
PM

i=1 f(Mi(✓)� E i)
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Material parameter estimation

Error measurement functions

- Algorithm for finding optimal material parameters 
(gradient descent algorithms)

estimated
material parameters

<latexit sha1_base64="V8ZZGBr23TA/TbGJzAElivGtYlk="></latexit>PM
i=1 f(Mi(✓)� E i)

<latexit sha1_base64="4Af3kpLUUL8Ppk/1Jx67IT62n8s=">AAACEHicbVDLSsNAFJ34rPFVdekm2FZclaSIuiy6cVnBPqAJZTK9bYdOHszcCCXkD1z5Ka4EBXHr1pV/46TtQlsvDHM4517uucePBVdo29/Gyura+sZmYcvc3tnd2y8eHLZUlEgGTRaJSHZ8qkDwEJrIUUAnlkADX0DbH9/kevsBpOJReI+TGLyADkM+4IyipnrF07Lp+pHoq0mgv9TFESDNem5AcSSDdJiAUplZ7hVLdtWelrUMnDkokXk1esUvtx+xJIAQmaBKdR07Ri+lEjkTkJkVN1EQUzamQ+hqGNIAlJdOD8qsimb61iCS+oVoTVnz10RKA5U71p25UbWo5eR/WjfBwZWX8jBOEEI2WzRIhIWRladj9bkEhmKiAWWSa7MWG1FJGeoMTZ2Cs3jzMmjVqs5F9fyuVqpfz/MokGNyQs6IQy5JndySBmkSRh7JM3klb8aT8WK8Gx+z1hVjPnNE/pTx+QPe4J0V</latexit>

✓guess

<latexit sha1_base64="0kUYBbe4ygQiBg71u1rhAt22yOU="></latexit>

✓̄ = argmin✓
PM

i=1 f(Mi(✓)� E i)

<latexit sha1_base64="XvREDV9+0clwoQbtRzPvE1Ef+y0=">AAACB3icbVDLSsNAFJ34rPEVdSlCsC24KkkRdVl047KCfUATymQyaYdOHszcCCVk5cpPcSUoiFu/wZV/46TNQlsPDHM4517uvcdLOJNgWd/ayura+sZmZUvf3tnd2zcODrsyTgWhHRLzWPQ9LClnEe0AA077iaA49DjteZObwu89UCFZHN3DNKFuiEcRCxjBoKShcVLTHQ+LzPFi7stpqL7MgTEFnOd6bWhUrYY1g7lM7JJUUYn20Phy/JikIY2AcCzlwLYScDMsgBFOc73upJImmEzwiA4UjXBIpZvN7sjNulJ8M4iFehGYM1X/1ZHhUBY7qsoQw1gueoX4nzdIIbhyMxYlKdCIzAcFKTchNotQTJ8JSoBPFcFEMLWsScZYYAIqOl2lYC/evEy6zYZ90Ti/a1Zb12UeFXSMTtEZstElaqFb1EYdRNAjekav6E170l60d+1jXrqilT1H6A+0zx89Qpjh</latexit>

✓̄
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Material parameter estimation

Summary

<latexit sha1_base64="tXP8eWVAErgF5MwHlT4h4NaXMr8=">AAAB+3icbVDLSsNAFL2prxpfqS7dBNuCq5IUUZdFEVxWsA9oY5lMp+3QySTMTJQS8imuBAVx65e48m+ctFlo64GBwzn3cs8cP2JUKsf5Ngpr6xubW8Vtc2d3b//AKh22ZRgLTFo4ZKHo+kgSRjlpKaoY6UaCoMBnpONPrzO/80iEpCG/V7OIeAEaczqiGCktDaxSxewHSE0wYslN+kDNysAqOzVnDnuVuDkpQ47mwPrqD0McB4QrzJCUPdeJlJcgoShmJDWr/ViSCOEpGpOephwFRHrJPHtqV7UytEeh0I8re66avzYSFEg5C3w9meWUy14m/uf1YjW69BLKo1gRjheHRjGzVWhnRdhDKghWbKYJwoLqsDaeIIGw0nWZugV3+c+rpF2vuee1s7t6uXGV91GEYziBU3DhAhpwC01oAYYneIZXeDNS48V4Nz4WowUj3zmCPzA+fwAI6JMd</latexit>

E i

<latexit sha1_base64="73f+TNG5p7w2yqu0f393l+0UJvI=">AAACEHicbVDLSsNAFJ34rPFVdekm2FbqpiRF1GXRjRuhgn1AU8tkMmmHTiZh5kYooX/gyk9xJSiIW7eu/BsnbRfaemGYwzn3cs89XsyZAtv+NpaWV1bX1nMb5ubW9s5ufm+/qaJEEtogEY9k28OKciZoAxhw2o4lxaHHacsbXmV664FKxSJxB6OYdkPcFyxgBIOmevnjoumGGAYE8/RmfM/KrhdxX41C/aUuDCjg8YlZ7OULdsWelLUInBkooFnVe/kv149IElIBhGOlOo4dQzfFEhjhdGyW3ETRGJMh7tOOhgKHVHXTyUFjq6QZ3woiqZ8Aa8KavyZSHKrMo+7MzKt5LSP/0zoJBBfdlIk4ASrIdFGQcAsiK0vH8pmkBPhIA0wk02YtMsASE9AZmjoFZ/7mRdCsVpyzyulttVC7nOWRQ4foCJWRg85RDV2jOmoggh7RM3pFb8aT8WK8Gx/T1iVjNnOA/pTx+QOXE5xF</latexit>

Mi(✓)

<latexit sha1_base64="4Af3kpLUUL8Ppk/1Jx67IT62n8s=">AAACEHicbVDLSsNAFJ34rPFVdekm2FZclaSIuiy6cVnBPqAJZTK9bYdOHszcCCXkD1z5Ka4EBXHr1pV/46TtQlsvDHM4517uucePBVdo29/Gyura+sZmYcvc3tnd2y8eHLZUlEgGTRaJSHZ8qkDwEJrIUUAnlkADX0DbH9/kevsBpOJReI+TGLyADkM+4IyipnrF07Lp+pHoq0mgv9TFESDNem5AcSSDdJiAUplZ7hVLdtWelrUMnDkokXk1esUvtx+xJIAQmaBKdR07Ri+lEjkTkJkVN1EQUzamQ+hqGNIAlJdOD8qsimb61iCS+oVoTVnz10RKA5U71p25UbWo5eR/WjfBwZWX8jBOEEI2WzRIhIWRladj9bkEhmKiAWWSa7MWG1FJGeoMTZ2Cs3jzMmjVqs5F9fyuVqpfz/MokGNyQs6IQy5JndySBmkSRh7JM3klb8aT8WK8Gx+z1hVjPnNE/pTx+QPe4J0V</latexit>

✓guess

<latexit sha1_base64="V8ZZGBr23TA/TbGJzAElivGtYlk="></latexit>PM
i=1 f(Mi(✓)� E i)

<latexit sha1_base64="sDnZS6GfbMG1JteBumZudseU4vs=">AAAB+XicbVDLSsNAFL2prxofjbp0M9gWXJWkiLosunEjVLAPaEOZTKft0MkkzEyEEvolrgQFceunuPJvnLRZaOuBgcM593LPnCDmTGnX/bYKG5tb2zvFXXtv/+Cw5Bwdt1WUSEJbJOKR7AZYUc4EbWmmOe3GkuIw4LQTTG8zv/NEpWKReNSzmPohHgs2YgRrIw2cUsXuh1hPCObp/dyuDJyyW3MXQOvEy0kZcjQHzld/GJEkpEITjpXqeW6s/RRLzQinc7vaTxSNMZniMe0ZKnBIlZ8uks9R1ShDNIqkeUKjhWr/2khxqNQsDMxkllKtepn4n9dL9OjaT5mIE00FWR4aJRzpCGU1oCGTlGg+MwQTyUxYRCZYYqJNWbZpwVv98zpp12veZe3ioV5u3OR9FOEUzuAcPLiCBtxBE1pAIIFneIU3K7VerHfrYzlasPKdE/gD6/MHkTeSSg==</latexit>

M

<latexit sha1_base64="4zeFAxMeq7jz9r7zymC62BNGZ64="></latexit>

min✓
PM

i=1 f(Mi(✓)� E i)

estimated
material parameters

Solid Mechanics II

<latexit sha1_base64="0kUYBbe4ygQiBg71u1rhAt22yOU="></latexit>

✓̄ = argmin✓
PM

i=1 f(Mi(✓)� E i)
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Material parameter estimation

Homework Assignment #3
estimated

material parameters

<latexit sha1_base64="0kUYBbe4ygQiBg71u1rhAt22yOU="></latexit>

✓̄ = argmin✓
PM

i=1 f(Mi(✓)� E i)
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Material parameter estimation

Material model selection

Two models with different number of parameters

Akaike information criterion (AIC): balance between minimization of 
goodness of the fit and number of parameters (or complexity of the model)

with                                                     . If                      then model 2 is a better 
option than model 1.

estimated
material parameters

<latexit sha1_base64="0kUYBbe4ygQiBg71u1rhAt22yOU="></latexit>

✓̄ = argmin✓
PM

i=1 f(Mi(✓)� E i)

<latexit sha1_base64="CVpMEJ4gXFPQoVHyQiiFvqGsFjw=">AAAB/3icbVDLSsNAFJ34rPEVFVduBttC3ZSkiLosunEjVLAPaEOYTCft0MkkzEyEErLwU1wJCuLW73Dl3zhps9DWAwOHc+7lnjl+zKhUtv1trKyurW9slrbM7Z3dvX3r4LAjo0Rg0sYRi0TPR5IwyklbUcVILxYEhT4jXX9yk/vdRyIkjfiDmsbEDdGI04BipLTkWccVcxAiNcaIpXeZl9acs8yseFbZrtszwGXiFKQMCrQ862swjHASEq4wQ1L2HTtWboqEopiRzKwOEklihCdoRPqachQS6aaz/BmsamUIg0joxxWcqeavjRSFUk5DX0/mWeWil4v/ef1EBVduSnmcKMLx/FCQMKgimJcBh1QQrNhUE4QF1WEhHiOBsNKVmboFZ/HPy6TTqDsX9fP7Rrl5XfRRAifgFNSAAy5BE9yCFmgDDFLwDF7Bm/FkvBjvxsd8dMUodo7AHxifP2OAlF8=</latexit>

M(1)
<latexit sha1_base64="aNk4KSKTTduoESYxIioVPChXQQ8="></latexit>

✓guess 2 Rn(1)

<latexit sha1_base64="73C91WZONJ1YpXxnulDAnaEJufs=">AAAB/3icbVDLSsNAFJ34rPEVFVduBttC3ZSkiLosunEjVLAPaEOYTCft0MkkzEyEErLwU1wJCuLW73Dl3zhps9DWAwOHc+7lnjl+zKhUtv1trKyurW9slrbM7Z3dvX3r4LAjo0Rg0sYRi0TPR5IwyklbUcVILxYEhT4jXX9yk/vdRyIkjfiDmsbEDdGI04BipLTkWccVcxAiNcaIpXeZl9YaZ5lZ8ayyXbdngMvEKUgZFGh51tdgGOEkJFxhhqTsO3as3BQJRTEjmVkdJJLECE/QiPQ15Sgk0k1n+TNY1coQBpHQjys4U81fGykKpZyGvp7Ms8pFLxf/8/qJCq7clPI4UYTj+aEgYVBFMC8DDqkgWLGpJggLqsNCPEYCYaUrM3ULzuKfl0mnUXcu6uf3jXLzuuijBE7AKagBB1yCJrgFLdAGGKTgGbyCN+PJeDHejY/56IpR7ByBPzA+fwBlCZRg</latexit>

M(2)
<latexit sha1_base64="sckNNX1ec3T88zUGWEyvot+IJBk="></latexit>

✓guess 2 Rn(2)

<latexit sha1_base64="ViOCmiYKCCWDB3HUqP4h94SSzVQ=">AAACDXicbVDLSsNAFJ3UV42vqks3wbZQNyUpoi6LblxWsA9oQplMJu3QyYOZG6GEfIArP8WVoCBu/QBX/o2TNgttvTDM4ZxzufceN+ZMgml+a6W19Y3NrfK2vrO7t39QOTzqySgRhHZJxCMxcLGknIW0Cww4HcSC4sDltO9Ob3K9/0CFZFF4D7OYOgEeh8xnBIOiRpVqTbddLFLbjbgnZ4H6UhsmFHCWjdKGdZbpNeUym+a8jFVgFaCKiuqMKl+2F5EkoCEQjqUcWmYMTooFMMJpptftRNIYkyke06GCIQ6odNL5NZlRV4xn+JFQLwRjzuq/OlIcyHxT5QwwTOSylpP/acME/CsnZWGcAA3JYpCfcAMiI4/G8JigBPhMAUwEU8saZIIFJqAC1FUK1vLNq6DXaloXzfO7VrV9XeRRRifoFDWQhS5RG92iDuoigh7RM3pFb9qT9qK9ax8La0kreo7Rn9I+fwA0dZr2</latexit>

✓̄(1)
<latexit sha1_base64="hl/POYuMecFY8LvI3tw5V8gESSw=">AAACDXicbVDLSsNAFJ3UV42vqks3wbZQNyUpoi6LblxWsA9oQplMJu3QyYOZG6GEfIArP8WVoCBu/QBX/o2TNgttvTDM4ZxzufceN+ZMgml+a6W19Y3NrfK2vrO7t39QOTzqySgRhHZJxCMxcLGknIW0Cww4HcSC4sDltO9Ob3K9/0CFZFF4D7OYOgEeh8xnBIOiRpVqTbddLFLbjbgnZ4H6UhsmFHCWjdJG6yzTa8plNs15GavAKkAVFdUZVb5sLyJJQEMgHEs5tMwYnBQLYITTTK/biaQxJlM8pkMFQxxQ6aTzazKjrhjP8COhXgjGnNV/daQ4kPmmyhlgmMhlLSf/04YJ+FdOysI4ARqSxSA/4QZERh6N4TFBCfCZApgIppY1yAQLTEAFqKsUrOWbV0Gv1bQumud3rWr7usijjE7QKWogC12iNrpFHdRFBD2iZ/SK3rQn7UV71z4W1pJW9ByjP6V9/gA1/pr3</latexit>

✓̄(2)

<latexit sha1_base64="ETehtBt7hInoRzsu1dNYftG72tM="></latexit>

SSE(1) =
P

(Mi
(1)(✓)� E i)2

<latexit sha1_base64="A88JhR8+Vf0kULlIc/dC7dQ97mU=">AAACBHicbVDLSsNAFJ3UV42vqDvdDLYFF1KSIurCRbUb3VWwD2hDmEwn7dDJg5mJUELAlZ/iSlAQt/6EK//GSZuFth64cDjnXu69x40YFdI0v7XC0vLK6lpxXd/Y3NreMXb32iKMOSYtHLKQd10kCKMBaUkqGelGnCDfZaTjjhuZ33kgXNAwuJeTiNg+GgbUoxhJJTnGQVnv+0iOuJ9c3TZSJ7FOaim8hKZedoySWTWngIvEykkJ5Gg6xld/EOLYJ4HEDAnRs8xI2gnikmJGUr3SjwWJEB6jIekpGiCfCDuZPpHCilIG0Au5qkDCqar/mkiQL8TEd1VndrCY9zLxP68XS+/CTmgQxZIEeLbIixmUIcwSgQPKCZZsogjCnKpjIR4hjrBUuekqBWv+50XSrlWts+rpXa1Uv87zKIJDcASOgQXOQR3cgCZoAQwewTN4BW/ak/aivWsfs9aCls/sgz/QPn8AoZWVeQ==</latexit>

AIC1,2 < 0

<latexit sha1_base64="Vmtfmc3XwynhcBJfpeWPHcxZcOc="></latexit>

AIC1,2 = (n(2) � n(1))�M ln(SSE(1)/SSE(2))



Any questions?
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