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Lecture 13 – Isotropic plastic solids
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Materials with memory

Recall: Internal variable, evolution equation, small strains
- The memory or path-dependency of a material can be represented through an 

array of internal variables (scalars and second-order tensors)

The presence of additional variables in the constitutive laws requires additional 
constitutive equations, namely evolution equations. The hypothesis is that the 
rate of evolution of the internal variables is also determined from the local state.

Examples:
- viscoelasticity, i.e., time- and rate-dependent reversible behavior (the stress–strain 

relation depends on the loading rate); internal variables, e.g., the inelastic strain.
- plasticity, i.e., history-dependent irreversible behavior (the stress–strain relation 

depends on the loading history); internal variables, e.g., plastic strain, accumulated 
plastic strain.

- viscoplasticity, i.e., history- and time-dependent irreversible behavior. 
- damage, i.e., irreversible degradation of the elastic stiffness with loading; internal 

variable is a damage parameter, e.g., a scalar measure.

<latexit sha1_base64="RZlYHelkKC3NaghyM2C2S46R2Do="></latexit>
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Phenomenological observations
- Elasto-plastic behavior (elastic limit corresponds to the yield stress        )
- Strain-hardening behavior 
- Beyond elastic limit: 

+ elastic strain:         
+ plastic strain:

- Metals: plastic flow is incompressible
(any change in volume is elastic)

- Bauschinger effect

Isotropic plastic solids

Engineering stress
Engineering strain

True stress
True strain

Note:

<latexit sha1_base64="A3qbAcBx95dRXP1vwuBVn5AQY4o=">AAAB9HicbVBNS8NAEJ3Urxq/qh69BNuCp5IUUY9FLx4r2A9pQtlsN+3S3U3Y3RRK6N/wJCiIV/+MJ/+N2zYHbX0w8Hhvhpl5YcKo0q77bRU2Nre2d4q79t7+weFR6fikreJUYtLCMYtlN0SKMCpIS1PNSDeRBPGQkU44vpv7nQmRisbiUU8TEnA0FDSiGGkj+RXbV3TIUf/JrvRLZbfmLuCsEy8nZcjR7Je+/EGMU06Exgwp1fPcRAcZkppiRmZ21U8VSRAeoyHpGSoQJyrIFkfPnKpRBk4US1NCOwvV/jWRIa7UlIemkyM9UqveXPzP66U6ugkyKpJUE4GXi6KUOTp25gk4AyoJ1mxqCMKSmmMdPEISYW1ysk0K3urP66Rdr3lXtcuHerlxm+dRhDM4hwvw4BoacA9NaAGGBJ7hFd6sifVivVsfy9aClc+cwh9Ynz+Ul5Cl</latexit>�Y
<latexit sha1_base64="us0m2RXH/3ltB+ackqDuDsGmZS0=">AAACCHicbVDLSsNAFJ34rPEVdSnIYFtwVZIi6rLoxmUF+5AmhMl00g6dScLMRCghO1d+iitBQdz6C678G6dtEG09cOHMOfcy954gYVQq2/4ylpZXVtfWSxvm5tb2zq61t9+WcSowaeGYxaIbIEkYjUhLUcVINxEE8YCRTjC6mvideyIkjaNbNU6Ix9EgoiHFSGnJt44qpivpgCM/u8uhOyDw52nnZsW3ynbNngIuEqcgZVCg6Vufbj/GKSeRwgxJ2XPsRHkZEopiRnKz6qaSJAiP0ID0NI0QJ9LLpofksKqVPgxjoStScKqavyYyxKUc80B3cqSGct6biP95vVSFF15GoyRVJMKzj8KUQRXDSSqwTwXBio01QVhQvSzEQyQQVjo7U6fgzN+8SNr1mnNWO72plxuXRR4lcAiOwQlwwDlogGvQBC2AwQN4Ai/g1Xg0no03433WumQUMwfgD4yPb1BRmDc=</latexit>

�Y � �Y 0

<latexit sha1_base64="vDeH7c3H1OXteFiY4DE8+jAv87s=">AAAB/HicbVBNS8NAEN3Urxq/Yj16CbaFeilJEfVY9OKxgv2ANpbNdtIu3WzC7kYsof4UT4KCePWPePLfuG1z0NYHA4/3ZpiZ58eMSuU430ZubX1jcyu/be7s7u0fWIeFlowSQaBJIhaJjo8lMMqhqahi0IkF4NBn0PbH1zO//QBC0ojfqUkMXoiHnAaUYKWlvlUomT2IJWURv08rcDo1S32r6FSdOexV4makiDI0+tZXbxCRJASuCMNSdl0nVl6KhaKEwdQs9xIJMSZjPISuphyHIL10fvzULmtlYAeR0MWVPVfNXxMpDqWchL7uDLEayWVvJv7ndRMVXHop5XGigJPFoiBhtorsWRL2gAogik00wURQfaxNRlhgonRepk7BXf55lbRqVfe8enZbK9avsjzy6BidoApy0QWqoxvUQE1E0CN6Rq/ozXgyXox342PRmjOymSP0B8bnD3Cck08=</latexit>

✏(e)
<latexit sha1_base64="2TxwXXZIrTriuixUVf29Xa1HaLE=">AAAB/HicbVDLSgMxFM3UVx1fY126CbaFuikzRdRl0Y3LCvYB7VgyaaYNzWRCkhHLUD/FlaAgbv0RV/6NaTsLbT1w4XDOvdx7TyAYVdp1v63c2vrG5lZ+297Z3ds/cA4LLRUnEpMmjlksOwFShFFOmppqRjpCEhQFjLSD8fXMbz8QqWjM7/REED9CQ05DipE2Ut8plOweEYqymN+nFXE6tUt9p+hW3TngKvEyUgQZGn3nqzeIcRIRrjFDSnU9V2g/RVJTzMjULvcSRQTCYzQkXUM5iojy0/nxU1g2ygCGsTTFNZyr9q+JFEVKTaLAdEZIj9SyNxP/87qJDi/9lHKRaMLxYlGYMKhjOEsCDqgkWLOJIQhLao6FeIQkwtrkZZsUvOWfV0mrVvXOq2e3tWL9KssjD47BCagAD1yAOrgBDdAEGDyCZ/AK3qwn68V6tz4WrTkrmzkCf2B9/gCBf5Na</latexit>

✏(p)

<latexit sha1_base64="vDeH7c3H1OXteFiY4DE8+jAv87s=">AAAB/HicbVBNS8NAEN3Urxq/Yj16CbaFeilJEfVY9OKxgv2ANpbNdtIu3WzC7kYsof4UT4KCePWPePLfuG1z0NYHA4/3ZpiZ58eMSuU430ZubX1jcyu/be7s7u0fWIeFlowSQaBJIhaJjo8lMMqhqahi0IkF4NBn0PbH1zO//QBC0ojfqUkMXoiHnAaUYKWlvlUomT2IJWURv08rcDo1S32r6FSdOexV4makiDI0+tZXbxCRJASuCMNSdl0nVl6KhaKEwdQs9xIJMSZjPISuphyHIL10fvzULmtlYAeR0MWVPVfNXxMpDqWchL7uDLEayWVvJv7ndRMVXHop5XGigJPFoiBhtorsWRL2gAogik00wURQfaxNRlhgonRepk7BXf55lbRqVfe8enZbK9avsjzy6BidoApy0QWqoxvUQE1E0CN6Rq/ozXgyXox342PRmjOymSP0B8bnD3Cck08=</latexit>

✏(e)
<latexit sha1_base64="2TxwXXZIrTriuixUVf29Xa1HaLE=">AAAB/HicbVDLSgMxFM3UVx1fY126CbaFuikzRdRl0Y3LCvYB7VgyaaYNzWRCkhHLUD/FlaAgbv0RV/6NaTsLbT1w4XDOvdx7TyAYVdp1v63c2vrG5lZ+297Z3ds/cA4LLRUnEpMmjlksOwFShFFOmppqRjpCEhQFjLSD8fXMbz8QqWjM7/REED9CQ05DipE2Ut8plOweEYqymN+nFXE6tUt9p+hW3TngKvEyUgQZGn3nqzeIcRIRrjFDSnU9V2g/RVJTzMjULvcSRQTCYzQkXUM5iojy0/nxU1g2ygCGsTTFNZyr9q+JFEVKTaLAdEZIj9SyNxP/87qJDi/9lHKRaMLxYlGYMKhjOEsCDqgkWLOJIQhLao6FeIQkwtrkZZsUvOWfV0mrVvXOq2e3tWL9KssjD47BCagAD1yAOrgBDdAEGDyCZ/AK3qwn68V6tz4WrTkrmzkCf2B9/gCBf5Na</latexit>

✏(p)

<latexit sha1_base64="5y/cV1AQaQBfY7jzqDqjq4KZmTE=">AAAB+nicbVDLSsNAFJ3UV42vqEs3g23BVUmKqMuiG5cV7EPaECbTSTt0ZhJmJoWS9k9cCQri1j9x5d84bbPQ1gMXDufcy733hAmjSrvut1XY2Nza3inu2nv7B4dHzvFJS8WpxKSJYxbLTogUYVSQpqaakU4iCeIhI+1wdDf322MiFY3Fo54kxOdoIGhEMdJGChynbPcUHXAUZE/TaGaXA6fkVt0F4DrxclICORqB89XrxzjlRGjMkFJdz020nyGpKWZkZld6qSIJwiM0IF1DBeJE+dni9BmsGKUPo1iaEhouVPvXRIa4UhMemk6O9FCtenPxP6+b6ujGz6hIUk0EXi6KUgZ1DOc5wD6VBGs2MQRhSc2xEA+RRFibtGyTgrf68zpp1areVfXyoVaq3+Z5FMEZOAcXwAPXoA7uQQM0AQZj8AxewZs1tV6sd+tj2Vqw8plT8AfW5w+E8ZLY</latexit>�Y |f

<latexit sha1_base64="2X/J6lMa+LyJhq4NroeRxZP+8mE=">AAAB+nicbVDLSsNAFJ3UV42vqEs3g23BVUmKqMuiG5cV7EPaECbTSTt0ZhJmJoWS9k9cCQri1j9x5d84bbPQ1gMXDufcy733hAmjSrvut1XY2Nza3inu2nv7B4dHzvFJS8WpxKSJYxbLTogUYVSQpqaakU4iCeIhI+1wdDf322MiFY3Fo54kxOdoIGhEMdJGChynbPcUHXAUZE9TObPLgVNyq+4CcJ14OSmBHI3A+er1Y5xyIjRmSKmu5ybaz5DUFDMysyu9VJEE4REakK6hAnGi/Gxx+gxWjNKHUSxNCQ0Xqv1rIkNcqQkPTSdHeqhWvbn4n9dNdXTjZ1QkqSYCLxdFKYM6hvMcYJ9KgjWbGIKwpOZYiIdIIqxNWrZJwVv9eZ20alXvqnr5UCvVb/M8iuAMnIML4IFrUAf3oAGaAIMxeAav4M2aWi/Wu/WxbC1Y+cwp+APr8weXUZLk</latexit>�Y |r

<latexit sha1_base64="0ITxTpk9v+rwhiqqlCTjyfWg+bA=">AAAB+XicbVBNS8NAEJ3Urxo/WvXoJdgWPJWkiHosevFYwX5IG8Jmu2mX7m7C7kYoob/Ek6AgXv0pnvw3btsctPXBwOO9GWbmhQmjSrvut1XY2Nza3inu2nv7B4el8tFxR8WpxKSNYxbLXogUYVSQtqaakV4iCeIhI91wcjv3u09EKhqLBz1NiM/RSNCIYqSNFJRLVXug6IijIHt0Z3Y1KFfcuruAs068nFQgRysofw2GMU45ERozpFTfcxPtZ0hqihmZ2bVBqkiC8ASNSN9QgThRfra4fObUjDJ0oliaEtpZqPaviQxxpaY8NJ0c6bFa9ebif14/1dG1n1GRpJoIvFwUpczRsTOPwRlSSbBmU0MQltQc6+AxkghrE5ZtUvBWf14nnUbdu6xf3DcqzZs8jyKcwhmcgwdX0IQ7aEEbMKTwDK/wZmXWi/VufSxbC1Y+cwJ/YH3+AErokhw=</latexit>�Y 0

<latexit sha1_base64="u9r4JPjQhCvMa9tVyTA1i/D+miE=">AAACD3icbVDLSsNAFJ3UV42vqEs3g23BVUmKqMuiG5cV7EOaECbTSTt08mBmIpQkX+DKT3ElKIhb1678G6dtFrX1wIXDOfdy7z1ezKiQpvmjldbWNza3ytv6zu7e/oFxeNQRUcIxaeOIRbznIUEYDUlbUslIL+YEBR4jXW98M/W7j4QLGoX3chITJ0DDkPoUI6kk16hV9cwWdBggN33IeJ5BmxG4IPl5plddo2LWzRngKrEKUgEFWq7xbQ8inAQklJghIfqWGUsnRVxSzEiu1+xEkBjhMRqSvqIhCohw0tk/OawpZQD9iKsKJZyp+sJEigIhJoGnOgMkR2LZm4r/ef1E+ldOSsM4kSTE80V+wqCM4DQcOKCcYMkmiiDMqToW4hHiCEsVoa5SsJZ/XiWdRt26qJ/fNSrN6yKPMjgBp+AMWOASNMEtaIE2wOAJvIA38K49a6/ah/Y5by1pxcwx+APt6xcodpwS</latexit>

|�Y |r|  |�Y |f |
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Ideal plastic solids – Small strains
- Plasticity manifests when a stress threshold is reach (yield stress)

Yield function 

- Additive decomposition of (small) strain: 
+ elastic part is related to the stress      
+ plastic part depends on material history

- Consistency condition (                           )
+ within elastic domain

+ on the yield surface
… elastic unloading

… neutral loading

… plastic loading

Isotropic plastic solids

<latexit sha1_base64="rRahLUU54J0rm7bXnn5FtPSlQAs=">AAACQHicdVBNSwMxEM3Wr7p+VT16WWwLFaHsFlEvQtGLxwr2A9pasum0Dc0mS5IVytJ/5sm/4MmrJ0FBvHoy2/agrT4Y5vHeDJk8P2RUadd9tlJLyyura+l1e2Nza3sns7tXUyKSBKpEMCEbPlbAKIeqpppBI5SAA59B3R9eJX79HqSigt/qUQjtAPc57VGCtZE6mVrObvmCddUoMC1uQagoE3xsX/yt38UFOBrbx/+6oXFzdieTdYvuBM4i8WYki2aodDJPra4gUQBcE4aVanpuqNsxlpoSBmM734oUhJgMcR+ahnIcgGrHkwDGTt4oXacnpCmunYlq/9iIcaCSW81kgPVAzXuJ+JfXjHTvvB1THkYaOJk+1IuYo4WTpOl0qQSi2cgQTCQ1xzpkgCUm2mSepODN/3mR1EpF77R4clPKli9neaTRATpEBeShM1RG16iCqoigB/SC3tC79Wi9Wh/W53Q0Zc129tEvWF/fDhSv9Q==</latexit>

✏ = ✏(e) + ✏(p)

<latexit sha1_base64="CDnbvpujnDgRn4A5+8tHIpixY7g=">AAACC3icbVDLSsNAFJ3UV42vqEs3o22hgpSkiLosunFZwT6kCWEynbRDJ5MwMxFK6NqVn+JKUBC3foEr/8Zpm4VWD1zu4Zx7mbknSBiVyra/jMLS8srqWnHd3Njc2t6xdvfaMk4FJi0cs1h0AyQJo5y0FFWMdBNBUBQw0glGV1O/c0+EpDG/VeOEeBEacBpSjJSWfOuwbLrJkFZdSQcROpk3P7ubHEOXEWibZd8q2TV7BviXODkpgRxN3/p0+zFOI8IVZkjKnmMnysuQUBQzMjErbipJgvAIDUhPU44iIr1sdssEVrTSh2EsdHEFZ6r5YyNDkZTjKNCTEVJDuehNxf+8XqrCCy+jPEkV4Xj+UJgyqGI4DQb2qSBYsbEmCAuqPwvxEAmElY7P1Ck4izf/Je16zTmrnd7US43LPI8iOABHoAoccA4a4Bo0QQtg8ACewAt4NR6NZ+PNeJ+PFox8Zx/8gvHxDYU6mMQ=</latexit>

�(�,�Y )  0 <latexit sha1_base64="5y/cV1AQaQBfY7jzqDqjq4KZmTE=">AAAB+nicbVDLSsNAFJ3UV42vqEs3g23BVUmKqMuiG5cV7EPaECbTSTt0ZhJmJoWS9k9cCQri1j9x5d84bbPQ1gMXDufcy733hAmjSrvut1XY2Nza3inu2nv7B4dHzvFJS8WpxKSJYxbLTogUYVSQpqaakU4iCeIhI+1wdDf322MiFY3Fo54kxOdoIGhEMdJGChynbPcUHXAUZE/TaGaXA6fkVt0F4DrxclICORqB89XrxzjlRGjMkFJdz020nyGpKWZkZld6qSIJwiM0IF1DBeJE+dni9BmsGKUPo1iaEhouVPvXRIa4UhMemk6O9FCtenPxP6+b6ujGz6hIUk0EXi6KUgZ1DOc5wD6VBGs2MQRhSc2xEA+RRFibtGyTgrf68zpp1areVfXyoVaq3+Z5FMEZOAcXwAPXoA7uQQM0AQZj8AxewZs1tV6sd+tj2Vqw8plT8AfW5w+E8ZLY</latexit>�Y |f
<latexit sha1_base64="0ITxTpk9v+rwhiqqlCTjyfWg+bA=">AAAB+XicbVBNS8NAEJ3Urxo/WvXoJdgWPJWkiHosevFYwX5IG8Jmu2mX7m7C7kYoob/Ek6AgXv0pnvw3btsctPXBwOO9GWbmhQmjSrvut1XY2Nza3inu2nv7B4el8tFxR8WpxKSNYxbLXogUYVSQtqaakV4iCeIhI91wcjv3u09EKhqLBz1NiM/RSNCIYqSNFJRLVXug6IijIHt0Z3Y1KFfcuruAs068nFQgRysofw2GMU45ERozpFTfcxPtZ0hqihmZ2bVBqkiC8ASNSN9QgThRfra4fObUjDJ0oliaEtpZqPaviQxxpaY8NJ0c6bFa9ebif14/1dG1n1GRpJoIvFwUpczRsTOPwRlSSbBmU0MQltQc6+AxkghrE5ZtUvBWf14nnUbdu6xf3DcqzZs8jyKcwhmcgwdX0IQ7aEEbMKTwDK/wZmXWi/VufSxbC1Y+cwJ/YH3+AErokhw=</latexit>�Y 0

<latexit sha1_base64="Zz69W/2FqrLksLA7geHHdV7ZAG4=">AAAB+XicbVBNS8NAEJ3Urxo/GvXoZbEteCpJEfVY9OKxgv2QNoTNdtsu3WzC7kYoob/Ek6AgXv0pnvw3btsctPXBwOO9GWbmhQlnSrvut1XY2Nza3inu2nv7B4cl5+i4reJUEtoiMY9lN8SKciZoSzPNaTeRFEchp51wcjv3O09UKhaLBz1NqB/hkWBDRrA2UuCUKna9r9gowkH2OLMrgVN2a+4CaJ14OSlDjmbgfPUHMUkjKjThWKme5ybaz7DUjHA6s6v9VNEEkwke0Z6hAkdU+dni8hmqGmWAhrE0JTRaqPaviQxHSk2j0HRGWI/VqjcX//N6qR5e+xkTSaqpIMtFw5QjHaN5DGjAJCWaTw3BRDJzLCJjLDHRJizbpOCt/rxO2vWad1m7uK+XGzd5HkU4hTM4Bw+uoAF30IQWEEjhGV7hzcqsF+vd+li2Fqx85gT+wPr8AUwakh4=</latexit>

2�Y

<latexit sha1_base64="2X/J6lMa+LyJhq4NroeRxZP+8mE=">AAAB+nicbVDLSsNAFJ3UV42vqEs3g23BVUmKqMuiG5cV7EPaECbTSTt0ZhJmJoWS9k9cCQri1j9x5d84bbPQ1gMXDufcy733hAmjSrvut1XY2Nza3inu2nv7B4dHzvFJS8WpxKSJYxbLTogUYVSQpqaakU4iCeIhI+1wdDf322MiFY3Fo54kxOdoIGhEMdJGChynbPcUHXAUZE9TObPLgVNyq+4CcJ14OSmBHI3A+er1Y5xyIjRmSKmu5ybaz5DUFDMysyu9VJEE4REakK6hAnGi/Gxx+gxWjNKHUSxNCQ0Xqv1rIkNcqQkPTSdHeqhWvbn4n9dNdXTjZ1QkqSYCLxdFKYM6hvMcYJ9KgjWbGIKwpOZYiIdIIqxNWrZJwVv9eZ20alXvqnr5UCvVb/M8iuAMnIML4IFrUAf3oAGaAIMxeAav4M2aWi/Wu/WxbC1Y+cwp+APr8weXUZLk</latexit>�Y |r

<latexit sha1_base64="ecfJAfYJfIF8aWi5SFR1UdW4RkY=">AAACKnicbVDLSsNAFJ3UV42vqEs3g23BVUmKqAsLRTcuK9gHNKFMJpN26OTBzEQoof0cV36KK0WhuPVDnKZZ2NYDA4dz7r1z73FjRoU0zZlW2Njc2t4p7up7+weHR8bxSVtECcekhSMW8a6LBGE0JC1JJSPdmBMUuIx03NH93O88Ey5oFD7JcUycAA1C6lOMpJL6RqOs2/GQwltowul0Cm0vkqnN1AAPTeomtGmg1iBi2YBZTx2aerlvlMyqmQGuEysnJZCj2Tc+1CicBCSUmCEhepYZSydFXFLMyESv2IkgMcIjNCA9RUMUEOGk2akTWFGKB/2IqxdKmKn6n44UBUKMA1dVBkgOxao3F//zeon0b5yUhnEiSYgXH/kJgzKC89ygRznBko0VQZhTtSzEQ8QRlipdXaVgrd68Ttq1qnVVvXyslRp3eR5FcAbOwQWwwDVogAfQBC2AwQt4A5/gS3vV3rWZ9r0oLWh5zylYgvbzC30BpNI=</latexit>

� < 0 �̇ = 0 =) �̇� = 0

<latexit sha1_base64="WgrC1femtWITbcGZgPyQL+JKPKc="></latexit>

� = 0, �̇ < 0 �̇ = 0 =) �̇� = 0
<latexit sha1_base64="OYXpIDIJ7ceVYX7KfI18ICrvncg="></latexit>

� = 0, �̇ = 0 �̇ = 0 =) �̇� = 0
<latexit sha1_base64="ek4ForvIPDO6JWKSimJr/rrAk+U="></latexit>

�̇ = 0 �̇ > 0 =) �̇� = 0

<latexit sha1_base64="ffLt8Jqr/iKT+i4494A8j7D07mE=">AAACKnicbVBNS8MwGE7n16xfVY9egtvAg4x2iHoRhl48TnAfsJaRptkWlqYlSYVRtp/jyZ/iSVEYXv0hplsPuvlC4MnzvM+bvI8fMyqVbc+Mwtr6xuZWcdvc2d3bP7AOj1oySgQmTRyxSHR8JAmjnDQVVYx0YkFQ6DPS9kd3md5+IkLSiD+qcUy8EA047VOMlKZ6Vr1sukGkUpdpT4Am0B0QaMPp+RS68ZBCl+XXpa5Mu4G2We5ZJbtqzwuuAicHJZBXo2e961E4CQlXmCEpu44dKy9FQlHMyMSsuIkkMcIjNCBdDTkKifTS+aoTWNFMAPuR0IcrOGfNX44UhVKOQ193hkgN5bKWkf9p3UT1r72U8jhRhOPFQ/2EQRXBLDcYUEGwYmMNEBZUfxbiIRIIK52uqVNwlndeBa1a1bmsXjzUSvXbPI8iOAGn4Aw44ArUwT1ogCbA4Bm8gg/wabwYb8bM+Fq0Fozccwz+lPH9A784pFU=</latexit>

�̇ � 0 , �  0 , �̇� = 0
<latexit sha1_base64="cT8cYqQDcLN+kTzbb3OQz9jupN4=">AAACHHicbVDLSgMxFM3UVx1foy7dBNuCqzJTRN0Uim5cVrAPaEvJpJk2NJMZkjtCGdrvcOWnuBIUxJUg+Demj4W2HgicnHPvTe7xY8E1uO63lVlb39jcym7bO7t7+wfO4VFdR4mirEYjEammTzQTXLIacBCsGStGQl+whj+8mfqNB6Y0j+Q9jGLWCUlf8oBTAkbqOiUe4Hw7HvCym5/AgMmJnbfbvQjStjBTemSM5zdTMsZl7Nr5rpNzi+4MeJV4C5JDC1S7zqcZQZOQSaCCaN3y3Bg6KVHAqWBju9BONIsJHZI+axkqSch0J50tN8YFo/RwEClzJOCZav/qSEmo9Sj0TWVIYKCXvan4n9dKILjqpFzGCTBJ5w8FicAQ4WlSuMcVoyBGhhCquPkspgOiCAWTp21S8JZ3XiX1UtG7KJ7flXKV60UeWXSCTtEZ8tAlqqBbVEU1RNEjekav6M16sl6sd+tjXpqxFj3H6A+srx8pNZ+A</latexit>

if � = 0 then �̇�̇ = 0

<latexit sha1_base64="vDeH7c3H1OXteFiY4DE8+jAv87s=">AAAB/HicbVBNS8NAEN3Urxq/Yj16CbaFeilJEfVY9OKxgv2ANpbNdtIu3WzC7kYsof4UT4KCePWPePLfuG1z0NYHA4/3ZpiZ58eMSuU430ZubX1jcyu/be7s7u0fWIeFlowSQaBJIhaJjo8lMMqhqahi0IkF4NBn0PbH1zO//QBC0ojfqUkMXoiHnAaUYKWlvlUomT2IJWURv08rcDo1S32r6FSdOexV4makiDI0+tZXbxCRJASuCMNSdl0nVl6KhaKEwdQs9xIJMSZjPISuphyHIL10fvzULmtlYAeR0MWVPVfNXxMpDqWchL7uDLEayWVvJv7ndRMVXHop5XGigJPFoiBhtorsWRL2gAogik00wURQfaxNRlhgonRepk7BXf55lbRqVfe8enZbK9avsjzy6BidoApy0QWqoxvUQE1E0CN6Rq/ozXgyXox342PRmjOymSP0B8bnD3Cck08=</latexit>

✏(e)
<latexit sha1_base64="2TxwXXZIrTriuixUVf29Xa1HaLE=">AAAB/HicbVDLSgMxFM3UVx1fY126CbaFuikzRdRl0Y3LCvYB7VgyaaYNzWRCkhHLUD/FlaAgbv0RV/6NaTsLbT1w4XDOvdx7TyAYVdp1v63c2vrG5lZ+297Z3ds/cA4LLRUnEpMmjlksOwFShFFOmppqRjpCEhQFjLSD8fXMbz8QqWjM7/REED9CQ05DipE2Ut8plOweEYqymN+nFXE6tUt9p+hW3TngKvEyUgQZGn3nqzeIcRIRrjFDSnU9V2g/RVJTzMjULvcSRQTCYzQkXUM5iojy0/nxU1g2ygCGsTTFNZyr9q+JFEVKTaLAdEZIj9SyNxP/87qJDi/9lHKRaMLxYlGYMKhjOEsCDqgkWLOJIQhLao6FeIQkwtrkZZsUvOWfV0mrVvXOq2e3tWL9KssjD47BCagAD1yAOrgBDdAEGDyCZ/AK3qwn68V6tz4WrTkrmzkCf2B9/gCBf5Na</latexit>

✏(p)

<latexit sha1_base64="krUlSZxxj52ix56DpBAGTwfyVPk=">AAAB73icbVBNS8NAEJ3Urxq/qh69BNuCp5IUUY9FLx4r2A9oY9lsp+3SzSbuboQS+iM8CQri1d/jyX/jts1BWx8MPN6bYWZeEHOmtOt+W7m19Y3Nrfy2vbO7t39QODxqqiiRFBs04pFsB0QhZwIbmmmO7VgiCQOOrWB8M/NbTygVi8S9nsToh2Qo2IBRoo3UKqU4fYhLvULRrbhzOKvEy0gRMtR7ha9uP6JJiEJTTpTqeG6s/ZRIzSjHqV3uJgpjQsdkiB1DBQlR+en83qlTNkrfGUTSlNDOXLV/TaQkVGoSBqYzJHqklr2Z+J/XSfTgyk+ZiBONgi4WDRLu6MiZPe/0mUSq+cQQQiUzxzp0RCSh2kRkmxS85Z9XSbNa8S4q53fVYu06yyMPJ3AKZ+DBJdTgFurQAApjeIZXeLMerRfr3fpYtOasbOYY/sD6/AE1VY9l</latexit>

ep

<latexit sha1_base64="GkOVCf3leaJp4xyZXmKggs1Cl0w=">AAACIHicbVDLSgMxFM34dnxVXboZbAt1U2aKqBtBdONSwWqhLzLpbRvMJCHJCGWcP3Hlp7gSFERc6deYdmah1guBk3Puuck9oWRUG9//dGZm5+YXFpeW3ZXVtfWNwubWtRaxIlAnggnVCLEGRjnUDTUMGlIBjkIGN+Ht2Vi/uQOlqeBXZiShHeEBp31KsLFUt3BQcls9YZIWs54eTt3j7A5pR1p8n4kgNWWCp52kIvfSe7fULRT9qj8pbxoEOSiivC66hQ87icQRcEMY1roZ+NK0E6wMJQxSt9yKNUhMbvEAmhZyHIFuJ5MFU69smZ7XF8oebrwJ6/5wJDjSehSFtjPCZqj/amPyP60Zm/5RO6FcxgY4yR7qx8wzwhun5fWoAmLYyAJMFLWf9cgQK0yMzdS1KQR/d54G17VqcFDdv6wVT07zPJbQDtpFFRSgQ3SCztEFqiOCHtATekGvzqPz7Lw571nrjJN7ttGvcr6+Ac/koh0=</latexit>

�̇ = ėp = |✏̇(p)|



Ideal plastic solids – Small strains
- Plasticity manifests when a stress threshold is reach (yield stress)

Yield function 

- Additive decomposition of (small) strain: 
+ elastic part is related to the stress      
+ plastic part depends on material history

- Consistency condition
+ within elastic domain

+ on the yield surface
… elastic unloading

… neutral loading

… plastic loading
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Ideal plastic solids – Small strains
- Plasticity manifests when a stress threshold is reach (yield stress)

Yield function 

- Additive decomposition of (small) strain: 
+ elastic part is related to the stress      
+ plastic part depends on material history

- Consistency condition (                           )
+ within elastic domain

+ on the yield surface
… elastic unloading

… neutral loading

… plastic loading

Isotropic plastic solids

<latexit sha1_base64="rRahLUU54J0rm7bXnn5FtPSlQAs=">AAACQHicdVBNSwMxEM3Wr7p+VT16WWwLFaHsFlEvQtGLxwr2A9pasum0Dc0mS5IVytJ/5sm/4MmrJ0FBvHoy2/agrT4Y5vHeDJk8P2RUadd9tlJLyyura+l1e2Nza3sns7tXUyKSBKpEMCEbPlbAKIeqpppBI5SAA59B3R9eJX79HqSigt/qUQjtAPc57VGCtZE6mVrObvmCddUoMC1uQagoE3xsX/yt38UFOBrbx/+6oXFzdieTdYvuBM4i8WYki2aodDJPra4gUQBcE4aVanpuqNsxlpoSBmM734oUhJgMcR+ahnIcgGrHkwDGTt4oXacnpCmunYlq/9iIcaCSW81kgPVAzXuJ+JfXjHTvvB1THkYaOJk+1IuYo4WTpOl0qQSi2cgQTCQ1xzpkgCUm2mSepODN/3mR1EpF77R4clPKli9neaTRATpEBeShM1RG16iCqoigB/SC3tC79Wi9Wh/W53Q0Zc129tEvWF/fDhSv9Q==</latexit>

✏ = ✏(e) + ✏(p)

<latexit sha1_base64="CDnbvpujnDgRn4A5+8tHIpixY7g=">AAACC3icbVDLSsNAFJ3UV42vqEs3o22hgpSkiLosunFZwT6kCWEynbRDJ5MwMxFK6NqVn+JKUBC3foEr/8Zpm4VWD1zu4Zx7mbknSBiVyra/jMLS8srqWnHd3Njc2t6xdvfaMk4FJi0cs1h0AyQJo5y0FFWMdBNBUBQw0glGV1O/c0+EpDG/VeOEeBEacBpSjJSWfOuwbLrJkFZdSQcROpk3P7ubHEOXEWibZd8q2TV7BviXODkpgRxN3/p0+zFOI8IVZkjKnmMnysuQUBQzMjErbipJgvAIDUhPU44iIr1sdssEVrTSh2EsdHEFZ6r5YyNDkZTjKNCTEVJDuehNxf+8XqrCCy+jPEkV4Xj+UJgyqGI4DQb2qSBYsbEmCAuqPwvxEAmElY7P1Ck4izf/Je16zTmrnd7US43LPI8iOABHoAoccA4a4Bo0QQtg8ACewAt4NR6NZ+PNeJ+PFox8Zx/8gvHxDYU6mMQ=</latexit>

�(�,�Y )  0 <latexit sha1_base64="5y/cV1AQaQBfY7jzqDqjq4KZmTE=">AAAB+nicbVDLSsNAFJ3UV42vqEs3g23BVUmKqMuiG5cV7EPaECbTSTt0ZhJmJoWS9k9cCQri1j9x5d84bbPQ1gMXDufcy733hAmjSrvut1XY2Nza3inu2nv7B4dHzvFJS8WpxKSJYxbLTogUYVSQpqaakU4iCeIhI+1wdDf322MiFY3Fo54kxOdoIGhEMdJGChynbPcUHXAUZE/TaGaXA6fkVt0F4DrxclICORqB89XrxzjlRGjMkFJdz020nyGpKWZkZld6qSIJwiM0IF1DBeJE+dni9BmsGKUPo1iaEhouVPvXRIa4UhMemk6O9FCtenPxP6+b6ujGz6hIUk0EXi6KUgZ1DOc5wD6VBGs2MQRhSc2xEA+RRFibtGyTgrf68zpp1areVfXyoVaq3+Z5FMEZOAcXwAPXoA7uQQM0AQZj8AxewZs1tV6sd+tj2Vqw8plT8AfW5w+E8ZLY</latexit>�Y |f
<latexit sha1_base64="0ITxTpk9v+rwhiqqlCTjyfWg+bA=">AAAB+XicbVBNS8NAEJ3Urxo/WvXoJdgWPJWkiHosevFYwX5IG8Jmu2mX7m7C7kYoob/Ek6AgXv0pnvw3btsctPXBwOO9GWbmhQmjSrvut1XY2Nza3inu2nv7B4el8tFxR8WpxKSNYxbLXogUYVSQtqaakV4iCeIhI91wcjv3u09EKhqLBz1NiM/RSNCIYqSNFJRLVXug6IijIHt0Z3Y1KFfcuruAs068nFQgRysofw2GMU45ERozpFTfcxPtZ0hqihmZ2bVBqkiC8ASNSN9QgThRfra4fObUjDJ0oliaEtpZqPaviQxxpaY8NJ0c6bFa9ebif14/1dG1n1GRpJoIvFwUpczRsTOPwRlSSbBmU0MQltQc6+AxkghrE5ZtUvBWf14nnUbdu6xf3DcqzZs8jyKcwhmcgwdX0IQ7aEEbMKTwDK/wZmXWi/VufSxbC1Y+cwJ/YH3+AErokhw=</latexit>�Y 0

<latexit sha1_base64="Zz69W/2FqrLksLA7geHHdV7ZAG4=">AAAB+XicbVBNS8NAEJ3Urxo/GvXoZbEteCpJEfVY9OKxgv2QNoTNdtsu3WzC7kYoob/Ek6AgXv0pnvw3btsctPXBwOO9GWbmhQlnSrvut1XY2Nza3inu2nv7B4cl5+i4reJUEtoiMY9lN8SKciZoSzPNaTeRFEchp51wcjv3O09UKhaLBz1NqB/hkWBDRrA2UuCUKna9r9gowkH2OLMrgVN2a+4CaJ14OSlDjmbgfPUHMUkjKjThWKme5ybaz7DUjHA6s6v9VNEEkwke0Z6hAkdU+dni8hmqGmWAhrE0JTRaqPaviQxHSk2j0HRGWI/VqjcX//N6qR5e+xkTSaqpIMtFw5QjHaN5DGjAJCWaTw3BRDJzLCJjLDHRJizbpOCt/rxO2vWad1m7uK+XGzd5HkU4hTM4Bw+uoAF30IQWEEjhGV7hzcqsF+vd+li2Fqx85gT+wPr8AUwakh4=</latexit>

2�Y

<latexit sha1_base64="2X/J6lMa+LyJhq4NroeRxZP+8mE=">AAAB+nicbVDLSsNAFJ3UV42vqEs3g23BVUmKqMuiG5cV7EPaECbTSTt0ZhJmJoWS9k9cCQri1j9x5d84bbPQ1gMXDufcy733hAmjSrvut1XY2Nza3inu2nv7B4dHzvFJS8WpxKSJYxbLTogUYVSQpqaakU4iCeIhI+1wdDf322MiFY3Fo54kxOdoIGhEMdJGChynbPcUHXAUZE9TObPLgVNyq+4CcJ14OSmBHI3A+er1Y5xyIjRmSKmu5ybaz5DUFDMysyu9VJEE4REakK6hAnGi/Gxx+gxWjNKHUSxNCQ0Xqv1rIkNcqQkPTSdHeqhWvbn4n9dNdXTjZ1QkqSYCLxdFKYM6hvMcYJ9KgjWbGIKwpOZYiIdIIqxNWrZJwVv9eZ20alXvqnr5UCvVb/M8iuAMnIML4IFrUAf3oAGaAIMxeAav4M2aWi/Wu/WxbC1Y+cwp+APr8weXUZLk</latexit>�Y |r

<latexit sha1_base64="ecfJAfYJfIF8aWi5SFR1UdW4RkY=">AAACKnicbVDLSsNAFJ3UV42vqEs3g23BVUmKqAsLRTcuK9gHNKFMJpN26OTBzEQoof0cV36KK0WhuPVDnKZZ2NYDA4dz7r1z73FjRoU0zZlW2Njc2t4p7up7+weHR8bxSVtECcekhSMW8a6LBGE0JC1JJSPdmBMUuIx03NH93O88Ey5oFD7JcUycAA1C6lOMpJL6RqOs2/GQwltowul0Cm0vkqnN1AAPTeomtGmg1iBi2YBZTx2aerlvlMyqmQGuEysnJZCj2Tc+1CicBCSUmCEhepYZSydFXFLMyESv2IkgMcIjNCA9RUMUEOGk2akTWFGKB/2IqxdKmKn6n44UBUKMA1dVBkgOxao3F//zeon0b5yUhnEiSYgXH/kJgzKC89ygRznBko0VQZhTtSzEQ8QRlipdXaVgrd68Ttq1qnVVvXyslRp3eR5FcAbOwQWwwDVogAfQBC2AwQt4A5/gS3vV3rWZ9r0oLWh5zylYgvbzC30BpNI=</latexit>

� < 0 �̇ = 0 =) �̇� = 0

<latexit sha1_base64="WgrC1femtWITbcGZgPyQL+JKPKc="></latexit>

� = 0, �̇ < 0 �̇ = 0 =) �̇� = 0
<latexit sha1_base64="OYXpIDIJ7ceVYX7KfI18ICrvncg="></latexit>

� = 0, �̇ = 0 �̇ = 0 =) �̇� = 0
<latexit sha1_base64="ek4ForvIPDO6JWKSimJr/rrAk+U="></latexit>

�̇ = 0 �̇ > 0 =) �̇� = 0

<latexit sha1_base64="ffLt8Jqr/iKT+i4494A8j7D07mE=">AAACKnicbVBNS8MwGE7n16xfVY9egtvAg4x2iHoRhl48TnAfsJaRptkWlqYlSYVRtp/jyZ/iSVEYXv0hplsPuvlC4MnzvM+bvI8fMyqVbc+Mwtr6xuZWcdvc2d3bP7AOj1oySgQmTRyxSHR8JAmjnDQVVYx0YkFQ6DPS9kd3md5+IkLSiD+qcUy8EA047VOMlKZ6Vr1sukGkUpdpT4Am0B0QaMPp+RS68ZBCl+XXpa5Mu4G2We5ZJbtqzwuuAicHJZBXo2e961E4CQlXmCEpu44dKy9FQlHMyMSsuIkkMcIjNCBdDTkKifTS+aoTWNFMAPuR0IcrOGfNX44UhVKOQ193hkgN5bKWkf9p3UT1r72U8jhRhOPFQ/2EQRXBLDcYUEGwYmMNEBZUfxbiIRIIK52uqVNwlndeBa1a1bmsXjzUSvXbPI8iOAGn4Aw44ArUwT1ogCbA4Bm8gg/wabwYb8bM+Fq0Fozccwz+lPH9A784pFU=</latexit>

�̇ � 0 , �  0 , �̇� = 0
<latexit sha1_base64="cT8cYqQDcLN+kTzbb3OQz9jupN4=">AAACHHicbVDLSgMxFM3UVx1foy7dBNuCqzJTRN0Uim5cVrAPaEvJpJk2NJMZkjtCGdrvcOWnuBIUxJUg+Demj4W2HgicnHPvTe7xY8E1uO63lVlb39jcym7bO7t7+wfO4VFdR4mirEYjEammTzQTXLIacBCsGStGQl+whj+8mfqNB6Y0j+Q9jGLWCUlf8oBTAkbqOiUe4Hw7HvCym5/AgMmJnbfbvQjStjBTemSM5zdTMsZl7Nr5rpNzi+4MeJV4C5JDC1S7zqcZQZOQSaCCaN3y3Bg6KVHAqWBju9BONIsJHZI+axkqSch0J50tN8YFo/RwEClzJOCZav/qSEmo9Sj0TWVIYKCXvan4n9dKILjqpFzGCTBJ5w8FicAQ4WlSuMcVoyBGhhCquPkspgOiCAWTp21S8JZ3XiX1UtG7KJ7flXKV60UeWXSCTtEZ8tAlqqBbVEU1RNEjekav6M16sl6sd+tjXpqxFj3H6A+srx8pNZ+A</latexit>

if � = 0 then �̇�̇ = 0

<latexit sha1_base64="vDeH7c3H1OXteFiY4DE8+jAv87s=">AAAB/HicbVBNS8NAEN3Urxq/Yj16CbaFeilJEfVY9OKxgv2ANpbNdtIu3WzC7kYsof4UT4KCePWPePLfuG1z0NYHA4/3ZpiZ58eMSuU430ZubX1jcyu/be7s7u0fWIeFlowSQaBJIhaJjo8lMMqhqahi0IkF4NBn0PbH1zO//QBC0ojfqUkMXoiHnAaUYKWlvlUomT2IJWURv08rcDo1S32r6FSdOexV4makiDI0+tZXbxCRJASuCMNSdl0nVl6KhaKEwdQs9xIJMSZjPISuphyHIL10fvzULmtlYAeR0MWVPVfNXxMpDqWchL7uDLEayWVvJv7ndRMVXHop5XGigJPFoiBhtorsWRL2gAogik00wURQfaxNRlhgonRepk7BXf55lbRqVfe8enZbK9avsjzy6BidoApy0QWqoxvUQE1E0CN6Rq/ozXgyXox342PRmjOymSP0B8bnD3Cck08=</latexit>

✏(e)

<latexit sha1_base64="krUlSZxxj52ix56DpBAGTwfyVPk=">AAAB73icbVBNS8NAEJ3Urxq/qh69BNuCp5IUUY9FLx4r2A9oY9lsp+3SzSbuboQS+iM8CQri1d/jyX/jts1BWx8MPN6bYWZeEHOmtOt+W7m19Y3Nrfy2vbO7t39QODxqqiiRFBs04pFsB0QhZwIbmmmO7VgiCQOOrWB8M/NbTygVi8S9nsToh2Qo2IBRoo3UKqU4fYhLvULRrbhzOKvEy0gRMtR7ha9uP6JJiEJTTpTqeG6s/ZRIzSjHqV3uJgpjQsdkiB1DBQlR+en83qlTNkrfGUTSlNDOXLV/TaQkVGoSBqYzJHqklr2Z+J/XSfTgyk+ZiBONgi4WDRLu6MiZPe/0mUSq+cQQQiUzxzp0RCSh2kRkmxS85Z9XSbNa8S4q53fVYu06yyMPJ3AKZ+DBJdTgFurQAApjeIZXeLMerRfr3fpYtOasbOYY/sD6/AE1VY9l</latexit>

ep

<latexit sha1_base64="2TxwXXZIrTriuixUVf29Xa1HaLE=">AAAB/HicbVDLSgMxFM3UVx1fY126CbaFuikzRdRl0Y3LCvYB7VgyaaYNzWRCkhHLUD/FlaAgbv0RV/6NaTsLbT1w4XDOvdx7TyAYVdp1v63c2vrG5lZ+297Z3ds/cA4LLRUnEpMmjlksOwFShFFOmppqRjpCEhQFjLSD8fXMbz8QqWjM7/REED9CQ05DipE2Ut8plOweEYqymN+nFXE6tUt9p+hW3TngKvEyUgQZGn3nqzeIcRIRrjFDSnU9V2g/RVJTzMjULvcSRQTCYzQkXUM5iojy0/nxU1g2ygCGsTTFNZyr9q+JFEVKTaLAdEZIj9SyNxP/87qJDi/9lHKRaMLxYlGYMKhjOEsCDqgkWLOJIQhLao6FeIQkwtrkZZsUvOWfV0mrVvXOq2e3tWL9KssjD47BCagAD1yAOrgBDdAEGDyCZ/AK3qwn68V6tz4WrTkrmzkCf2B9/gCBf5Na</latexit>

✏(p)
<latexit sha1_base64="GkOVCf3leaJp4xyZXmKggs1Cl0w=">AAACIHicbVDLSgMxFM34dnxVXboZbAt1U2aKqBtBdONSwWqhLzLpbRvMJCHJCGWcP3Hlp7gSFERc6deYdmah1guBk3Puuck9oWRUG9//dGZm5+YXFpeW3ZXVtfWNwubWtRaxIlAnggnVCLEGRjnUDTUMGlIBjkIGN+Ht2Vi/uQOlqeBXZiShHeEBp31KsLFUt3BQcls9YZIWs54eTt3j7A5pR1p8n4kgNWWCp52kIvfSe7fULRT9qj8pbxoEOSiivC66hQ87icQRcEMY1roZ+NK0E6wMJQxSt9yKNUhMbvEAmhZyHIFuJ5MFU69smZ7XF8oebrwJ6/5wJDjSehSFtjPCZqj/amPyP60Zm/5RO6FcxgY4yR7qx8wzwhun5fWoAmLYyAJMFLWf9cgQK0yMzdS1KQR/d54G17VqcFDdv6wVT07zPJbQDtpFFRSgQ3SCztEFqiOCHtATekGvzqPz7Lw571nrjJN7ttGvcr6+Ac/koh0=</latexit>

�̇ = ėp = |✏̇(p)|
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Isotropic plastic solids

<latexit sha1_base64="rRahLUU54J0rm7bXnn5FtPSlQAs=">AAACQHicdVBNSwMxEM3Wr7p+VT16WWwLFaHsFlEvQtGLxwr2A9pasum0Dc0mS5IVytJ/5sm/4MmrJ0FBvHoy2/agrT4Y5vHeDJk8P2RUadd9tlJLyyura+l1e2Nza3sns7tXUyKSBKpEMCEbPlbAKIeqpppBI5SAA59B3R9eJX79HqSigt/qUQjtAPc57VGCtZE6mVrObvmCddUoMC1uQagoE3xsX/yt38UFOBrbx/+6oXFzdieTdYvuBM4i8WYki2aodDJPra4gUQBcE4aVanpuqNsxlpoSBmM734oUhJgMcR+ahnIcgGrHkwDGTt4oXacnpCmunYlq/9iIcaCSW81kgPVAzXuJ+JfXjHTvvB1THkYaOJk+1IuYo4WTpOl0qQSi2cgQTCQ1xzpkgCUm2mSepODN/3mR1EpF77R4clPKli9neaTRATpEBeShM1RG16iCqoigB/SC3tC79Wi9Wh/W53Q0Zc129tEvWF/fDhSv9Q==</latexit>

✏ = ✏(e) + ✏(p)

<latexit sha1_base64="CDnbvpujnDgRn4A5+8tHIpixY7g=">AAACC3icbVDLSsNAFJ3UV42vqEs3o22hgpSkiLosunFZwT6kCWEynbRDJ5MwMxFK6NqVn+JKUBC3foEr/8Zpm4VWD1zu4Zx7mbknSBiVyra/jMLS8srqWnHd3Njc2t6xdvfaMk4FJi0cs1h0AyQJo5y0FFWMdBNBUBQw0glGV1O/c0+EpDG/VeOEeBEacBpSjJSWfOuwbLrJkFZdSQcROpk3P7ubHEOXEWibZd8q2TV7BviXODkpgRxN3/p0+zFOI8IVZkjKnmMnysuQUBQzMjErbipJgvAIDUhPU44iIr1sdssEVrTSh2EsdHEFZ6r5YyNDkZTjKNCTEVJDuehNxf+8XqrCCy+jPEkV4Xj+UJgyqGI4DQb2qSBYsbEmCAuqPwvxEAmElY7P1Ck4izf/Je16zTmrnd7US43LPI8iOABHoAoccA4a4Bo0QQtg8ACewAt4NR6NZ+PNeJ+PFox8Zx/8gvHxDYU6mMQ=</latexit>

�(�,�Y )  0
<latexit sha1_base64="5y/cV1AQaQBfY7jzqDqjq4KZmTE=">AAAB+nicbVDLSsNAFJ3UV42vqEs3g23BVUmKqMuiG5cV7EPaECbTSTt0ZhJmJoWS9k9cCQri1j9x5d84bbPQ1gMXDufcy733hAmjSrvut1XY2Nza3inu2nv7B4dHzvFJS8WpxKSJYxbLTogUYVSQpqaakU4iCeIhI+1wdDf322MiFY3Fo54kxOdoIGhEMdJGChynbPcUHXAUZE/TaGaXA6fkVt0F4DrxclICORqB89XrxzjlRGjMkFJdz020nyGpKWZkZld6qSIJwiM0IF1DBeJE+dni9BmsGKUPo1iaEhouVPvXRIa4UhMemk6O9FCtenPxP6+b6ujGz6hIUk0EXi6KUgZ1DOc5wD6VBGs2MQRhSc2xEA+RRFibtGyTgrf68zpp1areVfXyoVaq3+Z5FMEZOAcXwAPXoA7uQQM0AQZj8AxewZs1tV6sd+tj2Vqw8plT8AfW5w+E8ZLY</latexit>�Y |f
<latexit sha1_base64="0ITxTpk9v+rwhiqqlCTjyfWg+bA=">AAAB+XicbVBNS8NAEJ3Urxo/WvXoJdgWPJWkiHosevFYwX5IG8Jmu2mX7m7C7kYoob/Ek6AgXv0pnvw3btsctPXBwOO9GWbmhQmjSrvut1XY2Nza3inu2nv7B4el8tFxR8WpxKSNYxbLXogUYVSQtqaakV4iCeIhI91wcjv3u09EKhqLBz1NiM/RSNCIYqSNFJRLVXug6IijIHt0Z3Y1KFfcuruAs068nFQgRysofw2GMU45ERozpFTfcxPtZ0hqihmZ2bVBqkiC8ASNSN9QgThRfra4fObUjDJ0oliaEtpZqPaviQxxpaY8NJ0c6bFa9ebif14/1dG1n1GRpJoIvFwUpczRsTOPwRlSSbBmU0MQltQc6+AxkghrE5ZtUvBWf14nnUbdu6xf3DcqzZs8jyKcwhmcgwdX0IQ7aEEbMKTwDK/wZmXWi/VufSxbC1Y+cwJ/YH3+AErokhw=</latexit>�Y 0

<latexit sha1_base64="Zz69W/2FqrLksLA7geHHdV7ZAG4=">AAAB+XicbVBNS8NAEJ3Urxo/GvXoZbEteCpJEfVY9OKxgv2QNoTNdtsu3WzC7kYoob/Ek6AgXv0pnvw3btsctPXBwOO9GWbmhQlnSrvut1XY2Nza3inu2nv7B4cl5+i4reJUEtoiMY9lN8SKciZoSzPNaTeRFEchp51wcjv3O09UKhaLBz1NqB/hkWBDRrA2UuCUKna9r9gowkH2OLMrgVN2a+4CaJ14OSlDjmbgfPUHMUkjKjThWKme5ybaz7DUjHA6s6v9VNEEkwke0Z6hAkdU+dni8hmqGmWAhrE0JTRaqPaviQxHSk2j0HRGWI/VqjcX//N6qR5e+xkTSaqpIMtFw5QjHaN5DGjAJCWaTw3BRDJzLCJjLDHRJizbpOCt/rxO2vWad1m7uK+XGzd5HkU4hTM4Bw+uoAF30IQWEEjhGV7hzcqsF+vd+li2Fqx85gT+wPr8AUwakh4=</latexit>

2�Y

<latexit sha1_base64="2X/J6lMa+LyJhq4NroeRxZP+8mE=">AAAB+nicbVDLSsNAFJ3UV42vqEs3g23BVUmKqMuiG5cV7EPaECbTSTt0ZhJmJoWS9k9cCQri1j9x5d84bbPQ1gMXDufcy733hAmjSrvut1XY2Nza3inu2nv7B4dHzvFJS8WpxKSJYxbLTogUYVSQpqaakU4iCeIhI+1wdDf322MiFY3Fo54kxOdoIGhEMdJGChynbPcUHXAUZE9TObPLgVNyq+4CcJ14OSmBHI3A+er1Y5xyIjRmSKmu5ybaz5DUFDMysyu9VJEE4REakK6hAnGi/Gxx+gxWjNKHUSxNCQ0Xqv1rIkNcqQkPTSdHeqhWvbn4n9dNdXTjZ1QkqSYCLxdFKYM6hvMcYJ9KgjWbGIKwpOZYiIdIIqxNWrZJwVv9eZ20alXvqnr5UCvVb/M8iuAMnIML4IFrUAf3oAGaAIMxeAav4M2aWi/Wu/WxbC1Y+cwp+APr8weXUZLk</latexit>�Y |r

<latexit sha1_base64="ecfJAfYJfIF8aWi5SFR1UdW4RkY=">AAACKnicbVDLSsNAFJ3UV42vqEs3g23BVUmKqAsLRTcuK9gHNKFMJpN26OTBzEQoof0cV36KK0WhuPVDnKZZ2NYDA4dz7r1z73FjRoU0zZlW2Njc2t4p7up7+weHR8bxSVtECcekhSMW8a6LBGE0JC1JJSPdmBMUuIx03NH93O88Ey5oFD7JcUycAA1C6lOMpJL6RqOs2/GQwltowul0Cm0vkqnN1AAPTeomtGmg1iBi2YBZTx2aerlvlMyqmQGuEysnJZCj2Tc+1CicBCSUmCEhepYZSydFXFLMyESv2IkgMcIjNCA9RUMUEOGk2akTWFGKB/2IqxdKmKn6n44UBUKMA1dVBkgOxao3F//zeon0b5yUhnEiSYgXH/kJgzKC89ygRznBko0VQZhTtSzEQ8QRlipdXaVgrd68Ttq1qnVVvXyslRp3eR5FcAbOwQWwwDVogAfQBC2AwQt4A5/gS3vV3rWZ9r0oLWh5zylYgvbzC30BpNI=</latexit>

� < 0 �̇ = 0 =) �̇� = 0

<latexit sha1_base64="WgrC1femtWITbcGZgPyQL+JKPKc="></latexit>

� = 0, �̇ < 0 �̇ = 0 =) �̇� = 0
<latexit sha1_base64="OYXpIDIJ7ceVYX7KfI18ICrvncg="></latexit>

� = 0, �̇ = 0 �̇ = 0 =) �̇� = 0
<latexit sha1_base64="ek4ForvIPDO6JWKSimJr/rrAk+U="></latexit>

�̇ = 0 �̇ > 0 =) �̇� = 0

<latexit sha1_base64="ffLt8Jqr/iKT+i4494A8j7D07mE=">AAACKnicbVBNS8MwGE7n16xfVY9egtvAg4x2iHoRhl48TnAfsJaRptkWlqYlSYVRtp/jyZ/iSVEYXv0hplsPuvlC4MnzvM+bvI8fMyqVbc+Mwtr6xuZWcdvc2d3bP7AOj1oySgQmTRyxSHR8JAmjnDQVVYx0YkFQ6DPS9kd3md5+IkLSiD+qcUy8EA047VOMlKZ6Vr1sukGkUpdpT4Am0B0QaMPp+RS68ZBCl+XXpa5Mu4G2We5ZJbtqzwuuAicHJZBXo2e961E4CQlXmCEpu44dKy9FQlHMyMSsuIkkMcIjNCBdDTkKifTS+aoTWNFMAPuR0IcrOGfNX44UhVKOQ193hkgN5bKWkf9p3UT1r72U8jhRhOPFQ/2EQRXBLDcYUEGwYmMNEBZUfxbiIRIIK52uqVNwlndeBa1a1bmsXjzUSvXbPI8iOAGn4Aw44ArUwT1ogCbA4Bm8gg/wabwYb8bM+Fq0Fozccwz+lPH9A784pFU=</latexit>

�̇ � 0 , �  0 , �̇� = 0
<latexit sha1_base64="cT8cYqQDcLN+kTzbb3OQz9jupN4=">AAACHHicbVDLSgMxFM3UVx1foy7dBNuCqzJTRN0Uim5cVrAPaEvJpJk2NJMZkjtCGdrvcOWnuBIUxJUg+Demj4W2HgicnHPvTe7xY8E1uO63lVlb39jcym7bO7t7+wfO4VFdR4mirEYjEammTzQTXLIacBCsGStGQl+whj+8mfqNB6Y0j+Q9jGLWCUlf8oBTAkbqOiUe4Hw7HvCym5/AgMmJnbfbvQjStjBTemSM5zdTMsZl7Nr5rpNzi+4MeJV4C5JDC1S7zqcZQZOQSaCCaN3y3Bg6KVHAqWBju9BONIsJHZI+axkqSch0J50tN8YFo/RwEClzJOCZav/qSEmo9Sj0TWVIYKCXvan4n9dKILjqpFzGCTBJ5w8FicAQ4WlSuMcVoyBGhhCquPkspgOiCAWTp21S8JZ3XiX1UtG7KJ7flXKV60UeWXSCTtEZ8tAlqqBbVEU1RNEjekav6M16sl6sd+tjXpqxFj3H6A+srx8pNZ+A</latexit>

if � = 0 then �̇�̇ = 0

<latexit sha1_base64="krUlSZxxj52ix56DpBAGTwfyVPk=">AAAB73icbVBNS8NAEJ3Urxq/qh69BNuCp5IUUY9FLx4r2A9oY9lsp+3SzSbuboQS+iM8CQri1d/jyX/jts1BWx8MPN6bYWZeEHOmtOt+W7m19Y3Nrfy2vbO7t39QODxqqiiRFBs04pFsB0QhZwIbmmmO7VgiCQOOrWB8M/NbTygVi8S9nsToh2Qo2IBRoo3UKqU4fYhLvULRrbhzOKvEy0gRMtR7ha9uP6JJiEJTTpTqeG6s/ZRIzSjHqV3uJgpjQsdkiB1DBQlR+en83qlTNkrfGUTSlNDOXLV/TaQkVGoSBqYzJHqklr2Z+J/XSfTgyk+ZiBONgi4WDRLu6MiZPe/0mUSq+cQQQiUzxzp0RCSh2kRkmxS85Z9XSbNa8S4q53fVYu06yyMPJ3AKZ+DBJdTgFurQAApjeIZXeLMerRfr3fpYtOasbOYY/sD6/AE1VY9l</latexit>

ep

<latexit sha1_base64="vDeH7c3H1OXteFiY4DE8+jAv87s=">AAAB/HicbVBNS8NAEN3Urxq/Yj16CbaFeilJEfVY9OKxgv2ANpbNdtIu3WzC7kYsof4UT4KCePWPePLfuG1z0NYHA4/3ZpiZ58eMSuU430ZubX1jcyu/be7s7u0fWIeFlowSQaBJIhaJjo8lMMqhqahi0IkF4NBn0PbH1zO//QBC0ojfqUkMXoiHnAaUYKWlvlUomT2IJWURv08rcDo1S32r6FSdOexV4makiDI0+tZXbxCRJASuCMNSdl0nVl6KhaKEwdQs9xIJMSZjPISuphyHIL10fvzULmtlYAeR0MWVPVfNXxMpDqWchL7uDLEayWVvJv7ndRMVXHop5XGigJPFoiBhtorsWRL2gAogik00wURQfaxNRlhgonRepk7BXf55lbRqVfe8enZbK9avsjzy6BidoApy0QWqoxvUQE1E0CN6Rq/ozXgyXox342PRmjOymSP0B8bnD3Cck08=</latexit>

✏(e)

<latexit sha1_base64="2TxwXXZIrTriuixUVf29Xa1HaLE=">AAAB/HicbVDLSgMxFM3UVx1fY126CbaFuikzRdRl0Y3LCvYB7VgyaaYNzWRCkhHLUD/FlaAgbv0RV/6NaTsLbT1w4XDOvdx7TyAYVdp1v63c2vrG5lZ+297Z3ds/cA4LLRUnEpMmjlksOwFShFFOmppqRjpCEhQFjLSD8fXMbz8QqWjM7/REED9CQ05DipE2Ut8plOweEYqymN+nFXE6tUt9p+hW3TngKvEyUgQZGn3nqzeIcRIRrjFDSnU9V2g/RVJTzMjULvcSRQTCYzQkXUM5iojy0/nxU1g2ygCGsTTFNZyr9q+JFEVKTaLAdEZIj9SyNxP/87qJDi/9lHKRaMLxYlGYMKhjOEsCDqgkWLOJIQhLao6FeIQkwtrkZZsUvOWfV0mrVvXOq2e3tWL9KssjD47BCagAD1yAOrgBDdAEGDyCZ/AK3qwn68V6tz4WrTkrmzkCf2B9/gCBf5Na</latexit>

✏(p)

Ideal plastic solids – Small strains
- Plasticity manifests when a stress threshold is reach (yield stress)

Yield function 

- Additive decomposition of (small) strain: 
+ elastic part is related to the stress      
+ plastic part depends on material history

- Consistency condition (                           )
+ within elastic domain

+ on the yield surface
… elastic unloading

… neutral loading

… plastic loading

<latexit sha1_base64="GkOVCf3leaJp4xyZXmKggs1Cl0w=">AAACIHicbVDLSgMxFM34dnxVXboZbAt1U2aKqBtBdONSwWqhLzLpbRvMJCHJCGWcP3Hlp7gSFERc6deYdmah1guBk3Puuck9oWRUG9//dGZm5+YXFpeW3ZXVtfWNwubWtRaxIlAnggnVCLEGRjnUDTUMGlIBjkIGN+Ht2Vi/uQOlqeBXZiShHeEBp31KsLFUt3BQcls9YZIWs54eTt3j7A5pR1p8n4kgNWWCp52kIvfSe7fULRT9qj8pbxoEOSiivC66hQ87icQRcEMY1roZ+NK0E6wMJQxSt9yKNUhMbvEAmhZyHIFuJ5MFU69smZ7XF8oebrwJ6/5wJDjSehSFtjPCZqj/amPyP60Zm/5RO6FcxgY4yR7qx8wzwhun5fWoAmLYyAJMFLWf9cgQK0yMzdS1KQR/d54G17VqcFDdv6wVT07zPJbQDtpFFRSgQ3SCztEFqiOCHtATekGvzqPz7Lw571nrjJN7ttGvcr6+Ac/koh0=</latexit>

�̇ = ėp = |✏̇(p)|
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Isotropic plastic solids

<latexit sha1_base64="rRahLUU54J0rm7bXnn5FtPSlQAs=">AAACQHicdVBNSwMxEM3Wr7p+VT16WWwLFaHsFlEvQtGLxwr2A9pasum0Dc0mS5IVytJ/5sm/4MmrJ0FBvHoy2/agrT4Y5vHeDJk8P2RUadd9tlJLyyura+l1e2Nza3sns7tXUyKSBKpEMCEbPlbAKIeqpppBI5SAA59B3R9eJX79HqSigt/qUQjtAPc57VGCtZE6mVrObvmCddUoMC1uQagoE3xsX/yt38UFOBrbx/+6oXFzdieTdYvuBM4i8WYki2aodDJPra4gUQBcE4aVanpuqNsxlpoSBmM734oUhJgMcR+ahnIcgGrHkwDGTt4oXacnpCmunYlq/9iIcaCSW81kgPVAzXuJ+JfXjHTvvB1THkYaOJk+1IuYo4WTpOl0qQSi2cgQTCQ1xzpkgCUm2mSepODN/3mR1EpF77R4clPKli9neaTRATpEBeShM1RG16iCqoigB/SC3tC79Wi9Wh/W53Q0Zc129tEvWF/fDhSv9Q==</latexit>

✏ = ✏(e) + ✏(p)

<latexit sha1_base64="CDnbvpujnDgRn4A5+8tHIpixY7g=">AAACC3icbVDLSsNAFJ3UV42vqEs3o22hgpSkiLosunFZwT6kCWEynbRDJ5MwMxFK6NqVn+JKUBC3foEr/8Zpm4VWD1zu4Zx7mbknSBiVyra/jMLS8srqWnHd3Njc2t6xdvfaMk4FJi0cs1h0AyQJo5y0FFWMdBNBUBQw0glGV1O/c0+EpDG/VeOEeBEacBpSjJSWfOuwbLrJkFZdSQcROpk3P7ubHEOXEWibZd8q2TV7BviXODkpgRxN3/p0+zFOI8IVZkjKnmMnysuQUBQzMjErbipJgvAIDUhPU44iIr1sdssEVrTSh2EsdHEFZ6r5YyNDkZTjKNCTEVJDuehNxf+8XqrCCy+jPEkV4Xj+UJgyqGI4DQb2qSBYsbEmCAuqPwvxEAmElY7P1Ck4izf/Je16zTmrnd7US43LPI8iOABHoAoccA4a4Bo0QQtg8ACewAt4NR6NZ+PNeJ+PFox8Zx/8gvHxDYU6mMQ=</latexit>

�(�,�Y )  0
<latexit sha1_base64="0ITxTpk9v+rwhiqqlCTjyfWg+bA=">AAAB+XicbVBNS8NAEJ3Urxo/WvXoJdgWPJWkiHosevFYwX5IG8Jmu2mX7m7C7kYoob/Ek6AgXv0pnvw3btsctPXBwOO9GWbmhQmjSrvut1XY2Nza3inu2nv7B4el8tFxR8WpxKSNYxbLXogUYVSQtqaakV4iCeIhI91wcjv3u09EKhqLBz1NiM/RSNCIYqSNFJRLVXug6IijIHt0Z3Y1KFfcuruAs068nFQgRysofw2GMU45ERozpFTfcxPtZ0hqihmZ2bVBqkiC8ASNSN9QgThRfra4fObUjDJ0oliaEtpZqPaviQxxpaY8NJ0c6bFa9ebif14/1dG1n1GRpJoIvFwUpczRsTOPwRlSSbBmU0MQltQc6+AxkghrE5ZtUvBWf14nnUbdu6xf3DcqzZs8jyKcwhmcgwdX0IQ7aEEbMKTwDK/wZmXWi/VufSxbC1Y+cwJ/YH3+AErokhw=</latexit>�Y 0

<latexit sha1_base64="Zz69W/2FqrLksLA7geHHdV7ZAG4=">AAAB+XicbVBNS8NAEJ3Urxo/GvXoZbEteCpJEfVY9OKxgv2QNoTNdtsu3WzC7kYoob/Ek6AgXv0pnvw3btsctPXBwOO9GWbmhQlnSrvut1XY2Nza3inu2nv7B4cl5+i4reJUEtoiMY9lN8SKciZoSzPNaTeRFEchp51wcjv3O09UKhaLBz1NqB/hkWBDRrA2UuCUKna9r9gowkH2OLMrgVN2a+4CaJ14OSlDjmbgfPUHMUkjKjThWKme5ybaz7DUjHA6s6v9VNEEkwke0Z6hAkdU+dni8hmqGmWAhrE0JTRaqPaviQxHSk2j0HRGWI/VqjcX//N6qR5e+xkTSaqpIMtFw5QjHaN5DGjAJCWaTw3BRDJzLCJjLDHRJizbpOCt/rxO2vWad1m7uK+XGzd5HkU4hTM4Bw+uoAF30IQWEEjhGV7hzcqsF+vd+li2Fqx85gT+wPr8AUwakh4=</latexit>

2�Y
<latexit sha1_base64="ecfJAfYJfIF8aWi5SFR1UdW4RkY=">AAACKnicbVDLSsNAFJ3UV42vqEs3g23BVUmKqAsLRTcuK9gHNKFMJpN26OTBzEQoof0cV36KK0WhuPVDnKZZ2NYDA4dz7r1z73FjRoU0zZlW2Njc2t4p7up7+weHR8bxSVtECcekhSMW8a6LBGE0JC1JJSPdmBMUuIx03NH93O88Ey5oFD7JcUycAA1C6lOMpJL6RqOs2/GQwltowul0Cm0vkqnN1AAPTeomtGmg1iBi2YBZTx2aerlvlMyqmQGuEysnJZCj2Tc+1CicBCSUmCEhepYZSydFXFLMyESv2IkgMcIjNCA9RUMUEOGk2akTWFGKB/2IqxdKmKn6n44UBUKMA1dVBkgOxao3F//zeon0b5yUhnEiSYgXH/kJgzKC89ygRznBko0VQZhTtSzEQ8QRlipdXaVgrd68Ttq1qnVVvXyslRp3eR5FcAbOwQWwwDVogAfQBC2AwQt4A5/gS3vV3rWZ9r0oLWh5zylYgvbzC30BpNI=</latexit>

� < 0 �̇ = 0 =) �̇� = 0

<latexit sha1_base64="WgrC1femtWITbcGZgPyQL+JKPKc="></latexit>

� = 0, �̇ < 0 �̇ = 0 =) �̇� = 0
<latexit sha1_base64="OYXpIDIJ7ceVYX7KfI18ICrvncg="></latexit>

� = 0, �̇ = 0 �̇ = 0 =) �̇� = 0
<latexit sha1_base64="ek4ForvIPDO6JWKSimJr/rrAk+U="></latexit>

�̇ = 0 �̇ > 0 =) �̇� = 0

<latexit sha1_base64="ffLt8Jqr/iKT+i4494A8j7D07mE=">AAACKnicbVBNS8MwGE7n16xfVY9egtvAg4x2iHoRhl48TnAfsJaRptkWlqYlSYVRtp/jyZ/iSVEYXv0hplsPuvlC4MnzvM+bvI8fMyqVbc+Mwtr6xuZWcdvc2d3bP7AOj1oySgQmTRyxSHR8JAmjnDQVVYx0YkFQ6DPS9kd3md5+IkLSiD+qcUy8EA047VOMlKZ6Vr1sukGkUpdpT4Am0B0QaMPp+RS68ZBCl+XXpa5Mu4G2We5ZJbtqzwuuAicHJZBXo2e961E4CQlXmCEpu44dKy9FQlHMyMSsuIkkMcIjNCBdDTkKifTS+aoTWNFMAPuR0IcrOGfNX44UhVKOQ193hkgN5bKWkf9p3UT1r72U8jhRhOPFQ/2EQRXBLDcYUEGwYmMNEBZUfxbiIRIIK52uqVNwlndeBa1a1bmsXjzUSvXbPI8iOAGn4Aw44ArUwT1ogCbA4Bm8gg/wabwYb8bM+Fq0Fozccwz+lPH9A784pFU=</latexit>

�̇ � 0 , �  0 , �̇� = 0
<latexit sha1_base64="cT8cYqQDcLN+kTzbb3OQz9jupN4=">AAACHHicbVDLSgMxFM3UVx1foy7dBNuCqzJTRN0Uim5cVrAPaEvJpJk2NJMZkjtCGdrvcOWnuBIUxJUg+Demj4W2HgicnHPvTe7xY8E1uO63lVlb39jcym7bO7t7+wfO4VFdR4mirEYjEammTzQTXLIacBCsGStGQl+whj+8mfqNB6Y0j+Q9jGLWCUlf8oBTAkbqOiUe4Hw7HvCym5/AgMmJnbfbvQjStjBTemSM5zdTMsZl7Nr5rpNzi+4MeJV4C5JDC1S7zqcZQZOQSaCCaN3y3Bg6KVHAqWBju9BONIsJHZI+axkqSch0J50tN8YFo/RwEClzJOCZav/qSEmo9Sj0TWVIYKCXvan4n9dKILjqpFzGCTBJ5w8FicAQ4WlSuMcVoyBGhhCquPkspgOiCAWTp21S8JZ3XiX1UtG7KJ7flXKV60UeWXSCTtEZ8tAlqqBbVEU1RNEjekav6M16sl6sd+tjXpqxFj3H6A+srx8pNZ+A</latexit>

if � = 0 then �̇�̇ = 0

<latexit sha1_base64="krUlSZxxj52ix56DpBAGTwfyVPk=">AAAB73icbVBNS8NAEJ3Urxq/qh69BNuCp5IUUY9FLx4r2A9oY9lsp+3SzSbuboQS+iM8CQri1d/jyX/jts1BWx8MPN6bYWZeEHOmtOt+W7m19Y3Nrfy2vbO7t39QODxqqiiRFBs04pFsB0QhZwIbmmmO7VgiCQOOrWB8M/NbTygVi8S9nsToh2Qo2IBRoo3UKqU4fYhLvULRrbhzOKvEy0gRMtR7ha9uP6JJiEJTTpTqeG6s/ZRIzSjHqV3uJgpjQsdkiB1DBQlR+en83qlTNkrfGUTSlNDOXLV/TaQkVGoSBqYzJHqklr2Z+J/XSfTgyk+ZiBONgi4WDRLu6MiZPe/0mUSq+cQQQiUzxzp0RCSh2kRkmxS85Z9XSbNa8S4q53fVYu06yyMPJ3AKZ+DBJdTgFurQAApjeIZXeLMerRfr3fpYtOasbOYY/sD6/AE1VY9l</latexit>

ep

<latexit sha1_base64="vDeH7c3H1OXteFiY4DE8+jAv87s=">AAAB/HicbVBNS8NAEN3Urxq/Yj16CbaFeilJEfVY9OKxgv2ANpbNdtIu3WzC7kYsof4UT4KCePWPePLfuG1z0NYHA4/3ZpiZ58eMSuU430ZubX1jcyu/be7s7u0fWIeFlowSQaBJIhaJjo8lMMqhqahi0IkF4NBn0PbH1zO//QBC0ojfqUkMXoiHnAaUYKWlvlUomT2IJWURv08rcDo1S32r6FSdOexV4makiDI0+tZXbxCRJASuCMNSdl0nVl6KhaKEwdQs9xIJMSZjPISuphyHIL10fvzULmtlYAeR0MWVPVfNXxMpDqWchL7uDLEayWVvJv7ndRMVXHop5XGigJPFoiBhtorsWRL2gAogik00wURQfaxNRlhgonRepk7BXf55lbRqVfe8enZbK9avsjzy6BidoApy0QWqoxvUQE1E0CN6Rq/ozXgyXox342PRmjOymSP0B8bnD3Cck08=</latexit>

✏(e)

<latexit sha1_base64="2TxwXXZIrTriuixUVf29Xa1HaLE=">AAAB/HicbVDLSgMxFM3UVx1fY126CbaFuikzRdRl0Y3LCvYB7VgyaaYNzWRCkhHLUD/FlaAgbv0RV/6NaTsLbT1w4XDOvdx7TyAYVdp1v63c2vrG5lZ+297Z3ds/cA4LLRUnEpMmjlksOwFShFFOmppqRjpCEhQFjLSD8fXMbz8QqWjM7/REED9CQ05DipE2Ut8plOweEYqymN+nFXE6tUt9p+hW3TngKvEyUgQZGn3nqzeIcRIRrjFDSnU9V2g/RVJTzMjULvcSRQTCYzQkXUM5iojy0/nxU1g2ygCGsTTFNZyr9q+JFEVKTaLAdEZIj9SyNxP/87qJDi/9lHKRaMLxYlGYMKhjOEsCDqgkWLOJIQhLao6FeIQkwtrkZZsUvOWfV0mrVvXOq2e3tWL9KssjD47BCagAD1yAOrgBDdAEGDyCZ/AK3qwn68V6tz4WrTkrmzkCf2B9/gCBf5Na</latexit>

✏(p)

Ideal plastic solids – Small strains
- Plasticity manifests when a stress threshold is reach (yield stress)

Yield function 

- Additive decomposition of (small) strain: 
+ elastic part is related to the stress      
+ plastic part depends on material history

- Consistency condition (                           )
+ within elastic domain

+ on the yield surface
… elastic unloading

… neutral loading

… plastic loading

<latexit sha1_base64="GkOVCf3leaJp4xyZXmKggs1Cl0w=">AAACIHicbVDLSgMxFM34dnxVXboZbAt1U2aKqBtBdONSwWqhLzLpbRvMJCHJCGWcP3Hlp7gSFERc6deYdmah1guBk3Puuck9oWRUG9//dGZm5+YXFpeW3ZXVtfWNwubWtRaxIlAnggnVCLEGRjnUDTUMGlIBjkIGN+Ht2Vi/uQOlqeBXZiShHeEBp31KsLFUt3BQcls9YZIWs54eTt3j7A5pR1p8n4kgNWWCp52kIvfSe7fULRT9qj8pbxoEOSiivC66hQ87icQRcEMY1roZ+NK0E6wMJQxSt9yKNUhMbvEAmhZyHIFuJ5MFU69smZ7XF8oebrwJ6/5wJDjSehSFtjPCZqj/amPyP60Zm/5RO6FcxgY4yR7qx8wzwhun5fWoAmLYyAJMFLWf9cgQK0yMzdS1KQR/d54G17VqcFDdv6wVT07zPJbQDtpFFRSgQ3SCztEFqiOCHtATekGvzqPz7Lw571nrjJN7ttGvcr6+Ac/koh0=</latexit>

�̇ = ėp = |✏̇(p)|
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Isotropic plastic solids

<latexit sha1_base64="rRahLUU54J0rm7bXnn5FtPSlQAs=">AAACQHicdVBNSwMxEM3Wr7p+VT16WWwLFaHsFlEvQtGLxwr2A9pasum0Dc0mS5IVytJ/5sm/4MmrJ0FBvHoy2/agrT4Y5vHeDJk8P2RUadd9tlJLyyura+l1e2Nza3sns7tXUyKSBKpEMCEbPlbAKIeqpppBI5SAA59B3R9eJX79HqSigt/qUQjtAPc57VGCtZE6mVrObvmCddUoMC1uQagoE3xsX/yt38UFOBrbx/+6oXFzdieTdYvuBM4i8WYki2aodDJPra4gUQBcE4aVanpuqNsxlpoSBmM734oUhJgMcR+ahnIcgGrHkwDGTt4oXacnpCmunYlq/9iIcaCSW81kgPVAzXuJ+JfXjHTvvB1THkYaOJk+1IuYo4WTpOl0qQSi2cgQTCQ1xzpkgCUm2mSepODN/3mR1EpF77R4clPKli9neaTRATpEBeShM1RG16iCqoigB/SC3tC79Wi9Wh/W53Q0Zc129tEvWF/fDhSv9Q==</latexit>

✏ = ✏(e) + ✏(p)

<latexit sha1_base64="CDnbvpujnDgRn4A5+8tHIpixY7g=">AAACC3icbVDLSsNAFJ3UV42vqEs3o22hgpSkiLosunFZwT6kCWEynbRDJ5MwMxFK6NqVn+JKUBC3foEr/8Zpm4VWD1zu4Zx7mbknSBiVyra/jMLS8srqWnHd3Njc2t6xdvfaMk4FJi0cs1h0AyQJo5y0FFWMdBNBUBQw0glGV1O/c0+EpDG/VeOEeBEacBpSjJSWfOuwbLrJkFZdSQcROpk3P7ubHEOXEWibZd8q2TV7BviXODkpgRxN3/p0+zFOI8IVZkjKnmMnysuQUBQzMjErbipJgvAIDUhPU44iIr1sdssEVrTSh2EsdHEFZ6r5YyNDkZTjKNCTEVJDuehNxf+8XqrCCy+jPEkV4Xj+UJgyqGI4DQb2qSBYsbEmCAuqPwvxEAmElY7P1Ck4izf/Je16zTmrnd7US43LPI8iOABHoAoccA4a4Bo0QQtg8ACewAt4NR6NZ+PNeJ+PFox8Zx/8gvHxDYU6mMQ=</latexit>

�(�,�Y )  0
<latexit sha1_base64="0ITxTpk9v+rwhiqqlCTjyfWg+bA=">AAAB+XicbVBNS8NAEJ3Urxo/WvXoJdgWPJWkiHosevFYwX5IG8Jmu2mX7m7C7kYoob/Ek6AgXv0pnvw3btsctPXBwOO9GWbmhQmjSrvut1XY2Nza3inu2nv7B4el8tFxR8WpxKSNYxbLXogUYVSQtqaakV4iCeIhI91wcjv3u09EKhqLBz1NiM/RSNCIYqSNFJRLVXug6IijIHt0Z3Y1KFfcuruAs068nFQgRysofw2GMU45ERozpFTfcxPtZ0hqihmZ2bVBqkiC8ASNSN9QgThRfra4fObUjDJ0oliaEtpZqPaviQxxpaY8NJ0c6bFa9ebif14/1dG1n1GRpJoIvFwUpczRsTOPwRlSSbBmU0MQltQc6+AxkghrE5ZtUvBWf14nnUbdu6xf3DcqzZs8jyKcwhmcgwdX0IQ7aEEbMKTwDK/wZmXWi/VufSxbC1Y+cwJ/YH3+AErokhw=</latexit>�Y 0

<latexit sha1_base64="Zz69W/2FqrLksLA7geHHdV7ZAG4=">AAAB+XicbVBNS8NAEJ3Urxo/GvXoZbEteCpJEfVY9OKxgv2QNoTNdtsu3WzC7kYoob/Ek6AgXv0pnvw3btsctPXBwOO9GWbmhQlnSrvut1XY2Nza3inu2nv7B4cl5+i4reJUEtoiMY9lN8SKciZoSzPNaTeRFEchp51wcjv3O09UKhaLBz1NqB/hkWBDRrA2UuCUKna9r9gowkH2OLMrgVN2a+4CaJ14OSlDjmbgfPUHMUkjKjThWKme5ybaz7DUjHA6s6v9VNEEkwke0Z6hAkdU+dni8hmqGmWAhrE0JTRaqPaviQxHSk2j0HRGWI/VqjcX//N6qR5e+xkTSaqpIMtFw5QjHaN5DGjAJCWaTw3BRDJzLCJjLDHRJizbpOCt/rxO2vWad1m7uK+XGzd5HkU4hTM4Bw+uoAF30IQWEEjhGV7hzcqsF+vd+li2Fqx85gT+wPr8AUwakh4=</latexit>

2�Y
<latexit sha1_base64="ecfJAfYJfIF8aWi5SFR1UdW4RkY=">AAACKnicbVDLSsNAFJ3UV42vqEs3g23BVUmKqAsLRTcuK9gHNKFMJpN26OTBzEQoof0cV36KK0WhuPVDnKZZ2NYDA4dz7r1z73FjRoU0zZlW2Njc2t4p7up7+weHR8bxSVtECcekhSMW8a6LBGE0JC1JJSPdmBMUuIx03NH93O88Ey5oFD7JcUycAA1C6lOMpJL6RqOs2/GQwltowul0Cm0vkqnN1AAPTeomtGmg1iBi2YBZTx2aerlvlMyqmQGuEysnJZCj2Tc+1CicBCSUmCEhepYZSydFXFLMyESv2IkgMcIjNCA9RUMUEOGk2akTWFGKB/2IqxdKmKn6n44UBUKMA1dVBkgOxao3F//zeon0b5yUhnEiSYgXH/kJgzKC89ygRznBko0VQZhTtSzEQ8QRlipdXaVgrd68Ttq1qnVVvXyslRp3eR5FcAbOwQWwwDVogAfQBC2AwQt4A5/gS3vV3rWZ9r0oLWh5zylYgvbzC30BpNI=</latexit>

� < 0 �̇ = 0 =) �̇� = 0

<latexit sha1_base64="WgrC1femtWITbcGZgPyQL+JKPKc="></latexit>

� = 0, �̇ < 0 �̇ = 0 =) �̇� = 0
<latexit sha1_base64="OYXpIDIJ7ceVYX7KfI18ICrvncg="></latexit>

� = 0, �̇ = 0 �̇ = 0 =) �̇� = 0
<latexit sha1_base64="ek4ForvIPDO6JWKSimJr/rrAk+U="></latexit>

�̇ = 0 �̇ > 0 =) �̇� = 0

<latexit sha1_base64="ffLt8Jqr/iKT+i4494A8j7D07mE=">AAACKnicbVBNS8MwGE7n16xfVY9egtvAg4x2iHoRhl48TnAfsJaRptkWlqYlSYVRtp/jyZ/iSVEYXv0hplsPuvlC4MnzvM+bvI8fMyqVbc+Mwtr6xuZWcdvc2d3bP7AOj1oySgQmTRyxSHR8JAmjnDQVVYx0YkFQ6DPS9kd3md5+IkLSiD+qcUy8EA047VOMlKZ6Vr1sukGkUpdpT4Am0B0QaMPp+RS68ZBCl+XXpa5Mu4G2We5ZJbtqzwuuAicHJZBXo2e961E4CQlXmCEpu44dKy9FQlHMyMSsuIkkMcIjNCBdDTkKifTS+aoTWNFMAPuR0IcrOGfNX44UhVKOQ193hkgN5bKWkf9p3UT1r72U8jhRhOPFQ/2EQRXBLDcYUEGwYmMNEBZUfxbiIRIIK52uqVNwlndeBa1a1bmsXjzUSvXbPI8iOAGn4Aw44ArUwT1ogCbA4Bm8gg/wabwYb8bM+Fq0Fozccwz+lPH9A784pFU=</latexit>

�̇ � 0 , �  0 , �̇� = 0
<latexit sha1_base64="cT8cYqQDcLN+kTzbb3OQz9jupN4=">AAACHHicbVDLSgMxFM3UVx1foy7dBNuCqzJTRN0Uim5cVrAPaEvJpJk2NJMZkjtCGdrvcOWnuBIUxJUg+Demj4W2HgicnHPvTe7xY8E1uO63lVlb39jcym7bO7t7+wfO4VFdR4mirEYjEammTzQTXLIacBCsGStGQl+whj+8mfqNB6Y0j+Q9jGLWCUlf8oBTAkbqOiUe4Hw7HvCym5/AgMmJnbfbvQjStjBTemSM5zdTMsZl7Nr5rpNzi+4MeJV4C5JDC1S7zqcZQZOQSaCCaN3y3Bg6KVHAqWBju9BONIsJHZI+axkqSch0J50tN8YFo/RwEClzJOCZav/qSEmo9Sj0TWVIYKCXvan4n9dKILjqpFzGCTBJ5w8FicAQ4WlSuMcVoyBGhhCquPkspgOiCAWTp21S8JZ3XiX1UtG7KJ7flXKV60UeWXSCTtEZ8tAlqqBbVEU1RNEjekav6M16sl6sd+tjXpqxFj3H6A+srx8pNZ+A</latexit>

if � = 0 then �̇�̇ = 0

<latexit sha1_base64="krUlSZxxj52ix56DpBAGTwfyVPk=">AAAB73icbVBNS8NAEJ3Urxq/qh69BNuCp5IUUY9FLx4r2A9oY9lsp+3SzSbuboQS+iM8CQri1d/jyX/jts1BWx8MPN6bYWZeEHOmtOt+W7m19Y3Nrfy2vbO7t39QODxqqiiRFBs04pFsB0QhZwIbmmmO7VgiCQOOrWB8M/NbTygVi8S9nsToh2Qo2IBRoo3UKqU4fYhLvULRrbhzOKvEy0gRMtR7ha9uP6JJiEJTTpTqeG6s/ZRIzSjHqV3uJgpjQsdkiB1DBQlR+en83qlTNkrfGUTSlNDOXLV/TaQkVGoSBqYzJHqklr2Z+J/XSfTgyk+ZiBONgi4WDRLu6MiZPe/0mUSq+cQQQiUzxzp0RCSh2kRkmxS85Z9XSbNa8S4q53fVYu06yyMPJ3AKZ+DBJdTgFurQAApjeIZXeLMerRfr3fpYtOasbOYY/sD6/AE1VY9l</latexit>

ep

<latexit sha1_base64="vDeH7c3H1OXteFiY4DE8+jAv87s=">AAAB/HicbVBNS8NAEN3Urxq/Yj16CbaFeilJEfVY9OKxgv2ANpbNdtIu3WzC7kYsof4UT4KCePWPePLfuG1z0NYHA4/3ZpiZ58eMSuU430ZubX1jcyu/be7s7u0fWIeFlowSQaBJIhaJjo8lMMqhqahi0IkF4NBn0PbH1zO//QBC0ojfqUkMXoiHnAaUYKWlvlUomT2IJWURv08rcDo1S32r6FSdOexV4makiDI0+tZXbxCRJASuCMNSdl0nVl6KhaKEwdQs9xIJMSZjPISuphyHIL10fvzULmtlYAeR0MWVPVfNXxMpDqWchL7uDLEayWVvJv7ndRMVXHop5XGigJPFoiBhtorsWRL2gAogik00wURQfaxNRlhgonRepk7BXf55lbRqVfe8enZbK9avsjzy6BidoApy0QWqoxvUQE1E0CN6Rq/ozXgyXox342PRmjOymSP0B8bnD3Cck08=</latexit>

✏(e)

<latexit sha1_base64="2TxwXXZIrTriuixUVf29Xa1HaLE=">AAAB/HicbVDLSgMxFM3UVx1fY126CbaFuikzRdRl0Y3LCvYB7VgyaaYNzWRCkhHLUD/FlaAgbv0RV/6NaTsLbT1w4XDOvdx7TyAYVdp1v63c2vrG5lZ+297Z3ds/cA4LLRUnEpMmjlksOwFShFFOmppqRjpCEhQFjLSD8fXMbz8QqWjM7/REED9CQ05DipE2Ut8plOweEYqymN+nFXE6tUt9p+hW3TngKvEyUgQZGn3nqzeIcRIRrjFDSnU9V2g/RVJTzMjULvcSRQTCYzQkXUM5iojy0/nxU1g2ygCGsTTFNZyr9q+JFEVKTaLAdEZIj9SyNxP/87qJDi/9lHKRaMLxYlGYMKhjOEsCDqgkWLOJIQhLao6FeIQkwtrkZZsUvOWfV0mrVvXOq2e3tWL9KssjD47BCagAD1yAOrgBDdAEGDyCZ/AK3qwn68V6tz4WrTkrmzkCf2B9/gCBf5Na</latexit>

✏(p)

Ideal plastic solids – Small strains
- Plasticity manifests when a stress threshold is reach (yield stress)

Yield function 

- Additive decomposition of (small) strain: 
+ elastic part is related to the stress      
+ plastic part depends on material history

- Consistency condition (                           )
+ within elastic domain

+ on the yield surface
… elastic unloading

… neutral loading

… plastic loading

<latexit sha1_base64="GkOVCf3leaJp4xyZXmKggs1Cl0w=">AAACIHicbVDLSgMxFM34dnxVXboZbAt1U2aKqBtBdONSwWqhLzLpbRvMJCHJCGWcP3Hlp7gSFERc6deYdmah1guBk3Puuck9oWRUG9//dGZm5+YXFpeW3ZXVtfWNwubWtRaxIlAnggnVCLEGRjnUDTUMGlIBjkIGN+Ht2Vi/uQOlqeBXZiShHeEBp31KsLFUt3BQcls9YZIWs54eTt3j7A5pR1p8n4kgNWWCp52kIvfSe7fULRT9qj8pbxoEOSiivC66hQ87icQRcEMY1roZ+NK0E6wMJQxSt9yKNUhMbvEAmhZyHIFuJ5MFU69smZ7XF8oebrwJ6/5wJDjSehSFtjPCZqj/amPyP60Zm/5RO6FcxgY4yR7qx8wzwhun5fWoAmLYyAJMFLWf9cgQK0yMzdS1KQR/d54G17VqcFDdv6wVT07zPJbQDtpFFRSgQ3SCztEFqiOCHtATekGvzqPz7Lw571nrjJN7ttGvcr6+Ac/koh0=</latexit>

�̇ = ėp = |✏̇(p)|
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Ideal plastic solids – Small strains
- Plasticity manifests when a stress threshold is reach (yield stress)

Yield function and consistency condition:
- Additive decomposition of (small) strain: 

+ elastic part is related to the stress      + plastic part depends on material history

Isotropic plastic solids

Isotropic-hardening Kinematic-hardening

DIY

pe
rfe

ct
pl

as
tic

ity

<latexit sha1_base64="rRahLUU54J0rm7bXnn5FtPSlQAs=">AAACQHicdVBNSwMxEM3Wr7p+VT16WWwLFaHsFlEvQtGLxwr2A9pasum0Dc0mS5IVytJ/5sm/4MmrJ0FBvHoy2/agrT4Y5vHeDJk8P2RUadd9tlJLyyura+l1e2Nza3sns7tXUyKSBKpEMCEbPlbAKIeqpppBI5SAA59B3R9eJX79HqSigt/qUQjtAPc57VGCtZE6mVrObvmCddUoMC1uQagoE3xsX/yt38UFOBrbx/+6oXFzdieTdYvuBM4i8WYki2aodDJPra4gUQBcE4aVanpuqNsxlpoSBmM734oUhJgMcR+ahnIcgGrHkwDGTt4oXacnpCmunYlq/9iIcaCSW81kgPVAzXuJ+JfXjHTvvB1THkYaOJk+1IuYo4WTpOl0qQSi2cgQTCQ1xzpkgCUm2mSepODN/3mR1EpF77R4clPKli9neaTRATpEBeShM1RG16iCqoigB/SC3tC79Wi9Wh/W53Q0Zc129tEvWF/fDhSv9Q==</latexit>

✏ = ✏(e) + ✏(p)

<latexit sha1_base64="5y/cV1AQaQBfY7jzqDqjq4KZmTE=">AAAB+nicbVDLSsNAFJ3UV42vqEs3g23BVUmKqMuiG5cV7EPaECbTSTt0ZhJmJoWS9k9cCQri1j9x5d84bbPQ1gMXDufcy733hAmjSrvut1XY2Nza3inu2nv7B4dHzvFJS8WpxKSJYxbLTogUYVSQpqaakU4iCeIhI+1wdDf322MiFY3Fo54kxOdoIGhEMdJGChynbPcUHXAUZE/TaGaXA6fkVt0F4DrxclICORqB89XrxzjlRGjMkFJdz020nyGpKWZkZld6qSIJwiM0IF1DBeJE+dni9BmsGKUPo1iaEhouVPvXRIa4UhMemk6O9FCtenPxP6+b6ujGz6hIUk0EXi6KUgZ1DOc5wD6VBGs2MQRhSc2xEA+RRFibtGyTgrf68zpp1areVfXyoVaq3+Z5FMEZOAcXwAPXoA7uQQM0AQZj8AxewZs1tV6sd+tj2Vqw8plT8AfW5w+E8ZLY</latexit>�Y |f
<latexit sha1_base64="0ITxTpk9v+rwhiqqlCTjyfWg+bA=">AAAB+XicbVBNS8NAEJ3Urxo/WvXoJdgWPJWkiHosevFYwX5IG8Jmu2mX7m7C7kYoob/Ek6AgXv0pnvw3btsctPXBwOO9GWbmhQmjSrvut1XY2Nza3inu2nv7B4el8tFxR8WpxKSNYxbLXogUYVSQtqaakV4iCeIhI91wcjv3u09EKhqLBz1NiM/RSNCIYqSNFJRLVXug6IijIHt0Z3Y1KFfcuruAs068nFQgRysofw2GMU45ERozpFTfcxPtZ0hqihmZ2bVBqkiC8ASNSN9QgThRfra4fObUjDJ0oliaEtpZqPaviQxxpaY8NJ0c6bFa9ebif14/1dG1n1GRpJoIvFwUpczRsTOPwRlSSbBmU0MQltQc6+AxkghrE5ZtUvBWf14nnUbdu6xf3DcqzZs8jyKcwhmcgwdX0IQ7aEEbMKTwDK/wZmXWi/VufSxbC1Y+cwJ/YH3+AErokhw=</latexit>�Y 0

<latexit sha1_base64="NE6YFXZYVmSs8cUJhtZDdtZxn8w=">AAACCHicbVDLSsNAFJ3UV42vqEtBgm3BjSUpom6EohuXFexD2hAm00k7dGYSZiZCidm58lNcCQri1l9w5d84fYDaeuDCmXPuZe49QUyJVI7zZeQWFpeWV/Kr5tr6xuaWtb3TkFEiEK6jiEaiFUCJKeG4roiiuBULDFlAcTMYXI785h0WkkT8Rg1j7DHY4yQkCCot+dZ+0exI0mPQT2/vRXZ+9PMKM7PoWwWn7IxhzxN3SgpgippvfXa6EUoY5gpRKGXbdWLlpVAogijOzFInkTiGaAB7uK0phwxLLx0fktklrXTtMBK6uLLHqvlrIoVMyiELdCeDqi9nvZH4n9dOVHjmpYTHicIcTT4KE2qryB6lYneJwEjRoSYQCaKXtVEfCoiUzs7UKbizN8+TRqXsnpSPryuF6sU0jzzYAwfgELjgFFTBFaiBOkDgATyBF/BqPBrPxpvxPmnNGdOZXfAHxsc3TQaY2Q==</latexit>�Y |r = ��Y |f

<latexit sha1_base64="5y/cV1AQaQBfY7jzqDqjq4KZmTE=">AAAB+nicbVDLSsNAFJ3UV42vqEs3g23BVUmKqMuiG5cV7EPaECbTSTt0ZhJmJoWS9k9cCQri1j9x5d84bbPQ1gMXDufcy733hAmjSrvut1XY2Nza3inu2nv7B4dHzvFJS8WpxKSJYxbLTogUYVSQpqaakU4iCeIhI+1wdDf322MiFY3Fo54kxOdoIGhEMdJGChynbPcUHXAUZE/TaGaXA6fkVt0F4DrxclICORqB89XrxzjlRGjMkFJdz020nyGpKWZkZld6qSIJwiM0IF1DBeJE+dni9BmsGKUPo1iaEhouVPvXRIa4UhMemk6O9FCtenPxP6+b6ujGz6hIUk0EXi6KUgZ1DOc5wD6VBGs2MQRhSc2xEA+RRFibtGyTgrf68zpp1areVfXyoVaq3+Z5FMEZOAcXwAPXoA7uQQM0AQZj8AxewZs1tV6sd+tj2Vqw8plT8AfW5w+E8ZLY</latexit>�Y |f
<latexit sha1_base64="0ITxTpk9v+rwhiqqlCTjyfWg+bA=">AAAB+XicbVBNS8NAEJ3Urxo/WvXoJdgWPJWkiHosevFYwX5IG8Jmu2mX7m7C7kYoob/Ek6AgXv0pnvw3btsctPXBwOO9GWbmhQmjSrvut1XY2Nza3inu2nv7B4el8tFxR8WpxKSNYxbLXogUYVSQtqaakV4iCeIhI91wcjv3u09EKhqLBz1NiM/RSNCIYqSNFJRLVXug6IijIHt0Z3Y1KFfcuruAs068nFQgRysofw2GMU45ERozpFTfcxPtZ0hqihmZ2bVBqkiC8ASNSN9QgThRfra4fObUjDJ0oliaEtpZqPaviQxxpaY8NJ0c6bFa9ebif14/1dG1n1GRpJoIvFwUpczRsTOPwRlSSbBmU0MQltQc6+AxkghrE5ZtUvBWf14nnUbdu6xf3DcqzZs8jyKcwhmcgwdX0IQ7aEEbMKTwDK/wZmXWi/VufSxbC1Y+cwJ/YH3+AErokhw=</latexit>�Y 0

<latexit sha1_base64="2X/J6lMa+LyJhq4NroeRxZP+8mE=">AAAB+nicbVDLSsNAFJ3UV42vqEs3g23BVUmKqMuiG5cV7EPaECbTSTt0ZhJmJoWS9k9cCQri1j9x5d84bbPQ1gMXDufcy733hAmjSrvut1XY2Nza3inu2nv7B4dHzvFJS8WpxKSJYxbLTogUYVSQpqaakU4iCeIhI+1wdDf322MiFY3Fo54kxOdoIGhEMdJGChynbPcUHXAUZE9TObPLgVNyq+4CcJ14OSmBHI3A+er1Y5xyIjRmSKmu5ybaz5DUFDMysyu9VJEE4REakK6hAnGi/Gxx+gxWjNKHUSxNCQ0Xqv1rIkNcqQkPTSdHeqhWvbn4n9dNdXTjZ1QkqSYCLxdFKYM6hvMcYJ9KgjWbGIKwpOZYiIdIIqxNWrZJwVv9eZ20alXvqnr5UCvVb/M8iuAMnIML4IFrUAf3oAGaAIMxeAav4M2aWi/Wu/WxbC1Y+cwp+APr8weXUZLk</latexit>�Y |r

<latexit sha1_base64="Ccu7a/koXx1t3MfpTt4Y+RsquqA=">AAAB+nicbVBNS8NAEJ34WeNX1KOXxbbgqSRF1GPRi8cK9kPaEDbbbbt0swm7m0KJ/SeeBAXx6j/x5L9x2+agrQ8GHu/NMDMvTDhT2nW/rbX1jc2t7cKOvbu3f3DoHB03VZxKQhsk5rFsh1hRzgRtaKY5bSeS4ijktBWObmd+a0ylYrF40JOE+hEeCNZnBGsjBY5TsqtdxQYRDrJHd2qXAqfoVtw50CrxclKEHPXA+er2YpJGVGjCsVIdz020n2GpGeF0ape7qaIJJiM8oB1DBY6o8rP56VNUNkoP9WNpSmg0V+1fExmOlJpEoemMsB6qZW8m/ud1Ut2/9jMmklRTQRaL+ilHOkazHFCPSUo0nxiCiWTmWESGWGKiTVq2ScFb/nmVNKsV77JycV8t1m7yPApwCmdwDh5cQQ3uoA4NIDCGZ3iFN+vJerHerY9F65qVz5zAH1ifP766klg=</latexit>

2�Y 0
<latexit sha1_base64="Zz69W/2FqrLksLA7geHHdV7ZAG4=">AAAB+XicbVBNS8NAEJ3Urxo/GvXoZbEteCpJEfVY9OKxgv2QNoTNdtsu3WzC7kYoob/Ek6AgXv0pnvw3btsctPXBwOO9GWbmhQlnSrvut1XY2Nza3inu2nv7B4cl5+i4reJUEtoiMY9lN8SKciZoSzPNaTeRFEchp51wcjv3O09UKhaLBz1NqB/hkWBDRrA2UuCUKna9r9gowkH2OLMrgVN2a+4CaJ14OSlDjmbgfPUHMUkjKjThWKme5ybaz7DUjHA6s6v9VNEEkwke0Z6hAkdU+dni8hmqGmWAhrE0JTRaqPaviQxHSk2j0HRGWI/VqjcX//N6qR5e+xkTSaqpIMtFw5QjHaN5DGjAJCWaTw3BRDJzLCJjLDHRJizbpOCt/rxO2vWad1m7uK+XGzd5HkU4hTM4Bw+uoAF30IQWEEjhGV7hzcqsF+vd+li2Fqx85gT+wPr8AUwakh4=</latexit>

2�Y

<latexit sha1_base64="CDnbvpujnDgRn4A5+8tHIpixY7g=">AAACC3icbVDLSsNAFJ3UV42vqEs3o22hgpSkiLosunFZwT6kCWEynbRDJ5MwMxFK6NqVn+JKUBC3foEr/8Zpm4VWD1zu4Zx7mbknSBiVyra/jMLS8srqWnHd3Njc2t6xdvfaMk4FJi0cs1h0AyQJo5y0FFWMdBNBUBQw0glGV1O/c0+EpDG/VeOEeBEacBpSjJSWfOuwbLrJkFZdSQcROpk3P7ubHEOXEWibZd8q2TV7BviXODkpgRxN3/p0+zFOI8IVZkjKnmMnysuQUBQzMjErbipJgvAIDUhPU44iIr1sdssEVrTSh2EsdHEFZ6r5YyNDkZTjKNCTEVJDuehNxf+8XqrCCy+jPEkV4Xj+UJgyqGI4DQb2qSBYsbEmCAuqPwvxEAmElY7P1Ck4izf/Je16zTmrnd7US43LPI8iOABHoAoccA4a4Bo0QQtg8ACewAt4NR6NZ+PNeJ+PFox8Zx/8gvHxDYU6mMQ=</latexit>

�(�,�Y )  0

<latexit sha1_base64="vDeH7c3H1OXteFiY4DE8+jAv87s=">AAAB/HicbVBNS8NAEN3Urxq/Yj16CbaFeilJEfVY9OKxgv2ANpbNdtIu3WzC7kYsof4UT4KCePWPePLfuG1z0NYHA4/3ZpiZ58eMSuU430ZubX1jcyu/be7s7u0fWIeFlowSQaBJIhaJjo8lMMqhqahi0IkF4NBn0PbH1zO//QBC0ojfqUkMXoiHnAaUYKWlvlUomT2IJWURv08rcDo1S32r6FSdOexV4makiDI0+tZXbxCRJASuCMNSdl0nVl6KhaKEwdQs9xIJMSZjPISuphyHIL10fvzULmtlYAeR0MWVPVfNXxMpDqWchL7uDLEayWVvJv7ndRMVXHop5XGigJPFoiBhtorsWRL2gAogik00wURQfaxNRlhgonRepk7BXf55lbRqVfe8enZbK9avsjzy6BidoApy0QWqoxvUQE1E0CN6Rq/ozXgyXox342PRmjOymSP0B8bnD3Cck08=</latexit>

✏(e)
<latexit sha1_base64="2TxwXXZIrTriuixUVf29Xa1HaLE=">AAAB/HicbVDLSgMxFM3UVx1fY126CbaFuikzRdRl0Y3LCvYB7VgyaaYNzWRCkhHLUD/FlaAgbv0RV/6NaTsLbT1w4XDOvdx7TyAYVdp1v63c2vrG5lZ+297Z3ds/cA4LLRUnEpMmjlksOwFShFFOmppqRjpCEhQFjLSD8fXMbz8QqWjM7/REED9CQ05DipE2Ut8plOweEYqymN+nFXE6tUt9p+hW3TngKvEyUgQZGn3nqzeIcRIRrjFDSnU9V2g/RVJTzMjULvcSRQTCYzQkXUM5iojy0/nxU1g2ygCGsTTFNZyr9q+JFEVKTaLAdEZIj9SyNxP/87qJDi/9lHKRaMLxYlGYMKhjOEsCDqgkWLOJIQhLao6FeIQkwtrkZZsUvOWfV0mrVvXOq2e3tWL9KssjD47BCagAD1yAOrgBDdAEGDyCZ/AK3qwn68V6tz4WrTkrmzkCf2B9/gCBf5Na</latexit>

✏(p)
<latexit sha1_base64="vDeH7c3H1OXteFiY4DE8+jAv87s=">AAAB/HicbVBNS8NAEN3Urxq/Yj16CbaFeilJEfVY9OKxgv2ANpbNdtIu3WzC7kYsof4UT4KCePWPePLfuG1z0NYHA4/3ZpiZ58eMSuU430ZubX1jcyu/be7s7u0fWIeFlowSQaBJIhaJjo8lMMqhqahi0IkF4NBn0PbH1zO//QBC0ojfqUkMXoiHnAaUYKWlvlUomT2IJWURv08rcDo1S32r6FSdOexV4makiDI0+tZXbxCRJASuCMNSdl0nVl6KhaKEwdQs9xIJMSZjPISuphyHIL10fvzULmtlYAeR0MWVPVfNXxMpDqWchL7uDLEayWVvJv7ndRMVXHop5XGigJPFoiBhtorsWRL2gAogik00wURQfaxNRlhgonRepk7BXf55lbRqVfe8enZbK9avsjzy6BidoApy0QWqoxvUQE1E0CN6Rq/ozXgyXox342PRmjOymSP0B8bnD3Cck08=</latexit>

✏(e)
<latexit sha1_base64="2TxwXXZIrTriuixUVf29Xa1HaLE=">AAAB/HicbVDLSgMxFM3UVx1fY126CbaFuikzRdRl0Y3LCvYB7VgyaaYNzWRCkhHLUD/FlaAgbv0RV/6NaTsLbT1w4XDOvdx7TyAYVdp1v63c2vrG5lZ+297Z3ds/cA4LLRUnEpMmjlksOwFShFFOmppqRjpCEhQFjLSD8fXMbz8QqWjM7/REED9CQ05DipE2Ut8plOweEYqymN+nFXE6tUt9p+hW3TngKvEyUgQZGn3nqzeIcRIRrjFDSnU9V2g/RVJTzMjULvcSRQTCYzQkXUM5iojy0/nxU1g2ygCGsTTFNZyr9q+JFEVKTaLAdEZIj9SyNxP/87qJDi/9lHKRaMLxYlGYMKhjOEsCDqgkWLOJIQhLao6FeIQkwtrkZZsUvOWfV0mrVvXOq2e3tWL9KssjD47BCagAD1yAOrgBDdAEGDyCZ/AK3qwn68V6tz4WrTkrmzkCf2B9/gCBf5Na</latexit>

✏(p)



Ideal plastic solids – Small strains
- Plasticity manifests when a stress threshold is reach (yield stress)

Yield function
Internal variable (for isotropic hardening) 

- Additive decomposition of (small) strain: 

- Consistency condition
(used to determine      under plastic loading;

otherwise               )

- Strain energy density:
(Lecture 11)

- Evolution equations (Lecture 11):
- Flow rule (flow potential)
- Hardening rule

- Cauchy stress tensor:
11

Isotropic plastic solids

<latexit sha1_base64="rRahLUU54J0rm7bXnn5FtPSlQAs=">AAACQHicdVBNSwMxEM3Wr7p+VT16WWwLFaHsFlEvQtGLxwr2A9pasum0Dc0mS5IVytJ/5sm/4MmrJ0FBvHoy2/agrT4Y5vHeDJk8P2RUadd9tlJLyyura+l1e2Nza3sns7tXUyKSBKpEMCEbPlbAKIeqpppBI5SAA59B3R9eJX79HqSigt/qUQjtAPc57VGCtZE6mVrObvmCddUoMC1uQagoE3xsX/yt38UFOBrbx/+6oXFzdieTdYvuBM4i8WYki2aodDJPra4gUQBcE4aVanpuqNsxlpoSBmM734oUhJgMcR+ahnIcgGrHkwDGTt4oXacnpCmunYlq/9iIcaCSW81kgPVAzXuJ+JfXjHTvvB1THkYaOJk+1IuYo4WTpOl0qQSi2cgQTCQ1xzpkgCUm2mSepODN/3mR1EpF77R4clPKli9neaTRATpEBeShM1RG16iCqoigB/SC3tC79Wi9Wh/W53Q0Zc129tEvWF/fDhSv9Q==</latexit>

✏ = ✏(e) + ✏(p)

<latexit sha1_base64="ffLt8Jqr/iKT+i4494A8j7D07mE=">AAACKnicbVBNS8MwGE7n16xfVY9egtvAg4x2iHoRhl48TnAfsJaRptkWlqYlSYVRtp/jyZ/iSVEYXv0hplsPuvlC4MnzvM+bvI8fMyqVbc+Mwtr6xuZWcdvc2d3bP7AOj1oySgQmTRyxSHR8JAmjnDQVVYx0YkFQ6DPS9kd3md5+IkLSiD+qcUy8EA047VOMlKZ6Vr1sukGkUpdpT4Am0B0QaMPp+RS68ZBCl+XXpa5Mu4G2We5ZJbtqzwuuAicHJZBXo2e961E4CQlXmCEpu44dKy9FQlHMyMSsuIkkMcIjNCBdDTkKifTS+aoTWNFMAPuR0IcrOGfNX44UhVKOQ193hkgN5bKWkf9p3UT1r72U8jhRhOPFQ/2EQRXBLDcYUEGwYmMNEBZUfxbiIRIIK52uqVNwlndeBa1a1bmsXjzUSvXbPI8iOAGn4Aw44ArUwT1ogCbA4Bm8gg/wabwYb8bM+Fq0Fozccwz+lPH9A784pFU=</latexit>

�̇ � 0 , �  0 , �̇� = 0
<latexit sha1_base64="cT8cYqQDcLN+kTzbb3OQz9jupN4=">AAACHHicbVDLSgMxFM3UVx1foy7dBNuCqzJTRN0Uim5cVrAPaEvJpJk2NJMZkjtCGdrvcOWnuBIUxJUg+Demj4W2HgicnHPvTe7xY8E1uO63lVlb39jcym7bO7t7+wfO4VFdR4mirEYjEammTzQTXLIacBCsGStGQl+whj+8mfqNB6Y0j+Q9jGLWCUlf8oBTAkbqOiUe4Hw7HvCym5/AgMmJnbfbvQjStjBTemSM5zdTMsZl7Nr5rpNzi+4MeJV4C5JDC1S7zqcZQZOQSaCCaN3y3Bg6KVHAqWBju9BONIsJHZI+axkqSch0J50tN8YFo/RwEClzJOCZav/qSEmo9Sj0TWVIYKCXvan4n9dKILjqpFzGCTBJ5w8FicAQ4WlSuMcVoyBGhhCquPkspgOiCAWTp21S8JZ3XiX1UtG7KJ7flXKV60UeWXSCTtEZ8tAlqqBbVEU1RNEjekav6M16sl6sd+tjXpqxFj3H6A+srx8pNZ+A</latexit>

if � = 0 then �̇�̇ = 0
<latexit sha1_base64="u58OHfiMJZmo9yfPLRDN541zbS4="></latexit>

W (✏, ⇠) = W (e)(✏� ✏(p)(⇠)) +W (p)(⇠)

<latexit sha1_base64="RS72jVy4sG4N89H/qXOD7dMuMMA="></latexit>

⇠̇ = �̇h(�, ⇠)

<latexit sha1_base64="MADB9ene3wf+Fkk3s40eqRNEIqg="></latexit>

✏̇(p) = �̇r(�, ⇠) = �̇@G
@�

<latexit sha1_base64="V0fhySyCH+QMaI2qWzlUJ+KTuCU=">AAAB/HicbVDLSsNAFL3xWeMr1qWbYFtwVZIi6rLoxmUF+4A2lMlk0g6dTMLMRCyhfoorQUHc+iOu/BsnbRbaemDgcM49M3eOnzAqleN8G2vrG5tb26Udc3dv/+DQOip3ZJwKTNo4ZrHo+UgSRjlpK6oY6SWCoMhnpOtPbnK/+0CEpDG/V9OEeBEacRpSjJSWhla5ag6CWGUDpjMBmplVc2hVnLozh71K3IJUoEBraH3pK3AaEa4wQ1L2XSdRXoaEopiRmVkbpJIkCE/QiPQ15Sgi0svmy8/smlYCO4yFPlzZc9X8lchQJOU08vVkhNRYLnu5+J/XT1V45WWUJ6kiHC8eClNmq9jOm7ADKghWbKoJwoLqZW08RgJhpfvKW3CX/7xKOo26e1E/v2tUmtdFHyU4gVM4AxcuoQm30II2YHiEZ3iFN+PJeDHejY/F6JpRZI7hD4zPH3FPk08=</latexit>

�̇

<latexit sha1_base64="C1FLcgN0YN3zpYhEbhP37FOwDDQ="></latexit>

� = ⇢
⇢0

@W (e)

@✏(e)
:= ce : ✏(e)

<latexit sha1_base64="QZte1rV0HbjPbcal+sIa4lQwpcs=">AAACEXicbVDLSsNAFJ3UV42vqEs3g22xgpSkiLosunFZwT6gCWUymbZDJ5kwMxFL6Ce48lNcCQri1qUr/8ZJm4VWDwxzOOde7r3HjxmVyra/jMLS8srqWnHd3Njc2t6xdvfakicCkxbmjIuujyRhNCItRRUj3VgQFPqMdPzxVeZ37oiQlEe3ahITL0TDiA4oRkpLfeuobLrxiFZdn7NATkL9pa6kwxBNT9x7egxdRqBtlvtWya7ZM8C/xMlJCeRo9q1PN+A4CUmkMENS9hw7Vl6KhKKYkalZcRNJYoTHaEh6mkYoJNJLZxdNYUUrARxwoV+k4Ew1f3SkKJTZtroyRGokF71M/M/rJWpw4aU0ihNFIjwfNEgYVBxm8cCACoIVm2iCsKB6WYhHSCCsdIimTsFZvPkvaddrzlnt9KZealzmeRTBATgEVeCAc9AA16AJWgCDB/AEXsCr8Wg8G2/G+7y0YOQ9++AXjI9vypObqw==</latexit>

�(�, ⇠)  0

<latexit sha1_base64="Dlx7Ri1oSWMtEgJSNRot7UiO5tA=">AAAB/nicbVDLSsNAFL2prxpf8bFzE2wLrkpSRN0IRTcuK9gHtKFMJtN26GQSZiZCDQU/xZWgIG79D1f+jZM2C209MHA4556ZO8ePGZXKcb6Nwsrq2vpGcdPc2t7Z3bP2D1oySgQmTRyxSHR8JAmjnDQVVYx0YkFQ6DPS9sc3md9+IELSiN+rSUy8EA05HVCMlJb61lHZ7AWRSntMZwI0vXLMstm3Sk7VmcFeJm5OSpCj0be+9CU4CQlXmCEpu64TKy9FQlHMyNSs9BJJYoTHaEi6mnIUEumls/WndkUrgT2IhD5c2TPV/JVIUSjlJPT1ZIjUSC56mfif103U4NJLKY8TRTiePzRImK0iO+vCDqggWLGJJggLqpe18QgJhJVuLGvBXfzzMmnVqu559eyuVqpf530U4RhO4BRcuIA63EIDmoDhEZ7hFd6MJ+PFeDc+5qMFI88cwh8Ynz9t3ZPQ</latexit>

�̇ = 0

<latexit sha1_base64="MFqrThCbTgrH22VzPDDfFwbnGmM="></latexit>

⇠ =
R t
0 ||✏̇(p)||dt
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Isotropic plastic solids

<latexit sha1_base64="ffLt8Jqr/iKT+i4494A8j7D07mE=">AAACKnicbVBNS8MwGE7n16xfVY9egtvAg4x2iHoRhl48TnAfsJaRptkWlqYlSYVRtp/jyZ/iSVEYXv0hplsPuvlC4MnzvM+bvI8fMyqVbc+Mwtr6xuZWcdvc2d3bP7AOj1oySgQmTRyxSHR8JAmjnDQVVYx0YkFQ6DPS9kd3md5+IkLSiD+qcUy8EA047VOMlKZ6Vr1sukGkUpdpT4Am0B0QaMPp+RS68ZBCl+XXpa5Mu4G2We5ZJbtqzwuuAicHJZBXo2e961E4CQlXmCEpu44dKy9FQlHMyMSsuIkkMcIjNCBdDTkKifTS+aoTWNFMAPuR0IcrOGfNX44UhVKOQ193hkgN5bKWkf9p3UT1r72U8jhRhOPFQ/2EQRXBLDcYUEGwYmMNEBZUfxbiIRIIK52uqVNwlndeBa1a1bmsXjzUSvXbPI8iOAGn4Aw44ArUwT1ogCbA4Bm8gg/wabwYb8bM+Fq0Fozccwz+lPH9A784pFU=</latexit>

�̇ � 0 , �  0 , �̇� = 0
<latexit sha1_base64="cT8cYqQDcLN+kTzbb3OQz9jupN4=">AAACHHicbVDLSgMxFM3UVx1foy7dBNuCqzJTRN0Uim5cVrAPaEvJpJk2NJMZkjtCGdrvcOWnuBIUxJUg+Demj4W2HgicnHPvTe7xY8E1uO63lVlb39jcym7bO7t7+wfO4VFdR4mirEYjEammTzQTXLIacBCsGStGQl+whj+8mfqNB6Y0j+Q9jGLWCUlf8oBTAkbqOiUe4Hw7HvCym5/AgMmJnbfbvQjStjBTemSM5zdTMsZl7Nr5rpNzi+4MeJV4C5JDC1S7zqcZQZOQSaCCaN3y3Bg6KVHAqWBju9BONIsJHZI+axkqSch0J50tN8YFo/RwEClzJOCZav/qSEmo9Sj0TWVIYKCXvan4n9dKILjqpFzGCTBJ5w8FicAQ4WlSuMcVoyBGhhCquPkspgOiCAWTp21S8JZ3XiX1UtG7KJ7flXKV60UeWXSCTtEZ8tAlqqBbVEU1RNEjekav6M16sl6sd+tjXpqxFj3H6A+srx8pNZ+A</latexit>

if � = 0 then �̇�̇ = 0

Space of principal values 
of the Cauchy stress tensor

(iso-surface of 
flow potential)

(elastic behavior inside, 
inadmissible behavior outside) 

DIY

Ideal plastic solids – Small strains
- Consistency condition

(used to determine      under plastic loading)

<latexit sha1_base64="nOIrFpJPSNi2z86f3OlXwVIdB2Y=">AAACD3icbVDLSsNAFJ3UV42vqEs3g22hgpSkiLoRim5cVrAPaEKZTKbt0JkkzEzEEvoFrvwUV4KCuHXtyr9x0mah1QPDHM65l3vv8WNGpbLtL6OwtLyyulZcNzc2t7Z3rN29towSgUkLRywSXR9JwmhIWooqRrqxIIj7jHT88VXmd+6IkDQKb9UkJh5Hw5AOKEZKS32rUjbdeESrrh+xQE64/lJX0iFH02P3nh7BC2ib5b5Vsmv2DPAvcXJSAjmafevTDSKccBIqzJCUPceOlZcioShmZGpW3ESSGOExGpKepiHiRHrp7J4prGglgINI6BcqOFPNHx0p4jLbVVdypEZy0cvE/7xeogbnXkrDOFEkxPNBg4RBFcEsHBhQQbBiE00QFlQvC/EICYSVjtDUKTiLN/8l7XrNOa2d3NRLjcs8jyI4AIegChxwBhrgGjRBC2DwAJ7AC3g1Ho1n4814n5cWjLxnH/yC8fEN9w2apw==</latexit>

�(�, ⇠) = 0

<latexit sha1_base64="tNinRTfhlmlK0WTxaxWL9dK+YNI=">AAACCHicbVDLSsNAFJ3UV42vqEtBgm2hgpSkiLosutBlBfuAJpTJZNIOnUzCzEQsoTtXfoorQUHc+guu/BsnbRbaemCYwzn3cu89XkyJkJb1rRWWlldW14rr+sbm1vaOsbvXFlHCEW6hiEa860GBKWG4JYmkuBtzDEOP4o43usr8zj3mgkTsTo5j7IZwwEhAEJRK6huHZf266ngR9cU4VF/qCDII4eTEeSDHerlvlKyaNYW5SOyclECOZt/4cvwIJSFmElEoRM+2YummkEuCKJ7oFScROIZoBAe4pyiDIRZuOj1kYlaU4ptBxNVj0pyq+q+OFIYi21NVhlAOxbyXif95vUQGF25KWJxIzNBsUJBQU0ZmlorpE46RpGNFIOJELWuiIeQQSZWdrlKw529eJO16zT6rnd7WS43LPI8iOABHoApscA4a4AY0QQsg8AiewSt40560F+1d+5iVFrS8Zx/8gfb5A4wmmF4=</latexit>

G(�, ⇠)

<latexit sha1_base64="rSut3Td0WeZcZ4alEqf76mqHmAA="></latexit>

�̇ = 0 = @�
@� : ce : ✏̇� @�

@� : ce : �̇@G
@� + @�

@⇠ �̇h

<latexit sha1_base64="zVrwZHXSKmWZA4T5Bo39At/iNj8=">AAACKnicdVDLSsNAFJ3UV42vqEs3wbZQQUpSRF0WXeiygn1AE8pkMmmHTiZhZiKW0N9x5ae4UhSKWz/ESZuFtnphmMM553LvPV5MiZCWNdUKK6tr6xvFTX1re2d3z9g/aIso4Qi3UEQj3vWgwJQw3JJEUtyNOYahR3HHG11neucBc0Eidi/HMXZDOGAkIAhKRfWNRlm/qTpeRH0xDtWXOoIMQjg5dR7Jie4wrDvxkPzvKPeNklWzZmUuAzsHJZBXs2+8OX6EkhAziSgUomdbsXRTyCVBFE/0ipMIHEM0ggPcU5DBEAs3nZ06MSuK8c0g4uoxac5Y/UdHCkOR7amcIZRDsahl5F9aL5HBpZsSFicSMzQfFCTUlJGZ5Wb6hGMk6VgBiDhRy5poCDlEUqWrqxTsxZuXQbtes89rZ3f1UuMqz6MIjsAxqAIbXIAGuAVN0AIIPIEX8A4+tGftVZtqn3NrQct7DsGv0r6+AdfLpkQ=</latexit>

G(�, ⇠) 6= �(�, ⇠)

non-associated flow rule

<latexit sha1_base64="V0fhySyCH+QMaI2qWzlUJ+KTuCU=">AAAB/HicbVDLSsNAFL3xWeMr1qWbYFtwVZIi6rLoxmUF+4A2lMlk0g6dTMLMRCyhfoorQUHc+iOu/BsnbRbaemDgcM49M3eOnzAqleN8G2vrG5tb26Udc3dv/+DQOip3ZJwKTNo4ZrHo+UgSRjlpK6oY6SWCoMhnpOtPbnK/+0CEpDG/V9OEeBEacRpSjJSWhla5ag6CWGUDpjMBmplVc2hVnLozh71K3IJUoEBraH3pK3AaEa4wQ1L2XSdRXoaEopiRmVkbpJIkCE/QiPQ15Sgi0svmy8/smlYCO4yFPlzZc9X8lchQJOU08vVkhNRYLnu5+J/XT1V45WWUJ6kiHC8eClNmq9jOm7ADKghWbKoJwoLqZW08RgJhpfvKW3CX/7xKOo26e1E/v2tUmtdFHyU4gVM4AxcuoQm30II2YHiEZ3iFN+PJeDHejY/F6JpRZI7hD4zPH3FPk08=</latexit>

�̇

<latexit sha1_base64="rcSo5/1Mryj82PN7wumYT9Wk+UI="></latexit>

�̇ = 0 ! solve for �̇
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Isotropic plastic solids

Space of principal values 
of the Cauchy stress tensor

(elastic behavior inside, 
inadmissible behavior outside) 

DIY

Ideal plastic solids – Small strains
- Consistency condition

(used to determine      under plastic loading)
<latexit sha1_base64="V0fhySyCH+QMaI2qWzlUJ+KTuCU=">AAAB/HicbVDLSsNAFL3xWeMr1qWbYFtwVZIi6rLoxmUF+4A2lMlk0g6dTMLMRCyhfoorQUHc+iOu/BsnbRbaemDgcM49M3eOnzAqleN8G2vrG5tb26Udc3dv/+DQOip3ZJwKTNo4ZrHo+UgSRjlpK6oY6SWCoMhnpOtPbnK/+0CEpDG/V9OEeBEacRpSjJSWhla5ag6CWGUDpjMBmplVc2hVnLozh71K3IJUoEBraH3pK3AaEa4wQ1L2XSdRXoaEopiRmVkbpJIkCE/QiPQ15Sgi0svmy8/smlYCO4yFPlzZc9X8lchQJOU08vVkhNRYLnu5+J/XT1V45WWUJ6kiHC8eClNmq9jOm7ADKghWbKoJwoLqZW08RgJhpfvKW3CX/7xKOo26e1E/v2tUmtdFHyU4gVM4AxcuoQm30II2YHiEZ3iFN+PJeDHejY/F6JpRZI7hD4zPH3FPk08=</latexit>

�̇

<latexit sha1_base64="nOIrFpJPSNi2z86f3OlXwVIdB2Y=">AAACD3icbVDLSsNAFJ3UV42vqEs3g22hgpSkiLoRim5cVrAPaEKZTKbt0JkkzEzEEvoFrvwUV4KCuHXtyr9x0mah1QPDHM65l3vv8WNGpbLtL6OwtLyyulZcNzc2t7Z3rN29towSgUkLRywSXR9JwmhIWooqRrqxIIj7jHT88VXmd+6IkDQKb9UkJh5Hw5AOKEZKS32rUjbdeESrrh+xQE64/lJX0iFH02P3nh7BC2ib5b5Vsmv2DPAvcXJSAjmafevTDSKccBIqzJCUPceOlZcioShmZGpW3ESSGOExGpKepiHiRHrp7J4prGglgINI6BcqOFPNHx0p4jLbVVdypEZy0cvE/7xeogbnXkrDOFEkxPNBg4RBFcEsHBhQQbBiE00QFlQvC/EICYSVjtDUKTiLN/8l7XrNOa2d3NRLjcs8jyI4AIegChxwBhrgGjRBC2DwAJ7AC3g1Ho1n4814n5cWjLxnH/yC8fEN9w2apw==</latexit>

�(�, ⇠) = 0

<latexit sha1_base64="tNinRTfhlmlK0WTxaxWL9dK+YNI=">AAACCHicbVDLSsNAFJ3UV42vqEtBgm2hgpSkiLosutBlBfuAJpTJZNIOnUzCzEQsoTtXfoorQUHc+guu/BsnbRbaemCYwzn3cu89XkyJkJb1rRWWlldW14rr+sbm1vaOsbvXFlHCEW6hiEa860GBKWG4JYmkuBtzDEOP4o43usr8zj3mgkTsTo5j7IZwwEhAEJRK6huHZf266ngR9cU4VF/qCDII4eTEeSDHerlvlKyaNYW5SOyclECOZt/4cvwIJSFmElEoRM+2YummkEuCKJ7oFScROIZoBAe4pyiDIRZuOj1kYlaU4ptBxNVj0pyq+q+OFIYi21NVhlAOxbyXif95vUQGF25KWJxIzNBsUJBQU0ZmlorpE46RpGNFIOJELWuiIeQQSZWdrlKw529eJO16zT6rnd7WS43LPI8iOABHoApscA4a4AY0QQsg8AiewSt40560F+1d+5iVFrS8Zx/8gfb5A4wmmF4=</latexit>

G(�, ⇠)

associated flow rule

(iso-surface of 
flow potential)

<latexit sha1_base64="j4oILd1o6t4bCLx6ysNyFc6Ilc8=">AAACKHicdVDLSsNAFJ3UV42vqEs3wbZQQUpSRN0oRRe6rGAf0IQymU7aoTNJmJmIJfRvXPkproQK0q1f4qTNQls9MMzhnHu59x4vokRIy5pquZXVtfWN/Ka+tb2zu2fsHzRFGHOEGyikIW97UGBKAtyQRFLcjjiGzKO45Q1vU7/1hLkgYfAoRxF2GewHxCcISiV1jeuifld2vJD2xIipL3EE6TM4PnWeyYl+pTvRgPzvF7tGwapYM5jLxM5IAWSod42J0wtRzHAgEYVCdGwrkm4CuSSI4rFecmKBI4iGsI87igaQYeEms0PHZkkpPdMPuXqBNGeq/qMjgUyke6pKBuVALHqp+JfXiaV/6SYkiGKJAzQf5MfUlKGZpmb2CMdI0pEiEHGiljXRAHKIpMpWVynYizcvk2a1Yp9Xzh6qhdpNlkceHIFjUAY2uAA1cA/qoAEQeAFvYAI+tFftXfvUpvPSnJb1HIJf0L6+AektpT4=</latexit>

G(�, ⇠) = �(�, ⇠)

<latexit sha1_base64="LQq6CropgYjhwGeeGU4OKrq77r8="></latexit>

�̇ = 0 = @�
@� : ce : ✏̇� @�

@� : ce : �̇ @�
@� + @�

@⇠ �̇h

<latexit sha1_base64="ffLt8Jqr/iKT+i4494A8j7D07mE=">AAACKnicbVBNS8MwGE7n16xfVY9egtvAg4x2iHoRhl48TnAfsJaRptkWlqYlSYVRtp/jyZ/iSVEYXv0hplsPuvlC4MnzvM+bvI8fMyqVbc+Mwtr6xuZWcdvc2d3bP7AOj1oySgQmTRyxSHR8JAmjnDQVVYx0YkFQ6DPS9kd3md5+IkLSiD+qcUy8EA047VOMlKZ6Vr1sukGkUpdpT4Am0B0QaMPp+RS68ZBCl+XXpa5Mu4G2We5ZJbtqzwuuAicHJZBXo2e961E4CQlXmCEpu44dKy9FQlHMyMSsuIkkMcIjNCBdDTkKifTS+aoTWNFMAPuR0IcrOGfNX44UhVKOQ193hkgN5bKWkf9p3UT1r72U8jhRhOPFQ/2EQRXBLDcYUEGwYmMNEBZUfxbiIRIIK52uqVNwlndeBa1a1bmsXjzUSvXbPI8iOAGn4Aw44ArUwT1ogCbA4Bm8gg/wabwYb8bM+Fq0Fozccwz+lPH9A784pFU=</latexit>

�̇ � 0 , �  0 , �̇� = 0
<latexit sha1_base64="cT8cYqQDcLN+kTzbb3OQz9jupN4=">AAACHHicbVDLSgMxFM3UVx1foy7dBNuCqzJTRN0Uim5cVrAPaEvJpJk2NJMZkjtCGdrvcOWnuBIUxJUg+Demj4W2HgicnHPvTe7xY8E1uO63lVlb39jcym7bO7t7+wfO4VFdR4mirEYjEammTzQTXLIacBCsGStGQl+whj+8mfqNB6Y0j+Q9jGLWCUlf8oBTAkbqOiUe4Hw7HvCym5/AgMmJnbfbvQjStjBTemSM5zdTMsZl7Nr5rpNzi+4MeJV4C5JDC1S7zqcZQZOQSaCCaN3y3Bg6KVHAqWBju9BONIsJHZI+axkqSch0J50tN8YFo/RwEClzJOCZav/qSEmo9Sj0TWVIYKCXvan4n9dKILjqpFzGCTBJ5w8FicAQ4WlSuMcVoyBGhhCquPkspgOiCAWTp21S8JZ3XiX1UtG7KJ7flXKV60UeWXSCTtEZ8tAlqqBbVEU1RNEjekav6M16sl6sd+tjXpqxFj3H6A+srx8pNZ+A</latexit>

if � = 0 then �̇�̇ = 0

<latexit sha1_base64="rcSo5/1Mryj82PN7wumYT9Wk+UI="></latexit>

�̇ = 0 ! solve for �̇



Summary: Ideal plastic solids – Small strains
- Plasticity manifests when a stress threshold is reach (yield stress)

Yield function
Internal variable (for isotropic hardening) 

- Additive decomposition of (small) strain: 

- Consistency condition
(determine      under plastic loading;             , otherwise)

- Strain energy density:
(Lecture 11)

- Evolution equations (Lecture 11):
- Flow rule (flow potential)
- Hardening rule

- Cauchy stress tensor:
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Isotropic plastic solids

<latexit sha1_base64="rRahLUU54J0rm7bXnn5FtPSlQAs=">AAACQHicdVBNSwMxEM3Wr7p+VT16WWwLFaHsFlEvQtGLxwr2A9pasum0Dc0mS5IVytJ/5sm/4MmrJ0FBvHoy2/agrT4Y5vHeDJk8P2RUadd9tlJLyyura+l1e2Nza3sns7tXUyKSBKpEMCEbPlbAKIeqpppBI5SAA59B3R9eJX79HqSigt/qUQjtAPc57VGCtZE6mVrObvmCddUoMC1uQagoE3xsX/yt38UFOBrbx/+6oXFzdieTdYvuBM4i8WYki2aodDJPra4gUQBcE4aVanpuqNsxlpoSBmM734oUhJgMcR+ahnIcgGrHkwDGTt4oXacnpCmunYlq/9iIcaCSW81kgPVAzXuJ+JfXjHTvvB1THkYaOJk+1IuYo4WTpOl0qQSi2cgQTCQ1xzpkgCUm2mSepODN/3mR1EpF77R4clPKli9neaTRATpEBeShM1RG16iCqoigB/SC3tC79Wi9Wh/W53Q0Zc129tEvWF/fDhSv9Q==</latexit>

✏ = ✏(e) + ✏(p)

<latexit sha1_base64="u58OHfiMJZmo9yfPLRDN541zbS4="></latexit>

W (✏, ⇠) = W (e)(✏� ✏(p)(⇠)) +W (p)(⇠)

<latexit sha1_base64="RS72jVy4sG4N89H/qXOD7dMuMMA="></latexit>

⇠̇ = �̇h(�, ⇠)

<latexit sha1_base64="MADB9ene3wf+Fkk3s40eqRNEIqg="></latexit>

✏̇(p) = �̇r(�, ⇠) = �̇@G
@�

<latexit sha1_base64="V0fhySyCH+QMaI2qWzlUJ+KTuCU=">AAAB/HicbVDLSsNAFL3xWeMr1qWbYFtwVZIi6rLoxmUF+4A2lMlk0g6dTMLMRCyhfoorQUHc+iOu/BsnbRbaemDgcM49M3eOnzAqleN8G2vrG5tb26Udc3dv/+DQOip3ZJwKTNo4ZrHo+UgSRjlpK6oY6SWCoMhnpOtPbnK/+0CEpDG/V9OEeBEacRpSjJSWhla5ag6CWGUDpjMBmplVc2hVnLozh71K3IJUoEBraH3pK3AaEa4wQ1L2XSdRXoaEopiRmVkbpJIkCE/QiPQ15Sgi0svmy8/smlYCO4yFPlzZc9X8lchQJOU08vVkhNRYLnu5+J/XT1V45WWUJ6kiHC8eClNmq9jOm7ADKghWbKoJwoLqZW08RgJhpfvKW3CX/7xKOo26e1E/v2tUmtdFHyU4gVM4AxcuoQm30II2YHiEZ3iFN+PJeDHejY/F6JpRZI7hD4zPH3FPk08=</latexit>

�̇

<latexit sha1_base64="C1FLcgN0YN3zpYhEbhP37FOwDDQ="></latexit>

� = ⇢
⇢0

@W (e)

@✏(e)
:= ce : ✏(e)

<latexit sha1_base64="QZte1rV0HbjPbcal+sIa4lQwpcs=">AAACEXicbVDLSsNAFJ3UV42vqEs3g22xgpSkiLosunFZwT6gCWUymbZDJ5kwMxFL6Ce48lNcCQri1qUr/8ZJm4VWDwxzOOde7r3HjxmVyra/jMLS8srqWnHd3Njc2t6xdvfakicCkxbmjIuujyRhNCItRRUj3VgQFPqMdPzxVeZ37oiQlEe3ahITL0TDiA4oRkpLfeuobLrxiFZdn7NATkL9pa6kwxBNT9x7egxdRqBtlvtWya7ZM8C/xMlJCeRo9q1PN+A4CUmkMENS9hw7Vl6KhKKYkalZcRNJYoTHaEh6mkYoJNJLZxdNYUUrARxwoV+k4Ew1f3SkKJTZtroyRGokF71M/M/rJWpw4aU0ihNFIjwfNEgYVBxm8cCACoIVm2iCsKB6WYhHSCCsdIimTsFZvPkvaddrzlnt9KZealzmeRTBATgEVeCAc9AA16AJWgCDB/AEXsCr8Wg8G2/G+7y0YOQ9++AXjI9vypObqw==</latexit>

�(�, ⇠)  0

<latexit sha1_base64="Dlx7Ri1oSWMtEgJSNRot7UiO5tA=">AAAB/nicbVDLSsNAFL2prxpf8bFzE2wLrkpSRN0IRTcuK9gHtKFMJtN26GQSZiZCDQU/xZWgIG79D1f+jZM2C209MHA4556ZO8ePGZXKcb6Nwsrq2vpGcdPc2t7Z3bP2D1oySgQmTRyxSHR8JAmjnDQVVYx0YkFQ6DPS9sc3md9+IELSiN+rSUy8EA05HVCMlJb61lHZ7AWRSntMZwI0vXLMstm3Sk7VmcFeJm5OSpCj0be+9CU4CQlXmCEpu64TKy9FQlHMyNSs9BJJYoTHaEi6mnIUEumls/WndkUrgT2IhD5c2TPV/JVIUSjlJPT1ZIjUSC56mfif103U4NJLKY8TRTiePzRImK0iO+vCDqggWLGJJggLqpe18QgJhJVuLGvBXfzzMmnVqu559eyuVqpf530U4RhO4BRcuIA63EIDmoDhEZ7hFd6MJ+PFeDc+5qMFI88cwh8Ynz9t3ZPQ</latexit>

�̇ = 0

<latexit sha1_base64="MFqrThCbTgrH22VzPDDfFwbnGmM="></latexit>

⇠ =
R t
0 ||✏̇(p)||dt

<latexit sha1_base64="rcSo5/1Mryj82PN7wumYT9Wk+UI="></latexit>

�̇ = 0 ! solve for �̇

Need …

Need …



Any questions?
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Lecture #13

Theory
of plastic
solids


