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Isotropic plastic solids – J2 or von Mises



Lecture 14 – Isotropic plastic solids
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Review: Phenomenological observations
- Plasticity manifests when a stress threshold is reach (yield stress)

Yield function

- Additive decomposition of (small) strain: 
+ elastic part is related to the stress      
+ plastic part depends on material history

- Metals: plastic flow is incompressible
(any change in volume is elastic)

- Bauschinger effect
Strain hardening:

+ isotropic hardening (     )
+ kinematic hardening

- Metals: Bridgman (c. 1940)
Yield function is independent of hydrostatic pressure

Isotropic plastic solids

<latexit sha1_base64="u9r4JPjQhCvMa9tVyTA1i/D+miE=">AAACD3icbVDLSsNAFJ3UV42vqEs3g23BVUmKqMuiG5cV7EOaECbTSTt08mBmIpQkX+DKT3ElKIhb1678G6dtFrX1wIXDOfdy7z1ezKiQpvmjldbWNza3ytv6zu7e/oFxeNQRUcIxaeOIRbznIUEYDUlbUslIL+YEBR4jXW98M/W7j4QLGoX3chITJ0DDkPoUI6kk16hV9cwWdBggN33IeJ5BmxG4IPl5plddo2LWzRngKrEKUgEFWq7xbQ8inAQklJghIfqWGUsnRVxSzEiu1+xEkBjhMRqSvqIhCohw0tk/OawpZQD9iKsKJZyp+sJEigIhJoGnOgMkR2LZm4r/ef1E+ldOSsM4kSTE80V+wqCM4DQcOKCcYMkmiiDMqToW4hHiCEsVoa5SsJZ/XiWdRt26qJ/fNSrN6yKPMjgBp+AMWOASNMEtaIE2wOAJvIA38K49a6/ah/Y5by1pxcwx+APt6xcodpwS</latexit>

|�Y |r|  |�Y |f |

<latexit sha1_base64="0ITxTpk9v+rwhiqqlCTjyfWg+bA=">AAAB+XicbVBNS8NAEJ3Urxo/WvXoJdgWPJWkiHosevFYwX5IG8Jmu2mX7m7C7kYoob/Ek6AgXv0pnvw3btsctPXBwOO9GWbmhQmjSrvut1XY2Nza3inu2nv7B4el8tFxR8WpxKSNYxbLXogUYVSQtqaakV4iCeIhI91wcjv3u09EKhqLBz1NiM/RSNCIYqSNFJRLVXug6IijIHt0Z3Y1KFfcuruAs068nFQgRysofw2GMU45ERozpFTfcxPtZ0hqihmZ2bVBqkiC8ASNSN9QgThRfra4fObUjDJ0oliaEtpZqPaviQxxpaY8NJ0c6bFa9ebif14/1dG1n1GRpJoIvFwUpczRsTOPwRlSSbBmU0MQltQc6+AxkghrE5ZtUvBWf14nnUbdu6xf3DcqzZs8jyKcwhmcgwdX0IQ7aEEbMKTwDK/wZmXWi/VufSxbC1Y+cwJ/YH3+AErokhw=</latexit>�Y 0

<latexit sha1_base64="Zz69W/2FqrLksLA7geHHdV7ZAG4=">AAAB+XicbVBNS8NAEJ3Urxo/GvXoZbEteCpJEfVY9OKxgv2QNoTNdtsu3WzC7kYoob/Ek6AgXv0pnvw3btsctPXBwOO9GWbmhQlnSrvut1XY2Nza3inu2nv7B4cl5+i4reJUEtoiMY9lN8SKciZoSzPNaTeRFEchp51wcjv3O09UKhaLBz1NqB/hkWBDRrA2UuCUKna9r9gowkH2OLMrgVN2a+4CaJ14OSlDjmbgfPUHMUkjKjThWKme5ybaz7DUjHA6s6v9VNEEkwke0Z6hAkdU+dni8hmqGmWAhrE0JTRaqPaviQxHSk2j0HRGWI/VqjcX//N6qR5e+xkTSaqpIMtFw5QjHaN5DGjAJCWaTw3BRDJzLCJjLDHRJizbpOCt/rxO2vWad1m7uK+XGzd5HkU4hTM4Bw+uoAF30IQWEEjhGV7hzcqsF+vd+li2Fqx85gT+wPr8AUwakh4=</latexit>

2�Y

<latexit sha1_base64="krUlSZxxj52ix56DpBAGTwfyVPk=">AAAB73icbVBNS8NAEJ3Urxq/qh69BNuCp5IUUY9FLx4r2A9oY9lsp+3SzSbuboQS+iM8CQri1d/jyX/jts1BWx8MPN6bYWZeEHOmtOt+W7m19Y3Nrfy2vbO7t39QODxqqiiRFBs04pFsB0QhZwIbmmmO7VgiCQOOrWB8M/NbTygVi8S9nsToh2Qo2IBRoo3UKqU4fYhLvULRrbhzOKvEy0gRMtR7ha9uP6JJiEJTTpTqeG6s/ZRIzSjHqV3uJgpjQsdkiB1DBQlR+en83qlTNkrfGUTSlNDOXLV/TaQkVGoSBqYzJHqklr2Z+J/XSfTgyk+ZiBONgi4WDRLu6MiZPe/0mUSq+cQQQiUzxzp0RCSh2kRkmxS85Z9XSbNa8S4q53fVYu06yyMPJ3AKZ+DBJdTgFurQAApjeIZXeLMerRfr3fpYtOasbOYY/sD6/AE1VY9l</latexit>

ep

<latexit sha1_base64="vDeH7c3H1OXteFiY4DE8+jAv87s=">AAAB/HicbVBNS8NAEN3Urxq/Yj16CbaFeilJEfVY9OKxgv2ANpbNdtIu3WzC7kYsof4UT4KCePWPePLfuG1z0NYHA4/3ZpiZ58eMSuU430ZubX1jcyu/be7s7u0fWIeFlowSQaBJIhaJjo8lMMqhqahi0IkF4NBn0PbH1zO//QBC0ojfqUkMXoiHnAaUYKWlvlUomT2IJWURv08rcDo1S32r6FSdOexV4makiDI0+tZXbxCRJASuCMNSdl0nVl6KhaKEwdQs9xIJMSZjPISuphyHIL10fvzULmtlYAeR0MWVPVfNXxMpDqWchL7uDLEayWVvJv7ndRMVXHop5XGigJPFoiBhtorsWRL2gAogik00wURQfaxNRlhgonRepk7BXf55lbRqVfe8enZbK9avsjzy6BidoApy0QWqoxvUQE1E0CN6Rq/ozXgyXox342PRmjOymSP0B8bnD3Cck08=</latexit>

✏(e)

<latexit sha1_base64="2TxwXXZIrTriuixUVf29Xa1HaLE=">AAAB/HicbVDLSgMxFM3UVx1fY126CbaFuikzRdRl0Y3LCvYB7VgyaaYNzWRCkhHLUD/FlaAgbv0RV/6NaTsLbT1w4XDOvdx7TyAYVdp1v63c2vrG5lZ+297Z3ds/cA4LLRUnEpMmjlksOwFShFFOmppqRjpCEhQFjLSD8fXMbz8QqWjM7/REED9CQ05DipE2Ut8plOweEYqymN+nFXE6tUt9p+hW3TngKvEyUgQZGn3nqzeIcRIRrjFDSnU9V2g/RVJTzMjULvcSRQTCYzQkXUM5iojy0/nxU1g2ygCGsTTFNZyr9q+JFEVKTaLAdEZIj9SyNxP/87qJDi/9lHKRaMLxYlGYMKhjOEsCDqgkWLOJIQhLao6FeIQkwtrkZZsUvOWfV0mrVvXOq2e3tWL9KssjD47BCagAD1yAOrgBDdAEGDyCZ/AK3qwn68V6tz4WrTkrmzkCf2B9/gCBf5Na</latexit>

✏(p)

<latexit sha1_base64="krUlSZxxj52ix56DpBAGTwfyVPk=">AAAB73icbVBNS8NAEJ3Urxq/qh69BNuCp5IUUY9FLx4r2A9oY9lsp+3SzSbuboQS+iM8CQri1d/jyX/jts1BWx8MPN6bYWZeEHOmtOt+W7m19Y3Nrfy2vbO7t39QODxqqiiRFBs04pFsB0QhZwIbmmmO7VgiCQOOrWB8M/NbTygVi8S9nsToh2Qo2IBRoo3UKqU4fYhLvULRrbhzOKvEy0gRMtR7ha9uP6JJiEJTTpTqeG6s/ZRIzSjHqV3uJgpjQsdkiB1DBQlR+en83qlTNkrfGUTSlNDOXLV/TaQkVGoSBqYzJHqklr2Z+J/XSfTgyk+ZiBONgi4WDRLu6MiZPe/0mUSq+cQQQiUzxzp0RCSh2kRkmxS85Z9XSbNa8S4q53fVYu06yyMPJ3AKZ+DBJdTgFurQAApjeIZXeLMerRfr3fpYtOasbOYY/sD6/AE1VY9l</latexit>

ep

<latexit sha1_base64="rRahLUU54J0rm7bXnn5FtPSlQAs=">AAACQHicdVBNSwMxEM3Wr7p+VT16WWwLFaHsFlEvQtGLxwr2A9pasum0Dc0mS5IVytJ/5sm/4MmrJ0FBvHoy2/agrT4Y5vHeDJk8P2RUadd9tlJLyyura+l1e2Nza3sns7tXUyKSBKpEMCEbPlbAKIeqpppBI5SAA59B3R9eJX79HqSigt/qUQjtAPc57VGCtZE6mVrObvmCddUoMC1uQagoE3xsX/yt38UFOBrbx/+6oXFzdieTdYvuBM4i8WYki2aodDJPra4gUQBcE4aVanpuqNsxlpoSBmM734oUhJgMcR+ahnIcgGrHkwDGTt4oXacnpCmunYlq/9iIcaCSW81kgPVAzXuJ+JfXjHTvvB1THkYaOJk+1IuYo4WTpOl0qQSi2cgQTCQ1xzpkgCUm2mSepODN/3mR1EpF77R4clPKli9neaTRATpEBeShM1RG16iCqoigB/SC3tC79Wi9Wh/W53Q0Zc129tEvWF/fDhSv9Q==</latexit>

✏ = ✏(e) + ✏(p)

<latexit sha1_base64="CDnbvpujnDgRn4A5+8tHIpixY7g=">AAACC3icbVDLSsNAFJ3UV42vqEs3o22hgpSkiLosunFZwT6kCWEynbRDJ5MwMxFK6NqVn+JKUBC3foEr/8Zpm4VWD1zu4Zx7mbknSBiVyra/jMLS8srqWnHd3Njc2t6xdvfaMk4FJi0cs1h0AyQJo5y0FFWMdBNBUBQw0glGV1O/c0+EpDG/VeOEeBEacBpSjJSWfOuwbLrJkFZdSQcROpk3P7ubHEOXEWibZd8q2TV7BviXODkpgRxN3/p0+zFOI8IVZkjKnmMnysuQUBQzMjErbipJgvAIDUhPU44iIr1sdssEVrTSh2EsdHEFZ6r5YyNDkZTjKNCTEVJDuehNxf+8XqrCCy+jPEkV4Xj+UJgyqGI4DQb2qSBYsbEmCAuqPwvxEAmElY7P1Ck4izf/Je16zTmrnd7US43LPI8iOABHoAoccA4a4Bo0QQtg8ACewAt4NR6NZ+PNeJ+PFox8Zx/8gvHxDYU6mMQ=</latexit>

�(�,�Y )  0



Review: Ideal plastic solids – Small strains
Constitutive law defined by yield function, flow potential and hardening rule

- Plasticity manifests when a stress threshold is reach (yield stress)
Yield function
Internal variable (for isotropic hardening) 

- Additive decomposition of (small) strain: 

- Consistency condition
(determine      under plastic loading;             , otherwise)

- Strain energy density:
(Lecture 11)

- Evolution equations (Lecture 11):
- Flow rule (flow potential)
- Hardening rule

- Cauchy stress tensor:
5

Isotropic plastic solids

<latexit sha1_base64="rRahLUU54J0rm7bXnn5FtPSlQAs=">AAACQHicdVBNSwMxEM3Wr7p+VT16WWwLFaHsFlEvQtGLxwr2A9pasum0Dc0mS5IVytJ/5sm/4MmrJ0FBvHoy2/agrT4Y5vHeDJk8P2RUadd9tlJLyyura+l1e2Nza3sns7tXUyKSBKpEMCEbPlbAKIeqpppBI5SAA59B3R9eJX79HqSigt/qUQjtAPc57VGCtZE6mVrObvmCddUoMC1uQagoE3xsX/yt38UFOBrbx/+6oXFzdieTdYvuBM4i8WYki2aodDJPra4gUQBcE4aVanpuqNsxlpoSBmM734oUhJgMcR+ahnIcgGrHkwDGTt4oXacnpCmunYlq/9iIcaCSW81kgPVAzXuJ+JfXjHTvvB1THkYaOJk+1IuYo4WTpOl0qQSi2cgQTCQ1xzpkgCUm2mSepODN/3mR1EpF77R4clPKli9neaTRATpEBeShM1RG16iCqoigB/SC3tC79Wi9Wh/W53Q0Zc129tEvWF/fDhSv9Q==</latexit>

✏ = ✏(e) + ✏(p)

<latexit sha1_base64="u58OHfiMJZmo9yfPLRDN541zbS4="></latexit>

W (✏, ⇠) = W (e)(✏� ✏(p)(⇠)) +W (p)(⇠)

<latexit sha1_base64="RS72jVy4sG4N89H/qXOD7dMuMMA="></latexit>

⇠̇ = �̇h(�, ⇠)

<latexit sha1_base64="MADB9ene3wf+Fkk3s40eqRNEIqg="></latexit>

✏̇(p) = �̇r(�, ⇠) = �̇@G
@�

<latexit sha1_base64="V0fhySyCH+QMaI2qWzlUJ+KTuCU=">AAAB/HicbVDLSsNAFL3xWeMr1qWbYFtwVZIi6rLoxmUF+4A2lMlk0g6dTMLMRCyhfoorQUHc+iOu/BsnbRbaemDgcM49M3eOnzAqleN8G2vrG5tb26Udc3dv/+DQOip3ZJwKTNo4ZrHo+UgSRjlpK6oY6SWCoMhnpOtPbnK/+0CEpDG/V9OEeBEacRpSjJSWhla5ag6CWGUDpjMBmplVc2hVnLozh71K3IJUoEBraH3pK3AaEa4wQ1L2XSdRXoaEopiRmVkbpJIkCE/QiPQ15Sgi0svmy8/smlYCO4yFPlzZc9X8lchQJOU08vVkhNRYLnu5+J/XT1V45WWUJ6kiHC8eClNmq9jOm7ADKghWbKoJwoLqZW08RgJhpfvKW3CX/7xKOo26e1E/v2tUmtdFHyU4gVM4AxcuoQm30II2YHiEZ3iFN+PJeDHejY/F6JpRZI7hD4zPH3FPk08=</latexit>

�̇

<latexit sha1_base64="C1FLcgN0YN3zpYhEbhP37FOwDDQ="></latexit>

� = ⇢
⇢0

@W (e)

@✏(e)
:= ce : ✏(e)

<latexit sha1_base64="QZte1rV0HbjPbcal+sIa4lQwpcs=">AAACEXicbVDLSsNAFJ3UV42vqEs3g22xgpSkiLosunFZwT6gCWUymbZDJ5kwMxFL6Ce48lNcCQri1qUr/8ZJm4VWDwxzOOde7r3HjxmVyra/jMLS8srqWnHd3Njc2t6xdvfakicCkxbmjIuujyRhNCItRRUj3VgQFPqMdPzxVeZ37oiQlEe3ahITL0TDiA4oRkpLfeuobLrxiFZdn7NATkL9pa6kwxBNT9x7egxdRqBtlvtWya7ZM8C/xMlJCeRo9q1PN+A4CUmkMENS9hw7Vl6KhKKYkalZcRNJYoTHaEh6mkYoJNJLZxdNYUUrARxwoV+k4Ew1f3SkKJTZtroyRGokF71M/M/rJWpw4aU0ihNFIjwfNEgYVBxm8cCACoIVm2iCsKB6WYhHSCCsdIimTsFZvPkvaddrzlnt9KZealzmeRTBATgEVeCAc9AA16AJWgCDB/AEXsCr8Wg8G2/G+7y0YOQ9++AXjI9vypObqw==</latexit>

�(�, ⇠)  0

<latexit sha1_base64="Dlx7Ri1oSWMtEgJSNRot7UiO5tA=">AAAB/nicbVDLSsNAFL2prxpf8bFzE2wLrkpSRN0IRTcuK9gHtKFMJtN26GQSZiZCDQU/xZWgIG79D1f+jZM2C209MHA4556ZO8ePGZXKcb6Nwsrq2vpGcdPc2t7Z3bP2D1oySgQmTRyxSHR8JAmjnDQVVYx0YkFQ6DPS9sc3md9+IELSiN+rSUy8EA05HVCMlJb61lHZ7AWRSntMZwI0vXLMstm3Sk7VmcFeJm5OSpCj0be+9CU4CQlXmCEpu64TKy9FQlHMyNSs9BJJYoTHaEi6mnIUEumls/WndkUrgT2IhD5c2TPV/JVIUSjlJPT1ZIjUSC56mfif103U4NJLKY8TRTiePzRImK0iO+vCDqggWLGJJggLqpe18QgJhJVuLGvBXfzzMmnVqu559eyuVqpf530U4RhO4BRcuIA63EIDmoDhEZ7hFd6MJ+PFeDc+5qMFI88cwh8Ynz9t3ZPQ</latexit>

�̇ = 0

<latexit sha1_base64="MFqrThCbTgrH22VzPDDfFwbnGmM="></latexit>

⇠ =
R t
0 ||✏̇(p)||dt

<latexit sha1_base64="rcSo5/1Mryj82PN7wumYT9Wk+UI="></latexit>

�̇ = 0 ! solve for �̇
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Isotropic plastic solids

Space of principal values 
of the Cauchy stress tensor

(iso-surface of 
flow potential)

(elastic behavior inside, 
inadmissible behavior outside) 

Yield function and flow potential

<latexit sha1_base64="nOIrFpJPSNi2z86f3OlXwVIdB2Y=">AAACD3icbVDLSsNAFJ3UV42vqEs3g22hgpSkiLoRim5cVrAPaEKZTKbt0JkkzEzEEvoFrvwUV4KCuHXtyr9x0mah1QPDHM65l3vv8WNGpbLtL6OwtLyyulZcNzc2t7Z3rN29towSgUkLRywSXR9JwmhIWooqRrqxIIj7jHT88VXmd+6IkDQKb9UkJh5Hw5AOKEZKS32rUjbdeESrrh+xQE64/lJX0iFH02P3nh7BC2ib5b5Vsmv2DPAvcXJSAjmafevTDSKccBIqzJCUPceOlZcioShmZGpW3ESSGOExGpKepiHiRHrp7J4prGglgINI6BcqOFPNHx0p4jLbVVdypEZy0cvE/7xeogbnXkrDOFEkxPNBg4RBFcEsHBhQQbBiE00QFlQvC/EICYSVjtDUKTiLN/8l7XrNOa2d3NRLjcs8jyI4AIegChxwBhrgGjRBC2DwAJ7AC3g1Ho1n4814n5cWjLxnH/yC8fEN9w2apw==</latexit>

�(�, ⇠) = 0

<latexit sha1_base64="tNinRTfhlmlK0WTxaxWL9dK+YNI=">AAACCHicbVDLSsNAFJ3UV42vqEtBgm2hgpSkiLosutBlBfuAJpTJZNIOnUzCzEQsoTtXfoorQUHc+guu/BsnbRbaemCYwzn3cu89XkyJkJb1rRWWlldW14rr+sbm1vaOsbvXFlHCEW6hiEa860GBKWG4JYmkuBtzDEOP4o43usr8zj3mgkTsTo5j7IZwwEhAEJRK6huHZf266ngR9cU4VF/qCDII4eTEeSDHerlvlKyaNYW5SOyclECOZt/4cvwIJSFmElEoRM+2YummkEuCKJ7oFScROIZoBAe4pyiDIRZuOj1kYlaU4ptBxNVj0pyq+q+OFIYi21NVhlAOxbyXif95vUQGF25KWJxIzNBsUJBQU0ZmlorpE46RpGNFIOJELWuiIeQQSZWdrlKw529eJO16zT6rnd7WS43LPI8iOABHoApscA4a4AY0QQsg8AiewSt40560F+1d+5iVFrS8Zx/8gfb5A4wmmF4=</latexit>

G(�, ⇠)

<latexit sha1_base64="zVrwZHXSKmWZA4T5Bo39At/iNj8=">AAACKnicdVDLSsNAFJ3UV42vqEs3wbZQQUpSRF0WXeiygn1AE8pkMmmHTiZhZiKW0N9x5ae4UhSKWz/ESZuFtnphmMM553LvPV5MiZCWNdUKK6tr6xvFTX1re2d3z9g/aIso4Qi3UEQj3vWgwJQw3JJEUtyNOYahR3HHG11neucBc0Eidi/HMXZDOGAkIAhKRfWNRlm/qTpeRH0xDtWXOoIMQjg5dR7Jie4wrDvxkPzvKPeNklWzZmUuAzsHJZBXs2+8OX6EkhAziSgUomdbsXRTyCVBFE/0ipMIHEM0ggPcU5DBEAs3nZ06MSuK8c0g4uoxac5Y/UdHCkOR7amcIZRDsahl5F9aL5HBpZsSFicSMzQfFCTUlJGZ5Wb6hGMk6VgBiDhRy5poCDlEUqWrqxTsxZuXQbtes89rZ3f1UuMqz6MIjsAxqAIbXIAGuAVN0AIIPIEX8A4+tGftVZtqn3NrQct7DsGv0r6+AdfLpkQ=</latexit>

G(�, ⇠) 6= �(�, ⇠)

non-associated flow rule

Space of principal values 
of the Cauchy stress tensor

(elastic behavior inside, 
inadmissible behavior outside) 

<latexit sha1_base64="nOIrFpJPSNi2z86f3OlXwVIdB2Y=">AAACD3icbVDLSsNAFJ3UV42vqEs3g22hgpSkiLoRim5cVrAPaEKZTKbt0JkkzEzEEvoFrvwUV4KCuHXtyr9x0mah1QPDHM65l3vv8WNGpbLtL6OwtLyyulZcNzc2t7Z3rN29towSgUkLRywSXR9JwmhIWooqRrqxIIj7jHT88VXmd+6IkDQKb9UkJh5Hw5AOKEZKS32rUjbdeESrrh+xQE64/lJX0iFH02P3nh7BC2ib5b5Vsmv2DPAvcXJSAjmafevTDSKccBIqzJCUPceOlZcioShmZGpW3ESSGOExGpKepiHiRHrp7J4prGglgINI6BcqOFPNHx0p4jLbVVdypEZy0cvE/7xeogbnXkrDOFEkxPNBg4RBFcEsHBhQQbBiE00QFlQvC/EICYSVjtDUKTiLN/8l7XrNOa2d3NRLjcs8jyI4AIegChxwBhrgGjRBC2DwAJ7AC3g1Ho1n4814n5cWjLxnH/yC8fEN9w2apw==</latexit>

�(�, ⇠) = 0

associated flow rule

<latexit sha1_base64="j4oILd1o6t4bCLx6ysNyFc6Ilc8=">AAACKHicdVDLSsNAFJ3UV42vqEs3wbZQQUpSRN0oRRe6rGAf0IQymU7aoTNJmJmIJfRvXPkproQK0q1f4qTNQls9MMzhnHu59x4vokRIy5pquZXVtfWN/Ka+tb2zu2fsHzRFGHOEGyikIW97UGBKAtyQRFLcjjiGzKO45Q1vU7/1hLkgYfAoRxF2GewHxCcISiV1jeuifld2vJD2xIipL3EE6TM4PnWeyYl+pTvRgPzvF7tGwapYM5jLxM5IAWSod42J0wtRzHAgEYVCdGwrkm4CuSSI4rFecmKBI4iGsI87igaQYeEms0PHZkkpPdMPuXqBNGeq/qMjgUyke6pKBuVALHqp+JfXiaV/6SYkiGKJAzQf5MfUlKGZpmb2CMdI0pEiEHGiljXRAHKIpMpWVynYizcvk2a1Yp9Xzh6qhdpNlkceHIFjUAY2uAA1cA/qoAEQeAFvYAI+tFftXfvUpvPSnJb1HIJf0L6+AektpT4=</latexit>

G(�, ⇠) = �(�, ⇠)

(iso-surface of 
flow potential)

<latexit sha1_base64="tNinRTfhlmlK0WTxaxWL9dK+YNI=">AAACCHicbVDLSsNAFJ3UV42vqEtBgm2hgpSkiLosutBlBfuAJpTJZNIOnUzCzEQsoTtXfoorQUHc+guu/BsnbRbaemCYwzn3cu89XkyJkJb1rRWWlldW14rr+sbm1vaOsbvXFlHCEW6hiEa860GBKWG4JYmkuBtzDEOP4o43usr8zj3mgkTsTo5j7IZwwEhAEJRK6huHZf266ngR9cU4VF/qCDII4eTEeSDHerlvlKyaNYW5SOyclECOZt/4cvwIJSFmElEoRM+2YummkEuCKJ7oFScROIZoBAe4pyiDIRZuOj1kYlaU4ptBxNVj0pyq+q+OFIYi21NVhlAOxbyXif95vUQGF25KWJxIzNBsUJBQU0ZmlorpE46RpGNFIOJELWuiIeQQSZWdrlKw529eJO16zT6rnd7WS43LPI8iOABHoApscA4a4AY0QQsg8AiewSt40560F+1d+5iVFrS8Zx/8gfb5A4wmmF4=</latexit>

G(�, ⇠)

<latexit sha1_base64="PGvvcEgNpPwmQbP/E6S3SLJU05g=">AAACHXicbVDLSsNAFJ34rPEVdelmsC24KkkVdVl0ocsK9gFNKJPppB06mYSZiVBCPsSVn+JKUBA3LsS/cdIG0dYDwxzOuZd77/FjRqWy7S9jaXlldW29tGFubm3v7Fp7+20ZJQKTFo5YJLo+koRRTlqKKka6sSAo9Bnp+OOr3O/cEyFpxO/UJCZeiIacBhQjpaW+dVIx3UAgnLoxEooiBq+zH+76ERvISai/1JV0GKIsMytm3yrbNXsKuEicgpRBgWbf+nAHEU5CwhVmSMqeY8fKS/MhmJHMrLqJJDHCYzQkPU05Con00ul1GaxqZQCDSOjHFZyq5q+OFIUyX1JXhkiN5LyXi/95vUQFF15KeZwowvFsUJAwqCKYRwUHVBCs2EQThAXVy0I8QjospQPNU3Dmb14k7XrNOaud3tbLjcsijxI4BEfgGDjgHDTADWiCFsDgATyBF/BqPBrPxpvxPitdMoqeA/AHxuc3dJuiGg==</latexit>

@G
@�

<latexit sha1_base64="FqcyLS3epuXbfx1ouvxJw23K0fk=">AAACIHicbVBNS8NAEN3Urxq/oh69LLYFTyUpUj0WvXisYD+gCWWz3bRLN8myuxFKyD/x5E/xJCiIeNJf46YNoq0Pln3zZoaZeT5nVCrb/jRKa+sbm1vlbXNnd2//wDo86so4EZh0cMxi0feRJIxGpKOoYqTPBUGhz0jPn17n+d49EZLG0Z2aceKFaBzRgGKktDS0mlXTDQTCqcuRUBQx6PIJzX5C14/ZSM5C/aWupOMQZZlZNYdWxa7bc8BV4hSkAgq0h9aHO4pxEpJIYYakHDg2V16aD8GMZGbNTSThCE/RmAw0jVBIpJfOD8xgTSsjGMRCv0jBuWr+6khRKPMldWWI1EQu53Lxv9wgUcGll9KIJ4pEeDEoSBhUMczdgiMqCFZspgnCguplIZ4g7ZfSnuYuOMs3r5Juo+406+e3jUrrqvCjDE7AKTgDDrgALXAD2qADMHgAT+AFvBqPxrPxZrwvSktG0XMM/sD4+gYtRKOO</latexit>

@�
@�

<latexit sha1_base64="TZ9Y/sarRgHvPzmnQ5wOBx2Z1Bc=">AAACUXichVFLSwMxEJ6ur7r1UfXoJdgWPJXdIupFKHrQYwX7gG4p2TTbhmYfJFmhLPsTPfXk7/AkKJhtF9FWcCDkm2/mYyZf3IgzqSzrtWBsbG5t7xR3zdLe/sFh+ei4I8NYENomIQ9Fz8WSchbQtmKK014kKPZdTrvu9C6rd5+pkCwMntQsogMfjwPmMYKVpoblcdV0PIFJ4kRYKIY5cqIJS79Txw35SM58fSWOZGMfp6l5s6q5/0dQNYflilW3FoHWgZ2DCuTRGpbnzigksU8DRTiWsm9bkRok2RDCaWrWnFjSCJMpHtO+hgH2qRwkC0dSVNPMCHmh0CdQaMGaPxQJ9mW2pO70sZrI1VpG/lXrx8q7HiQsiGJFA7Ic5MUcqRBl9qIRE5QoPtMAE8H0sohMsDZL6U/IXLBX37wOOo26fVm/eGxUmre5H0U4hTM4BxuuoAkP0II2EHiBN/iAz8K88G6AYSxbjUKuOYFfYZS+AAtJtaU=</latexit>

@�
@� = @G

@�
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Isotropic plastic solids

Yield function and flow potential (from your undergrad)

- Frame indifference and isotropy
(function of principal stresses)

Space of principal values 
of the Cauchy stress tensor

(elastic behavior inside, 
inadmissible behavior outside) 

<latexit sha1_base64="nOIrFpJPSNi2z86f3OlXwVIdB2Y=">AAACD3icbVDLSsNAFJ3UV42vqEs3g22hgpSkiLoRim5cVrAPaEKZTKbt0JkkzEzEEvoFrvwUV4KCuHXtyr9x0mah1QPDHM65l3vv8WNGpbLtL6OwtLyyulZcNzc2t7Z3rN29towSgUkLRywSXR9JwmhIWooqRrqxIIj7jHT88VXmd+6IkDQKb9UkJh5Hw5AOKEZKS32rUjbdeESrrh+xQE64/lJX0iFH02P3nh7BC2ib5b5Vsmv2DPAvcXJSAjmafevTDSKccBIqzJCUPceOlZcioShmZGpW3ESSGOExGpKepiHiRHrp7J4prGglgINI6BcqOFPNHx0p4jLbVVdypEZy0cvE/7xeogbnXkrDOFEkxPNBg4RBFcEsHBhQQbBiE00QFlQvC/EICYSVjtDUKTiLN/8l7XrNOa2d3NRLjcs8jyI4AIegChxwBhrgGjRBC2DwAJ7AC3g1Ho1n4814n5cWjLxnH/yC8fEN9w2apw==</latexit>

�(�, ⇠) = 0

associated flow rule

<latexit sha1_base64="j4oILd1o6t4bCLx6ysNyFc6Ilc8=">AAACKHicdVDLSsNAFJ3UV42vqEs3wbZQQUpSRN0oRRe6rGAf0IQymU7aoTNJmJmIJfRvXPkproQK0q1f4qTNQls9MMzhnHu59x4vokRIy5pquZXVtfWN/Ka+tb2zu2fsHzRFGHOEGyikIW97UGBKAtyQRFLcjjiGzKO45Q1vU7/1hLkgYfAoRxF2GewHxCcISiV1jeuifld2vJD2xIipL3EE6TM4PnWeyYl+pTvRgPzvF7tGwapYM5jLxM5IAWSod42J0wtRzHAgEYVCdGwrkm4CuSSI4rFecmKBI4iGsI87igaQYeEms0PHZkkpPdMPuXqBNGeq/qMjgUyke6pKBuVALHqp+JfXiaV/6SYkiGKJAzQf5MfUlKGZpmb2CMdI0pEiEHGiljXRAHKIpMpWVynYizcvk2a1Yp9Xzh6qhdpNlkceHIFjUAY2uAA1cA/qoAEQeAFvYAI+tFftXfvUpvPSnJb1HIJf0L6+AektpT4=</latexit>

G(�, ⇠) = �(�, ⇠)

(iso-surface of 
flow potential)

<latexit sha1_base64="tNinRTfhlmlK0WTxaxWL9dK+YNI=">AAACCHicbVDLSsNAFJ3UV42vqEtBgm2hgpSkiLosutBlBfuAJpTJZNIOnUzCzEQsoTtXfoorQUHc+guu/BsnbRbaemCYwzn3cu89XkyJkJb1rRWWlldW14rr+sbm1vaOsbvXFlHCEW6hiEa860GBKWG4JYmkuBtzDEOP4o43usr8zj3mgkTsTo5j7IZwwEhAEJRK6huHZf266ngR9cU4VF/qCDII4eTEeSDHerlvlKyaNYW5SOyclECOZt/4cvwIJSFmElEoRM+2YummkEuCKJ7oFScROIZoBAe4pyiDIRZuOj1kYlaU4ptBxNVj0pyq+q+OFIYi21NVhlAOxbyXif95vUQGF25KWJxIzNBsUJBQU0ZmlorpE46RpGNFIOJELWuiIeQQSZWdrlKw529eJO16zT6rnd7WS43LPI8iOABHoApscA4a4AY0QQsg8AiewSt40560F+1d+5iVFrS8Zx/8gfb5A4wmmF4=</latexit>

G(�, ⇠)

<latexit sha1_base64="G9rMASVbmb8RZUGW5m0SQYncfJ4="></latexit>

�(�, ⇠) = �(�1,�2,�3, ⇠)

Example: Tresca Criterion, or 
Maximum-shear-stress

<latexit sha1_base64="ANEoAHISmUXQlKXinb81lj3WaFg=">AAACGnicbVDLSsNAFJ3UVx1fUZdugm2hLixJFXUjFN3oroJ9QFPKZDpth84kYWYilJDfcOWnuBIUxKVu/BsnbRbaemCYw7nncu89XsioVLb9beSWlldW1/LrcGNza3vH3N1ryiASmDRwwALR9pAkjPqkoahipB0KgrjHSMsbX6f11gMRkgb+vZqEpMvR0KcDipHSUs+0i/C258BL6HKkRoLHSiRl1wtYX064/mJX0iFHyZG2HJ+EsNgzC3bFnsJaJE5GCiBDvWd+uv0AR5z4CjMkZcexQ9WNkVAUM5LAkhtJEiI8RkPS0dRHnMhuPD0tsUpa6VuDQOjnK2uqwl8dMeIy3VQ70wPkfC0V/6t1IjW46MbUDyNFfDwbNIiYpQIrzcnqU0GwYhNNEBZUL2vhERIIK50m1Ck48zcvkma14pxVTu+qhdpVlkceHIBDUAYOOAc1cAPqoAEweATP4BW8GU/Gi/FufMysOSPr2Qd/YHz9ADKVnnA=</latexit>

I1 = tr(�) = �3p

Yield function is independent 
of hydrostatic pressure
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Isotropic plastic solids

Yield function and flow potential (from your undergrad)

- Frame indifference and isotropy
(function of principal stresses)

Space of principal values 
of the Cauchy stress tensor

(elastic behavior inside, 
inadmissible behavior outside) 

<latexit sha1_base64="nOIrFpJPSNi2z86f3OlXwVIdB2Y=">AAACD3icbVDLSsNAFJ3UV42vqEs3g22hgpSkiLoRim5cVrAPaEKZTKbt0JkkzEzEEvoFrvwUV4KCuHXtyr9x0mah1QPDHM65l3vv8WNGpbLtL6OwtLyyulZcNzc2t7Z3rN29towSgUkLRywSXR9JwmhIWooqRrqxIIj7jHT88VXmd+6IkDQKb9UkJh5Hw5AOKEZKS32rUjbdeESrrh+xQE64/lJX0iFH02P3nh7BC2ib5b5Vsmv2DPAvcXJSAjmafevTDSKccBIqzJCUPceOlZcioShmZGpW3ESSGOExGpKepiHiRHrp7J4prGglgINI6BcqOFPNHx0p4jLbVVdypEZy0cvE/7xeogbnXkrDOFEkxPNBg4RBFcEsHBhQQbBiE00QFlQvC/EICYSVjtDUKTiLN/8l7XrNOa2d3NRLjcs8jyI4AIegChxwBhrgGjRBC2DwAJ7AC3g1Ho1n4814n5cWjLxnH/yC8fEN9w2apw==</latexit>

�(�, ⇠) = 0

associated flow rule

<latexit sha1_base64="j4oILd1o6t4bCLx6ysNyFc6Ilc8=">AAACKHicdVDLSsNAFJ3UV42vqEs3wbZQQUpSRN0oRRe6rGAf0IQymU7aoTNJmJmIJfRvXPkproQK0q1f4qTNQls9MMzhnHu59x4vokRIy5pquZXVtfWN/Ka+tb2zu2fsHzRFGHOEGyikIW97UGBKAtyQRFLcjjiGzKO45Q1vU7/1hLkgYfAoRxF2GewHxCcISiV1jeuifld2vJD2xIipL3EE6TM4PnWeyYl+pTvRgPzvF7tGwapYM5jLxM5IAWSod42J0wtRzHAgEYVCdGwrkm4CuSSI4rFecmKBI4iGsI87igaQYeEms0PHZkkpPdMPuXqBNGeq/qMjgUyke6pKBuVALHqp+JfXiaV/6SYkiGKJAzQf5MfUlKGZpmb2CMdI0pEiEHGiljXRAHKIpMpWVynYizcvk2a1Yp9Xzh6qhdpNlkceHIFjUAY2uAA1cA/qoAEQeAFvYAI+tFftXfvUpvPSnJb1HIJf0L6+AektpT4=</latexit>

G(�, ⇠) = �(�, ⇠)

(iso-surface of 
flow potential)

<latexit sha1_base64="tNinRTfhlmlK0WTxaxWL9dK+YNI=">AAACCHicbVDLSsNAFJ3UV42vqEtBgm2hgpSkiLosutBlBfuAJpTJZNIOnUzCzEQsoTtXfoorQUHc+guu/BsnbRbaemCYwzn3cu89XkyJkJb1rRWWlldW14rr+sbm1vaOsbvXFlHCEW6hiEa860GBKWG4JYmkuBtzDEOP4o43usr8zj3mgkTsTo5j7IZwwEhAEJRK6huHZf266ngR9cU4VF/qCDII4eTEeSDHerlvlKyaNYW5SOyclECOZt/4cvwIJSFmElEoRM+2YummkEuCKJ7oFScROIZoBAe4pyiDIRZuOj1kYlaU4ptBxNVj0pyq+q+OFIYi21NVhlAOxbyXif95vUQGF25KWJxIzNBsUJBQU0ZmlorpE46RpGNFIOJELWuiIeQQSZWdrlKw529eJO16zT6rnd7WS43LPI8iOABHoApscA4a4AY0QQsg8AiewSt40560F+1d+5iVFrS8Zx/8gfb5A4wmmF4=</latexit>

G(�, ⇠)

<latexit sha1_base64="G9rMASVbmb8RZUGW5m0SQYncfJ4="></latexit>

�(�, ⇠) = �(�1,�2,�3, ⇠)

Example: von Mises criterion

<latexit sha1_base64="ANEoAHISmUXQlKXinb81lj3WaFg=">AAACGnicbVDLSsNAFJ3UVx1fUZdugm2hLixJFXUjFN3oroJ9QFPKZDpth84kYWYilJDfcOWnuBIUxKVu/BsnbRbaemCYw7nncu89XsioVLb9beSWlldW1/LrcGNza3vH3N1ryiASmDRwwALR9pAkjPqkoahipB0KgrjHSMsbX6f11gMRkgb+vZqEpMvR0KcDipHSUs+0i/C258BL6HKkRoLHSiRl1wtYX064/mJX0iFHyZG2HJ+EsNgzC3bFnsJaJE5GCiBDvWd+uv0AR5z4CjMkZcexQ9WNkVAUM5LAkhtJEiI8RkPS0dRHnMhuPD0tsUpa6VuDQOjnK2uqwl8dMeIy3VQ70wPkfC0V/6t1IjW46MbUDyNFfDwbNIiYpQIrzcnqU0GwYhNNEBZUL2vhERIIK50m1Ck48zcvkma14pxVTu+qhdpVlkceHIBDUAYOOAc1cAPqoAEweATP4BW8GU/Gi/FufMysOSPr2Qd/YHz9ADKVnnA=</latexit>

I1 = tr(�) = �3p
<latexit sha1_base64="dhHRr4zzmuY6bj+nVlomdud1UcY="></latexit>

J2 = 1
6 [(�1 � �2)2 + (�2 � �3)2 + (�1 � �3)2]

Yield function is independent 
of hydrostatic pressure

<latexit sha1_base64="bIB+z/O3a2p8rxuvMKlh16rYrlM=">AAACFXicbZDLSsNAFIYnXmu8RV26GWwLglCSKupGKLoRVxXsRdoSJtNpO3QmiTOTQgl5CFc+iitBQdy6cOXbOGmz0NYfBj7+cw5zzu+FjEpl29/GwuLS8spqbs1c39jc2rZ2dusyiAQmNRywQDQ9JAmjPqkpqhhphoIg7jHS8IZXab0xIkLSwL9T45B0OOr7tEcxUtpyraOC2Za0z5Hb5kgNBI9HyUXm3Gt4ECo+hjduOTELrpW3S/ZEcB6cDPIgU9W1vtrdAEec+AozJGXLsUPViZFQFDOSmMV2JEmI8BD1SUujjziRnXhyVQKL2unCXiD08xWcuOaviRhxKcfc053p6nK2lpr/1VqR6p13YuqHkSI+nn7UixhUAUwjgl0qCFZsrAFhQfWyEA+QQFjpIE2dgjN78zzUyyXntHRyW85XLrM8cmAfHIBD4IAzUAHXoApqAINH8AxewZvxZLwY78bHtHXByGb2wB8Znz/dSp3x</latexit>

�v = �Y =
p
3J2



J2 or von Mises plasticity
- Plastic flow is incompressible.

Yield function is isotropic 
and independent of 
hydrostatic pressure.

- Internal variable

- Yield function

- Consistency condition (under plastic loading)

- Evolution equations:
- Flow rule (associated flow rule)
- Hardening rule

- Cauchy stress tensor:
9

Isotropic plastic solids

<latexit sha1_base64="C1FLcgN0YN3zpYhEbhP37FOwDDQ="></latexit>

� = ⇢
⇢0

@W (e)

@✏(e)
:= ce : ✏(e)

deviatoric parts of strain and stress

second invariant of 

the deviatoric stress tensor

<latexit sha1_base64="oa/Nxw8d+KjwHYvdGzoMeXKtuYA="></latexit>

e = ✏� 1
3 tr(✏)I

<latexit sha1_base64="rcSo5/1Mryj82PN7wumYT9Wk+UI="></latexit>

�̇ = 0 ! solve for �̇

power-law fit
<latexit sha1_base64="kjiokaFs0itBCb/8YwwaE6p7L0g=">AAACFnicbVDLSgMxFM34rPFVdekm2BYqSpkpom6EYjcuK9gXfZFJ0zY0kxmSjFCG/oQrP8WVoCBuBVf+jTPTEbT1wIWTc+4l9x7b40xp0/wylpZXVtfWUxtwc2t7Zze9t19Tri8JrRKXu7JhY0U5E7Sqmea04UmKHZvTuj0uR379nkrFXHGnJx7tOHgo2IARrEOplz7NwrZiQwf3mnna9Y7h1c87aJpTeALLKNa7AmZhL50xC2YMtEishGRAgkov/dnuu8R3qNCEY6ValunpToClZoTTKcy1fUU9TMZ4SFshFdihqhPEZ01RLlT6aODKsIRGsQp/TQTYUWri2GGng/VIzXuR+J/X8vXgshMw4fmaCjL7aOBzpF0UZYT6TFKi+SQkmEgWLovICEtMdJhklII1f/MiqRUL1nnh7LaYKV0neaTAITgCeWCBC1ACN6ACqoCAB/AEXsCr8Wg8G2/G+6x1yUhmDsAfGB/fnB6bNA==</latexit>

�Y (ep) = �Y 0 + C(ep)n

<latexit sha1_base64="PjJz13gDCKTtLlLI4qYdKj4W0ts="></latexit>

ep =
R t
0

p
2/3||✏̇(p)||dt

<latexit sha1_base64="9TzBWELNwfQwKkX767LLX8roWZ4="></latexit>

�(�, ep) =
p
2J2 �

p
2/3�Y (ep) = ||s||�

p
2/3�Y (ep)

<latexit sha1_base64="ccd1V9Eh7BdY3bmzEdty3m9oc68="></latexit>

ėp = �̇h(�, ep) =
p

3/2�̇

<latexit sha1_base64="yHBTYbRnC4ZdRt/mb973r37nE1g="></latexit>

s = � + pI = � � 1
3 tr(�)I

<latexit sha1_base64="bohnkVQhh+wjJuMrM8p6DX16+vI=">AAACF3icbVDLSsNAFJ34rPEVdelmsC24sSRB1I1QdCOuKtgHNDFMppN26OTBzEQoMV/hyk9xJSiIW3Hl3zhpu9DWA8MczrmXe+/xE0aFNM1vbWFxaXlltbSmr29sbm0bO7stEacckyaOWcw7PhKE0Yg0JZWMdBJOUOgz0vaHl4Xfvidc0Di6laOEuCHqRzSgGEklecZRRb/2bP1cdwKOcGblmZ1D5wE6fsx6YhSqLxOFcmfrFd0zymbNHAPOE2tKymCKhmd8Ob0YpyGJJGZIiK5lJtLNEJcUM5LrVScVJEF4iPqkq2iEQiLcbHxXDqtK6cEg5upFEo5V/VdHhkJR7KgqQyQHYtYrxP+8biqDMzejUZJKEuHJoCBlUMawCAn2KCdYspEiCHOqloV4gFRAUkVZpGDN3jxPWnbNOqkd39jl+sU0jxLYBwfgEFjgFNTBFWiAJsDgETyDV/CmPWkv2rv2MSld0KY9e+APtM8fp0GdGg==</latexit>

J2 = 1
2ksk

2

<latexit sha1_base64="00OcHDKUcMYlkYsZ22FvJJ5C0sc="></latexit>

✏̇(p) = �̇@G(�,ep)
@� = �̇@�(�,ep)

@� = �̇ 3s
2||s||



Isotropic plastic solids

displacements magnified 5×Numerical example

10

<latexit sha1_base64="PjJz13gDCKTtLlLI4qYdKj4W0ts="></latexit>

ep =
R t
0

p
2/3||✏̇(p)||dt

<latexit sha1_base64="NcvgUXxu+D6Mj7gWxjCaw8gP2V0=">AAACG3icbVDLTgIxFO3gC8cX6tJNI5DgBmfQqEuiG5eYyCNhkHRKgYZOO7YdEzLMd7jyU1yZaGLcGRf+jeWxUPAkTU/OuTf33uOHjCrtON9Waml5ZXUtvW5vbG5t72R292pKRBKTKhZMyIaPFGGUk6qmmpFGKAkKfEbq/uBq7NcfiFRU8Fs9DEkrQD1OuxQjbaR2xs3ZnrqXOi4dnyT2aAQ9X7COGgbmiz0SKsoET+7iQniUQGPbuXYm6xSdCeAicWckC2aotDOfXkfgKCBcY4aUarpOqFsxkppiRhI770WKhAgPUI80DeUoIKoVT25LYN4oHdgV0jyu4US1f3XEKFDjdU1lgHRfzXtj8T+vGenuRSumPIw04Xg6qBsxqAUcBwU7VBKs2dAQhCU1y0LcRxJhbeK0TQru/M2LpFYqumfF05tStnw5yyMNDsAhKAAXnIMyuAYVUAUYPIJn8ArerCfrxXq3PqalKWvWsw/+wPr6ARISoCc=</latexit>p
2/3||✏(p)||

<latexit sha1_base64="hmLSgSlvFh+s90sg/ntg9QYcUPQ=">AAACDnicbVC7TsMwFHV4lvAKMLJYtJWYSlIQMFawMBaJPqQmqhzHaa06D2wHqUrzA0x8ChMSSIiVnYm/wWkzQMuRLB+dc6/uvceNGRXSNL+1peWV1bX10oa+ubW9s2vs7bdFlHBMWjhiEe+6SBBGQ9KSVDLSjTlBgctIxx1d537ngXBBo/BOjmPiBGgQUp9iJJXUNyoV3Rb3XKanJ/VMn0yg7UbME+NAfanIoFL0St8omzVzCrhIrIKUQYFm3/iyvQgnAQklZkiInmXG0kkRlxQzkulVOxEkRniEBqSnaIgCIpx0ek4Gq0rxoB9x9UIJp6r+qyNFgcg3VJUBkkMx7+Xif14vkf6lk9IwTiQJ8WyQnzAoI5hnAz3KCZZsrAjCnKplIR4ijrBUCeoqBWv+5kXSrtes89rZbb3cuCryKIFDcASOgQUuQAPcgCZoAQwewTN4BW/ak/aivWsfs9Ilreg5AH+gff4A0Quaqw==</latexit>p
3/2||s||
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Time integration must find admissible solutions!
- Time discretization:

Straightforward before [Lecture 10], not so easy now …

- An acceptable algorithm should satisfy three basic requirements: 
(a) consistency with the constitutive relations 
(first-order accuracy; second-order accuracy); 
(b) numerical stability; 
(c) incremental plastic consistency.

- Generalized midpoint rule:

Aside:

Isotropic plastic solids

<latexit sha1_base64="mOsxoE1xm53G+Rz6DK0xb0i7OMk=">AAACFHicbVDLSgNBEJyNr7i+oh69DCYBMRB2g6gXIagHjxHMA5KwzE4myZDZ2WWmVwlL/sGTn+JJUBCvXjz5N04eB00saCiquunu8iPBNTjOt5VaWl5ZXUuv2xubW9s7md29mg5jRVmVhiJUDZ9oJrhkVeAgWCNSjAS+YHV/cDX26/dMaR7KOxhGrB2QnuRdTgkYycsc52zwJG4p3usDUSp8wOAlsuCOLsZ6oXXNBJAERnbOy2SdojMBXiTujGTRDBUv89XqhDQOmAQqiNZN14mgnRAFnAo2svOtWLOI0AHpsaahkgRMt5PJUyOcN0oHd0NlSgKeqPaviYQEWg8D33QGBPp63huL/3nNGLrn7YTLKAYm6XRRNxYYQjxOCHe4YhTE0BBCFTfHYtonilAwOdomBXf+50VSKxXd0+LJbSlbvpzlkUYH6BAdIRedoTK6QRVURRQ9omf0it6sJ+vFerc+pq0pazazj/7A+vwBUkedEw==</latexit>

tn ! tn+1 = tn +�t

convergence with 
respect to time step size

plastic consistency

<latexit sha1_base64="W4Z8IGW4MvHDI33QM923h7gpDDE=">AAAB/HicbVDLSsNAFJ3UV42vWJdugm2hgpSkiLoRim5cVrAPaEuZTCft0MkkzNyIIdRPcSUoiFt/xJV/47TNQqsHLhzOuXfm3uNFnClwnC8jt7K6tr6R3zS3tnd296z9QkuFsSS0SUIeyo6HFeVM0CYw4LQTSYoDj9O2N7me+e17KhULxR0kEe0HeCSYzwgGLQ2sQsnsDUNIk+mlX4GT5NgsDayiU3XmsP8SNyNFlKExsD71EyQOqADCsVJd14mgn2IJjHA6Ncu9WNEIkwke0a6mAgdU9dP58lO7rJWh7YdSlwB7rpo/JlIcKJUEnu4MMIzVsjcT//O6MfgX/ZSJKAYqyOIjP+Y2hPYsCXvIJCXAE00wkUwva5MxlpiAzsvUKbjLN/8lrVrVPaue3taK9assjzw6REeoglx0juroBjVQExH0gJ7QC3o1Ho1n4814X7TmjGzmAP2C8fENDSyTDg==</latexit>

ẏ = f(t, y)
<latexit sha1_base64="piwWNJidqsl+xxliLL4+y7lfnhY="></latexit>yn+1�yn

�t = f(tn+↵, (1� ↵)yn + ↵yn+1)

<latexit sha1_base64="DU2b8P6C7cWzEvyP5Ln3mdVUgL4="></latexit>

yn+1 = yn +�tf(tn+↵, (1� ↵)yn + ↵yn+1)
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Time integration must find admissible solutions!
- Time discretization:

- Generalized midpoint rule:

… but, is this ‘plastic loading’ (            ) or not?

Isotropic plastic solids

<latexit sha1_base64="PV9b0PE0qY/TKamkhGfraZAPMDM="></latexit>

�n+1 = ce : (✏n+1 � ✏(p)n+1)

<latexit sha1_base64="mOsxoE1xm53G+Rz6DK0xb0i7OMk=">AAACFHicbVDLSgNBEJyNr7i+oh69DCYBMRB2g6gXIagHjxHMA5KwzE4myZDZ2WWmVwlL/sGTn+JJUBCvXjz5N04eB00saCiquunu8iPBNTjOt5VaWl5ZXUuv2xubW9s7md29mg5jRVmVhiJUDZ9oJrhkVeAgWCNSjAS+YHV/cDX26/dMaR7KOxhGrB2QnuRdTgkYycsc52zwJG4p3usDUSp8wOAlsuCOLsZ6oXXNBJAERnbOy2SdojMBXiTujGTRDBUv89XqhDQOmAQqiNZN14mgnRAFnAo2svOtWLOI0AHpsaahkgRMt5PJUyOcN0oHd0NlSgKeqPaviYQEWg8D33QGBPp63huL/3nNGLrn7YTLKAYm6XRRNxYYQjxOCHe4YhTE0BBCFTfHYtonilAwOdomBXf+50VSKxXd0+LJbSlbvpzlkUYH6BAdIRedoTK6QRVURRQ9omf0it6sJ+vFerc+pq0pazazj/7A+vwBUkedEw==</latexit>

tn ! tn+1 = tn +�t

<latexit sha1_base64="p4J8oqzSDVpeo8a6vAiHtMitFDE="></latexit>

rn+↵ = r((1� ↵)�n + ↵�n+1, (1� ↵)epn + ↵epn+1)

<latexit sha1_base64="DDq6INzZa77GI26AusruAF8E3lU="></latexit>

hn+↵ = h((1� ↵)�n + ↵�n+1, (1� ↵)epn + ↵epn+1)

<latexit sha1_base64="L1MO2wQCJwNZuBMAvIlQurKVOzE="></latexit>

�n+1 = �(�n+1, e
p
n+1) = 0

with

with

<latexit sha1_base64="Xdce0UzVqEdp1c2jTnzYqEQI7NI=">AAACAHicbVBLSwMxGMzWV42vVcGLl2Bb8FR2i6gnKXrxWME+oF1KNpu2odnskmSFsvbiT/EkKIhX/4Yn/43Zdg/aOhAYZr5J8o0fc6a043xbhZXVtfWN4ibc2t7Z3bP3D1oqSiShTRLxSHZ8rChngjY105x2Yklx6HPa9sc3md9+oFKxSNzrSUy9EA8FGzCCtZH69lEZ9oJIpz1uMgGewivowDLs2yWn6syAlombkxLI0ejbX+YakoRUaMKxUl3XibWXYqkZ4XQKK71E0RiTMR7SrqECh1R56WyBKaoYJUCDSJojNJqp8FcixaFSk9A3kyHWI7XoZeJ/XjfRg0svZSJONBVk/tAg4UhHKGsDBUxSovnEEEwkM59FZIQlJtp0lrXgLu68TFq1qntePburlerXeR9FcAxOwClwwQWog1vQAE1AwCN4Bq/gzXqyXqx362M+WrDyzCH4A+vzB+POk/k=</latexit>

�̇ > 0

elastic strain which would result 
from a purely elastic step

<latexit sha1_base64="UlqmtCZjDU59R2STor7Y4Ht2m4k="></latexit>

epn+1 = epn +��hn+↵

<latexit sha1_base64="8qRe2okpXG2/Rw6RKmoI7BdYLzw="></latexit>

✏(p)n+1 = ✏(p)n +��rn+↵

<latexit sha1_base64="liO5r1fTHv4ZHq7lz1TB8g4kP9w="></latexit>

✏(e)n+1 = [✏n+1 � ✏(p)n ]���rn+↵

<latexit sha1_base64="6GgrnRZA8HM5r7jdha3N3L9sfL4="></latexit>n
�n, ✏

(p)
n , epn; ✏n+1

o
!

n
�n+1, ✏

(p)
n+1, e

p
n+1

o
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Return mapping algorithms: elastic predictor/plastic corrector
- Time discretization:

- Elastic predictor:

- Question:                                   ?
… Yes: within the elastic domain.

Done
… No: solve a non-linear system of equations.

Isotropic plastic solids

<latexit sha1_base64="mOsxoE1xm53G+Rz6DK0xb0i7OMk=">AAACFHicbVDLSgNBEJyNr7i+oh69DCYBMRB2g6gXIagHjxHMA5KwzE4myZDZ2WWmVwlL/sGTn+JJUBCvXjz5N04eB00saCiquunu8iPBNTjOt5VaWl5ZXUuv2xubW9s7md29mg5jRVmVhiJUDZ9oJrhkVeAgWCNSjAS+YHV/cDX26/dMaR7KOxhGrB2QnuRdTgkYycsc52zwJG4p3usDUSp8wOAlsuCOLsZ6oXXNBJAERnbOy2SdojMBXiTujGTRDBUv89XqhDQOmAQqiNZN14mgnRAFnAo2svOtWLOI0AHpsaahkgRMt5PJUyOcN0oHd0NlSgKeqPaviYQEWg8D33QGBPp63huL/3nNGLrn7YTLKAYm6XRRNxYYQjxOCHe4YhTE0BBCFTfHYtonilAwOdomBXf+50VSKxXd0+LJbSlbvpzlkUYH6BAdIRedoTK6QRVURRQ9omf0it6sJ+vFerc+pq0pazazj/7A+vwBUkedEw==</latexit>

tn ! tn+1 = tn +�t

<latexit sha1_base64="GUo17IPJ0wAy58Zz346EyUs1piw="></latexit>

✏(e)⇤n+1 = ✏n+1 � ✏(p)n
<latexit sha1_base64="y0WHhB9CHh+MUAxYvyhdBsC+iuU="></latexit>

�⇤
n+1 = ce : ✏(e)⇤n+1

<latexit sha1_base64="OxCUqjs5Ep2M+HDbmN4dUBQZXfI="></latexit>n
�n, ✏

(p)
n , epn; ✏n+1

o
!

n
�⇤

n+1, ✏
(p)
n+1 = ✏(p)n , epn+1 = epn,�� = 0

o

<latexit sha1_base64="4b3TfpPBWNK91oDxxvAqELNVOwU="></latexit>

epn+1 � epn ���hn+↵ = 0

<latexit sha1_base64="zxZCPRwE1eCAtq/ZNRNY6EuCtBU="></latexit>

✏(e)n+1 � ✏(e)⇤n+1 +��rn+↵ = 0

<latexit sha1_base64="hMyVKKGrZEnIrs1N0+BRRXDOnIQ="></latexit>

�(ce : ✏(e)n+1, e
p
n+1) = 0

Newton-Raphson 
iterations to solve for

<latexit sha1_base64="Jer3IgATxXHNrSbyxyeqi9+GD4s="></latexit>

!
n
✏(e)n+1, e

p
n+1,�� > 0

o

<latexit sha1_base64="2VvRPvtFi/k3rwIfCiM269xpmVo="></latexit>

�(�⇤
n+1, e

p
n)  0

<latexit sha1_base64="y0Pk0h2SiSYtxvCOOFOYqybvqWM=">AAACCXicbVDLSsNAFJ3UV42vqEsXBtuCKJSkiLosunFZwT6giWEymbZDJ5MwMxFKyNKVn+JKUBC3foIr/8ZJm4W2HhjmcM693HuPH1MipGV9a6Wl5ZXVtfK6vrG5tb1j7O51RJRwhNsoohHv+VBgShhuSyIp7sUcw9CnuOuPr3O/+4C5IBG7k5MYuyEcMjIgCEolecZhVXf8iAZiEqovdQQZhjC7P/FSdmpnetUzKlbdmsJcJHZBKqBAyzO+nCBCSYiZRBQK0betWLop5JIgijO95iQCxxCN4RD3FWUwxMJNp5dkZk0pgTmIuHpMmlNV/9WRwlDkq6rKEMqRmPdy8T+vn8jBpZsSFicSMzQbNEioKSMzj8UMCMdI0okiEHGiljXRCHKIpApPVynY8zcvkk6jbp/Xz24bleZVkUcZHIAjcAxscAGa4Aa0QBsg8AiewSt40560F+1d+5iVlrSiZx/8gfb5A8V7mRA=</latexit>

�⇤
n+1

<latexit sha1_base64="ZA+OPb3T5p5U+afJFBtT8D73cBw=">AAACBXicbVDLSsNAFJ34rPEVddlNsC24KkkRdVl047KCfUATwmQyaYfOTMLMRCghC1d+iitBQdz6Ea78G6dtFtp6YJjDOfdy7z1hSolUjvNtrK1vbG5tV3bM3b39g0Pr6Lgnk0wg3EUJTcQghBJTwnFXEUXxIBUYspDifji5mfn9BywkSfi9mqbYZ3DESUwQVFoKrGrd9MKERnLK9Jd7kowYLIKcF2Y9sGpO05nDXiVuSWqgRCewvrwoQRnDXCEKpRy6Tqr8HApFEMWF2fAyiVOIJnCEh5pyyLD08/kVhd3QSmTHidCPK3uumr86csjkbE1dyaAay2VvJv7nDTMVX/k54WmmMEeLQXFGbZXYs0jsiAiMFJ1qApEgelkbjaGASOngTJ2Cu3zzKum1mu5F8/yuVWtfl3lUQBWcgjPggkvQBregA7oAgUfwDF7Bm/FkvBjvxseidM0oe07AHxifP6z4mAQ=</latexit>�n

<latexit sha1_base64="0l4D5uJeJw+Rr0/TQg04yx9uzSQ=">AAACB3icbVDLSsNAFJ3UV42vqEsRgm1BEEpSRF0W3bisYB/QhDCZTNqhk0mYmQglZOXKT3ElKIhbv8GVf+OkzUJbDwxzOOde7r3HTygR0rK+tcrK6tr6RnVT39re2d0z9g96Ik45wl0U05gPfCgwJQx3JZEUDxKOYeRT3PcnN4Xff8BckJjdy2mC3QiOGAkJglJJnnFc1x0/poGYRurLHEFGEcy9jJ3ZuV73jJrVtGYwl4ldkhoo0fGMLyeIURphJhGFQgxtK5FuBrkkiOJcbzipwAlEEzjCQ0UZjLBws9kdudlQSmCGMVePSXOm6r86MhiJYlFVGUE5FoteIf7nDVMZXrkZYUkqMUPzQWFKTRmbRShmQDhGkk4VgYgTtayJxpBDJFV0ukrBXrx5mfRaTfuieX7XqrWvyzyq4AicgFNgg0vQBregA7oAgUfwDF7Bm/akvWjv2se8tKKVPYfgD7TPH5dgmHQ=</latexit>�n+1

<latexit sha1_base64="a4jInMxxhIKGxDcXqvVEC0QIf/I=">AAACHHicbVDLSsNAFJ3UVx1fUZdugm2hopSkiLoRim5cVrAPaGqYTKft0MkkzEyEEvofrvwUV4KCuBIE/8ZJm4W2HhjmcM693HuPHzEqlW1/G7ml5ZXVtfw63Njc2t4xd/eaMowFJg0cslC0fSQJo5w0FFWMtCNBUOAz0vJH16nfeiBC0pDfqXFEugEacNqnGCkteWa1CN1oSMvQ9UPWk+NAf4kr6SBAEy/hx87kBJL7aEbh0aUNi55ZsCv2FNYicTJSABnqnvnp9kIcB4QrzJCUHceOVDdBQlHMyASW3FiSCOERGpCOphwFRHaT6XETq6SVntUPhX5cWVMV/upIUCDTvXVlgNRQznup+J/XiVX/optQHsWKcDwb1I+ZpUIrTcrqUUGwYmNNEBZUL2vhIRIIK50n1Ck48zcvkma14pxVTm+rhdpVlkceHIBDUAYOOAc1cAPqoAEweATP4BW8GU/Gi/FufMxKc0bWsw/+wPj6Ac8unz8=</latexit>

�(�n+1, e
p
n+1) = 0

<latexit sha1_base64="pAcmf8/jVm5I/EGOO8a5Pqn4Iz8=">AAACGHicbVDLSsNAFJ3UVx1fUZdugm2hgpSkiLoRim5cVrAPaGqYTCbt0MkkzEyEEvoXrvwUV4KCuNWVf+Ok7UKrB4Y5nHMv997jJ4xKZdtfRmFpeWV1rbgONza3tnfM3b22jFOBSQvHLBZdH0nCKCctRRUj3UQQFPmMdPzRVe537omQNOa3apyQfoQGnIYUI6Ulz6yVoZsMaRW6fswCOY70l7mSDiI08TI+OYbkLskJPLqwYdkzS3bNnsL6S5w5KYE5mp756QYxTiPCFWZIyp5jJ6qfIaEoZmQCK24qSYLwCA1IT1OOIiL72fSwiVXRSmCFsdCPK2uqwh8dGYpkvrOujJAaykUvF//zeqkKz/sZ5UmqCMezQWHKLBVbeUpWQAXBio01QVhQvayFh0ggrHSWUKfgLN78l7TrNee0dnJTLzUu53kUwQE4BFXggDPQANegCVoAgwfwBF7Aq/FoPBtvxvustGDMe/bBLxgf3+VSnl8=</latexit>

�(�n, epn) = 0 updated yield surface

initial yield surface

plastic 
corrector

elastic 
predictor
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Return mapping algorithms: elastic predictor/plastic corrector
- Time discretization:

- Elastic predictor:

- Question:                                   ?
… Yes: within the elastic domain.

Done
… No: solve a non-linear system of equations.

Plastic corrector

Isotropic plastic solids

<latexit sha1_base64="mOsxoE1xm53G+Rz6DK0xb0i7OMk=">AAACFHicbVDLSgNBEJyNr7i+oh69DCYBMRB2g6gXIagHjxHMA5KwzE4myZDZ2WWmVwlL/sGTn+JJUBCvXjz5N04eB00saCiquunu8iPBNTjOt5VaWl5ZXUuv2xubW9s7md29mg5jRVmVhiJUDZ9oJrhkVeAgWCNSjAS+YHV/cDX26/dMaR7KOxhGrB2QnuRdTgkYycsc52zwJG4p3usDUSp8wOAlsuCOLsZ6oXXNBJAERnbOy2SdojMBXiTujGTRDBUv89XqhDQOmAQqiNZN14mgnRAFnAo2svOtWLOI0AHpsaahkgRMt5PJUyOcN0oHd0NlSgKeqPaviYQEWg8D33QGBPp63huL/3nNGLrn7YTLKAYm6XRRNxYYQjxOCHe4YhTE0BBCFTfHYtonilAwOdomBXf+50VSKxXd0+LJbSlbvpzlkUYH6BAdIRedoTK6QRVURRQ9omf0it6sJ+vFerc+pq0pazazj/7A+vwBUkedEw==</latexit>

tn ! tn+1 = tn +�t

<latexit sha1_base64="GUo17IPJ0wAy58Zz346EyUs1piw="></latexit>

✏(e)⇤n+1 = ✏n+1 � ✏(p)n
<latexit sha1_base64="y0WHhB9CHh+MUAxYvyhdBsC+iuU="></latexit>

�⇤
n+1 = ce : ✏(e)⇤n+1

<latexit sha1_base64="OxCUqjs5Ep2M+HDbmN4dUBQZXfI="></latexit>n
�n, ✏

(p)
n , epn; ✏n+1

o
!

n
�⇤

n+1, ✏
(p)
n+1 = ✏(p)n , epn+1 = epn,�� = 0

o

<latexit sha1_base64="2VvRPvtFi/k3rwIfCiM269xpmVo="></latexit>

�(�⇤
n+1, e

p
n)  0

<latexit sha1_base64="9qIyq0ZffkGRzuLCUqyRRh7E4Rw="></latexit>

�n+1 = �⇤
n+1 � ce : ��rn+↵

plastic corrector

<latexit sha1_base64="8qRe2okpXG2/Rw6RKmoI7BdYLzw="></latexit>

✏(p)n+1 = ✏(p)n +��rn+↵

<latexit sha1_base64="LQFHdfYKDfV8Ontj15xv+qM+M8E="></latexit>

!
n
�n+1, ✏

(p)
n+1, e

p
n+1

o

<latexit sha1_base64="y0Pk0h2SiSYtxvCOOFOYqybvqWM=">AAACCXicbVDLSsNAFJ3UV42vqEsXBtuCKJSkiLosunFZwT6giWEymbZDJ5MwMxFKyNKVn+JKUBC3foIr/8ZJm4W2HhjmcM693HuPH1MipGV9a6Wl5ZXVtfK6vrG5tb1j7O51RJRwhNsoohHv+VBgShhuSyIp7sUcw9CnuOuPr3O/+4C5IBG7k5MYuyEcMjIgCEolecZhVXf8iAZiEqovdQQZhjC7P/FSdmpnetUzKlbdmsJcJHZBKqBAyzO+nCBCSYiZRBQK0betWLop5JIgijO95iQCxxCN4RD3FWUwxMJNp5dkZk0pgTmIuHpMmlNV/9WRwlDkq6rKEMqRmPdy8T+vn8jBpZsSFicSMzQbNEioKSMzj8UMCMdI0okiEHGiljXRCHKIpApPVynY8zcvkk6jbp/Xz24bleZVkUcZHIAjcAxscAGa4Aa0QBsg8AiewSt40560F+1d+5iVlrSiZx/8gfb5A8V7mRA=</latexit>

�⇤
n+1

<latexit sha1_base64="ZA+OPb3T5p5U+afJFBtT8D73cBw=">AAACBXicbVDLSsNAFJ34rPEVddlNsC24KkkRdVl047KCfUATwmQyaYfOTMLMRCghC1d+iitBQdz6Ea78G6dtFtp6YJjDOfdy7z1hSolUjvNtrK1vbG5tV3bM3b39g0Pr6Lgnk0wg3EUJTcQghBJTwnFXEUXxIBUYspDifji5mfn9BywkSfi9mqbYZ3DESUwQVFoKrGrd9MKERnLK9Jd7kowYLIKcF2Y9sGpO05nDXiVuSWqgRCewvrwoQRnDXCEKpRy6Tqr8HApFEMWF2fAyiVOIJnCEh5pyyLD08/kVhd3QSmTHidCPK3uumr86csjkbE1dyaAay2VvJv7nDTMVX/k54WmmMEeLQXFGbZXYs0jsiAiMFJ1qApEgelkbjaGASOngTJ2Cu3zzKum1mu5F8/yuVWtfl3lUQBWcgjPggkvQBregA7oAgUfwDF7Bm/FkvBjvxseidM0oe07AHxifP6z4mAQ=</latexit>�n

<latexit sha1_base64="0l4D5uJeJw+Rr0/TQg04yx9uzSQ=">AAACB3icbVDLSsNAFJ3UV42vqEsRgm1BEEpSRF0W3bisYB/QhDCZTNqhk0mYmQglZOXKT3ElKIhbv8GVf+OkzUJbDwxzOOde7r3HTygR0rK+tcrK6tr6RnVT39re2d0z9g96Ik45wl0U05gPfCgwJQx3JZEUDxKOYeRT3PcnN4Xff8BckJjdy2mC3QiOGAkJglJJnnFc1x0/poGYRurLHEFGEcy9jJ3ZuV73jJrVtGYwl4ldkhoo0fGMLyeIURphJhGFQgxtK5FuBrkkiOJcbzipwAlEEzjCQ0UZjLBws9kdudlQSmCGMVePSXOm6r86MhiJYlFVGUE5FoteIf7nDVMZXrkZYUkqMUPzQWFKTRmbRShmQDhGkk4VgYgTtayJxpBDJFV0ukrBXrx5mfRaTfuieX7XqrWvyzyq4AicgFNgg0vQBregA7oAgUfwDF7Bm/akvWjv2se8tKKVPYfgD7TPH5dgmHQ=</latexit>�n+1

<latexit sha1_base64="a4jInMxxhIKGxDcXqvVEC0QIf/I=">AAACHHicbVDLSsNAFJ3UVx1fUZdugm2hopSkiLoRim5cVrAPaGqYTKft0MkkzEyEEvofrvwUV4KCuBIE/8ZJm4W2HhjmcM693HuPHzEqlW1/G7ml5ZXVtfw63Njc2t4xd/eaMowFJg0cslC0fSQJo5w0FFWMtCNBUOAz0vJH16nfeiBC0pDfqXFEugEacNqnGCkteWa1CN1oSMvQ9UPWk+NAf4kr6SBAEy/hx87kBJL7aEbh0aUNi55ZsCv2FNYicTJSABnqnvnp9kIcB4QrzJCUHceOVDdBQlHMyASW3FiSCOERGpCOphwFRHaT6XETq6SVntUPhX5cWVMV/upIUCDTvXVlgNRQznup+J/XiVX/optQHsWKcDwb1I+ZpUIrTcrqUUGwYmNNEBZUL2vhIRIIK50n1Ck48zcvkma14pxVTm+rhdpVlkceHIBDUAYOOAc1cAPqoAEweATP4BW8GU/Gi/FufMxKc0bWsw/+wPj6Ac8unz8=</latexit>

�(�n+1, e
p
n+1) = 0

updated yield surface

plastic 
corrector<latexit sha1_base64="/5vltxVz/2HjfRLw4ZR60DKXFgs=">AAACGXicbVDLSsNAFJ3UV42vqEs3wbYgCDUpouKq6MZlBfuAJobJZNoOnUzCzEQoIZ/hyk9xJSiI2678GydtFrZ6YJjDOfdy7z1+TImQlvWtlVZW19Y3ypv61vbO7p6xf9ARUcIRbqOIRrznQ4EpYbgtiaS4F3MMQ5/irj++zf3uE+aCROxBTmLshnDIyIAgKJXkGWdV3fEjGohJqL4UZY/4ekHhmZeyUwfSeAQzveoZFatuzWD+JXZBKqBAyzOmThChJMRMIgqF6NtWLN0UckkQxZlecxKBY4jGcIj7ijIYYuGms8sys6aUwBxEXD0mzZmq/+pIYSjyRVVlCOVILHu5+J/XT+Tgyk0JixOJGZoPGiTUlJGZx2QGhGMk6UQRiDhRy5poBDlEUoWpqxTs5Zv/kk6jbl/Uz+8bleZNkUcZHIFjcAJscAma4A60QBsg8AxewTv40F60N+1T+5qXlrSi5xAsQJv+ABrgoFM=</latexit>

ce : rn+↵

<latexit sha1_base64="vW63GCRL6yZ4GJjRNOA/xm3csgg=">AAACJ3icbVBNSwMxEM367fpV9eglWAuCUHZFVARB1INHBatCt5bZ7NSGZrNLkhXKsr/Gkz/Fk6AgevSfmNYebOuDkMd7M8nMC1PBtfG8L2dicmp6ZnZu3l1YXFpeKa2u3egkUwxrLBGJugtBo+ASa4YbgXepQohDgbdh56zn3z6i0jyR16abYiOGB8lbnIGxUrN0vOUGYSIi3Y3tlbPiHo9ocI7CQCDsMxEM+apo5nInAJG2oXC3mqWyV/X6oOPEH5AyGeCyWXoPooRlMUrDBGhd973UNHJQhjOBhVsJMo0psA48YN1SCTHqRt7fs6AVq0S0lSh7pKF91f3TkUOse4PayhhMW496PfE/r56Z1mEj5zLNDEr2+1ErE9QktBcajbhCZkTXEmCK22Epa4MCZmy0rk3BH915nNzsVv396t7VbvnkdJDHHNkgm2Sb+OSAnJALcklqhJEn8kLeyLvz7Lw6H87nb+mEM+hZJ0Nwvn8AB/SmAg==</latexit> c
e
:
�
�
r n

+
↵

<latexit sha1_base64="CGP2vpkFE4S8X9DRf7CiySsj1LQ=">AAACDHicbVDLSsNAFJ3UV42vqEs3oQ8QhJIUUZdFNy4r2Ac0JdxMpu3QySTMTIQSunflp7gSFMStP+DKv3HaZqGtB4Y5nHMv994TJIxK5TjfRmFtfWNzq7ht7uzu7R9Yh0dtGacCkxaOWSy6AUjCKCctRRUj3UQQiAJGOsH4ZuZ3HoiQNOb3apKQfgRDTgcUg9KSb5UqphfELJSTSH+ZJ+kwgqmf8TMPWDKCqVnxrbJTc+awV4mbkzLK0fStLy+McRoRrjADKXuuk6h+BkJRzMjUrHqpJAngMQxJT1MOEZH9bH7M1K5qJbQHsdCPK3uumr86MojkbFtdGYEayWVvJv7n9VI1uOpnlCepIhwvBg1SZqvYniVjh1QQrNhEE8CC6mVtPAIBWOn8TJ2Cu3zzKmnXa+5F7fyuXm5c53kU0QkqoVPkokvUQLeoiVoIo0f0jF7Rm/FkvBjvxseitGDkPcfoD4zPH+K9mtc=</latexit>�n+↵

<latexit sha1_base64="pAcmf8/jVm5I/EGOO8a5Pqn4Iz8=">AAACGHicbVDLSsNAFJ3UVx1fUZdugm2hgpSkiLoRim5cVrAPaGqYTCbt0MkkzEyEEvoXrvwUV4KCuNWVf+Ok7UKrB4Y5nHMv997jJ4xKZdtfRmFpeWV1rbgONza3tnfM3b22jFOBSQvHLBZdH0nCKCctRRUj3UQQFPmMdPzRVe537omQNOa3apyQfoQGnIYUI6Ulz6yVoZsMaRW6fswCOY70l7mSDiI08TI+OYbkLskJPLqwYdkzS3bNnsL6S5w5KYE5mp756QYxTiPCFWZIyp5jJ6qfIaEoZmQCK24qSYLwCA1IT1OOIiL72fSwiVXRSmCFsdCPK2uqwh8dGYpkvrOujJAaykUvF//zeqkKz/sZ5UmqCMezQWHKLBVbeUpWQAXBio01QVhQvayFh0ggrHSWUKfgLN78l7TrNee0dnJTLzUu53kUwQE4BFXggDPQANegCVoAgwfwBF7Aq/FoPBtvxvustGDMe/bBLxgf3+VSnl8=</latexit>

�(�n, epn) = 0

initial yield surface

elastic 
predictor
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Fully implicit return mapping and perfect plasticity
- Time discretization:

- Fully implicit algorithm (              )

- Perfect plasticity (             )

+ no hardening, thus no internal variable
+ no evolving yield surface

Isotropic plastic solids

<latexit sha1_base64="mOsxoE1xm53G+Rz6DK0xb0i7OMk=">AAACFHicbVDLSgNBEJyNr7i+oh69DCYBMRB2g6gXIagHjxHMA5KwzE4myZDZ2WWmVwlL/sGTn+JJUBCvXjz5N04eB00saCiquunu8iPBNTjOt5VaWl5ZXUuv2xubW9s7md29mg5jRVmVhiJUDZ9oJrhkVeAgWCNSjAS+YHV/cDX26/dMaR7KOxhGrB2QnuRdTgkYycsc52zwJG4p3usDUSp8wOAlsuCOLsZ6oXXNBJAERnbOy2SdojMBXiTujGTRDBUv89XqhDQOmAQqiNZN14mgnRAFnAo2svOtWLOI0AHpsaahkgRMt5PJUyOcN0oHd0NlSgKeqPaviYQEWg8D33QGBPp63huL/3nNGLrn7YTLKAYm6XRRNxYYQjxOCHe4YhTE0BBCFTfHYtonilAwOdomBXf+50VSKxXd0+LJbSlbvpzlkUYH6BAdIRedoTK6QRVURRQ9omf0it6sJ+vFerc+pq0pazazj/7A+vwBUkedEw==</latexit>

tn ! tn+1 = tn +�t
<latexit sha1_base64="y0Pk0h2SiSYtxvCOOFOYqybvqWM=">AAACCXicbVDLSsNAFJ3UV42vqEsXBtuCKJSkiLosunFZwT6giWEymbZDJ5MwMxFKyNKVn+JKUBC3foIr/8ZJm4W2HhjmcM693HuPH1MipGV9a6Wl5ZXVtfK6vrG5tb1j7O51RJRwhNsoohHv+VBgShhuSyIp7sUcw9CnuOuPr3O/+4C5IBG7k5MYuyEcMjIgCEolecZhVXf8iAZiEqovdQQZhjC7P/FSdmpnetUzKlbdmsJcJHZBKqBAyzO+nCBCSYiZRBQK0betWLop5JIgijO95iQCxxCN4RD3FWUwxMJNp5dkZk0pgTmIuHpMmlNV/9WRwlDkq6rKEMqRmPdy8T+vn8jBpZsSFicSMzQbNEioKSMzj8UMCMdI0okiEHGiljXRCHKIpApPVynY8zcvkk6jbp/Xz24bleZVkUcZHIAjcAxscAGa4Aa0QBsg8AiewSt40560F+1d+5iVlrSiZx/8gfb5A8V7mRA=</latexit>

�⇤
n+1

<latexit sha1_base64="ZA+OPb3T5p5U+afJFBtT8D73cBw=">AAACBXicbVDLSsNAFJ34rPEVddlNsC24KkkRdVl047KCfUATwmQyaYfOTMLMRCghC1d+iitBQdz6Ea78G6dtFtp6YJjDOfdy7z1hSolUjvNtrK1vbG5tV3bM3b39g0Pr6Lgnk0wg3EUJTcQghBJTwnFXEUXxIBUYspDifji5mfn9BywkSfi9mqbYZ3DESUwQVFoKrGrd9MKERnLK9Jd7kowYLIKcF2Y9sGpO05nDXiVuSWqgRCewvrwoQRnDXCEKpRy6Tqr8HApFEMWF2fAyiVOIJnCEh5pyyLD08/kVhd3QSmTHidCPK3uumr86csjkbE1dyaAay2VvJv7nDTMVX/k54WmmMEeLQXFGbZXYs0jsiAiMFJ1qApEgelkbjaGASOngTJ2Cu3zzKum1mu5F8/yuVWtfl3lUQBWcgjPggkvQBregA7oAgUfwDF7Bm/FkvBjvxseidM0oe07AHxifP6z4mAQ=</latexit>�n

<latexit sha1_base64="0l4D5uJeJw+Rr0/TQg04yx9uzSQ=">AAACB3icbVDLSsNAFJ3UV42vqEsRgm1BEEpSRF0W3bisYB/QhDCZTNqhk0mYmQglZOXKT3ElKIhbv8GVf+OkzUJbDwxzOOde7r3HTygR0rK+tcrK6tr6RnVT39re2d0z9g96Ik45wl0U05gPfCgwJQx3JZEUDxKOYeRT3PcnN4Xff8BckJjdy2mC3QiOGAkJglJJnnFc1x0/poGYRurLHEFGEcy9jJ3ZuV73jJrVtGYwl4ldkhoo0fGMLyeIURphJhGFQgxtK5FuBrkkiOJcbzipwAlEEzjCQ0UZjLBws9kdudlQSmCGMVePSXOm6r86MhiJYlFVGUE5FoteIf7nDVMZXrkZYUkqMUPzQWFKTRmbRShmQDhGkk4VgYgTtayJxpBDJFV0ukrBXrx5mfRaTfuieX7XqrWvyzyq4AicgFNgg0vQBregA7oAgUfwDF7Bm/akvWjv2se8tKKVPYfgD7TPH5dgmHQ=</latexit>�n+1
<latexit sha1_base64="a4jInMxxhIKGxDcXqvVEC0QIf/I=">AAACHHicbVDLSsNAFJ3UVx1fUZdugm2hopSkiLoRim5cVrAPaGqYTKft0MkkzEyEEvofrvwUV4KCuBIE/8ZJm4W2HhjmcM693HuPHzEqlW1/G7ml5ZXVtfw63Njc2t4xd/eaMowFJg0cslC0fSQJo5w0FFWMtCNBUOAz0vJH16nfeiBC0pDfqXFEugEacNqnGCkteWa1CN1oSMvQ9UPWk+NAf4kr6SBAEy/hx87kBJL7aEbh0aUNi55ZsCv2FNYicTJSABnqnvnp9kIcB4QrzJCUHceOVDdBQlHMyASW3FiSCOERGpCOphwFRHaT6XETq6SVntUPhX5cWVMV/upIUCDTvXVlgNRQznup+J/XiVX/optQHsWKcDwb1I+ZpUIrTcrqUUGwYmNNEBZUL2vhIRIIK50n1Ck48zcvkma14pxVTm+rhdpVlkceHIBDUAYOOAc1cAPqoAEweATP4BW8GU/Gi/FufMxKc0bWsw/+wPj6Ac8unz8=</latexit>

�(�n+1, e
p
n+1) = 0

<latexit sha1_base64="pAcmf8/jVm5I/EGOO8a5Pqn4Iz8=">AAACGHicbVDLSsNAFJ3UVx1fUZdugm2hgpSkiLoRim5cVrAPaGqYTCbt0MkkzEyEEvoXrvwUV4KCuNWVf+Ok7UKrB4Y5nHMv997jJ4xKZdtfRmFpeWV1rbgONza3tnfM3b22jFOBSQvHLBZdH0nCKCctRRUj3UQQFPmMdPzRVe537omQNOa3apyQfoQGnIYUI6Ulz6yVoZsMaRW6fswCOY70l7mSDiI08TI+OYbkLskJPLqwYdkzS3bNnsL6S5w5KYE5mp756QYxTiPCFWZIyp5jJ6qfIaEoZmQCK24qSYLwCA1IT1OOIiL72fSwiVXRSmCFsdCPK2uqwh8dGYpkvrOujJAaykUvF//zeqkKz/sZ5UmqCMezQWHKLBVbeUpWQAXBio01QVhQvayFh0ggrHSWUKfgLN78l7TrNee0dnJTLzUu53kUwQE4BFXggDPQANegCVoAgwfwBF7Aq/FoPBtvxvustGDMe/bBLxgf3+VSnl8=</latexit>

�(�n, epn) = 0 updated yield surface

initial yield surface

elastic 
predictor

plastic 
corrector

<latexit sha1_base64="C2uC+I0ICYftiC+dTrKl1u3m8rE=">AAACInicbVDLSgMxFM34rOOr6tJNsBYEocwU0eKqqAuXFWwrdGrJZG5raCYzJBmhDPMrrvwUV4KCdCX4MaaPhW09EHI4597k3uPHnCntON/W0vLK6tp6bsPe3Nre2c3v7TdUlEgKdRrxSD74RAFnAuqaaQ4PsQQS+hyafv965DefQSoWiXs9iKEdkp5gXUaJNlInXzm2PT/igRqE5kpp9giX2LsBronHzTMBmfFl1knFqZvZx518wSk5Y+BF4k5JAU1R6+SHXhDRJAShKSdKtVwn1u2USM0oh8wueomCmNA+6UHLUEFCUO10vGKGi0YJcDeS5giNx6r9pyMloRrNaCpDop/UvDcS//Naie5W2ikTcaJB0MlH3YRjHeFRXjhgEqjmA0MIlcwMi+kTkYRqk6ptUnDnd14kjXLJPS+d3ZUL1atpHjl0iI7QCXLRBaqiW1RDdUTRC3pDH+jTerXerS9rOCldsqY9B2gG1s8viOmjnw==</latexit>

c
e : �

�r
n+

1

<latexit sha1_base64="qo//0WV0AmIILhpaOmpyfVAYghE=">AAAB9nicbVDJSgNBEK1xjeMW9eilMQl4CjNB1IsQ9OIxglkgGUNNpydp0rPQ3SOGIf/hSVAQr/6LJ//GznLQxAcFj/eqqKrnJ4Ir7Tjf1srq2vrGZm7L3t7Z3dvPHxw2VJxKyuo0FrFs+aiY4BGra64FayWSYegL1vSHNxO/+cik4nF0r0cJ80LsRzzgFLWRHop2B0UyQHJFXLvYzRecsjMFWSbunBRgjlo3/9XpxTQNWaSpQKXarpNoL0OpORVsbJc6qWIJ0iH2WdvQCEOmvGx69piUjNIjQSxNRZpMVfvXRIahUqPQN50h6oFa9Cbif1471cGll/EoSTWL6GxRkAqiYzLJgPS4ZFSLkSFIJTfHEjpAiVSbpGyTgrv48zJpVMruefnsrlKoXs/zyMExnMApuHABVbiFGtSBgoRneIU368l6sd6tj1nrijWfOYI/sD5/AMPvkKQ=</latexit>

↵ = 1

<latexit sha1_base64="y0Pk0h2SiSYtxvCOOFOYqybvqWM=">AAACCXicbVDLSsNAFJ3UV42vqEsXBtuCKJSkiLosunFZwT6giWEymbZDJ5MwMxFKyNKVn+JKUBC3foIr/8ZJm4W2HhjmcM693HuPH1MipGV9a6Wl5ZXVtfK6vrG5tb1j7O51RJRwhNsoohHv+VBgShhuSyIp7sUcw9CnuOuPr3O/+4C5IBG7k5MYuyEcMjIgCEolecZhVXf8iAZiEqovdQQZhjC7P/FSdmpnetUzKlbdmsJcJHZBKqBAyzO+nCBCSYiZRBQK0betWLop5JIgijO95iQCxxCN4RD3FWUwxMJNp5dkZk0pgTmIuHpMmlNV/9WRwlDkq6rKEMqRmPdy8T+vn8jBpZsSFicSMzQbNEioKSMzj8UMCMdI0okiEHGiljXRCHKIpApPVynY8zcvkk6jbp/Xz24bleZVkUcZHIAjcAxscAGa4Aa0QBsg8AiewSt40560F+1d+5iVlrSiZx/8gfb5A8V7mRA=</latexit>

�⇤
n+1

<latexit sha1_base64="ZA+OPb3T5p5U+afJFBtT8D73cBw=">AAACBXicbVDLSsNAFJ34rPEVddlNsC24KkkRdVl047KCfUATwmQyaYfOTMLMRCghC1d+iitBQdz6Ea78G6dtFtp6YJjDOfdy7z1hSolUjvNtrK1vbG5tV3bM3b39g0Pr6Lgnk0wg3EUJTcQghBJTwnFXEUXxIBUYspDifji5mfn9BywkSfi9mqbYZ3DESUwQVFoKrGrd9MKERnLK9Jd7kowYLIKcF2Y9sGpO05nDXiVuSWqgRCewvrwoQRnDXCEKpRy6Tqr8HApFEMWF2fAyiVOIJnCEh5pyyLD08/kVhd3QSmTHidCPK3uumr86csjkbE1dyaAay2VvJv7nDTMVX/k54WmmMEeLQXFGbZXYs0jsiAiMFJ1qApEgelkbjaGASOngTJ2Cu3zzKum1mu5F8/yuVWtfl3lUQBWcgjPggkvQBregA7oAgUfwDF7Bm/FkvBjvxseidM0oe07AHxifP6z4mAQ=</latexit>�n <latexit sha1_base64="0l4D5uJeJw+Rr0/TQg04yx9uzSQ=">AAACB3icbVDLSsNAFJ3UV42vqEsRgm1BEEpSRF0W3bisYB/QhDCZTNqhk0mYmQglZOXKT3ElKIhbv8GVf+OkzUJbDwxzOOde7r3HTygR0rK+tcrK6tr6RnVT39re2d0z9g96Ik45wl0U05gPfCgwJQx3JZEUDxKOYeRT3PcnN4Xff8BckJjdy2mC3QiOGAkJglJJnnFc1x0/poGYRurLHEFGEcy9jJ3ZuV73jJrVtGYwl4ldkhoo0fGMLyeIURphJhGFQgxtK5FuBrkkiOJcbzipwAlEEzjCQ0UZjLBws9kdudlQSmCGMVePSXOm6r86MhiJYlFVGUE5FoteIf7nDVMZXrkZYUkqMUPzQWFKTRmbRShmQDhGkk4VgYgTtayJxpBDJFV0ukrBXrx5mfRaTfuieX7XqrWvyzyq4AicgFNgg0vQBregA7oAgUfwDF7Bm/akvWjv2se8tKKVPYfgD7TPH5dgmHQ=</latexit>�n+1

yield surface

elastic 
predictor

plastic 
corrector<latexit sha1_base64="C2uC+I0ICYftiC+dTrKl1u3m8rE=">AAACInicbVDLSgMxFM34rOOr6tJNsBYEocwU0eKqqAuXFWwrdGrJZG5raCYzJBmhDPMrrvwUV4KCdCX4MaaPhW09EHI4597k3uPHnCntON/W0vLK6tp6bsPe3Nre2c3v7TdUlEgKdRrxSD74RAFnAuqaaQ4PsQQS+hyafv965DefQSoWiXs9iKEdkp5gXUaJNlInXzm2PT/igRqE5kpp9giX2LsBronHzTMBmfFl1knFqZvZx518wSk5Y+BF4k5JAU1R6+SHXhDRJAShKSdKtVwn1u2USM0oh8wueomCmNA+6UHLUEFCUO10vGKGi0YJcDeS5giNx6r9pyMloRrNaCpDop/UvDcS//Naie5W2ikTcaJB0MlH3YRjHeFRXjhgEqjmA0MIlcwMi+kTkYRqk6ptUnDnd14kjXLJPS+d3ZUL1atpHjl0iI7QCXLRBaqiW1RDdUTRC3pDH+jTerXerS9rOCldsqY9B2gG1s8viOmjnw==</latexit>

c
e : �

�r
n+

1

<latexit sha1_base64="U1WHuEFjdKFDku/lq2vR25TzJCE=">AAACMXicfVDLSsNAFJ3UV42vqEs3wbZQEUpSRN0IRRe6rGAf0IQwmUzboZNJmJkIJfSTXPkpXRUUxK0/4aTNQlvxwjCHc87l3nv8mBIhLWumFdbWNza3itv6zu7e/oFxeNQWUcIRbqGIRrzrQ4EpYbgliaS4G3MMQ5/ijj+6y/TOM+aCROxJjmPshnDASJ8gKBXlGfdl3YmHpKo7fkQDMQ7VlzqCDEI48VI20c9u/tPP7cxh6WXPKFk1a17mKrBzUAJ5NT1j6gQRSkLMJKJQiJ5txdJNIZcEUTzRK04icAzRCA5wT0EGQyzcdH7xxKwoJjD7EVePSXPO6j86UhiKbFnlDKEcimUtI//SeonsX7spYXEiMUOLQf2EmjIys/jMgHCMJB0rABEnalkTDSGHSKqQdZWCvXzzKmjXa/Zl7eKxXmrc5nkUwQk4BVVggyvQAA+gCVoAgRcwBW/gXXvVZtqH9rmwFrS85xj8Ku3rG4rmqIM=</latexit>

�(�n) = �(�n+1) = 0

<latexit sha1_base64="qo//0WV0AmIILhpaOmpyfVAYghE=">AAAB9nicbVDJSgNBEK1xjeMW9eilMQl4CjNB1IsQ9OIxglkgGUNNpydp0rPQ3SOGIf/hSVAQr/6LJ//GznLQxAcFj/eqqKrnJ4Ir7Tjf1srq2vrGZm7L3t7Z3dvPHxw2VJxKyuo0FrFs+aiY4BGra64FayWSYegL1vSHNxO/+cik4nF0r0cJ80LsRzzgFLWRHop2B0UyQHJFXLvYzRecsjMFWSbunBRgjlo3/9XpxTQNWaSpQKXarpNoL0OpORVsbJc6qWIJ0iH2WdvQCEOmvGx69piUjNIjQSxNRZpMVfvXRIahUqPQN50h6oFa9Cbif1471cGll/EoSTWL6GxRkAqiYzLJgPS4ZFSLkSFIJTfHEjpAiVSbpGyTgrv48zJpVMruefnsrlKoXs/zyMExnMApuHABVbiFGtSBgoRneIU368l6sd6tj1nrijWfOYI/sD5/AMPvkKQ=</latexit>

↵ = 1
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J2 or von Mises plasticity – Radial return algorithm
- Time discretization:

- Elastic predictor:

- Question:                                   ?
… Yes: within the elastic domain. Done
… No: solve a non-linear system of equations.

Plastic corrector

Isotropic plastic solids

<latexit sha1_base64="mOsxoE1xm53G+Rz6DK0xb0i7OMk=">AAACFHicbVDLSgNBEJyNr7i+oh69DCYBMRB2g6gXIagHjxHMA5KwzE4myZDZ2WWmVwlL/sGTn+JJUBCvXjz5N04eB00saCiquunu8iPBNTjOt5VaWl5ZXUuv2xubW9s7md29mg5jRVmVhiJUDZ9oJrhkVeAgWCNSjAS+YHV/cDX26/dMaR7KOxhGrB2QnuRdTgkYycsc52zwJG4p3usDUSp8wOAlsuCOLsZ6oXXNBJAERnbOy2SdojMBXiTujGTRDBUv89XqhDQOmAQqiNZN14mgnRAFnAo2svOtWLOI0AHpsaahkgRMt5PJUyOcN0oHd0NlSgKeqPaviYQEWg8D33QGBPp63huL/3nNGLrn7YTLKAYm6XRRNxYYQjxOCHe4YhTE0BBCFTfHYtonilAwOdomBXf+50VSKxXd0+LJbSlbvpzlkUYH6BAdIRedoTK6QRVURRQ9omf0it6sJ+vFerc+pq0pazazj/7A+vwBUkedEw==</latexit>

tn ! tn+1 = tn +�t

<latexit sha1_base64="GUo17IPJ0wAy58Zz346EyUs1piw="></latexit>

✏(e)⇤n+1 = ✏n+1 � ✏(p)n
<latexit sha1_base64="y0WHhB9CHh+MUAxYvyhdBsC+iuU="></latexit>

�⇤
n+1 = ce : ✏(e)⇤n+1

<latexit sha1_base64="OxCUqjs5Ep2M+HDbmN4dUBQZXfI="></latexit>n
�n, ✏

(p)
n , epn; ✏n+1

o
!

n
�⇤

n+1, ✏
(p)
n+1 = ✏(p)n , epn+1 = epn,�� = 0

o

<latexit sha1_base64="2VvRPvtFi/k3rwIfCiM269xpmVo="></latexit>

�(�⇤
n+1, e

p
n)  0

plastic corrector (radial return)

<latexit sha1_base64="LQFHdfYKDfV8Ontj15xv+qM+M8E="></latexit>

!
n
�n+1, ✏

(p)
n+1, e

p
n+1

oRecall:

elastic   
predictor

plastic 
corrector

<latexit sha1_base64="pqHisEjg0q7ll2ObGwrFRYSdMrc=">AAACGHicbVDLSsNAFJ3UV42vqEs3wbZQFUpSRF0W3bisYB/Q1DKZTNuhM5MwMymUkL9w5ae4EhTEra78GydtF9p6YJjDOfdy7z1+RIlUjvNt5FZW19Y38pvm1vbO7p61f9CUYSwQbqCQhqLtQ4kp4bihiKK4HQkMmU9xyx/dZH5rjIUkIb9Xkwh3GRxw0icIKi31rErR9BhUQ8GSAI/Tsun5IQ3khOkv8SQZMJg+nPYSfuamJ2axZxWcijOFvUzcOSmAOeo968sLQhQzzBWiUMqO60Sqm0ChCKI4NUteLHEE0QgOcEdTDhmW3WR6WGqXtBLY/VDox5U9Vc1fHQlkMttVV2ZHyEUvE//zOrHqX3UTwqNYYY5mg/oxtVVoZynZAREYKTrRBCJB9LI2GkIBkdJZmjoFd/HmZdKsVtyLyvldtVC7nueRB0fgGJSBCy5BDdyCOmgABB7BM3gFb8aT8WK8Gx+z0pwx7zkEf2B8/gAV+Z8d</latexit>

dev(�⇤
n+1)

<latexit sha1_base64="kLAo/P63HBN9zYqI8bUyTZC6q/g=">AAACFnicbVDLSsNAFJ3UV42vqEs3wbZQUUpSRF0W3bisYB/QhDKZTNvBmUmYmRRKyE+48lNcCQriVnDl3zhpu9DWA8MczrmXe+8JYkqkcpxvo7Cyura+Udw0t7Z3dves/YO2jBKBcAtFNBLdAEpMCcctRRTF3VhgyAKKO8HDTe53xlhIEvF7NYmxz+CQkwFBUGmpb52VTY9BNRIsDfE4q5peENFQTpj+Uk+SIYNZP+WnbnZilvtWyak5U9jLxJ2TEpij2be+vDBCCcNcIQql7LlOrPwUCkUQxZlZ8RKJY4ge4BD3NOWQYemn07Myu6KV0B5EQj+u7Klq/upIIZP5proyP0Euern4n9dL1ODKTwmPE4U5mg0aJNRWkZ1nZIdEYKToRBOIBNHL2mgEBURKJ2nqFNzFm5dJu15zL2rnd/VS43qeRxEcgWNQBS64BA1wC5qgBRB4BM/gFbwZT8aL8W58zEoLxrznEPyB8fkD3G+egQ==</latexit>

dev(�n+1)

<latexit sha1_base64="pjP5fvONZOe2J1F4rkNArWkC0oU=">AAACFHicbVDLSsNAFJ3UV42vqks3wbZQXZSkiLosunFZwT6gCWEymbZDZyZhZlIoIf/gyk9xJSiIWzeu/BsnbRfaemCYwzn3cu89QUyJVLb9bRTW1jc2t4rb5s7u3v5B6fCoI6NEINxGEY1EL4ASU8JxWxFFcS8WGLKA4m4wvs397gQLSSL+oKYx9hgccjIgCCot+aXziukyqEaCpSGeZDXTDSIayinTX+pKMmQw81OenZkVv1S26/YM1ipxFqQMFmj5pS83jFDCMFeIQin7jh0rL4VCEURxZlbdROIYojEc4r6mHDIsvXR2VGZVtRJag0jox5U1U81fHSlkMt9TV+YHyGUvF//z+okaXHsp4XGiMEfzQYOEWiqy8oSskAiMFJ1qApEgelkLjaCASOkcTZ2Cs3zzKuk06s5l/eK+UW7eLPIoghNwCmrAAVegCe5AC7QBAo/gGbyCN+PJeDHejY95acFY9ByDPzA+fwDm054R</latexit>

dev(�n)

<latexit sha1_base64="JJSBZrgS336HfocUpJQvm/CWN5s="></latexit>

rn+1 = @�
@�

���
n+1

= 3sn+1

2||sn+1||
<latexit sha1_base64="w4UdVlTJjcq+5wGfHCfHy1PhAf4="></latexit>

�n+1 = �⇤
n+1 � 3µ�� sn+1

||sn+1||
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J2 or von Mises plasticity – Radial return algorithm
- Time discretization:

Isotropic plastic solids

<latexit sha1_base64="mOsxoE1xm53G+Rz6DK0xb0i7OMk=">AAACFHicbVDLSgNBEJyNr7i+oh69DCYBMRB2g6gXIagHjxHMA5KwzE4myZDZ2WWmVwlL/sGTn+JJUBCvXjz5N04eB00saCiquunu8iPBNTjOt5VaWl5ZXUuv2xubW9s7md29mg5jRVmVhiJUDZ9oJrhkVeAgWCNSjAS+YHV/cDX26/dMaR7KOxhGrB2QnuRdTgkYycsc52zwJG4p3usDUSp8wOAlsuCOLsZ6oXXNBJAERnbOy2SdojMBXiTujGTRDBUv89XqhDQOmAQqiNZN14mgnRAFnAo2svOtWLOI0AHpsaahkgRMt5PJUyOcN0oHd0NlSgKeqPaviYQEWg8D33QGBPp63huL/3nNGLrn7YTLKAYm6XRRNxYYQjxOCHe4YhTE0BBCFTfHYtonilAwOdomBXf+50VSKxXd0+LJbSlbvpzlkUYH6BAdIRedoTK6QRVURRQ9omf0it6sJ+vFerc+pq0pazazj/7A+vwBUkedEw==</latexit>

tn ! tn+1 = tn +�t

elastic   
predictor

plastic 
corrector

<latexit sha1_base64="pqHisEjg0q7ll2ObGwrFRYSdMrc=">AAACGHicbVDLSsNAFJ3UV42vqEs3wbZQFUpSRF0W3bisYB/Q1DKZTNuhM5MwMymUkL9w5ae4EhTEra78GydtF9p6YJjDOfdy7z1+RIlUjvNt5FZW19Y38pvm1vbO7p61f9CUYSwQbqCQhqLtQ4kp4bihiKK4HQkMmU9xyx/dZH5rjIUkIb9Xkwh3GRxw0icIKi31rErR9BhUQ8GSAI/Tsun5IQ3khOkv8SQZMJg+nPYSfuamJ2axZxWcijOFvUzcOSmAOeo968sLQhQzzBWiUMqO60Sqm0ChCKI4NUteLHEE0QgOcEdTDhmW3WR6WGqXtBLY/VDox5U9Vc1fHQlkMttVV2ZHyEUvE//zOrHqX3UTwqNYYY5mg/oxtVVoZynZAREYKTrRBCJB9LI2GkIBkdJZmjoFd/HmZdKsVtyLyvldtVC7nueRB0fgGJSBCy5BDdyCOmgABB7BM3gFb8aT8WK8Gx+z0pwx7zkEf2B8/gAV+Z8d</latexit>

dev(�⇤
n+1)

<latexit sha1_base64="kLAo/P63HBN9zYqI8bUyTZC6q/g=">AAACFnicbVDLSsNAFJ3UV42vqEs3wbZQUUpSRF0W3bisYB/QhDKZTNvBmUmYmRRKyE+48lNcCQriVnDl3zhpu9DWA8MczrmXe+8JYkqkcpxvo7Cyura+Udw0t7Z3dves/YO2jBKBcAtFNBLdAEpMCcctRRTF3VhgyAKKO8HDTe53xlhIEvF7NYmxz+CQkwFBUGmpb52VTY9BNRIsDfE4q5peENFQTpj+Uk+SIYNZP+WnbnZilvtWyak5U9jLxJ2TEpij2be+vDBCCcNcIQql7LlOrPwUCkUQxZlZ8RKJY4ge4BD3NOWQYemn07Myu6KV0B5EQj+u7Klq/upIIZP5proyP0Euern4n9dL1ODKTwmPE4U5mg0aJNRWkZ1nZIdEYKToRBOIBNHL2mgEBURKJ2nqFNzFm5dJu15zL2rnd/VS43qeRxEcgWNQBS64BA1wC5qgBRB4BM/gFbwZT8aL8W58zEoLxrznEPyB8fkD3G+egQ==</latexit>

dev(�n+1)

<latexit sha1_base64="pjP5fvONZOe2J1F4rkNArWkC0oU=">AAACFHicbVDLSsNAFJ3UV42vqks3wbZQXZSkiLosunFZwT6gCWEymbZDZyZhZlIoIf/gyk9xJSiIWzeu/BsnbRfaemCYwzn3cu89QUyJVLb9bRTW1jc2t4rb5s7u3v5B6fCoI6NEINxGEY1EL4ASU8JxWxFFcS8WGLKA4m4wvs397gQLSSL+oKYx9hgccjIgCCot+aXziukyqEaCpSGeZDXTDSIayinTX+pKMmQw81OenZkVv1S26/YM1ipxFqQMFmj5pS83jFDCMFeIQin7jh0rL4VCEURxZlbdROIYojEc4r6mHDIsvXR2VGZVtRJag0jox5U1U81fHSlkMt9TV+YHyGUvF//z+okaXHsp4XGiMEfzQYOEWiqy8oSskAiMFJ1qApEgelkLjaCASOkcTZ2Cs3zzKuk06s5l/eK+UW7eLPIoghNwCmrAAVegCe5AC7QBAo/gGbyCN+PJeDHejY95acFY9ByDPzA+fwDm054R</latexit>

dev(�n)

plastic 
corrector

elastic 
predictor

<latexit sha1_base64="0Ef+GZ+rx8R8laoYm/i7SAamC1o=">AAAB8nicbVBNSwMxEM36WdevqkcvwbbgqewWUY9FLx4r2A9sl5JNs21okl2SWaEs/ReeBAXx6r/x5L8xbfegrQ8GHu/NMDMvTAQ34Hnfztr6xubWdmHH3d3bPzgsHh23TJxqypo0FrHuhMQwwRVrAgfBOolmRIaCtcPx7cxvPzFteKweYJKwQJKh4hGnBKz0WHZ7hg8lccv9YsmrenPgVeLnpIRyNPrFr94gpqlkCqggxnR9L4EgIxo4FWzqVnqpYQmhYzJkXUsVkcwE2fzkKa5YZYCjWNtSgOeq+2siI9KYiQxtpyQwMsveTPzP66YQXQcZV0kKTNHFoigVGGI8+x8PuGYUxMQSQjW3x2I6IppQsCm5NgV/+edV0qpV/cvqxX2tVL/J8yigU3SGzpGPrlAd3aEGaiKKFHpGr+jNAefFeXc+Fq1rTj5zgv7A+fwBK/uP2Q==</latexit>�

<latexit sha1_base64="XrsjHD7T6rSM+tUtFmMeYPz4deA=">AAAB9HicbVBNSwMxEM36WdevqkcvwbbgqewWUY9FLx4r2A/oLiWbzrah2WxIsoVS+jc8CQri1T/jyX9j2u5BWx8MPN6bYWZeJDnTxvO+nY3Nre2d3cKeu39weHRcPDlt6TRTFJo05anqREQDZwKahhkOHamAJBGHdjS6n/vtMSjNUvFkJhLChAwEixklxkpB2Q1AasZT4ZZ7xZJX9RbA68TPSQnlaPSKX0E/pVkCwlBOtO76njThlCjDKIeZWwkyDZLQERlA11JBEtDhdHH0DFes0sdxqmwJgxeq+2tiShKtJ0lkOxNihnrVm4v/ed3MxLfhlAmZGRB0uSjOODYpnieA+0wBNXxiCaGK2WMxHRJFqLE5uTYFf/XnddKqVf3r6tVjrVS/y/MooHN0gS6Rj25QHT2gBmoiiiR6Rq/ozRk7L86787Fs3XDymTP0B87nD9+HkNY=</latexit>✏
<latexit sha1_base64="tI2JgNGpmVEHLmz79wQ1QlQVjlk=">AAAB+nicbVDLSsNAFJ3UV42vqEs3g23BVUmKqMuiG5cV7APaUCbTm3boZBJmJoUS+yeuBAVx65+48m+ctllo64ELZ865l7n3BAlnSrvut1XY2Nza3inu2nv7B4dHzvFJS8WppNCkMY9lJyAKOBPQ1Exz6CQSSBRwaAfju7nfnoBULBaPepqAH5GhYCGjRBup7zhluweJYtw8MjGzy32n5FbdBfA68XJSQjkafeerN4hpGoHQlBOlup6baD8jUjPKYWZXeqmChNAxGULXUEEiUH62WH2GK0YZ4DCWpoTGC9X+NZGRSKlpFJjOiOiRWvXm4n9eN9XhjZ8xkaQaBF1+FKYc6xjPc8ADJoFqPjWEUMnMspiOiCRUm7Rsk4K3evM6adWq3lX18qFWqt/meRTRGTpHF8hD16iO7lEDNRFFE/SMXtGb9WS9WO/Wx7K1YOUzp+gPrM8fsCKS9A==</latexit>✏n

<latexit sha1_base64="iLa+XOe90cWed2qM9LEAuJ8GI/A=">AAAB/HicbVDLSgMxFM3UVx1fY126CbYFQSgzRdRl0Y3LCvYB7VAy6W0bmskMSUYsQ/0UV4KCuPVHXPk3pu0stPXAhZNz7iX3niDmTGnX/bZya+sbm1v5bXtnd2//wDksNFWUSAoNGvFItgOigDMBDc00h3YsgYQBh1Ywvpn5rQeQikXiXk9i8EMyFGzAKNFG6jmFkt2FWDFuHqk486Z2qecU3Yo7B14lXkaKKEO953x1+xFNQhCacqJUx3Nj7adEakY5TO1yN1EQEzomQ+gYKkgIyk/ny09x2Sh9PIikKaHxXLV/TaQkVGoSBqYzJHqklr2Z+J/XSfTgyk+ZiBMNgi4+GiQc6wjPksB9JoFqPjGEUMnMspiOiCRUm7xsk4K3fPMqaVYr3kXl/K5arF1neeTRMTpBp8hDl6iGblEdNRBFj+gZvaI368l6sd6tj0VrzspmjtAfWJ8/kRqTZA==</latexit>✏n+1

<latexit sha1_base64="4tKnS5+CmuOx1wHsy50f7E25pog=">AAAB9nicbVBNSwMxEJ2tX3X9qnr0EmwLnspuEfVY9OKxgv2AtpZsmm1Dk+ySZMWy9H94EhTEq//Fk//GtN2Dtj4YeLw3w8y8IOZMG8/7dnJr6xubW/ltd2d3b/+gcHjU1FGiCG2QiEeqHWBNOZO0YZjhtB0rikXAaSsY38z81iNVmkXy3kxi2hN4KFnICDZWeii5Xc2GAvdTOXVL/ULRq3hzoFXiZ6QIGer9wld3EJFEUGkIx1p3fC82vRQrwwinU7fcTTSNMRnjIe1YKrGgupfOz56islUGKIyULWnQXHV/TaRYaD0Rge0U2Iz0sjcT//M6iQmveimTcWKoJItFYcKRidAsAzRgihLDJ5Zgopg9FpERVpgYm5RrU/CXf14lzWrFv6ic31WLtessjzycwCmcgQ+XUINbqEMDCCh4hld4c56cF+fd+Vi05pxs5hj+wPn8AYDgkcY=</latexit>�n

<latexit sha1_base64="btLN7ANUJLgvcztfBoNHiNqckok=">AAAB+nicbVBNS8NAEJ3Urxq/oh69BNuCIJSkiHosevFYwdZCG8Jmu22X7m7C7qZQYv+JJ0FBvPpPPPlv3LY5aOuDgcd7M8zMixJGlfa8b6uwtr6xuVXctnd29/YPnMOjlopTiUkTxyyW7QgpwqggTU01I+1EEsQjRh6j0e3MfxwTqWgsHvQkIQFHA0H7FCNtpNBxynZX0QFHYSbO/aldDp2SV/XmcFeJn5MS5GiEzle3F+OUE6ExQ0p1fC/RQYakppiRqV3ppookCI/QgHQMFYgTFWTz06duxSg9tx9LU0K7c9X+NZEhrtSER6aTIz1Uy95M/M/rpLp/HWRUJKkmAi8W9VPm6tid5eD2qCRYs4khCEtqjnXxEEmEtUnLNin4yz+vklat6l9WL+5rpfpNnkcRTuAUzsCHK6jDHTSgCRjG8Ayv8GY9WS/Wu/WxaC1Y+cwx/IH1+QPXs5Jn</latexit>�n+1

<latexit sha1_base64="WbnG8Pu48pDv3dXKhE+b49g6Ghs=">AAAB/HicbVDLSgMxFM3UVx1fY126CbYFUSgzRdRl0Y3LCvYB7Thk0rQNTTJDkhHLUD/FlaAgbv0RV/6NaTsLbT1w4XDOvdx7TxgzqrTrflu5ldW19Y38pr21vbO75+wXmipKJCYNHLFItkOkCKOCNDTVjLRjSRAPGWmFo+up33ogUtFI3OlxTHyOBoL2KUbaSIFTKNldRQcc3Z8EqTj1JnYpcIpuxZ0BLhMvI0WQoR44X91ehBNOhMYMKdXx3Fj7KZKaYkYmdrmbKBIjPEID0jFUIE6Un86On8CyUXqwH0lTQsOZav+aSBFXasxD08mRHqpFbyr+53US3b/0UyriRBOB54v6CYM6gtMkYI9KgjUbG4KwpOZYiIdIIqxNXrZJwVv8eZk0qxXvvHJ2Wy3WrrI88uAQHIFj4IELUAM3oA4aAINH8AxewZv1ZL1Y79bHvDVnZTMH4A+szx/6hJMD</latexit>

�⇤
n+1

<latexit sha1_base64="3CulUG9DdP3dPQf5zMnNhLTYJAU=">AAAB8XicbVBNSwMxEM3Wr1q/qh69BNuCp7JbRD0WvXisYD+kXUs2nW1Dk+ySZIWy9Fd4EhTEqz/Hk//GtN2Dtj4YeLw3w8y8IOZMG9f9dnJr6xubW/ntws7u3v5B8fCopaNEUWjSiEeqExANnEloGmY4dGIFRAQc2sH4Zua3n0BpFsl7M4nBF2QoWcgoMVZ6KKcwfYz7stwvltyqOwdeJV5GSihDo1/86g0imgiQhnKidddzY+OnRBlGOUwLlV6iISZ0TIbQtVQSAdpP5xdPccUqAxxGypY0eK4Wfk2kRGg9EYHtFMSM9LI3E//zuokJr/yUyTgxIOliUZhwbCI8ex8PmAJq+MQSQhWzx2I6IopQY0Mq2BS85Z9XSatW9S6q53e1Uv06yyOPTtApOkMeukR1dIsaqIkoEugZvaI3RzsvzrvzsWjNOdnMMfoD5/MHvJOQRg==</latexit>

epn
<latexit sha1_base64="H1Wdl/DG6D0quRM1RO2rV11+XGI=">AAAB9XicbVBNS8NAEJ3Urxq/qh69LLYFQShJEfVY9OKxgv2ANpbNdtsu3Wzi7kYpIb/Dk6AgXv0xnvw3btsctPXBwOO9GWbm+RFnSjvOt5VbWV1b38hv2lvbO7t7hf2DpgpjSWiDhDyUbR8rypmgDc00p+1IUhz4nLb88fXUbz1SqVgo7vQkol6Ah4INGMHaSF4poel91EvEqZuWeoWiU3FmQMvEzUgRMtR7ha9uPyRxQIUmHCvVcZ1IewmWmhFOU7vcjRWNMBnjIe0YKnBAlZfMrk5R2Sh9NAilKaHRTLV/TSQ4UGoS+KYzwHqkFr2p+J/XifXg0kuYiGJNBZkvGsQc6RBNI0B9JinRfGIIJpKZYxEZYYmJNkHZJgV38edl0qxW3PPK2W21WLvK8sjDERzDCbhwATW4gTo0gMADPMMrvFlP1ov1bn3MW3NWNnMIf2B9/gBlDZHC</latexit>

epn+1

Space of principal values 
of the deviatoric part of

the Cauchy stress tensor
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Isotropic plastic solids

Lecture #13-#14

Theory
of plastic
solids


