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Lecture 15 – Isotropic plastic solids

Experimental 
mechanics and 

thermodynamics

Tensor algebra 
Tensor analysis

reference 
configuration

thermo-mechanical loads

KINEMATICS OF DEFORMATIONS deformed 
configuration

CONTINUOUS
MEDIA

atomic/
micro/meso

structure
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16 unknown fields   +   5 equations

laws of nature                                       .
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BALANCE OF LINEAR MOMENTUM
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LAWS OF THERMODYNAMICS CONSTITUTIVE 
EQUATIONS
11 equations

Empirical 
observation

Multi-scale
approaches

continuously varying fields
(time and space averages over 
the underlying structure)
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Review: Ideal plastic solids – Small strains
Constitutive law defined by yield function, flow potential and hardening rule

- Plasticity manifests when a stress threshold is reach (yield stress)

Yield function

Internal variable (for isotropic hardening) 

- Additive decomposition of (small) strain: 

- Consistency condition

(determine      under plastic loading;             , otherwise)

- Strain energy density:

(Lecture 11)

- Evolution equations (Lecture 11):

- Flow rule (flow potential)
- Hardening rule

- Cauchy stress tensor:
4

Isotropic plastic solids

<latexit sha1_base64="rRahLUU54J0rm7bXnn5FtPSlQAs=">AAACQHicdVBNSwMxEM3Wr7p+VT16WWwLFaHsFlEvQtGLxwr2A9pasum0Dc0mS5IVytJ/5sm/4MmrJ0FBvHoy2/agrT4Y5vHeDJk8P2RUadd9tlJLyyura+l1e2Nza3sns7tXUyKSBKpEMCEbPlbAKIeqpppBI5SAA59B3R9eJX79HqSigt/qUQjtAPc57VGCtZE6mVrObvmCddUoMC1uQagoE3xsX/yt38UFOBrbx/+6oXFzdieTdYvuBM4i8WYki2aodDJPra4gUQBcE4aVanpuqNsxlpoSBmM734oUhJgMcR+ahnIcgGrHkwDGTt4oXacnpCmunYlq/9iIcaCSW81kgPVAzXuJ+JfXjHTvvB1THkYaOJk+1IuYo4WTpOl0qQSi2cgQTCQ1xzpkgCUm2mSepODN/3mR1EpF77R4clPKli9neaTRATpEBeShM1RG16iCqoigB/SC3tC79Wi9Wh/W53Q0Zc129tEvWF/fDhSv9Q==</latexit>

✏ = ✏(e) + ✏(p)

<latexit sha1_base64="u58OHfiMJZmo9yfPLRDN541zbS4="></latexit>

W (✏, ⇠) = W (e)(✏� ✏(p)(⇠)) +W (p)(⇠)

<latexit sha1_base64="RS72jVy4sG4N89H/qXOD7dMuMMA="></latexit>

⇠̇ = �̇h(�, ⇠)

<latexit sha1_base64="MADB9ene3wf+Fkk3s40eqRNEIqg="></latexit>

✏̇(p) = �̇r(�, ⇠) = �̇@G
@�

<latexit sha1_base64="V0fhySyCH+QMaI2qWzlUJ+KTuCU=">AAAB/HicbVDLSsNAFL3xWeMr1qWbYFtwVZIi6rLoxmUF+4A2lMlk0g6dTMLMRCyhfoorQUHc+iOu/BsnbRbaemDgcM49M3eOnzAqleN8G2vrG5tb26Udc3dv/+DQOip3ZJwKTNo4ZrHo+UgSRjlpK6oY6SWCoMhnpOtPbnK/+0CEpDG/V9OEeBEacRpSjJSWhla5ag6CWGUDpjMBmplVc2hVnLozh71K3IJUoEBraH3pK3AaEa4wQ1L2XSdRXoaEopiRmVkbpJIkCE/QiPQ15Sgi0svmy8/smlYCO4yFPlzZc9X8lchQJOU08vVkhNRYLnu5+J/XT1V45WWUJ6kiHC8eClNmq9jOm7ADKghWbKoJwoLqZW08RgJhpfvKW3CX/7xKOo26e1E/v2tUmtdFHyU4gVM4AxcuoQm30II2YHiEZ3iFN+PJeDHejY/F6JpRZI7hD4zPH3FPk08=</latexit>

�̇

<latexit sha1_base64="C1FLcgN0YN3zpYhEbhP37FOwDDQ="></latexit>

� = ⇢
⇢0

@W (e)

@✏(e)
:= ce : ✏(e)

<latexit sha1_base64="QZte1rV0HbjPbcal+sIa4lQwpcs=">AAACEXicbVDLSsNAFJ3UV42vqEs3g22xgpSkiLosunFZwT6gCWUymbZDJ5kwMxFL6Ce48lNcCQri1qUr/8ZJm4VWDwxzOOde7r3HjxmVyra/jMLS8srqWnHd3Njc2t6xdvfakicCkxbmjIuujyRhNCItRRUj3VgQFPqMdPzxVeZ37oiQlEe3ahITL0TDiA4oRkpLfeuobLrxiFZdn7NATkL9pa6kwxBNT9x7egxdRqBtlvtWya7ZM8C/xMlJCeRo9q1PN+A4CUmkMENS9hw7Vl6KhKKYkalZcRNJYoTHaEh6mkYoJNJLZxdNYUUrARxwoV+k4Ew1f3SkKJTZtroyRGokF71M/M/rJWpw4aU0ihNFIjwfNEgYVBxm8cCACoIVm2iCsKB6WYhHSCCsdIimTsFZvPkvaddrzlnt9KZealzmeRTBATgEVeCAc9AA16AJWgCDB/AEXsCr8Wg8G2/G+7y0YOQ9++AXjI9vypObqw==</latexit>

�(�, ⇠)  0

<latexit sha1_base64="Dlx7Ri1oSWMtEgJSNRot7UiO5tA=">AAAB/nicbVDLSsNAFL2prxpf8bFzE2wLrkpSRN0IRTcuK9gHtKFMJtN26GQSZiZCDQU/xZWgIG79D1f+jZM2C209MHA4556ZO8ePGZXKcb6Nwsrq2vpGcdPc2t7Z3bP2D1oySgQmTRyxSHR8JAmjnDQVVYx0YkFQ6DPS9sc3md9+IELSiN+rSUy8EA05HVCMlJb61lHZ7AWRSntMZwI0vXLMstm3Sk7VmcFeJm5OSpCj0be+9CU4CQlXmCEpu64TKy9FQlHMyNSs9BJJYoTHaEi6mnIUEumls/WndkUrgT2IhD5c2TPV/JVIUSjlJPT1ZIjUSC56mfif103U4NJLKY8TRTiePzRImK0iO+vCDqggWLGJJggLqpe18QgJhJVuLGvBXfzzMmnVqu559eyuVqpf530U4RhO4BRcuIA63EIDmoDhEZ7hFd6MJ+PFeDc+5qMFI88cwh8Ynz9t3ZPQ</latexit>

�̇ = 0

<latexit sha1_base64="MFqrThCbTgrH22VzPDDfFwbnGmM="></latexit>

⇠ =
R t
0 ||✏̇(p)||dt

<latexit sha1_base64="rcSo5/1Mryj82PN7wumYT9Wk+UI="></latexit>

�̇ = 0 ! solve for �̇
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Isotropic plastic solids

<latexit sha1_base64="ANEoAHISmUXQlKXinb81lj3WaFg=">AAACGnicbVDLSsNAFJ3UVx1fUZdugm2hLixJFXUjFN3oroJ9QFPKZDpth84kYWYilJDfcOWnuBIUxKVu/BsnbRbaemCYw7nncu89XsioVLb9beSWlldW1/LrcGNza3vH3N1ryiASmDRwwALR9pAkjPqkoahipB0KgrjHSMsbX6f11gMRkgb+vZqEpMvR0KcDipHSUs+0i/C258BL6HKkRoLHSiRl1wtYX064/mJX0iFHyZG2HJ+EsNgzC3bFnsJaJE5GCiBDvWd+uv0AR5z4CjMkZcexQ9WNkVAUM5LAkhtJEiI8RkPS0dRHnMhuPD0tsUpa6VuDQOjnK2uqwl8dMeIy3VQ70wPkfC0V/6t1IjW46MbUDyNFfDwbNIiYpQIrzcnqU0GwYhNNEBZUL2vhERIIK50m1Ck48zcvkma14pxVTu+qhdpVlkceHIBDUAYOOAc1cAPqoAEweATP4BW8GU/Gi/FufMysOSPr2Qd/YHz9ADKVnnA=</latexit>

I1 = tr(�) = �3p

Yield function is independent 
of hydrostatic pressure

J2 or von Mises plasticity

- Yield function (and isotropic hardening)

with

- Flow potential (associative plasticity):

<latexit sha1_base64="sZRseq8cgXU9yIKQpmLxY1p00WM="></latexit>

�(J2, ep) =
p
3J2 � �Y (ep) = �v � �Y (ep) = q � �Y (ep)

<latexit sha1_base64="Xsdta78/S9mjeZwaaINEIa72rIw="></latexit>

J2 = 1
6 [(�1 � �2)2 + (�2 � �3)2 + (�1 � �3)2] =

1
2 ||s||

2

<latexit sha1_base64="ychuAxkmp4qJKjHuS0AeMKSKFpg=">AAACEXicbVDLSsNAFJ3UV42vqEs3g23RVU2qqBuh6MZlBfuAJpTJZNIOnTw6MxFK2k9w5ae4EhTErUtX/o2TtgttPTDM4Zx7ufceN2ZUSNP81nJLyyura/l1fWNza3vH2N1riCjhmNRxxCLecpEgjIakLqlkpBVzggKXkabbv8n85gPhgkbhvRzGxAlQN6Q+xUgqqWMcFfUBvIK2GHCZnp5UxnA0grYbMU8MA/WlIlP0YscomGVzArhIrBkpgBlqHePL9iKcBCSUmCEh2pYZSydFXFLMyFgv2YkgMcJ91CVtRUMUEOGkk4vGsKQUD/oRVy+UcKLqvzpSFIhsQVUZINkT814m/ue1E+lfOikN40SSEE8H+QmDMoJZPNCjnGDJhoogzKlaFuIe4ghLFaKuUrDmb14kjUrZOi+f3VUK1etZHnlwAA7BMbDABaiCW1ADdYDBI3gGr+BNe9JetHftY1qa02Y9++APtM8fskObrQ==</latexit>

q =
p
3/2||s||

<latexit sha1_base64="m1Ff02j2n+wE9seNmSFKZKaOw14=">AAACBnicbZDLSsNAFIYnXmu8RV3qItgWKkhJiqgboehCcVXBXqCNYTKdtkMnk2FmIpTQjSsfxZWgIG59B1e+jdM2iLb+MPDxn3M4c/6AUyKV43wZc/MLi0vLmRVzdW19Y9Pa2q7JKBYIV1FEI9EIoMSUMFxVRFHc4ALDMKC4HvQvRvX6PRaSROxWDTj2QthlpEMQVNryrb2c2eI9Urj2S4f4jh+cXf6gmfOtrFN0xrJnwU0hC1JVfOuz1Y5QHGKmEIVSNl2HKy+BQhFE8dDMt2KJOUR92MVNjQyGWHrJ+IyhnddO2+5EQj+m7LFr/ppIYCjlIAx0ZwhVT07XRuZ/tWasOqdeQhiPFWZosqgTU1tF9igTu00ERooONEAkiP6sjXpQQKR0cqZOwZ2+eRZqpaJ7XDy6KWXL52keGbAL9kEBuOAElMEVqIAqQOABPIEX8Go8Gs/Gm/E+aZ0z0pkd8EfGxzfkwJWI</latexit>

�(J2, ep) = G(J2, ep)
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Isotropic plastic solids

J2 or von Mises plasticity

- Yield function (and isotropic hardening)

with

- Flow potential (associative plasticity):

- Hardening rule: 

<latexit sha1_base64="sZRseq8cgXU9yIKQpmLxY1p00WM="></latexit>

�(J2, ep) =
p
3J2 � �Y (ep) = �v � �Y (ep) = q � �Y (ep)

(elastic behavior inside, 
inadmissible behavior outside) 

(iso-surface of 
flow potential)

<latexit sha1_base64="OEjL/E7HBCNiVPF2Li3BGeFpAgE=">AAAB/XicbVDLSsNAFJ3UV42vaJduBttCBSlJEXUjFN2Iqwr2AW0Mk+m0HTpJhpmJEELxU1wJCuLWD3Hl3zhts9DWAxcO59zLvff4nFGpbPvbyK2srq1v5DfNre2d3T1r/6Alo1hg0sQRi0THR5IwGpKmooqRDhcEBT4jbX98PfXbj0RIGoX3KuHEDdAwpAOKkdKSZxVKZo+PaOXWq52QB358aZslzyraVXsGuEycjBRBhoZnffX6EY4DEirMkJRdx+bKTZFQFDMyMcu9WBKO8BgNSVfTEAVEuuns+gksa6UPB5HQFSo4U81fEykKpEwCX3cGSI3kojcV//O6sRpcuCkNeaxIiOeLBjGDKoLTKGCfCoIVSzRBWFB9LMQjJBBWOjBTp+As/rxMWrWqc1Y9vasV61dZHnlwCI5ABTjgHNTBDWiAJsAgAc/gFbwZT8aL8W58zFtzRjZTAH9gfP4AWyiSjA==</latexit>

�(J2, ep) = 0

<latexit sha1_base64="rck8CSGNag2Drc++6F67zuBjgVE=">AAAB9XicbVBNS8NAEN3Urxq/qh69BNtCBSlJEfVY9KB4qmA/oI1ls520SzebuLtRSujv8CQoiFd/jCf/jds2B219MPB4b4aZeV7EqFS2/W1klpZXVtey6+bG5tb2Tm53ryHDWBCok5CFouVhCYxyqCuqGLQiATjwGDS94eXEbz6CkDTkd2oUgRvgPqc+JVhpyS2YV6WbbuUY7qOjQjeXt8v2FNYicVKSRylq3dxXpxeSOACuCMNSth07Um6ChaKEwdgsdmIJESZD3Ie2phwHIN1kevXYKmqlZ/mh0MWVNVXNXxMJDqQcBZ7uDLAayHlvIv7ntWPln7sJ5VGsgJPZIj9mlgqtSQRWjwogio00wURQfaxFBlhgonRQpk7Bmf95kTQqZee0fHJbyVcv0jyy6AAdohJy0BmqomtUQ3VE0AN6Rq/ozXgyXox342PWmjHSmX30B8bnDymqkFI=</latexit>

G(J2, ep)

<latexit sha1_base64="ANEoAHISmUXQlKXinb81lj3WaFg=">AAACGnicbVDLSsNAFJ3UVx1fUZdugm2hLixJFXUjFN3oroJ9QFPKZDpth84kYWYilJDfcOWnuBIUxKVu/BsnbRbaemCYw7nncu89XsioVLb9beSWlldW1/LrcGNza3vH3N1ryiASmDRwwALR9pAkjPqkoahipB0KgrjHSMsbX6f11gMRkgb+vZqEpMvR0KcDipHSUs+0i/C258BL6HKkRoLHSiRl1wtYX064/mJX0iFHyZG2HJ+EsNgzC3bFnsJaJE5GCiBDvWd+uv0AR5z4CjMkZcexQ9WNkVAUM5LAkhtJEiI8RkPS0dRHnMhuPD0tsUpa6VuDQOjnK2uqwl8dMeIy3VQ70wPkfC0V/6t1IjW46MbUDyNFfDwbNIiYpQIrzcnqU0GwYhNNEBZUL2vhERIIK50m1Ck48zcvkma14pxVTu+qhdpVlkceHIBDUAYOOAc1cAPqoAEweATP4BW8GU/Gi/FufMysOSPr2Qd/YHz9ADKVnnA=</latexit>

I1 = tr(�) = �3p

Yield function is independent 
of hydrostatic pressure

<latexit sha1_base64="Xsdta78/S9mjeZwaaINEIa72rIw="></latexit>

J2 = 1
6 [(�1 � �2)2 + (�2 � �3)2 + (�1 � �3)2] =

1
2 ||s||

2

<latexit sha1_base64="ychuAxkmp4qJKjHuS0AeMKSKFpg=">AAACEXicbVDLSsNAFJ3UV42vqEs3g23RVU2qqBuh6MZlBfuAJpTJZNIOnTw6MxFK2k9w5ae4EhTErUtX/o2TtgttPTDM4Zx7ufceN2ZUSNP81nJLyyura/l1fWNza3vH2N1riCjhmNRxxCLecpEgjIakLqlkpBVzggKXkabbv8n85gPhgkbhvRzGxAlQN6Q+xUgqqWMcFfUBvIK2GHCZnp5UxnA0grYbMU8MA/WlIlP0YscomGVzArhIrBkpgBlqHePL9iKcBCSUmCEh2pYZSydFXFLMyFgv2YkgMcJ91CVtRUMUEOGkk4vGsKQUD/oRVy+UcKLqvzpSFIhsQVUZINkT814m/ue1E+lfOikN40SSEE8H+QmDMoJZPNCjnGDJhoogzKlaFuIe4ghLFaKuUrDmb14kjUrZOi+f3VUK1etZHnlwAA7BMbDABaiCW1ADdYDBI3gGr+BNe9JetHftY1qa02Y9++APtM8fskObrQ==</latexit>

q =
p
3/2||s||

<latexit sha1_base64="m1Ff02j2n+wE9seNmSFKZKaOw14=">AAACBnicbZDLSsNAFIYnXmu8RV3qItgWKkhJiqgboehCcVXBXqCNYTKdtkMnk2FmIpTQjSsfxZWgIG59B1e+jdM2iLb+MPDxn3M4c/6AUyKV43wZc/MLi0vLmRVzdW19Y9Pa2q7JKBYIV1FEI9EIoMSUMFxVRFHc4ALDMKC4HvQvRvX6PRaSROxWDTj2QthlpEMQVNryrb2c2eI9Urj2S4f4jh+cXf6gmfOtrFN0xrJnwU0hC1JVfOuz1Y5QHGKmEIVSNl2HKy+BQhFE8dDMt2KJOUR92MVNjQyGWHrJ+IyhnddO2+5EQj+m7LFr/ppIYCjlIAx0ZwhVT07XRuZ/tWasOqdeQhiPFWZosqgTU1tF9igTu00ERooONEAkiP6sjXpQQKR0cqZOwZ2+eRZqpaJ7XDy6KWXL52keGbAL9kEBuOAElMEVqIAqQOABPIEX8Go8Gs/Gm/E+aZ0z0pkd8EfGxzfkwJWI</latexit>

�(J2, ep) = G(J2, ep)
<latexit sha1_base64="0Ptho1FNxjq44BxmSpxRNVZpKL8=">AAACE3icbVC7SgNBFJ2Nr7i+opY2g0lAm7gbRW2EoI1lBPOAbAyzk0kyZPbhzF0hLPsNVn6KlaAgtlZW/o2zSQpNPDBwOOc+5h43FFyBZX0bmYXFpeWV7Kq5tr6xuZXb3qmrIJKU1WggAtl0iWKC+6wGHARrhpIRzxWs4Q6vUr/xwKTigX8Lo5C1PdL3eY9TAlrq5A4LptMNIGbJXWhemI66lxAfH5WTseoIPalLEmwWzE4ub5WsMfA8sackj6aodnJfegaNPOYDFUSplm2F0I6JBE4FS8yiEykWEjokfdbS1CceU+14fFOCi1rp4l4g9fMBj1XzV0dMPKVGnqsrPQIDNeul4n9eK4LeeTvmfhgB8+lkUS8SGAKcBoS7XDIKYqQJoZLrz2I6IJJQ0DGmKdizN8+Terlkn5ZObsr5yuU0jyzaQ/voANnoDFXQNaqiGqLoET2jV/RmPBkvxrvxMSnNGNOeXfQHxucPwGGcJg==</latexit>

ėp =
p
3/2�̇
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Isotropic plastic solids

J2 or von Mises plasticity

- Typically used for metals



Isotropic plastic solids

Granular materials: from powders to soils
- Solid-like (a closely packed medium) … and fluid-like behavior.

- Significant difference in behavior of granular materials in tension and 

compression experiments.

- Low accuracy of experimental measurements 
of phenomenological parameters of models

- Formulation of constitutive laws is 
still inconclusive

- Exhibit inelastic volume change, 

whether by compaction or dilation

(i.e., volume change due to the

granular nature of the 

material when subjected to 

shear strain).

- Pressure-dependent constitutive 

models are used and failure is

characterized by the angle of internal friction. 8
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Isotropic plastic solids

Drucker-Prager plasticity (associated flow rule) 

- Yield function (no hardening)

with

- Flow potential (associative plasticity):

<latexit sha1_base64="ANEoAHISmUXQlKXinb81lj3WaFg=">AAACGnicbVDLSsNAFJ3UVx1fUZdugm2hLixJFXUjFN3oroJ9QFPKZDpth84kYWYilJDfcOWnuBIUxKVu/BsnbRbaemCYw7nncu89XsioVLb9beSWlldW1/LrcGNza3vH3N1ryiASmDRwwALR9pAkjPqkoahipB0KgrjHSMsbX6f11gMRkgb+vZqEpMvR0KcDipHSUs+0i/C258BL6HKkRoLHSiRl1wtYX064/mJX0iFHyZG2HJ+EsNgzC3bFnsJaJE5GCiBDvWd+uv0AR5z4CjMkZcexQ9WNkVAUM5LAkhtJEiI8RkPS0dRHnMhuPD0tsUpa6VuDQOjnK2uqwl8dMeIy3VQ70wPkfC0V/6t1IjW46MbUDyNFfDwbNIiYpQIrzcnqU0GwYhNNEBZUL2vhERIIK50m1Ck48zcvkma14pxVTu+qhdpVlkceHIBDUAYOOAc1cAPqoAEweATP4BW8GU/Gi/FufMysOSPr2Qd/YHz9ADKVnnA=</latexit>

I1 = tr(�) = �3p

<latexit sha1_base64="Xsdta78/S9mjeZwaaINEIa72rIw="></latexit>

J2 = 1
6 [(�1 � �2)2 + (�2 � �3)2 + (�1 � �3)2] =

1
2 ||s||

2

<latexit sha1_base64="ychuAxkmp4qJKjHuS0AeMKSKFpg=">AAACEXicbVDLSsNAFJ3UV42vqEs3g23RVU2qqBuh6MZlBfuAJpTJZNIOnTw6MxFK2k9w5ae4EhTErUtX/o2TtgttPTDM4Zx7ufceN2ZUSNP81nJLyyura/l1fWNza3vH2N1riCjhmNRxxCLecpEgjIakLqlkpBVzggKXkabbv8n85gPhgkbhvRzGxAlQN6Q+xUgqqWMcFfUBvIK2GHCZnp5UxnA0grYbMU8MA/WlIlP0YscomGVzArhIrBkpgBlqHePL9iKcBCSUmCEh2pYZSydFXFLMyFgv2YkgMcJ91CVtRUMUEOGkk4vGsKQUD/oRVy+UcKLqvzpSFIhsQVUZINkT814m/ue1E+lfOikN40SSEE8H+QmDMoJZPNCjnGDJhoogzKlaFuIe4ghLFaKuUrDmb14kjUrZOi+f3VUK1etZHnlwAA7BMbDABaiCW1ADdYDBI3gGr+BNe9JetHftY1qa02Y9++APtM8fskObrQ==</latexit>

q =
p
3/2||s||

<latexit sha1_base64="zCGDlMMjz2LAZ1zFV1TnidGx9ag="></latexit>

�(I1, J2) =
p
3J2 +

I1
3 tan� � d = q � p tan� � d = �(p, q)

<latexit sha1_base64="FmAlb0thepCzdgL1+VAyHJSD2yw=">AAACAHicbZDLSgMxFIYz9VbH26jgxk2wLVSQMlNE3QhFF7qsYC/QDiWTZtrQTCYmGaHUbnwUV4KCuPU1XPk2pu0stPpD4OM/53By/kAwqrTrflmZhcWl5ZXsqr22vrG55Wzv1FWcSExqOGaxbAZIEUY5qWmqGWkKSVAUMNIIBpeTeuOeSEVjfquHgvgR6nEaUoy0sTrOXt5uiz4tiqO7Q/vcvppBvuPk3JI7FfwLXgo5kKracT7b3RgnEeEaM6RUy3OF9kdIaooZGduFdqKIQHiAeqRlkKOIKH80PWAMC8bpwjCW5nENp679Y2KEIqWGUWA6I6T7ar42Mf+rtRIdnvkjykWiCcezRWHCoI7hJA3YpZJgzYYGEJbUfBbiPpIIa5OZbVLw5m/+C/VyyTspHd+Uc5WLNI8s2AcHoAg8cAoq4BpUQQ1g8ACewAt4tR6tZ+vNep+1Zqx0Zhf8kvXxDWMckwY=</latexit>

�(p, q) = G(p, q)

<latexit sha1_base64="PhRXa1WGrdPeuBSmevy9nsx6S0M=">AAAB7XicbVBNSwMxEJ31s65fVY9egm3BU9ktoh6LXjxWcNtCu5Rsmm1Ds8maZIVS+hs8CQri1R/kyX9j2u5BWx8MPN6bYWZelHKmjed9O2vrG5tb24Udd3dv/+CweHTc1DJThAZEcqnaEdaUM0EDwwyn7VRRnESctqLR7cxvPVGlmRQPZpzSMMEDwWJGsLFSUHYf3XKvWPKq3hxolfg5KUGORq/41e1LkiVUGMKx1h3fS004wcowwunUrXQzTVNMRnhAO5YKnFAdTubXTlHFKn0US2VLGDRX3V8TE5xoPU4i25lgM9TL3kz8z+tkJr4OJ0ykmaGCLBbFGUdGotnrqM8UJYaPLcFEMXssIkOsMDE2INem4C//vEqatap/Wb24r5XqN3keBTiFMzgHH66gDnfQgAAIMHiGV3hzpPPivDsfi9Y1J585gT9wPn8AZDKNqw==</latexit>q

<latexit sha1_base64="lODN4K8IkTpzg+kcsw6ho9OF+X0=">AAAB7XicbVBNSwMxEJ2tX3X9qnr0EmwLnspuEfVY9OKxgtsW2qVk02wbmk2WJCuU0t/gSVAQr/4gT/4b03YP2vpg4PHeDDPzopQzbTzv2ylsbG5t7xR33b39g8Oj0vFJS8tMERoQyaXqRFhTzgQNDDOcdlJFcRJx2o7Gd3O//USVZlI8mklKwwQPBYsZwcZKQcVN3Uq/VPZq3gJonfg5KUOOZr/01RtIkiVUGMKx1l3fS004xcowwunMrfYyTVNMxnhIu5YKnFAdThfXzlDVKgMUS2VLGLRQ3V8TU5xoPUki25lgM9Kr3lz8z+tmJr4Jp0ykmaGCLBfFGUdGovnraMAUJYZPLMFEMXssIiOsMDE2INem4K/+vE5a9Zp/Vbt8qJcbt3keRTiDc7gAH66hAffQhAAIMHiGV3hzpPPivDsfy9aCk8+cwh84nz9iq42q</latexit>p

<latexit sha1_base64="FqcyLS3epuXbfx1ouvxJw23K0fk=">AAACIHicbVBNS8NAEN3Urxq/oh69LLYFTyUpUj0WvXisYD+gCWWz3bRLN8myuxFKyD/x5E/xJCiIeNJf46YNoq0Pln3zZoaZeT5nVCrb/jRKa+sbm1vlbXNnd2//wDo86so4EZh0cMxi0feRJIxGpKOoYqTPBUGhz0jPn17n+d49EZLG0Z2aceKFaBzRgGKktDS0mlXTDQTCqcuRUBQx6PIJzX5C14/ZSM5C/aWupOMQZZlZNYdWxa7bc8BV4hSkAgq0h9aHO4pxEpJIYYakHDg2V16aD8GMZGbNTSThCE/RmAw0jVBIpJfOD8xgTSsjGMRCv0jBuWr+6khRKPMldWWI1EQu53Lxv9wgUcGll9KIJ4pEeDEoSBhUMczdgiMqCFZspgnCguplIZ4g7ZfSnuYuOMs3r5Juo+406+e3jUrrqvCjDE7AKTgDDrgALXAD2qADMHgAT+AFvBqPxrPxZrwvSktG0XMM/sD4+gYtRKOO</latexit>

@�
@�

(iso-surface of 
flow potential)

(elastic behavior inside, 
inadmissible behavior outside) 

<latexit sha1_base64="uM98rxIqs9jXdp5UYsahkGKQJt8=">AAAB+XicbVDLSgMxFM3UVx0fHXXpJtgWKkiZKaJuhKIblxXsA9qhZNJMG5rJxCQjlKFf4kpQELd+iiv/xrSdhbYeuHA4517uvScQjCrtut9Wbm19Y3Mrv23v7O7tF5yDw5aKE4lJE8cslp0AKcIoJ01NNSMdIQmKAkbawfh25refiFQ05g96IogfoSGnIcVIG6nvFEp2T4xoRZw9ntrXbqnvFN2qOwdcJV5GiiBDo+989QYxTiLCNWZIqa7nCu2nSGqKGZna5V6iiEB4jIakayhHEVF+Or98CstGGcAwlqa4hnPV/jWRokipSRSYzgjpkVr2ZuJ/XjfR4ZWfUi4STTheLAoTBnUMZzHAAZUEazYxBGFJzbEQj5BEWJuwbJOCt/zzKmnVqt5F9fy+VqzfZHnkwTE4ARXggUtQB3egAZoAgwQ8g1fwZqXWi/VufSxac1Y2cwT+wPr8AeoJkTc=</latexit>

�(p, q) = 0 <latexit sha1_base64="46cg0YOaPxfiW8wogd1Qk9Ery1M=">AAAB8nicbVBNS8NAEJ3Urxq/qh69LLaFClKSIuqx6EGPFewHtqFsttt26WYTdzdCCf0XngQF8eq/8eS/cdvmoK0PBh7vzTAzz484U9pxvq3Myura+kZ2097a3tndy+0fNFQYS0LrJOShbPlYUc4ErWumOW1FkuLA57Tpj66nfvOJSsVCca/HEfUCPBCszwjWRnoo2Del6PTxxC50c3mn7MyAlombkjykqHVzX51eSOKACk04VqrtOpH2Eiw1I5xO7GInVjTCZIQHtG2owAFVXjI7eYKKRumhfihNCY1mqv1rIsGBUuPAN50B1kO16E3F/7x2rPuXXsJEFGsqyHxRP+ZIh2j6P+oxSYnmY0Mwkcwci8gQS0y0Sck2KbiLPy+TRqXsnpfP7ir56lWaRxaO4BhK4MIFVOEWalAHAgKe4RXeLG29WO/Wx7w1Y6Uzh/AH1ucP+HOPEQ==</latexit>

G(p, q)

<latexit sha1_base64="uM98rxIqs9jXdp5UYsahkGKQJt8=">AAAB+XicbVDLSgMxFM3UVx0fHXXpJtgWKkiZKaJuhKIblxXsA9qhZNJMG5rJxCQjlKFf4kpQELd+iiv/xrSdhbYeuHA4517uvScQjCrtut9Wbm19Y3Mrv23v7O7tF5yDw5aKE4lJE8cslp0AKcIoJ01NNSMdIQmKAkbawfh25refiFQ05g96IogfoSGnIcVIG6nvFEp2T4xoRZw9ntrXbqnvFN2qOwdcJV5GiiBDo+989QYxTiLCNWZIqa7nCu2nSGqKGZna5V6iiEB4jIakayhHEVF+Or98CstGGcAwlqa4hnPV/jWRokipSRSYzgjpkVr2ZuJ/XjfR4ZWfUi4STTheLAoTBnUMZzHAAZUEazYxBGFJzbEQj5BEWJuwbJOCt/zzKmnVqt5F9fy+VqzfZHnkwTE4ARXggUtQB3egAZoAgwQ8g1fwZqXWi/VufSxac1Y2cwT+wPr8AeoJkTc=</latexit>

�(p, q) = 0

compressiontension

9
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Isotropic plastic solids

Drucker-Prager plasticity (associated flow rule) 

Uniaxial compression:

Uniaxial tension:

Shear:

-

<latexit sha1_base64="PhRXa1WGrdPeuBSmevy9nsx6S0M=">AAAB7XicbVBNSwMxEJ31s65fVY9egm3BU9ktoh6LXjxWcNtCu5Rsmm1Ds8maZIVS+hs8CQri1R/kyX9j2u5BWx8MPN6bYWZelHKmjed9O2vrG5tb24Udd3dv/+CweHTc1DJThAZEcqnaEdaUM0EDwwyn7VRRnESctqLR7cxvPVGlmRQPZpzSMMEDwWJGsLFSUHYf3XKvWPKq3hxolfg5KUGORq/41e1LkiVUGMKx1h3fS004wcowwunUrXQzTVNMRnhAO5YKnFAdTubXTlHFKn0US2VLGDRX3V8TE5xoPU4i25lgM9TL3kz8z+tkJr4OJ0ykmaGCLBbFGUdGotnrqM8UJYaPLcFEMXssIkOsMDE2INem4C//vEqatap/Wb24r5XqN3keBTiFMzgHH66gDnfQgAAIMHiGV3hzpPPivDsfi9Y1J585gT9wPn8AZDKNqw==</latexit>q

<latexit sha1_base64="lODN4K8IkTpzg+kcsw6ho9OF+X0=">AAAB7XicbVBNSwMxEJ2tX3X9qnr0EmwLnspuEfVY9OKxgtsW2qVk02wbmk2WJCuU0t/gSVAQr/4gT/4b03YP2vpg4PHeDDPzopQzbTzv2ylsbG5t7xR33b39g8Oj0vFJS8tMERoQyaXqRFhTzgQNDDOcdlJFcRJx2o7Gd3O//USVZlI8mklKwwQPBYsZwcZKQcVN3Uq/VPZq3gJonfg5KUOOZr/01RtIkiVUGMKx1l3fS004xcowwunMrfYyTVNMxnhIu5YKnFAdThfXzlDVKgMUS2VLGLRQ3V8TU5xoPUki25lgM9Kr3lz8z+tmJr4Jp0ykmaGCLBfFGUdGovnraMAUJYZPLMFEMXssIiOsMDE2INem4K/+vE5a9Zp/Vbt8qJcbt3keRTiDc7gAH66hAffQhAAIMHiGV3hzpPPivDsfy9aCk8+cwh84nz9iq42q</latexit>p

<latexit sha1_base64="FqcyLS3epuXbfx1ouvxJw23K0fk=">AAACIHicbVBNS8NAEN3Urxq/oh69LLYFTyUpUj0WvXisYD+gCWWz3bRLN8myuxFKyD/x5E/xJCiIeNJf46YNoq0Pln3zZoaZeT5nVCrb/jRKa+sbm1vlbXNnd2//wDo86so4EZh0cMxi0feRJIxGpKOoYqTPBUGhz0jPn17n+d49EZLG0Z2aceKFaBzRgGKktDS0mlXTDQTCqcuRUBQx6PIJzX5C14/ZSM5C/aWupOMQZZlZNYdWxa7bc8BV4hSkAgq0h9aHO4pxEpJIYYakHDg2V16aD8GMZGbNTSThCE/RmAw0jVBIpJfOD8xgTSsjGMRCv0jBuWr+6khRKPMldWWI1EQu53Lxv9wgUcGll9KIJ4pEeDEoSBhUMczdgiMqCFZspgnCguplIZ4g7ZfSnuYuOMs3r5Juo+406+e3jUrrqvCjDE7AKTgDDrgALXAD2qADMHgAT+AFvBqPxrPxZrwvSktG0XMM/sD4+gYtRKOO</latexit>

@�
@�

<latexit sha1_base64="uM98rxIqs9jXdp5UYsahkGKQJt8=">AAAB+XicbVDLSgMxFM3UVx0fHXXpJtgWKkiZKaJuhKIblxXsA9qhZNJMG5rJxCQjlKFf4kpQELd+iiv/xrSdhbYeuHA4517uvScQjCrtut9Wbm19Y3Mrv23v7O7tF5yDw5aKE4lJE8cslp0AKcIoJ01NNSMdIQmKAkbawfh25refiFQ05g96IogfoSGnIcVIG6nvFEp2T4xoRZw9ntrXbqnvFN2qOwdcJV5GiiBDo+989QYxTiLCNWZIqa7nCu2nSGqKGZna5V6iiEB4jIakayhHEVF+Or98CstGGcAwlqa4hnPV/jWRokipSRSYzgjpkVr2ZuJ/XjfR4ZWfUi4STTheLAoTBnUMZzHAAZUEazYxBGFJzbEQj5BEWJuwbJOCt/zzKmnVqt5F9fy+VqzfZHnkwTE4ARXggUtQB3egAZoAgwQ8g1fwZqXWi/VufSxac1Y2cwT+wPr8AeoJkTc=</latexit>

�(p, q) = 0

compressiontension

failure under
simple loading 

conditions

DIY
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Isotropic plastic solids

Drucker-Prager plasticity (associated flow rule) 

- Yield function (with hardening)

with

- Flow potential (associative plasticity):

- Hardening rule:                             (note: the apex requires a different treatment)
<latexit sha1_base64="0Ptho1FNxjq44BxmSpxRNVZpKL8=">AAACE3icbVC7SgNBFJ2Nr7i+opY2g0lAm7gbRW2EoI1lBPOAbAyzk0kyZPbhzF0hLPsNVn6KlaAgtlZW/o2zSQpNPDBwOOc+5h43FFyBZX0bmYXFpeWV7Kq5tr6xuZXb3qmrIJKU1WggAtl0iWKC+6wGHARrhpIRzxWs4Q6vUr/xwKTigX8Lo5C1PdL3eY9TAlrq5A4LptMNIGbJXWhemI66lxAfH5WTseoIPalLEmwWzE4ub5WsMfA8sackj6aodnJfegaNPOYDFUSplm2F0I6JBE4FS8yiEykWEjokfdbS1CceU+14fFOCi1rp4l4g9fMBj1XzV0dMPKVGnqsrPQIDNeul4n9eK4LeeTvmfhgB8+lkUS8SGAKcBoS7XDIKYqQJoZLrz2I6IJJQ0DGmKdizN8+Terlkn5ZObsr5yuU0jyzaQ/voANnoDFXQNaqiGqLoET2jV/RmPBkvxrvxMSnNGNOeXfQHxucPwGGcJg==</latexit>

ėp =
p
3/2�̇

<latexit sha1_base64="PhRXa1WGrdPeuBSmevy9nsx6S0M=">AAAB7XicbVBNSwMxEJ31s65fVY9egm3BU9ktoh6LXjxWcNtCu5Rsmm1Ds8maZIVS+hs8CQri1R/kyX9j2u5BWx8MPN6bYWZelHKmjed9O2vrG5tb24Udd3dv/+CweHTc1DJThAZEcqnaEdaUM0EDwwyn7VRRnESctqLR7cxvPVGlmRQPZpzSMMEDwWJGsLFSUHYf3XKvWPKq3hxolfg5KUGORq/41e1LkiVUGMKx1h3fS004wcowwunUrXQzTVNMRnhAO5YKnFAdTubXTlHFKn0US2VLGDRX3V8TE5xoPU4i25lgM9TL3kz8z+tkJr4OJ0ykmaGCLBbFGUdGotnrqM8UJYaPLcFEMXssIkOsMDE2INem4C//vEqatap/Wb24r5XqN3keBTiFMzgHH66gDnfQgAAIMHiGV3hzpPPivDsfi9Y1J585gT9wPn8AZDKNqw==</latexit>q

<latexit sha1_base64="lODN4K8IkTpzg+kcsw6ho9OF+X0=">AAAB7XicbVBNSwMxEJ2tX3X9qnr0EmwLnspuEfVY9OKxgtsW2qVk02wbmk2WJCuU0t/gSVAQr/4gT/4b03YP2vpg4PHeDDPzopQzbTzv2ylsbG5t7xR33b39g8Oj0vFJS8tMERoQyaXqRFhTzgQNDDOcdlJFcRJx2o7Gd3O//USVZlI8mklKwwQPBYsZwcZKQcVN3Uq/VPZq3gJonfg5KUOOZr/01RtIkiVUGMKx1l3fS004xcowwunMrfYyTVNMxnhIu5YKnFAdThfXzlDVKgMUS2VLGLRQ3V8TU5xoPUki25lgM9Kr3lz8z+tmJr4Jp0ykmaGCLBfFGUdGovnraMAUJYZPLMFEMXssIiOsMDE2INem4K/+vE5a9Zp/Vbt8qJcbt3keRTiDc7gAH66hAffQhAAIMHiGV3hzpPPivDsfy9aCk8+cwh84nz9iq42q</latexit>p

<latexit sha1_base64="FqcyLS3epuXbfx1ouvxJw23K0fk=">AAACIHicbVBNS8NAEN3Urxq/oh69LLYFTyUpUj0WvXisYD+gCWWz3bRLN8myuxFKyD/x5E/xJCiIeNJf46YNoq0Pln3zZoaZeT5nVCrb/jRKa+sbm1vlbXNnd2//wDo86so4EZh0cMxi0feRJIxGpKOoYqTPBUGhz0jPn17n+d49EZLG0Z2aceKFaBzRgGKktDS0mlXTDQTCqcuRUBQx6PIJzX5C14/ZSM5C/aWupOMQZZlZNYdWxa7bc8BV4hSkAgq0h9aHO4pxEpJIYYakHDg2V16aD8GMZGbNTSThCE/RmAw0jVBIpJfOD8xgTSsjGMRCv0jBuWr+6khRKPMldWWI1EQu53Lxv9wgUcGll9KIJ4pEeDEoSBhUMczdgiMqCFZspgnCguplIZ4g7ZfSnuYuOMs3r5Juo+406+e3jUrrqvCjDE7AKTgDDrgALXAD2qADMHgAT+AFvBqPxrPxZrwvSktG0XMM/sD4+gYtRKOO</latexit>

@�
@�

(iso-surface of 
flow potential)

(elastic behavior inside, 
inadmissible behavior outside) 

<latexit sha1_base64="fM16mNt72F1IYrqXNXkMQejOZ7c=">AAACCHicbVDLSgMxFM3UVx1foy4FGWwLFUqZKaJuhKILXVawD2jHkknTNjSTiUlGKEN3rvwUV4KCuPUXXPk3pu2A2nrgwsk595J7j88pkcpxvozUwuLS8kp61Vxb39jcsrZ3ajKMBMJVFNJQNHwoMSUMVxVRFDe4wDDwKa77g4uxX7/HQpKQ3aghx14Ae4x0CYJKS21rP2u2eJ/keeGugG/5oXlmXv48sm0r4xSdCex54iYkAxJU2tZnqxOiKMBMIQqlbLoOV14MhSKI4pGZa0USc4gGsIebmjIYYOnFk0NGdk4rHbsbCl1M2RPV/DURw0DKYeDrzgCqvpz1xuJ/XjNS3VMvJoxHCjM0/agbUVuF9jgVu0MERooONYFIEL2sjfpQQKR0dqZOwZ29eZ7USkX3uHh0XcqUz5M80mAPHIA8cMEJKIMrUAFVgMADeAIv4NV4NJ6NN+N92poykpld8AfGxzf1ApYU</latexit>

�(p, q, ep) = G(p, q, ep)

<latexit sha1_base64="CuNTFfY1WDo8zt/v8yiw3Xm24/M=">AAAB/XicbVDLSsNAFJ34rPEV7dJNsC1UKCUpom6EohuXFewD2lgm00k7dDIZZyZCCMVPcSUoiFs/xJV/47TNQlsPXDiccy/33uNzSqRynG9jZXVtfWMzt2Vu7+zu7VsHhy0ZxQLhJopoJDo+lJgShpuKKIo7XGAY+hS3/fH11G8/YiFJxO5UwrEXwiEjAUFQaalv5Ytmj49ImVceKvien1w6ZrFvFZyqM4O9TNyMFECGRt/66g0iFIeYKUShlF3X4cpLoVAEUTwxS71YYg7RGA5xV1MGQyy9dHb9xC5pZWAHkdDFlD1TzV8TKQylTEJfd4ZQjeSiNxX/87qxCi68lDAeK8zQfFEQU1tF9jQKe0AERoommkAkiD7WRiMoIFI6MFOn4C7+vExatap7Vj29rRXqV1keOXAEjkEZuOAc1MENaIAmQCABz+AVvBlPxovxbnzMW1eMbCYP/sD4/AGo/ZK+</latexit>

�(p, q, ep) = 0

<latexit sha1_base64="CuNTFfY1WDo8zt/v8yiw3Xm24/M=">AAAB/XicbVDLSsNAFJ34rPEV7dJNsC1UKCUpom6EohuXFewD2lgm00k7dDIZZyZCCMVPcSUoiFs/xJV/47TNQlsPXDiccy/33uNzSqRynG9jZXVtfWMzt2Vu7+zu7VsHhy0ZxQLhJopoJDo+lJgShpuKKIo7XGAY+hS3/fH11G8/YiFJxO5UwrEXwiEjAUFQaalv5Ytmj49ImVceKvien1w6ZrFvFZyqM4O9TNyMFECGRt/66g0iFIeYKUShlF3X4cpLoVAEUTwxS71YYg7RGA5xV1MGQyy9dHb9xC5pZWAHkdDFlD1TzV8TKQylTEJfd4ZQjeSiNxX/87qxCi68lDAeK8zQfFEQU1tF9jQKe0AERoommkAkiD7WRiMoIFI6MFOn4C7+vExatap7Vj29rRXqV1keOXAEjkEZuOAc1MENaIAmQCABz+AVvBlPxovxbnzMW1eMbCYP/sD4/AGo/ZK+</latexit>

�(p, q, ep) = 0

<latexit sha1_base64="vcKFDQLZ1xa83nLzD3rEDXjzD1g=">AAAB9nicbVDLSgMxFM34rOOr6tJNsC1UKGWmiLosutBlBfuAdloyaaYNzWRikhHL0P9wJSiIW//FlX9j2s5CWw9cOJxzL/fe4wtGlXacb2tldW19YzOzZW/v7O7tZw8OGyqKJSZ1HLFItnykCKOc1DXVjLSEJCj0GWn6o+up33wkUtGI3+uxIF6IBpwGFCNtpG7evimK0kOJdMWpne9lc07ZmQEuEzclOZCi1st+dfoRjkPCNWZIqbbrCO0lSGqKGZnYhU6siEB4hAakbShHIVFeMjt7AgtG6cMgkqa4hjPV/jWRoFCpceibzhDpoVr0puJ/XjvWwaWXUC5iTTieLwpiBnUEpxnAPpUEazY2BGFJzbEQD5FEWJukbJOCu/jzMmlUyu55+eyukqtepXlkwDE4AUXgggtQBbegBuoAAwmewSt4s56sF+vd+pi3rljpzBH4A+vzB65UkJg=</latexit>

G(p, q, ep)

compressiontension

<latexit sha1_base64="zawcxwptUJ3YbD7wSkZ58iQ5UTk=">AAACE3icbVA9SwNBEN3z2/MrammzGIUIGu6CqI0g2lgqGCPkYtjbTMySvb3N7pwQgr/Byp9iJSiIrZWV/8ZNTKHRBwOP92aYmRdrKSwGwac3Nj4xOTU9M+vPzS8sLuWWVy5tmhkOZZ7K1FzFzIIUCsooUMKVNsCSWEIlbp/0/cotGCtSdYFdDbWE3SjRFJyhk+q5rQ0/0i1R0NudbbjWW/6h39nRNEKmohiQ0Z1GYaBv1HP5oBgMQP+ScEjyZIizeu4jaqQ8S0Ahl8zaahhorPWYQcEl3PmbUWZBM95mN1B1VLEEbK03+OmObjqlQZupcaWQDlT/x0SPJdZ2k9h1JgxbdtTri/951QybB7WeUDpDUPx7UTOTFFPaD4g2hAGOsusI40a4YylvMcM4uhh9l0I4+vNfclkqhnvF3fNS/uh4mMcMWSPrpEBCsk+OyCk5I2XCyT15JM/kxXvwnrxX7+27dcwbzqySX/DevwAMo5p4</latexit>

�(p, q, ep) = q � p tan� � d(ep)
<latexit sha1_base64="3t6r61TrwuZl0QcVZXPQrVuSh1A="></latexit>

q = 1p
2
[(�1 � �2)2 + (�2 � �3)2 + (�1 � �3)2]1/2

<latexit sha1_base64="0kSyrKg/sFgkXQdwWyZaBiv0qEU="></latexit>

p = � 1
3 tr(�)
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Isotropic plastic solids

Drucker-Prager plasticity (non-associated flow rule)

- Yield function (no hardening)

with

- Flow potential (non-associative plasticity)

<latexit sha1_base64="PhRXa1WGrdPeuBSmevy9nsx6S0M=">AAAB7XicbVBNSwMxEJ31s65fVY9egm3BU9ktoh6LXjxWcNtCu5Rsmm1Ds8maZIVS+hs8CQri1R/kyX9j2u5BWx8MPN6bYWZelHKmjed9O2vrG5tb24Udd3dv/+CweHTc1DJThAZEcqnaEdaUM0EDwwyn7VRRnESctqLR7cxvPVGlmRQPZpzSMMEDwWJGsLFSUHYf3XKvWPKq3hxolfg5KUGORq/41e1LkiVUGMKx1h3fS004wcowwunUrXQzTVNMRnhAO5YKnFAdTubXTlHFKn0US2VLGDRX3V8TE5xoPU4i25lgM9TL3kz8z+tkJr4OJ0ykmaGCLBbFGUdGotnrqM8UJYaPLcFEMXssIkOsMDE2INem4C//vEqatap/Wb24r5XqN3keBTiFMzgHH66gDnfQgAAIMHiGV3hzpPPivDsfi9Y1J585gT9wPn8AZDKNqw==</latexit>q

<latexit sha1_base64="lODN4K8IkTpzg+kcsw6ho9OF+X0=">AAAB7XicbVBNSwMxEJ2tX3X9qnr0EmwLnspuEfVY9OKxgtsW2qVk02wbmk2WJCuU0t/gSVAQr/4gT/4b03YP2vpg4PHeDDPzopQzbTzv2ylsbG5t7xR33b39g8Oj0vFJS8tMERoQyaXqRFhTzgQNDDOcdlJFcRJx2o7Gd3O//USVZlI8mklKwwQPBYsZwcZKQcVN3Uq/VPZq3gJonfg5KUOOZr/01RtIkiVUGMKx1l3fS004xcowwunMrfYyTVNMxnhIu5YKnFAdThfXzlDVKgMUS2VLGLRQ3V8TU5xoPUki25lgM9Kr3lz8z+tmJr4Jp0ykmaGCLBfFGUdGovnraMAUJYZPLMFEMXssIiOsMDE2INem4K/+vE5a9Zp/Vbt8qJcbt3keRTiDc7gAH66hAffQhAAIMHiGV3hzpPPivDsfy9aCk8+cwh84nz9iq42q</latexit>p

<latexit sha1_base64="S8+rzXSm9MMDpg8jEyf49usU/No=">AAACA3icbVDLSgMxFM34rONr1JW4CbaFClpmiqgboehClxXsAzqlZNK0Dc1k0iQjlFJc+SmuBAVx61e48m9M21lo64ELh3Pu5d57AsGo0q77bS0sLi2vrKbW7PWNza1tZ2e3oqJYYlLGEYtkLUCKMMpJWVPNSE1IgsKAkWrQux771QciFY34vR4I0ghRh9M2xUgbqensZ+ybnDjuH9mXdv9EQF8j7gtF7UzTSbt5dwI4T7yEpEGCUtP58lsRjkPCNWZIqbrnCt0YIqkpZmRkZ/1YEYFwD3VI3VCOQqIaw8kPI5g1Sgu2I2mKazhR7V8TQxQqNQgD0xki3VWz3lj8z6vHun3RGFIuYk04ni5qxwzqCI4DgS0qCdZsYAjCkppjIe4iibA2sdkmBW/253lSKeS9s/zpXSFdvErySIEDcAhywAPnoAhuQQmUAQaP4Bm8gjfryXqx3q2PaeuClczsgT+wPn8AHh6Ung==</latexit>

G(p, q) = q � p tan 

<latexit sha1_base64="PGvvcEgNpPwmQbP/E6S3SLJU05g=">AAACHXicbVDLSsNAFJ34rPEVdelmsC24KkkVdVl0ocsK9gFNKJPppB06mYSZiVBCPsSVn+JKUBA3LsS/cdIG0dYDwxzOuZd77/FjRqWy7S9jaXlldW29tGFubm3v7Fp7+20ZJQKTFo5YJLo+koRRTlqKKka6sSAo9Bnp+OOr3O/cEyFpxO/UJCZeiIacBhQjpaW+dVIx3UAgnLoxEooiBq+zH+76ERvISai/1JV0GKIsMytm3yrbNXsKuEicgpRBgWbf+nAHEU5CwhVmSMqeY8fKS/MhmJHMrLqJJDHCYzQkPU05Con00ul1GaxqZQCDSOjHFZyq5q+OFIUyX1JXhkiN5LyXi/95vUQFF15KeZwowvFsUJAwqCKYRwUHVBCs2EQThAXVy0I8QjospQPNU3Dmb14k7XrNOaud3tbLjcsijxI4BEfgGDjgHDTADWiCFsDgATyBF/BqPBrPxpvxPitdMoqeA/AHxuc3dJuiGg==</latexit>

@G
@�

<latexit sha1_base64="FqcyLS3epuXbfx1ouvxJw23K0fk=">AAACIHicbVBNS8NAEN3Urxq/oh69LLYFTyUpUj0WvXisYD+gCWWz3bRLN8myuxFKyD/x5E/xJCiIeNJf46YNoq0Pln3zZoaZeT5nVCrb/jRKa+sbm1vlbXNnd2//wDo86so4EZh0cMxi0feRJIxGpKOoYqTPBUGhz0jPn17n+d49EZLG0Z2aceKFaBzRgGKktDS0mlXTDQTCqcuRUBQx6PIJzX5C14/ZSM5C/aWupOMQZZlZNYdWxa7bc8BV4hSkAgq0h9aHO4pxEpJIYYakHDg2V16aD8GMZGbNTSThCE/RmAw0jVBIpJfOD8xgTSsjGMRCv0jBuWr+6khRKPMldWWI1EQu53Lxv9wgUcGll9KIJ4pEeDEoSBhUMczdgiMqCFZspgnCguplIZ4g7ZfSnuYuOMs3r5Juo+406+e3jUrrqvCjDE7AKTgDDrgALXAD2qADMHgAT+AFvBqPxrPxZrwvSktG0XMM/sD4+gYtRKOO</latexit>

@�
@�

(iso-surface of 
flow potential)

(elastic behavior inside, 
inadmissible behavior outside) 

<latexit sha1_base64="46cg0YOaPxfiW8wogd1Qk9Ery1M=">AAAB8nicbVBNS8NAEJ3Urxq/qh69LLaFClKSIuqx6EGPFewHtqFsttt26WYTdzdCCf0XngQF8eq/8eS/cdvmoK0PBh7vzTAzz484U9pxvq3Myura+kZ2097a3tndy+0fNFQYS0LrJOShbPlYUc4ErWumOW1FkuLA57Tpj66nfvOJSsVCca/HEfUCPBCszwjWRnoo2Del6PTxxC50c3mn7MyAlombkjykqHVzX51eSOKACk04VqrtOpH2Eiw1I5xO7GInVjTCZIQHtG2owAFVXjI7eYKKRumhfihNCY1mqv1rIsGBUuPAN50B1kO16E3F/7x2rPuXXsJEFGsqyHxRP+ZIh2j6P+oxSYnmY0Mwkcwci8gQS0y0Sck2KbiLPy+TRqXsnpfP7ir56lWaRxaO4BhK4MIFVOEWalAHAgKe4RXeLG29WO/Wx7w1Y6Uzh/AH1ucP+HOPEQ==</latexit>

G(p, q)

<latexit sha1_base64="7ZVKd4CIptCvA1W4340vElQWnR0=">AAAB8HicbVBNSwMxEJ2tX3X9qnr0EmwLnspuEfVY9OKxgv2AdinZNNuGZrMhyQpl6Z/wJCiIV/+OJ/+NabsHbX0w8Hhvhpl5oeRMG8/7dgobm1vbO8Vdd2//4PCodHzS1kmqCG2RhCeqG2JNORO0ZZjhtCsVxXHIaSec3M39zhNVmiXi0UwlDWI8EixiBBsrdStuX2rmVgalslfzFkDrxM9JGXI0B6Wv/jAhaUyFIRxr3fM9aYIMK8MIpzO32k81lZhM8Ij2LBU4pjrIFgfPUNUqQxQlypYwaKG6vyYyHGs9jUPbGWMz1qveXPzP66UmugkyJmRqqCDLRVHKkUnQ/Hs0ZIoSw6eWYKKYPRaRMVaYGJuRa1PwV39eJ+16zb+qXT7Uy43bPI8inME5XIAP19CAe2hCCwhweIZXeHOU8+K8Ox/L1oKTz5zCHzifP7EPjwA=</latexit>

 

<latexit sha1_base64="serJyMtUBcW4wVXgbj7c2FGDpeo=">AAAB8HicbVBNS8NAEJ3Urxq/qh69BNuCp5IUUY9FLx4r2A9oQ9lsJ+3SzSbsboQS+ic8CQri1b/jyX/jts1BWx8MPN6bYWZekHCmtOt+W4WNza3tneKuvbd/cHhUOj5pqziVFFs05rHsBkQhZwJbmmmO3UQiiQKOnWByN/c7TygVi8WjniboR2QkWMgo0UbqVux+gJpUBqWyW3MXcNaJl5My5GgOSl/9YUzTCIWmnCjV89xE+xmRmlGOM7vaTxUmhE7ICHuGChKh8rPFwTOnapShE8bSlNDOQrV/TWQkUmoaBaYzInqsVr25+J/XS3V442dMJKlGQZeLwpQ7Onbm3ztDJpFqPjWEUMnMsQ4dE0moNhnZJgVv9ed10q7XvKva5UO93LjN8yjCGZzDBXhwDQ24hya0gAKHZ3iFN0taL9a79bFsLVj5zCn8gfX5AxuHj0Y=</latexit>

�

<latexit sha1_base64="6ojH1/umRo4XUTjfGfBkVwbycN0=">AAAB7XicbVBNS8NAEJ3Urxq/qh69BNuCp5IUUY9FLx4rmLbQhrLZbNqlm92wuxFK6G/wJCiIV3+QJ/+N2zYHbX0w8Hhvhpl5Ycqo0q77bZU2Nre2d8q79t7+weFR5fiko0QmMfGxYEL2QqQIo5z4mmpGeqkkKAkZ6YaTu7nffSJSUcEf9TQlQYJGnMYUI20kv2ZHdm1YqboNdwFnnXgFqUKB9rDyNYgEzhLCNWZIqb7npjrIkdQUMzKz64NMkRThCRqRvqEcJUQF+eLamVM3SuTEQpri2lmo9q+JHCVKTZPQdCZIj9WqNxf/8/qZjm+CnPI004Tj5aI4Y44Wzvx1J6KSYM2mhiAsqTnWwWMkEdYmINuk4K3+vE46zYZ31bh8aFZbt0UeZTiDc7gAD66hBffQBh8wUHiGV3izhPVivVsfy9aSVcycwh9Ynz9QV42e</latexit>

d
<latexit sha1_base64="KGvVhOBay6p4mgKGlzJyJLBRaUc=">AAAB8XicbVBNSwMxEJ31s65fVY9egm3BU9ktoh6LXjxWsB/SLiWbZtvQJLskWaEs/RWeBAXx6s/x5L8xbfegrQ8GHu/NMDMvTDjTxvO+nbX1jc2t7cKOu7u3f3BYPDpu6ThVhDZJzGPVCbGmnEnaNMxw2kkUxSLktB2Ob2d++4kqzWL5YCYJDQQeShYxgo2VHstuL6QGu+V+seRVvTnQKvFzUoIcjX7xqzeISSqoNIRjrbu+l5ggw8owwunUrfRSTRNMxnhIu5ZKLKgOsvnFU1SxygBFsbIlDZqr7q+JDAutJyK0nQKbkV72ZuJ/Xjc10XWQMZmkhkqyWBSlHJkYzd5HA6YoMXxiCSaK2WMRGWGFibEhuTYFf/nnVdKqVf3L6sV9rVS/yfMowCmcwTn4cAV1uIMGNIGAgGd4hTdHOy/Ou/OxaF1z8pkT+APn8wdR3I9a</latexit>

�
<latexit sha1_base64="7ZVKd4CIptCvA1W4340vElQWnR0=">AAAB8HicbVBNSwMxEJ2tX3X9qnr0EmwLnspuEfVY9OKxgv2AdinZNNuGZrMhyQpl6Z/wJCiIV/+OJ/+NabsHbX0w8Hhvhpl5oeRMG8/7dgobm1vbO8Vdd2//4PCodHzS1kmqCG2RhCeqG2JNORO0ZZjhtCsVxXHIaSec3M39zhNVmiXi0UwlDWI8EixiBBsrdStuX2rmVgalslfzFkDrxM9JGXI0B6Wv/jAhaUyFIRxr3fM9aYIMK8MIpzO32k81lZhM8Ij2LBU4pjrIFgfPUNUqQxQlypYwaKG6vyYyHGs9jUPbGWMz1qveXPzP66UmugkyJmRqqCDLRVHKkUnQ/Hs0ZIoSw6eWYKKYPRaRMVaYGJuRa1PwV39eJ+16zb+qXT7Uy43bPI8inME5XIAP19CAe2hCCwhweIZXeHOU8+K8Ox/L1oKTz5zCHzifP7EPjwA=</latexit>

 

: cohesion
: friction angle 
: dilation angle

<latexit sha1_base64="rHzqGCVx4//1aVhAxuvUCZZP6Zk=">AAAB9nicbVBNS8NAEJ34WeNX1aOXxbbgqSRF1ItQ9OKxgv2AJpbNdtMu3WzC7kYsof/Dk6AgXv0vnvw3btsctPXBwOO9GWbmBQlnSjvOt7Wyura+sVnYsrd3dvf2iweHLRWnktAmiXksOwFWlDNBm5ppTjuJpDgKOG0Ho5up336kUrFY3OtxQv0IDwQLGcHaSA9l20sUu/ICqrFd7hVLTtWZAS0TNyclyNHoFb+8fkzSiApNOFaq6zqJ9jMsNSOcTuyKlyqaYDLCA9o1VOCIKj+bnT1BFaP0URhLU0KjmWr/mshwpNQ4CkxnhPVQLXpT8T+vm+rw0s+YSFJNBZkvClOOdIymGaA+k5RoPjYEE8nMsYgMscREm6Rsk4K7+PMyadWq7nn17K5Wql/neRTgGE7gFFy4gDrcQgOaQEDCM7zCm/VkvVjv1se8dcXKZ47gD6zPH/4XkXE=</latexit>

 = � (associated flow rule)
(dilation)
(no dilation)

<latexit sha1_base64="D4Nl0LqEMfEQ/7pp5hYjIPy/bvo=">AAAB/nicbVDLSsNAFL2prxpf8bFzM9gWXJWkiLpwUXTjsoJ9QBvKZDpph04ezEyEGgp+iitBQdz6H678GydtFtp64HIP59zL3DlezJlUtv1tFFZW19Y3ipvm1vbO7p61f9CSUSIIbZKIR6LjYUk5C2lTMcVpJxYUBx6nbW98k/ntByoki8J7NYmpG+BhyHxGsNJS3zoqmza6Qr1Ysqx5VGGz3LdKdtWeAS0TJyclyNHoW1+9QUSSgIaKcCxl17Fj5aZYKEY4nZqVXiJpjMkYD2lX0xAHVLrp7PwpqmhlgPxI6AoVmqnmr40UB1JOAk9PBliN5KKXif953UT5l27KwjhRNCTzh/yEIxWhLAs0YIISxSeaYCKYPhaRERaYKJ2YqVNwFv+8TFq1qnNePburlerXeR5FOIYTOAUHLqAOt9CAJhB4hGd4hTfjyXgx3o2P+WjByHcO4Q+Mzx/K75LJ</latexit>

0 <  < �
<latexit sha1_base64="1PVJ3GF2aUogDwCN/XxIf70ZWeo=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LLYFTyUpol6EohePFewHNKFstpt26SZZdjeFEvo3PAkK4tU/48l/47bNQVsfDDzem2FmXiA4U9pxvq3CxubW9k5x197bPzg8Kh2ftFWSSkJbJOGJ7AZYUc5i2tJMc9oVkuIo4LQTjO/nfmdCpWJJ/KSngvoRHsYsZARrI3kV2xOKoVvk2JV+qezUnAXQOnFzUoYczX7pyxskJI1orAnHSvVcR2g/w1IzwunMrnqpogKTMR7SnqExjqjys8XRM1Q1ygCFiTQVa7RQ7V8TGY6UmkaB6YywHqlVby7+5/VSHd74GYtFqmlMlovClCOdoHkCaMAkJZpPDcFEMnMsIiMsMdEmJ9uk4K7+vE7a9Zp7Vbt8rJcbd3keRTiDc7gAF66hAQ/QhBYQEPAMr/BmTawX6936WLYWrHzmFP7A+vwBVZKP1Q==</latexit>

 = 0

<latexit sha1_base64="uM98rxIqs9jXdp5UYsahkGKQJt8=">AAAB+XicbVDLSgMxFM3UVx0fHXXpJtgWKkiZKaJuhKIblxXsA9qhZNJMG5rJxCQjlKFf4kpQELd+iiv/xrSdhbYeuHA4517uvScQjCrtut9Wbm19Y3Mrv23v7O7tF5yDw5aKE4lJE8cslp0AKcIoJ01NNSMdIQmKAkbawfh25refiFQ05g96IogfoSGnIcVIG6nvFEp2T4xoRZw9ntrXbqnvFN2qOwdcJV5GiiBDo+989QYxTiLCNWZIqa7nCu2nSGqKGZna5V6iiEB4jIakayhHEVF+Or98CstGGcAwlqa4hnPV/jWRokipSRSYzgjpkVr2ZuJ/XjfR4ZWfUi4STTheLAoTBnUMZzHAAZUEazYxBGFJzbEQj5BEWJuwbJOCt/zzKmnVqt5F9fy+VqzfZHnkwTE4ARXggUtQB3egAZoAgwQ8g1fwZqXWi/VufSxac1Y2cwT+wPr8AeoJkTc=</latexit>

�(p, q) = 0

<latexit sha1_base64="3t6r61TrwuZl0QcVZXPQrVuSh1A="></latexit>

q = 1p
2
[(�1 � �2)2 + (�2 � �3)2 + (�1 � �3)2]1/2

<latexit sha1_base64="0kSyrKg/sFgkXQdwWyZaBiv0qEU="></latexit>

p = � 1
3 tr(�)

<latexit sha1_base64="y5n6JSI4o55P6DCia6uyFzupQQg=">AAACCnicbVDLSgNBEJyNr7i+oh69DCZCBA27QdSLEPTiMYJ5QDaE2cnEDJmdncz0CiHk6slP8SQoiFf/wJN/4+RxUGNBQ1HVTXdXqAQ34HlfTmphcWl5Jb3qrq1vbG5ltneqJk40ZRUai1jXQ2KY4JJVgINgdaUZiULBamHvauzX7pk2PJa3MFCsGZE7yTucErBSK4NzbqC6PK+O+ofuhds/VjgAIoOQAcHHbTfXymS9gjcBnif+jGTRDOVW5jNoxzSJmAQqiDEN31PQHBINnAo2cg+CxDBFaI/csYalkkTMNIeTV0b4wCpt3Im1LQl4oro/JoYkMmYQhbYzItA1f72x+J/XSKBz3hxyqRJgkk4XdRKBIcbjXHCba0ZBDCwhVHN7LKZdogkFm55rU/D//jxPqsWCf1o4uSlmS5ezPNJoD+2jPPLRGSqha1RGFUTRA3pCL+jVeXSenTfnfdqacmYzu+gXnI9v9E2XOw==</latexit>

�(p, q) = q � p tan� � d



Isotropic plastic solids

J2 (von Mises) and Drucker-Prager plasticity
Tension Compression

J2 plasticity Drucker-Prager J2 plasticity Drucker-Prager
13
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Isotropic plastic solids

<latexit sha1_base64="ANEoAHISmUXQlKXinb81lj3WaFg=">AAACGnicbVDLSsNAFJ3UVx1fUZdugm2hLixJFXUjFN3oroJ9QFPKZDpth84kYWYilJDfcOWnuBIUxKVu/BsnbRbaemCYw7nncu89XsioVLb9beSWlldW1/LrcGNza3vH3N1ryiASmDRwwALR9pAkjPqkoahipB0KgrjHSMsbX6f11gMRkgb+vZqEpMvR0KcDipHSUs+0i/C258BL6HKkRoLHSiRl1wtYX064/mJX0iFHyZG2HJ+EsNgzC3bFnsJaJE5GCiBDvWd+uv0AR5z4CjMkZcexQ9WNkVAUM5LAkhtJEiI8RkPS0dRHnMhuPD0tsUpa6VuDQOjnK2uqwl8dMeIy3VQ70wPkfC0V/6t1IjW46MbUDyNFfDwbNIiYpQIrzcnqU0GwYhNNEBZUL2vhERIIK50m1Ck48zcvkma14pxVTu+qhdpVlkceHIBDUAYOOAc1cAPqoAEweATP4BW8GU/Gi/FufMysOSPr2Qd/YHz9ADKVnnA=</latexit>

I1 = tr(�) = �3p

Yield function is independent 
of hydrostatic pressure

Tresca Criterion (or Maximum-shear-stress)

- Yield function (and isotropic hardening)

with

- Flow potential (associated plasticity):

- Note: the multi-surface representation is preferred in the computational 
implementation of the model

<latexit sha1_base64="Xsdta78/S9mjeZwaaINEIa72rIw="></latexit>

J2 = 1
6 [(�1 � �2)2 + (�2 � �3)2 + (�1 � �3)2] =

1
2 ||s||

2

<latexit sha1_base64="z2XAG5wRSqP0/4ESWZOxLoRIKxU="></latexit>

✓ = 1
3 sin

�1

✓
�3

p
3J3

2J3/2
2

◆

<latexit sha1_base64="fERlxtmSs2KqLe0QWJQJZzFaNL8="></latexit>

�(J2, J3, ep) = 2
p
J2 cos(✓)� �Y (ep)

<latexit sha1_base64="MISSzpxot24zpk1M6nVYAdaA+dE=">AAACDnicbVDLSgMxFM3UVx1foy7dBNtChVJmqqgboehC6aqCfUA7Dpk004ZmHiQZoQz9AVd+iitBQdy6d+XfmLazsNUDF07OuZfce9yIUSFN81vLLC2vrK5l1/WNza3tHWN3rynCmGPSwCELedtFgjAakIakkpF2xAnyXUZa7vBq4rceCBc0DO7kKCK2j/oB9ShGUkmOkc/r3WhAizWnUqo5xyVyHx1dXM899bxj5MyyOQX8S6yU5ECKumN8dXshjn0SSMyQEB3LjKSdIC4pZmSsF7qxIBHCQ9QnHUUD5BNhJ9NzxrCglB70Qq4qkHCq6r8mEuQLMfJd1ekjORCL3kT8z+vE0ju3ExpEsSQBnn3kxQzKEE6ygT3KCZZspAjCnKplIR4gjrBUCeoqBWvx5r+kWSlbp+WT20quepnmkQUH4BAUgQXOQBXcgDpoAAwewTN4BW/ak/aivWsfs9aMls7sgzlonz905Zfo</latexit>

�(J2, J3, ep) = G(J2, J3, ep)



15

Isotropic plastic solids

Mohr-Coulomb plasticity

- Yield function (with and without hardening)

- Flow potential (associative and non-associative plasticity)

- Note: the multi-surface representation is preferred in the computational 

implementation of the model

(elastic behavior inside, 
inadmissible behavior outside) 

<latexit sha1_base64="63r1MGVozEylrO7YMOdsiY7bhfo=">AAAB/nicbVDLSsNAFJ3UV42v+Ni5GWwLFaQkRdSNUHSjrirYB7QhTKaTduhkEmYmQg0FP8WVoCBu/Q9X/o3TNgutHrhwOOde7r3HjxmVyra/jNzC4tLySn7VXFvf2NyytneaMkoEJg0csUi0fSQJo5w0FFWMtGNBUOgz0vKHlxO/dU+EpBG/U6OYuCHqcxpQjJSWPGuvaHbjAS1fe87RjVc9NM9ts+hZBbtiTwH/EicjBZCh7lmf3V6Ek5BwhRmSsuPYsXJTJBTFjIzNUjeRJEZ4iPqkoylHIZFuOj1/DEta6cEgErq4glPV/DGRolDKUejrzhCpgZz3JuJ/XidRwZmbUh4ninA8WxQkDKoITrKAPSoIVmykCcKC6mMhHiCBsNKJmToFZ/7nv6RZrTgnlePbaqF2keWRB/vgAJSBA05BDVyBOmgADB7AE3gBr8aj8Wy8Ge+z1pyRzeyCXzA+vgEI45JG</latexit>

�(I1, J2) = 0

<latexit sha1_base64="63r1MGVozEylrO7YMOdsiY7bhfo=">AAAB/nicbVDLSsNAFJ3UV42v+Ni5GWwLFaQkRdSNUHSjrirYB7QhTKaTduhkEmYmQg0FP8WVoCBu/Q9X/o3TNgutHrhwOOde7r3HjxmVyra/jNzC4tLySn7VXFvf2NyytneaMkoEJg0csUi0fSQJo5w0FFWMtGNBUOgz0vKHlxO/dU+EpBG/U6OYuCHqcxpQjJSWPGuvaHbjAS1fe87RjVc9NM9ts+hZBbtiTwH/EicjBZCh7lmf3V6Ek5BwhRmSsuPYsXJTJBTFjIzNUjeRJEZ4iPqkoylHIZFuOj1/DEta6cEgErq4glPV/DGRolDKUejrzhCpgZz3JuJ/XidRwZmbUh4ninA8WxQkDKoITrKAPSoIVmykCcKC6mMhHiCBsNKJmToFZ/7nv6RZrTgnlePbaqF2keWRB/vgAJSBA05BDVyBOmgADB7AE3gBr8aj8Wy8Ge+z1pyRzeyCXzA+vgEI45JG</latexit>

�(I1, J2) = 0

<latexit sha1_base64="hLxeHfpteDu/LGOwrnlHsHjd8+E=">AAACAXicbVDLSsNAFJ3UV42vqAsXbgbbQgUJSRF1IxTdqKsK9gFtCJPptB06mYSZiVBCV36KK0FB3PoZrvwbp20W2nrgwuGce7n3niBmVCrH+TZyS8srq2v5dXNjc2t7x9rda8goEZjUccQi0QqQJIxyUldUMdKKBUFhwEgzGF5P/OYjEZJG/EGNYuKFqM9pj2KktORbB0WzEw9o+dZ3T+78yrF5CW3bNou+VXBsZwq4SNyMFECGmm99dboRTkLCFWZIyrbrxMpLkVAUMzI2S51EkhjhIeqTtqYchUR66fSDMSxppQt7kdDFFZyq5q+JFIVSjsJAd4ZIDeS8NxH/89qJ6l14KeVxogjHs0W9hEEVwUkcsEsFwYqNNEFYUH0sxAMkEFY6NFOn4M7/vEgaFds9s0/vK4XqVZZHHhyCI1AGLjgHVXADaqAOMBiDZ/AK3own48V4Nz5mrTkjm9kHf2B8/gBAf5Le</latexit>

�(I1, J2) = ...

compression

tension
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Elasto-plastic finite deformations
- Multiplicative decomposition of the deformation gradient

- The choice of stress and strain measure becomes very important!

(they have to be work conjugate measures)

Isotropic plastic solids

reference 
configuration deformed 

configuration

Intermediate configuration
“relaxed” or “unstressed”

plastic flow 
is incompressible



Any questions?
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Isotropic plastic solids

Lecture #13-#14-#15

Theory
of plastic
solids


