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Solid-solid interactions
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ME 597 – Solid Mechanics II … so far …

Tensor algebra 
Tensor analysis

reference 
configuration

thermo-mechanical loads

KINEMATICS OF DEFORMATIONS deformed 
configuration

CONTINUOUS
MEDIA

16 unknown fields   +   5 equations

laws of nature                                       .
CONSERVATION  OF MASS

BALANCE OF LINEAR MOMENTUM
BALANCE OF ANGULAR MOMENTUM

LAWS OF THERMODYNAMICS CONSTITUTIVE 
EQUATIONS
11 equations

Empirical 
observation

continuously varying fields
(time and space averages over 
the underlying structure)
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Hyperelastic isotropic solids
Viscoelastic isotropic solids

Plastic isotropic solids
Material parameter estimation



3International space station

Structural elements: beams, plates, shells

Stratospheric ballooning system

Architectured metamaterials 

Formulation of structural elements (beams, plates, shells) as the analytical 
upscaling of continuum solids under kinematic assumptions. 
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Lecture 16 – Solid-solid (… and fluid-solid) interactions

Formulation of solid-solid interactions (contact mechanics) as the analytical 
upscaling of continuum solids under kinematic assumptions and specific 
boundary conditions. 

CONTINUOUS
MEDIA

CONTINUOUS
MEDIA

reference 
configuration

deformed 
configuration
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- Unilateral contact law in continuum mechanics (normal direction)

Hertz-Signorini
conditions

- Friction law (tangential direction)

no penetration (gap function)

no tension (contact pressure)

complementary 
conditions
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Formulation of solid-solid interactions (contact mechanics) as the analytical 
upscaling of continuum solids under kinematic assumptions and specific 
boundary conditions. 
Engineering applications:
- Tribology, bearings (lubrication, friction and wear).
- Electrical contact resistance, locomotive wheel-rail contact, 

braking systems, tires, gasket seals, metal forming, ultrasonic 
welding        (in general, contact surface and contact pressure 
are coupled with each other).

- At the core behavior of granular materials.
- Indentation hardness.

Lecture 16 – Solid-solid interactions
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Two-dimensional general solutions
- Cartesian coordinates 

(Airy’s representation)

- Polar coordinates 
(Airy’s representation)

- Polar coordinates and axisymmetric 

Solid-solid interactions: contact mechanics

(zero body forces)
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Two-dimensional general solutions
- Half-space under normal loads (concentrated and distributed)

Boundary conditions

Equilibrium

Resulting stress field

Solid-solid interactions: contact mechanics

FX=0
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Contact mechanics: two-dimensional problems
- Half-space under normal loads (concentrated and distributed)

Resulting stress field

Resulting displacement field (linear elasticity)

+ Rigid motion component cannot be solved for
+ Singular displacement/stress under the point load
+ Unbounded logarithmic terms lead to unrealistic

predictions at infinity

Solid-solid interactions: contact mechanics
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Contact mechanics: two-dimensional problems
- Indentation of an elastic half-space by a frictionless punch

Contact radius: 

Boundary conditions:
+ surface displacement 

+ frictionless

Contact pressure:

verification

+ Contact pressure is singular at the edges of the indenter
+ Unbounded logarithmic terms lead to unrealistic

predictions at infinity

Solid-solid interactions: contact mechanics
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maximum shear
stress contours

<latexit sha1_base64="Ag+ku0cazBANzaXHLwN7eyK5kPM=">AAAB7XicbVBNSwMxEJ2tX3X9qnr0EmwLnspuEfVY9OKxgtsW2qVk02wbmk2WJCuU0t/gSVAQr/4gT/4b03YP2vpg4PHeDDPzopQzbTzv2ylsbG5t7xR33b39g8Oj0vFJS8tMERoQyaXqRFhTzgQNDDOcdlJFcRJx2o7Gd3O//USVZlI8mklKwwQPBYsZwcZKQcXFbqVfKns1bwG0TvyclCFHs1/66g0kyRIqDOFY667vpSacYmUY4XTmVnuZpikmYzykXUsFTqgOp4trZ6hqlQGKpbIlDFqo7q+JKU60niSR7UywGelVby7+53UzE9+EUybSzFBBlovijCMj0fx1NGCKEsMnlmCimD0WkRFWmBgbkGtT8Fd/Xietes2/ql0+1MuN2zyPIpzBOVyAD9fQgHtoQgAEGDzDK7w50nlx3p2PZWvByWdO4Q+czx9Lwo2b</latexit>a

<latexit sha1_base64="sOPPnqMnYvJxhrlwQnApESI3X7A=">AAACGHicbVDLSsNAFJ34rPEVdelmsC3UTUmKqJtiURCXFexD2lIm02k7dCYJMxOxhPYrXPkprgQFcasr/8ZJm4VtPXDhcM693HuPGzAqlW3/GEvLK6tr66kNc3Nre2fX2tuvSj8UmFSwz3xRd5EkjHqkoqhipB4IgrjLSM0dXMV+7YEISX3vTg0D0uKo59EuxUhpqW3lM2aTI9UXPOqMrtt1WIS2OR6PZ9T7YpB7PC5emJm2lbbz9gRwkTgJSYME5bb13ez4OOTEU5ghKRuOHahWhISimJGRmW2GkgQID1CPNDT1ECeyFU0eG8GsVjqw6wtdnoIT1fwzESEu5ZC7ujM+V857sfif1whV97wVUS8IFfHwdFE3ZFD5ME4JdqggWLGhJggLqo+FuI8EwkpnaeoUnPmfF0m1kHdO8ye3hXTpMskjBQ7BEcgBB5yBErgBZVABGDyBF/AG3o1n49X4MD6nrUtGMnMAZmB8/QLJj52v</latexit>

dFX = 0 dFY = p(x) =?

<latexit sha1_base64="m5eJDfh1bah7hIu4gUskKmYEETU=">AAAB8nicbVBNSwMxEM36WdevqkcvwbbgqewWUY9FLx4r2A9slzKbZtvQJLskWaEs/ReeBAXx6r/x5L8xbfegrQ8GHu/NMDMvTDjTxvO+nbX1jc2t7cKOu7u3f3BYPDpu6ThVhDZJzGPVCUFTziRtGmY47SSKggg5bYfj25nffqJKs1g+mElCAwFDySJGwFjpsez2hiAEuOV+seRVvTnwKvFzUkI5Gv3iV28Qk1RQaQgHrbu+l5ggA2UY4XTqVnqppgmQMQxp11IJguogm588xRWrDHAUK1vS4Lnq/prIQGg9EaHtFGBGetmbif953dRE10HGZJIaKsliUZRybGI8+x8PmKLE8IklQBSzx2IyAgXE2JRcm4K//PMqadWq/mX14r5Wqt/keRTQKTpD58hHV6iO7lADNRFBEj2jV/TmGOfFeXc+Fq1rTj5zgv7A+fwBFl2Pyw==</latexit>�

<latexit sha1_base64="K2+By8IAX3h7N4b1eQlYsJ3Awf8=">AAACCnicbVDLSsNAFJ3UV42vqEs3g22hLixJEXUjFN24rGAf0NQwmUzboZNJmJkIJWTryk9xJSiIW//AlX/jpO1CqwcuHM65l3vv8WNGpbLtL6OwtLyyulZcNzc2t7Z3rN29towSgUkLRywSXR9JwignLUUVI91YEBT6jHT88VXud+6JkDTit2oSk36IhpwOKEZKS54Fyy7lykuPUXaXoiyuyiM3RGokwjTI5EWz7Fklu2ZPAf8SZ05KYI6mZ326QYSTkHCFGZKy59ix6qdIKIoZycyKm0gSIzxGQ9LTlKOQyH46fSWDFa0EcBAJXVzBqWr+mEhRKOUk9HVnfqZc9HLxP6+XqMF5P6U8ThTheLZokDCoIpjnAgMqCFZsognCgupjIR4hgbDS6Zk6BWfx57+kXa85p7WTm3qpcTnPowgOwCGoAgecgQa4Bk3QAhg8gCfwAl6NR+PZeDPeZ60FYz6zD37B+PgGhHmaHQ==</latexit>R a
�a p(s)ds = P

<latexit sha1_base64="YgOrSVt13JcsDyR4rVg2aXVpAiI=">AAACFnicbVBNSwMxEM36WeNX1aOXYBUUatkVUS9C0YtHBatCdymzaVpDk+ySZMWytD/Ckz/Fk6AgXgVP/hvT2oNfDwYe780wMy9OBTfW9z+8sfGJyanpwgyenZtfWCwuLV+YJNOU1WgiEn0Vg2GCK1az3Ap2lWoGMhbsMu4cD/zLG6YNT9S57aYsktBWvMUpWCc1iuV1HMag86zX6G7ebuFDErZBSsD9frnfx7ck5IrUt6EMEV5vFEt+xR+C/CXBiJTQCKeN4nvYTGgmmbJUgDH1wE9tlIO2nArWwxthZlgKtANtVndUgWQmyodv9ciGU5qklWhXypKhir9N5CCN6crYdUqw1+a3NxD/8+qZbR1EOVdpZpmiX4tamSA2IYOMSJNrRq3oOgJUc3csodeggVqXJHYpBL9//ksudirBXmX3bKdUPRrlUUCraA1togDtoyo6Qaeohii6Qw/oCT17996j9+K9frWOeaOZFfQD3tsnV1ecTA==</latexit>

ūy(x) = � , x 2 [�a, a]

<latexit sha1_base64="3f9qFBUq78vG2iFcadH9fsm7Yko="></latexit>

p(x) = P
⇡
p
a2�x2 x 2 [�a, a]



Contact mechanics: two-dimensional problems
- Indentation of an elastic half-space by a frictionless punch

Contact radius: 

Boundary conditions:
+ surface displacement 

+ frictionless

Aside: contact pressure …
given
find 
such that

Solid-solid interactions: contact mechanics

<latexit sha1_base64="Ag+ku0cazBANzaXHLwN7eyK5kPM=">AAAB7XicbVBNSwMxEJ2tX3X9qnr0EmwLnspuEfVY9OKxgtsW2qVk02wbmk2WJCuU0t/gSVAQr/4gT/4b03YP2vpg4PHeDDPzopQzbTzv2ylsbG5t7xR33b39g8Oj0vFJS8tMERoQyaXqRFhTzgQNDDOcdlJFcRJx2o7Gd3O//USVZlI8mklKwwQPBYsZwcZKQcXFbqVfKns1bwG0TvyclCFHs1/66g0kyRIqDOFY667vpSacYmUY4XTmVnuZpikmYzykXUsFTqgOp4trZ6hqlQGKpbIlDFqo7q+JKU60niSR7UywGelVby7+53UzE9+EUybSzFBBlovijCMj0fx1NGCKEsMnlmCimD0WkRFWmBgbkGtT8Fd/Xietes2/ql0+1MuN2zyPIpzBOVyAD9fQgHtoQgAEGDzDK7w50nlx3p2PZWvByWdO4Q+czx9Lwo2b</latexit>a

<latexit sha1_base64="sOPPnqMnYvJxhrlwQnApESI3X7A=">AAACGHicbVDLSsNAFJ34rPEVdelmsC3UTUmKqJtiURCXFexD2lIm02k7dCYJMxOxhPYrXPkprgQFcasr/8ZJm4VtPXDhcM693HuPGzAqlW3/GEvLK6tr66kNc3Nre2fX2tuvSj8UmFSwz3xRd5EkjHqkoqhipB4IgrjLSM0dXMV+7YEISX3vTg0D0uKo59EuxUhpqW3lM2aTI9UXPOqMrtt1WIS2OR6PZ9T7YpB7PC5emJm2lbbz9gRwkTgJSYME5bb13ez4OOTEU5ghKRuOHahWhISimJGRmW2GkgQID1CPNDT1ECeyFU0eG8GsVjqw6wtdnoIT1fwzESEu5ZC7ujM+V857sfif1whV97wVUS8IFfHwdFE3ZFD5ME4JdqggWLGhJggLqo+FuI8EwkpnaeoUnPmfF0m1kHdO8ye3hXTpMskjBQ7BEcgBB5yBErgBZVABGDyBF/AG3o1n49X4MD6nrUtGMnMAZmB8/QLJj52v</latexit>

dFX = 0 dFY = p(x) =?

<latexit sha1_base64="kDPuMPRp/rLI5hhQdVeFUGWyoOc=">AAACFXicbVBNSwMxEM36bfxa9eglWAVFKbtF1IsgevGoYFXoLmU2TWtokl2SrFiW9j948qd4EhTEqwdP/hvT2oNfDwYe780wMy/JBDc2CD68kdGx8YnJqWk8Mzs3v+AvLl2YNNeUVWkqUn2VgGGCK1a13Ap2lWkGMhHsMmkf9/3LG6YNT9W57WQsltBSvMkpWCfV/a01HCWgi7xb72zcbuIDErVASsC93navh29JxBWpBdsQ47W6XwrKwQDkLwmHpISGOK3771EjpblkylIBxtTCILNxAdpyKlgXr0e5YRnQNrRYzVEFkpm4GHzVJetOaZBmql0pSwYq/jZRgDSmIxPXKcFem99eX/zPq+W2uR8XXGW5ZYp+LWrmgtiU9CMiDa4ZtaLjCFDN3bGEXoMGal2Q2KUQ/v75L7molMPd8s5ZpXR4NMxjCq2gVbSBQrSHDtEJOkVVRNEdekBP6Nm79x69F+/1q3XEG84sox/w3j4BlQab5A==</latexit>

ūy(x) = � , x 2 [0, a]

<latexit sha1_base64="8HK7SwmfnrBd3qWvGR5AtbDXAf8="></latexit>

dūy

dx = � 2
⇡E

R a
�a

p(s)
x�sds

<latexit sha1_base64="vmBF4vnuMhGc26q5AukT3ZcBvaM=">AAAB+nicbVDLSsNAFL3xWeMr6tJNsC3UTUmKqMuiG5cV7APaECbTSTt0Mgkzk2KI/RNXgoK49U9c+TdOHwttPXDhcM693HtPkDAqleN8G2vrG5tb24Udc3dv/+DQOjpuyTgVmDRxzGLRCZAkjHLSVFQx0kkEQVHASDsY3U799pgISWP+oLKEeBEacBpSjJSWfMsqmb0AiTyd+Fnl8dws+VbRqToz2KvEXZAiLNDwra9eP8ZpRLjCDEnZdZ1EeTkSimJGJma5l0qSIDxCA9LVlKOISC+fnT6xy1rp22EsdHFlz1Tz10SOIimzKNCdEVJDuexNxf+8bqrCay+nPEkV4Xi+KEyZrWJ7moPdp4JgxTJNEBZUH2vjIRIIK52WqVNwl39eJa1a1b2sXtzXivWbRR4FOIUzqIALV1CHO2hAEzCM4Rle4c14Ml6Md+Nj3rpmLGZO4A+Mzx/ycpJ4</latexit>

ūy(x)
<latexit sha1_base64="/u3daklAdjzRWhhbf6vtoei33RE=">AAAB9HicbVBNS8NAEJ34WeNX1aOXxbZQLyEpol6EohePFewHtKFstpt26SZZdjfFUvo3PAkK4tU/48l/47bNQVsfDDzem2FmXiA4U9p1v6219Y3Nre3cjr27t39wmD86bqgklYTWScIT2QqwopzFtK6Z5rQlJMVRwGkzGN7N/OaISsWS+FGPBfUj3I9ZyAjWRuoUbVF+Or9xHMcudvMF13HnQKvEy0gBMtS6+a9OLyFpRGNNOFaq7blC+xMsNSOcTu1SJ1VUYDLEfdo2NMYRVf5kfvQUlYzSQ2EiTcUazVX718QER0qNo8B0RlgP1LI3E//z2qkOr/0Ji0WqaUwWi8KUI52gWQKoxyQlmo8NwUQycywiAywx0SYn26TgLf+8ShoVx7t0Lh4qheptlkcOTuEMyuDBFVThHmpQBwICnuEV3qyR9WK9Wx+L1jUrmzmBP7A+fwDR7I+A</latexit>

p(x) = ...

Aside

<latexit sha1_base64="K2+By8IAX3h7N4b1eQlYsJ3Awf8=">AAACCnicbVDLSsNAFJ3UV42vqEs3g22hLixJEXUjFN24rGAf0NQwmUzboZNJmJkIJWTryk9xJSiIW//AlX/jpO1CqwcuHM65l3vv8WNGpbLtL6OwtLyyulZcNzc2t7Z3rN29towSgUkLRywSXR9JwignLUUVI91YEBT6jHT88VXud+6JkDTit2oSk36IhpwOKEZKS54Fyy7lykuPUXaXoiyuyiM3RGokwjTI5EWz7Fklu2ZPAf8SZ05KYI6mZ326QYSTkHCFGZKy59ix6qdIKIoZycyKm0gSIzxGQ9LTlKOQyH46fSWDFa0EcBAJXVzBqWr+mEhRKOUk9HVnfqZc9HLxP6+XqMF5P6U8ThTheLZokDCoIpjnAgMqCFZsognCgupjIR4hgbDS6Zk6BWfx57+kXa85p7WTm3qpcTnPowgOwCGoAgecgQa4Bk3QAhg8gCfwAl6NR+PZeDPeZ60FYz6zD37B+PgGhHmaHQ==</latexit>R a
�a p(s)ds = P

<latexit sha1_base64="3f9qFBUq78vG2iFcadH9fsm7Yko="></latexit>

p(x) = P
⇡
p
a2�x2 x 2 [�a, a]

<latexit sha1_base64="fvNzZcNf0FSPB9xw5kvB3XIxqpw="></latexit>

The vertical displacement of surface points is given by

ūy(x) = � 2

⇡E

Z a

�a
p(s) log(|x� s|)ds+ C

where the solution for a concentrated surface force p(s)ds acting on the free
surface is used, and C is a constant of integration due to the undetermined
rigid-body motion. This constant is eliminated from the analysis as follows

dūy

dx
= � 2

⇡E

Z a

�a

p(s)

x� s
ds

where the Cauchy principal value integral is used to regularize the otherwise
divergent integral.

For p(x) ⇠ (a2 � x2)�1/2, the Cauchy principal value of the integral showed
above is indeed zero, cf. ū0

y = 0.



Contact mechanics: two-dimensional problems
- Indentation of an elastic half-space by a frictionless cylindrical punch

Boundary conditions:
+ surface displacement 

+ frictionless

Contact radius: 

Contact pressure:

Contact law (force per unit of length):

11

Solid-solid interactions: contact mechanics

maximum shear
stress contours

<latexit sha1_base64="sOPPnqMnYvJxhrlwQnApESI3X7A=">AAACGHicbVDLSsNAFJ34rPEVdelmsC3UTUmKqJtiURCXFexD2lIm02k7dCYJMxOxhPYrXPkprgQFcasr/8ZJm4VtPXDhcM693HuPGzAqlW3/GEvLK6tr66kNc3Nre2fX2tuvSj8UmFSwz3xRd5EkjHqkoqhipB4IgrjLSM0dXMV+7YEISX3vTg0D0uKo59EuxUhpqW3lM2aTI9UXPOqMrtt1WIS2OR6PZ9T7YpB7PC5emJm2lbbz9gRwkTgJSYME5bb13ez4OOTEU5ghKRuOHahWhISimJGRmW2GkgQID1CPNDT1ECeyFU0eG8GsVjqw6wtdnoIT1fwzESEu5ZC7ujM+V857sfif1whV97wVUS8IFfHwdFE3ZFD5ME4JdqggWLGhJggLqo+FuI8EwkpnaeoUnPmfF0m1kHdO8ye3hXTpMskjBQ7BEcgBB5yBErgBZVABGDyBF/AG3o1n49X4MD6nrUtGMnMAZmB8/QLJj52v</latexit>

dFX = 0 dFY = p(x) =?
<latexit sha1_base64="6qxTqYQ9c3UGtuF1Wajsb6S7F34=">AAAB/3icbVDLSsNAFJ34rPEVFVduBtuCq5IUUTdC0Y3LKvYBTSk300k7dCaJMxOhhC78FFeCgrj1O1z5N04fC209cOFwzr3ce0+QcKa0635bS8srq2vruQ17c2t7Z9fZ26+rOJWE1kjMY9kMQFHOIlrTTHPaTCQFEXDaCAbXY7/xSKVicXSvhwltC+hFLGQEtJE6zmHBhktfPUid+T0QAvDdyC50nLxbcifAi8SbkTyaodpxvvxuTFJBI004KNXy3ES3M5CaEU5HdtFPFU2ADKBHW4ZGIKhqZ5P7R7holC4OY2kq0nii2r8mMhBKDUVgOgXovpr3xuJ/XivV4UU7Y1GSahqR6aIw5VjHeBwG7jJJieZDQ4BIZo7FpA8SiDaR2SYFb/7nRVIvl7yz0ultOV+5muWRQ0foGJ0gD52jCrpBVVRDBGXoGb2iN+vJerHerY9p65I1mzlAf2B9/gC56JSY</latexit>

a =
p
�R

<latexit sha1_base64="z7wuZZkZ8gLndyKZj2rF+br16jc="></latexit>

a2 = 4PR
⇡E = �R =) P (�) = ⇡E

4 �

<latexit sha1_base64="m5eJDfh1bah7hIu4gUskKmYEETU=">AAAB8nicbVBNSwMxEM36WdevqkcvwbbgqewWUY9FLx4r2A9slzKbZtvQJLskWaEs/ReeBAXx6r/x5L8xbfegrQ8GHu/NMDMvTDjTxvO+nbX1jc2t7cKOu7u3f3BYPDpu6ThVhDZJzGPVCUFTziRtGmY47SSKggg5bYfj25nffqJKs1g+mElCAwFDySJGwFjpsez2hiAEuOV+seRVvTnwKvFzUkI5Gv3iV28Qk1RQaQgHrbu+l5ggA2UY4XTqVnqppgmQMQxp11IJguogm588xRWrDHAUK1vS4Lnq/prIQGg9EaHtFGBGetmbif953dRE10HGZJIaKsliUZRybGI8+x8PmKLE8IklQBSzx2IyAgXE2JRcm4K//PMqadWq/mX14r5Wqt/keRTQKTpD58hHV6iO7lADNRFBEj2jV/TmGOfFeXc+Fq1rTj5zgv7A+fwBFl2Pyw==</latexit>�

<latexit sha1_base64="6qxTqYQ9c3UGtuF1Wajsb6S7F34=">AAAB/3icbVDLSsNAFJ34rPEVFVduBtuCq5IUUTdC0Y3LKvYBTSk300k7dCaJMxOhhC78FFeCgrj1O1z5N04fC209cOFwzr3ce0+QcKa0635bS8srq2vruQ17c2t7Z9fZ26+rOJWE1kjMY9kMQFHOIlrTTHPaTCQFEXDaCAbXY7/xSKVicXSvhwltC+hFLGQEtJE6zmHBhktfPUid+T0QAvDdyC50nLxbcifAi8SbkTyaodpxvvxuTFJBI004KNXy3ES3M5CaEU5HdtFPFU2ADKBHW4ZGIKhqZ5P7R7holC4OY2kq0nii2r8mMhBKDUVgOgXovpr3xuJ/XivV4UU7Y1GSahqR6aIw5VjHeBwG7jJJieZDQ4BIZo7FpA8SiDaR2SYFb/7nRVIvl7yz0ultOV+5muWRQ0foGJ0gD52jCrpBVVRDBGXoGb2iN+vJerHerY9p65I1mzlAf2B9/gC56JSY</latexit>

a =
p
�R

<latexit sha1_base64="TkY+nrOwiCfMQGDtRIBh3DLpYoA="></latexit>

ūy(x) = � � (R�
p
R2 � x2)

⇡ � � 1
2Rx2 x 2 [0, a]

<latexit sha1_base64="LkO8NHLHZzsZ9br49z8UFAglL0w=">AAACC3icbVDLSsNAFJ3UV42vqEs30bZQNyUpom6EohuXFewDmlJuppN26EwSZiZCCVm78lNcCQri1i9w5d84fSy09cCFwzn3cu89fsyoVI7zbeRWVtfWN/Kb5tb2zu6etX/QlFEiMGngiEWi7YMkjIakoahipB0LAtxnpOWPbiZ+64EISaPwXo1j0uUwCGlAMSgt9azjoun5INIk643LcHrlBQJw6g2Ac8jSamYWe1bBqThT2MvEnZMCmqPes768foQTTkKFGUjZcZ1YdVMQimJGMrPkJZLEgEcwIB1NQ+BEdtPpL5ld0krfDiKhK1T2VDV/TaTApRxzX3dyUEO56E3E/7xOooLLbkrDOFEkxLNFQcJsFdmTYOw+FQQrNtYEsKD6WBsPQaehdHymTsFd/HmZNKsV97xydlct1K7neeTRETpBZeSiC1RDt6iOGgijR/SMXtGb8WS8GO/Gx6w1Z8xnDtEfGJ8/DIiZwQ==</latexit>

ūy(a) =
�
2

<latexit sha1_base64="NwWN+cp2JKXxFJ3WLCkd8NDu3aU="></latexit>

p(x) = 2P
⇡a2

p
a2 � x2 x 2 [0, a]



Contact mechanics: two-dimensional problems
- Indentation of an elastic half-space by a frictionless cylindrical punch

Boundary conditions:
+ surface displacement 

+ frictionless

Contact radius: 

Contact pressure:

Contact law (force per unit of length):

12

Solid-solid interactions: contact mechanics

<latexit sha1_base64="sOPPnqMnYvJxhrlwQnApESI3X7A=">AAACGHicbVDLSsNAFJ34rPEVdelmsC3UTUmKqJtiURCXFexD2lIm02k7dCYJMxOxhPYrXPkprgQFcasr/8ZJm4VtPXDhcM693HuPGzAqlW3/GEvLK6tr66kNc3Nre2fX2tuvSj8UmFSwz3xRd5EkjHqkoqhipB4IgrjLSM0dXMV+7YEISX3vTg0D0uKo59EuxUhpqW3lM2aTI9UXPOqMrtt1WIS2OR6PZ9T7YpB7PC5emJm2lbbz9gRwkTgJSYME5bb13ez4OOTEU5ghKRuOHahWhISimJGRmW2GkgQID1CPNDT1ECeyFU0eG8GsVjqw6wtdnoIT1fwzESEu5ZC7ujM+V857sfif1whV97wVUS8IFfHwdFE3ZFD5ME4JdqggWLGhJggLqo+FuI8EwkpnaeoUnPmfF0m1kHdO8ye3hXTpMskjBQ7BEcgBB5yBErgBZVABGDyBF/AG3o1n49X4MD6nrUtGMnMAZmB8/QLJj52v</latexit>

dFX = 0 dFY = p(x) =?

<latexit sha1_base64="NwWN+cp2JKXxFJ3WLCkd8NDu3aU="></latexit>

p(x) = 2P
⇡a2

p
a2 � x2 x 2 [0, a]

<latexit sha1_base64="6qxTqYQ9c3UGtuF1Wajsb6S7F34=">AAAB/3icbVDLSsNAFJ34rPEVFVduBtuCq5IUUTdC0Y3LKvYBTSk300k7dCaJMxOhhC78FFeCgrj1O1z5N04fC209cOFwzr3ce0+QcKa0635bS8srq2vruQ17c2t7Z9fZ26+rOJWE1kjMY9kMQFHOIlrTTHPaTCQFEXDaCAbXY7/xSKVicXSvhwltC+hFLGQEtJE6zmHBhktfPUid+T0QAvDdyC50nLxbcifAi8SbkTyaodpxvvxuTFJBI004KNXy3ES3M5CaEU5HdtFPFU2ADKBHW4ZGIKhqZ5P7R7holC4OY2kq0nii2r8mMhBKDUVgOgXovpr3xuJ/XivV4UU7Y1GSahqR6aIw5VjHeBwG7jJJieZDQ4BIZo7FpA8SiDaR2SYFb/7nRVIvl7yz0ultOV+5muWRQ0foGJ0gD52jCrpBVVRDBGXoGb2iN+vJerHerY9p65I1mzlAf2B9/gC56JSY</latexit>

a =
p
�R

<latexit sha1_base64="z7wuZZkZ8gLndyKZj2rF+br16jc="></latexit>

a2 = 4PR
⇡E = �R =) P (�) = ⇡E

4 �
<latexit sha1_base64="6qxTqYQ9c3UGtuF1Wajsb6S7F34=">AAAB/3icbVDLSsNAFJ34rPEVFVduBtuCq5IUUTdC0Y3LKvYBTSk300k7dCaJMxOhhC78FFeCgrj1O1z5N04fC209cOFwzr3ce0+QcKa0635bS8srq2vruQ17c2t7Z9fZ26+rOJWE1kjMY9kMQFHOIlrTTHPaTCQFEXDaCAbXY7/xSKVicXSvhwltC+hFLGQEtJE6zmHBhktfPUid+T0QAvDdyC50nLxbcifAi8SbkTyaodpxvvxuTFJBI004KNXy3ES3M5CaEU5HdtFPFU2ADKBHW4ZGIKhqZ5P7R7holC4OY2kq0nii2r8mMhBKDUVgOgXovpr3xuJ/XivV4UU7Y1GSahqR6aIw5VjHeBwG7jJJieZDQ4BIZo7FpA8SiDaR2SYFb/7nRVIvl7yz0ultOV+5muWRQ0foGJ0gD52jCrpBVVRDBGXoGb2iN+vJerHerY9p65I1mzlAf2B9/gC56JSY</latexit>

a =
p
�R

<latexit sha1_base64="TkY+nrOwiCfMQGDtRIBh3DLpYoA="></latexit>

ūy(x) = � � (R�
p
R2 � x2)

⇡ � � 1
2Rx2 x 2 [0, a]

Aside
<latexit sha1_base64="XxuuZTm2SKDtP/0BoLlEBb9iSWA="></latexit>

Similarly, for p(x) = P
⇡

p
a2 � x2, the Cauchy principal value of the integral

simplifies to

� 2

⇡E

Z a

�a

p(s)

x� s
ds = � 4Px

a2E⇡

and
dūy

dx
= � x

R

Therefore, equating these two expressions

P =
a2E⇡

4R

Due to the undetermined rigid-body motion in the two-dimensional solution, it
is assumed that ūy(a) = �/2 and thus

ūy(a) =
�

2
= � � 1

2R
a2 =) a2 = �R and P =

⇡E

4
�

<latexit sha1_base64="LkO8NHLHZzsZ9br49z8UFAglL0w=">AAACC3icbVDLSsNAFJ3UV42vqEs30bZQNyUpom6EohuXFewDmlJuppN26EwSZiZCCVm78lNcCQri1i9w5d84fSy09cCFwzn3cu89fsyoVI7zbeRWVtfWN/Kb5tb2zu6etX/QlFEiMGngiEWi7YMkjIakoahipB0LAtxnpOWPbiZ+64EISaPwXo1j0uUwCGlAMSgt9azjoun5INIk643LcHrlBQJw6g2Ac8jSamYWe1bBqThT2MvEnZMCmqPes768foQTTkKFGUjZcZ1YdVMQimJGMrPkJZLEgEcwIB1NQ+BEdtPpL5ld0krfDiKhK1T2VDV/TaTApRxzX3dyUEO56E3E/7xOooLLbkrDOFEkxLNFQcJsFdmTYOw+FQQrNtYEsKD6WBsPQaehdHymTsFd/HmZNKsV97xydlct1K7neeTRETpBZeSiC1RDt6iOGgijR/SMXtGb8WS8GO/Gx6w1Z8xnDtEfGJ8/DIiZwQ==</latexit>

ūy(a) =
�
2
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Three-dimensional solutions (applications are 3D!)
- Half-space under normal load: Boussinesq’s problem

Axisymmetric coordinate system
Potentials: harmonic functions

Displacement field:

Stress field (linear elasticity):

Solid-solid interactions: contact mechanics

+ Singular displacement/stress 
under the point load

+ Displacements are bounded!

<latexit sha1_base64="Z6AN1I6tjDjAdWCkUKs74WP7xak="></latexit>

Az = C1
⇢ , B = C2 log(⇢+ z)

<latexit sha1_base64="n1lOwRbjgrqAZ55TTRI5bPoFtT4="></latexit>

(x, y, z) ⌘ (r =
p

x2 + y2, ✓ = tan�1(y/x), ⇢ =
p
x2 + y2, z2)

<latexit sha1_base64="wnVbCnIox3beNCTp2veSikrY5hY="></latexit>

ur = P
4⇡µ

h
rz
⇢3 � (1� 2⌫)⇢�z

⇢r

i

<latexit sha1_base64="6rKRzoFw+ndHHLjGAM08o68tSwQ="></latexit>

uz = P
4⇡µ

h
z2

⇢3 + 2(1�⌫)
⇢

i

<latexit sha1_base64="g6MB4fYBa1+kg2yVk2NlzGGlw+4="></latexit>

�rr = P
2⇡

h
(1� 2⌫)

⇣
1
r2 � z

⇢r2

⌘
� 3zr2

⇢5

i

<latexit sha1_base64="v5atbgfoPKPb7EeVZJMAI/KNEPw="></latexit>

�✓✓ = � P
2⇡ (1� 2⌫)

h
1
r2 � z

⇢r2 � z
⇢3

i

<latexit sha1_base64="kOyZ+5Pl0Nn/wbW3xM4s0v2hZsM="></latexit>

�zz = � 3P
2⇡

z3

r5

<latexit sha1_base64="fDdIcVM76yL2nMBPET8fAn+jBHM="></latexit>

⌧rz = � 3P
2⇡

rz2

r5
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Solid-solid interactions: contact mechanics

maximum shear
stress contours

<latexit sha1_base64="m5eJDfh1bah7hIu4gUskKmYEETU=">AAAB8nicbVBNSwMxEM36WdevqkcvwbbgqewWUY9FLx4r2A9slzKbZtvQJLskWaEs/ReeBAXx6r/x5L8xbfegrQ8GHu/NMDMvTDjTxvO+nbX1jc2t7cKOu7u3f3BYPDpu6ThVhDZJzGPVCUFTziRtGmY47SSKggg5bYfj25nffqJKs1g+mElCAwFDySJGwFjpsez2hiAEuOV+seRVvTnwKvFzUkI5Gv3iV28Qk1RQaQgHrbu+l5ggA2UY4XTqVnqppgmQMQxp11IJguogm588xRWrDHAUK1vS4Lnq/prIQGg9EaHtFGBGetmbif953dRE10HGZJIaKsliUZRybGI8+x8PmKLE8IklQBSzx2IyAgXE2JRcm4K//PMqadWq/mX14r5Wqt/keRTQKTpD58hHV6iO7lADNRFBEj2jV/TmGOfFeXc+Fq1rTj5zgv7A+fwBFl2Pyw==</latexit>�

Contact mechanics: three-dimensional problems
- Frictionless spherical indentation of an elastic half-space

Boundary conditions:
+ surface displacement 

+ frictionless

Contact radius: 

Contact pressure (not straightforward):

Contact law:

<latexit sha1_base64="gQYFSDSGD529Oo5aJMWeF+hPsBY=">AAAB7XicbVBNSwMxEJ2tX3X9qnr0EmwLnspuEfVY9OKxgtsW2qVk02wbmk2WJCuU0t/gSVAQr/4gT/4b03YP2vpg4PHeDDPzopQzbTzv2ylsbG5t7xR33b39g8Oj0vFJS8tMERoQyaXqRFhTzgQNDDOcdlJFcRJx2o7Gd3O//USVZlI8mklKwwQPBYsZwcZKQcVVbqVfKns1bwG0TvyclCFHs1/66g0kyRIqDOFY667vpSacYmUY4XTmVnuZpikmYzykXUsFTqgOp4trZ6hqlQGKpbIlDFqo7q+JKU60niSR7UywGelVby7+53UzE9+EUybSzFBBlovijCMj0fx1NGCKEsMnlmCimD0WkRFWmBgbkGtT8Fd/Xietes2/ql0+1MuN2zyPIpzBOVyAD9fQgHtoQgAEGDzDK7w50nlx3p2PZWvByWdO4Q+czx9luY2s</latexit>r

<latexit sha1_base64="oEIcel+3txEqdr4B8Q3nOlqDWeo=">AAAB7XicbVBNSwMxEJ31s65fVY9egm3BU9ktoh6LXjxWcNtCu5Rsmm1Ds8mSZIVa+hs8CQri1R/kyX9j2u5BWx8MPN6bYWZelHKmjed9O2vrG5tb24Udd3dv/+CweHTc1DJThAZEcqnaEdaUM0EDwwyn7VRRnESctqLR7cxvPVKlmRQPZpzSMMEDwWJGsLFSUHaf3HKvWPKq3hxolfg5KUGORq/41e1LkiVUGMKx1h3fS004wcowwunUrXQzTVNMRnhAO5YKnFAdTubXTlHFKn0US2VLGDRX3V8TE5xoPU4i25lgM9TL3kz8z+tkJr4OJ0ykmaGCLBbFGUdGotnrqM8UJYaPLcFEMXssIkOsMDE2INem4C//vEqatap/Wb24r5XqN3keBTiFMzgHH66gDnfQgAAIMHiGV3hzpPPivDsfi9Y1J585gT9wPn8AcfGNtA==</latexit>z

<latexit sha1_base64="m0gQCaUMp0PKFKvpx7cSLfhqObU="></latexit>

ūz(r) = � � (R�
p
R2 � r2)

⇡ � � 1
Rr2 r 2 [0, a]

<latexit sha1_base64="8dN+LgZKLFtH9sgdYKWP6okB8ww=">AAACGHicbVDLSsNAFJ3UV42vqEs3g22hbkJSRN0Ui4K4rGAf0JYymUzboZMHMxOhhvYrXPkprgQFcasr/8ZJm4VtPXDhcM693HuPEzIqpGX9aJmV1bX1jeymvrW9s7tn7B/URRBxTGo4YAFvOkgQRn1Sk1Qy0gw5QZ7DSMMZXid+44FwQQP/Xo5C0vFQ36c9ipFUUtcw83rbQ3LAvdgd33Q5LENLn0wmc+pjOSzyk/Klnu8aOcu0poDLxE5JDqSodo3vthvgyCO+xAwJ0bKtUHZixCXFjIz1QjsSJER4iPqkpaiPPCI68fSxMSwoxYW9gKvyJZyq+p+JGHlCjDxHdSbnikUvEf/zWpHsXXRi6oeRJD6eLepFDMoAJilBl3KCJRspgjCn6liIB4gjLFWWukrBXvx5mdRLpn1mnt6VcpWrNI8sOALHoAhscA4q4BZUQQ1g8ARewBt41561V+1D+5y1ZrR05hDMQfv6BR5YneQ=</latexit>

dFr = 0 dFz = p(r) =?
<latexit sha1_base64="6qxTqYQ9c3UGtuF1Wajsb6S7F34=">AAAB/3icbVDLSsNAFJ34rPEVFVduBtuCq5IUUTdC0Y3LKvYBTSk300k7dCaJMxOhhC78FFeCgrj1O1z5N04fC209cOFwzr3ce0+QcKa0635bS8srq2vruQ17c2t7Z9fZ26+rOJWE1kjMY9kMQFHOIlrTTHPaTCQFEXDaCAbXY7/xSKVicXSvhwltC+hFLGQEtJE6zmHBhktfPUid+T0QAvDdyC50nLxbcifAi8SbkTyaodpxvvxuTFJBI004KNXy3ES3M5CaEU5HdtFPFU2ADKBHW4ZGIKhqZ5P7R7holC4OY2kq0nii2r8mMhBKDUVgOgXovpr3xuJ/XivV4UU7Y1GSahqR6aIw5VjHeBwG7jJJieZDQ4BIZo7FpA8SiDaR2SYFb/7nRVIvl7yz0ultOV+5muWRQ0foGJ0gD52jCrpBVVRDBGXoGb2iN+vJerHerY9p65I1mzlAf2B9/gC56JSY</latexit>

a =
p
�R

<latexit sha1_base64="l4r+gCJztINXbERYvl5w9JwFfto="></latexit>

p(r) = 3P
2⇡a3

p
a2 � r2 , r 2 [0, a]

<latexit sha1_base64="lwEmzq/xaNegJHkT0rU5sRHfxG4=">AAAB9XicbVBNS8NAEJ3Urxq/qh69LLYFTyUpRT0WvXisYD+gDWWz3bRLN5u4u1Fq6O/wJCiIV3+MJ/+N2zYHbX0w8Hhvhpl5fsyZ0o7zbeXW1jc2t/Lb9s7u3v5B4fCopaJEEtokEY9kx8eKciZoUzPNaSeWFIc+p21/fD3z2w9UKhaJOz2JqRfioWABI1gbySvZPR/LNJn2n+xSv1B0Ks4caJW4GSlChka/8NUbRCQJqdCEY6W6rhNrL8VSM8Lp1C73EkVjTMZ4SLuGChxS5aXzq6eobJQBCiJpSmg0V+1fEykOlZqEvukMsR6pZW8m/ud1Ex1ceikTcaKpIItFQcKRjtAsAjRgkhLNJ4ZgIpk5FpERlphoE5RtUnCXf14lrWrFPa/UbqvF+lWWRx5O4BTOwIULqMMNNKAJBO7hGV7hzXq0Xqx362PRmrOymWP4A+vzB80YkWE=</latexit>

ūz

<latexit sha1_base64="cnXY1keKrzQXafw/rtVzZtBjkD8="></latexit>

P (�) = 4
3

E
1�⌫2R1/2�3/2

<latexit sha1_base64="6qxTqYQ9c3UGtuF1Wajsb6S7F34=">AAAB/3icbVDLSsNAFJ34rPEVFVduBtuCq5IUUTdC0Y3LKvYBTSk300k7dCaJMxOhhC78FFeCgrj1O1z5N04fC209cOFwzr3ce0+QcKa0635bS8srq2vruQ17c2t7Z9fZ26+rOJWE1kjMY9kMQFHOIlrTTHPaTCQFEXDaCAbXY7/xSKVicXSvhwltC+hFLGQEtJE6zmHBhktfPUid+T0QAvDdyC50nLxbcifAi8SbkTyaodpxvvxuTFJBI004KNXy3ES3M5CaEU5HdtFPFU2ADKBHW4ZGIKhqZ5P7R7holC4OY2kq0nii2r8mMhBKDUVgOgXovpr3xuJ/XivV4UU7Y1GSahqR6aIw5VjHeBwG7jJJieZDQ4BIZo7FpA8SiDaR2SYFb/7nRVIvl7yz0ultOV+5muWRQ0foGJ0gD52jCrpBVVRDBGXoGb2iN+vJerHerY9p65I1mzlAf2B9/gC56JSY</latexit>

a =
p
�R



Any questions?
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Solid-solid interactions: contact mechanics


