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Lecture 17 – Solid-solid interactions

Formulation of solid-solid interactions (contact mechanics) as the analytical 
upscaling of continuum solids under kinematic assumptions and specific 
boundary conditions. 

CONTINUOUS
MEDIA

CONTINUOUS
MEDIA

reference 
configuration

deformed 
configuration

<latexit sha1_base64="B5/dcQwwBDvxuM4BAmoZKoDBPI8=">AAAB9XicbVBNT8JAEJ3iF9Yv1KOXjUCCF9ISox4JXjxiIh8JVLJdFtiw3dbdrYY0/A5PJpoYr/4YT/4bF+hBwZdM8vLeTGbm+RFnSjvOt5VZW9/Y3Mpu2zu7e/sHucOjpgpjSWiDhDyUbR8rypmgDc00p+1IUhz4nLb88fXMbz1SqVgo7vQkol6Ah4INGMHaSF7BrvWc+6Tknk3tQi+Xd8rOHGiVuCnJQ4p6L/fV7YckDqjQhGOlOq4TaS/BUjPC6dQudmNFI0zGeEg7hgocUOUl86unqGiUPhqE0pTQaK7avyYSHCg1CXzTGWA9UsveTPzP68R6cOUlTESxpoIsFg1ijnSIZhGgPpOUaD4xBBPJzLGIjLDERJugbJOCu/zzKmlWyu5F+fy2kq/W0jyycAKnUAIXLqEKN1CHBhB4gGd4hTfryXqx3q2PRWvGSmeO4Q+szx/7lJAz</latexit>

B(1)
0

<latexit sha1_base64="UH1bIlrFOngRIY9L/HQVgpdKieI=">AAAB9XicbVBNT8JAEJ3iF9Yv1KOXjUCCF9ISox4JXjxiIh8JVLJdFtiw3dbdrYY0/A5PJpoYr/4YT/4bF+hBwZdM8vLeTGbm+RFnSjvOt5VZW9/Y3Mpu2zu7e/sHucOjpgpjSWiDhDyUbR8rypmgDc00p+1IUhz4nLb88fXMbz1SqVgo7vQkol6Ah4INGMHaSF7BrvWc+6RUOZvahV4u75SdOdAqcVOShxT1Xu6r2w9JHFChCcdKdVwn0l6CpWaE06ld7MaKRpiM8ZB2DBU4oMpL5ldPUdEofTQIpSmh0Vy1f00kOFBqEvimM8B6pJa9mfif14n14MpLmIhiTQVZLBrEHOkQzSJAfSYp0XxiCCaSmWMRGWGJiTZB2SYFd/nnVdKslN2L8vltJV+tpXlk4QROoQQuXEIVbqAODSDwAM/wCm/Wk/VivVsfi9aMlc4cwx9Ynz/9HZA0</latexit>

B(2)
0 <latexit sha1_base64="ChS59J/r0rY3/0dwo34r4yu28zo=">AAAB9XicbVBNT8JAEJ3iF9Yv1KOXjUCCF9ISox4JXjxiIh8JVLJdFtiw3dbdrYY0/A5PJpoYr/4YT/4bF+hBwZdM8vLeTGbm+RFnSjvOt5VZW9/Y3Mpu2zu7e/sHucOjpgpjSWiDhDyUbR8rypmgDc00p+1IUhz4nLb88fXMbz1SqVgo7vQkol6Ah4INGMHaSF7BrvX0fVKqnE3tQi+Xd8rOHGiVuCnJQ4p6L/fV7YckDqjQhGOlOq4TaS/BUjPC6dQudmNFI0zGeEg7hgocUOUl86unqGiUPhqE0pTQaK7avyYSHCg1CXzTGWA9UsveTPzP68R6cOUlTESxpoIsFg1ijnSIZhGgPpOUaD4xBBPJzLGIjLDERJugbJOCu/zzKmlWyu5F+fy2kq/W0jyycAKnUAIXLqEKN1CHBhB4gGd4hTfryXqx3q2PRWvGSmeO4Q+szx9moJB4</latexit>

B(2)
t

<latexit sha1_base64="8pG7DcDAHo2SnQKKvJ1eZfsDijI=">AAAB9XicbVBNT8JAEJ3iF9Yv1KOXjUCCF9ISox4JXjxiIh8JVLJdFtiw3dbdrYY0/A5PJpoYr/4YT/4bF+hBwZdM8vLeTGbm+RFnSjvOt5VZW9/Y3Mpu2zu7e/sHucOjpgpjSWiDhDyUbR8rypmgDc00p+1IUhz4nLb88fXMbz1SqVgo7vQkol6Ah4INGMHaSF7BrvX0fVJyz6Z2oZfLO2VnDrRK3JTkIUW9l/vq9kMSB1RowrFSHdeJtJdgqRnhdGoXu7GiESZjPKQdQwUOqPKS+dVTVDRKHw1CaUpoNFftXxMJDpSaBL7pDLAeqWVvJv7ndWI9uPISJqJYU0EWiwYxRzpEswhQn0lKNJ8Ygolk5lhERlhiok1QtknBXf55lTQrZfeifH5byVdraR5ZOIFTKIELl1CFG6hDAwg8wDO8wpv1ZL1Y79bHojVjpTPH8AfW5w9lF5B3</latexit>

B(1)
t

<latexit sha1_base64="+56N5Td4sF629RLiNY1E/buSXjk=">AAACL3icbVBLSwMxGMz6rOtr1aOXYFvogpTdIupFKBXBYwX7gHZdsmnahmYfJFmhLPuLPPlTxIOoIF79F2bbHrTtQGCYmS/JN17EqJCW9a6trK6tb2zmtvTtnd29fePgsCnCmGPSwCELedtDgjAakIakkpF2xAnyPUZa3ug681uPhAsaBvdyHBHHR4OA9ilGUkmucVPQB6VuhLikiMGaKx+Skm2mp3NSxUxNGC0JmvAKWgXXyFtlawK4SOwZyYMZ6q7x2u2FOPZJIDFDQnRsK5JOkt2OGUn1YjcWJEJ4hAako2iAfCKcZLJvCotK6cF+yNUJJJyo+p+JBPlCjH1PJX0kh2Ley8RlXieW/UsnoUEUSxLg6UP9mEEZwqw82KOcYMnGiiDMqfosxEPEEZaqYl21YM/vvEialbJ9Xj67q+SrtVkfOXAMTkAJ2OACVMEtqIMGwOAJvIAP8Kk9a2/al/Y9ja5os5kj8A/azy8N0qVW</latexit>

g(@B(1)
t , @B(2)

t )p(@B(1)
t ) = 0

<latexit sha1_base64="DDUhWvmXle4XxjB+X+kpEsEgYts=">AAACCHicbVDLSsNAFJ3UV42vqEtBBttCuylJEXVZ6sZlBfuAJobJdNIOnTyYmQgldOfKT3ElKIhbf8GVf+OkzUJbD1w4nHPvzL3HixkV0jS/tcLa+sbmVnFb39nd2z8wDo+6Iko4Jh0csYj3PSQIoyHpSCoZ6cecoMBjpOdNrjO/90C4oFF4J6cxcQI0CqlPMZJKco3Tsh5X7RhxSRGDLVfep1WrNqtBmxFoll2jZNbNOeAqsXJSAjnarvFlDyOcBCSUmCEhBpYZSyfN3seMzPSKnQgSIzxBIzJQNEQBEU46P2QGK0oZQj/iqkIJ56r+ayJFgRDTwFOdAZJjsexl4n/eIJH+lZPSME4kCfHiIz9hUEYwSwUOKSdYsqkiCHOqloV4jDjCUmWnqxSs5ZtXSbdRty7q57eNUrOV51EEJ+AMVIEFLkET3IA26AAMHsEzeAVv2pP2or1rH4vWgpbPHIM/0D5/AIGMlw8=</latexit>

p(@B(1)
t )  0

<latexit sha1_base64="t8gnAaPOiqv+DzpmDlGwELg9Acc=">AAACHHicbVDLSsNAFJ3UV42vqks3g22hBSlJEHVZ6sZlBfuAJpbJdNoOnUzCzEQoIf/hyk9xJSiIK0Hwb5y0XWjrgQuHc+7l3nv8iFGpLOvbyK2tb2xu5bfNnd29/YPC4VFbhrHApIVDFoqujyRhlJOWooqRbiQICnxGOv7kOvM7D0RIGvI7NY2IF6ARp0OKkdJSv+CUzFHFjZBQFDHY6Kv7pGJX07MlyammVeiOCLTMUr9QtGrWDHCV2AtSBAs0+4VPdxDiOCBcYYak7NlWpLwkW4AZSc2yG0sSITxBI9LTlKOASC+ZPZfCslYGcBgKXVzBmWr+mkhQIOU08HVngNRYLnuZ+J/Xi9Xwyksoj2JFOJ4vGsYMqhBmScEBFQQrNtUEYUH1sRCPkUBY6TxNnYK9/PMqaTs1+6J2fusU641FHnlwAk5BBdjgEtTBDWiCFsDgETyDV/BmPBkvxrvxMW/NGYuZY/AHxtcPUSKeVg==</latexit>

g(@B(1)
t , @B(2)

t ) � 0

- Unilateral contact law in continuum mechanics (normal direction)

Hertz-Signorini
conditions

- Friction law (tangential direction)

no penetration (gap function)

no tension (contact pressure)

complementary 
conditions
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Formulation of solid-solid interactions (contact mechanics) as the analytical 
upscaling of continuum solids under kinematic assumptions and specific 
boundary conditions. 
Engineering applications:
- Tribology, bearings (lubrication, friction and wear).
- Electrical contact resistance, locomotive wheel-rail contact, 

braking systems, tires, gasket seals, metal forming, ultrasonic 
welding        (in general, contact surface and contact pressure 
are coupled with each other).

- At the core behavior of granular materials.
- Indentation hardness.

Lecture 17 – Solid-solid interactions
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Two-dimensional general solutions
- Cartesian coordinates 

(Airy’s representation)

- Polar coordinates 
(Airy’s representation)

- Polar coordinates and axisymmetric 

Solid-solid interactions: contact mechanics

(zero body forces)

<latexit sha1_base64="6OZlQ8cdL/v+91M+4MZfUl6Jky0="></latexit>

�rr = 1
r
@�
@r + 1

r2
@2�
@✓2

<latexit sha1_base64="pY9jDKdPNmpX3rLLPXTZ4q7hJB8="></latexit>

�✓✓ = @2�
@r2

<latexit sha1_base64="DKF7KUrhV8K+Atxge3XDBNTJsuc=">AAACInicbZDLSsNAFIYn9VbjLerSzWBbqAgliaLdCEU3LivYCzQxTKbTdujkwsxEKKGv4spHcSUoSFeCD+M0zUKrBwa++f9zmDm/HzMqpGl+aoWV1bX1jeKmvrW9s7tn7B+0RZRwTFo4YhHv+kgQRkPSklQy0o05QYHPSMcf38z9ziPhgkbhvZzExA3QMKQDipFUkmfUy7oTj6h+pSPPhKcQeRZ0WDSs8pPsZkP+YGd0llHu6WXPKJk1Myv4F6wcSiCvpmfMnH6Ek4CEEjMkRM8yY+mmiEuKGZnqFScRJEZ4jIakpzBEARFumq04hRWl9OEg4uqEEmaq/mMiRYEQk8BXnQGSI7HszcX/vF4iB3U3pWGcSBLixUODhEEZwXlesE85wZJNFCDMqfosxCPEEZYqVV2lYC3v/Bfads26qJ3f2aXGdZ5HERyBY1AFFrgEDXALmqAFMHgCL+ANvGvP2qv2oc0WrQUtnzkEv0r7+gbHtp2k</latexit>

� = a0 + a1 log(r) + a2r2 + a3r2 log(r)

<latexit sha1_base64="QaaO/IjvKdTW6oxfKzQXfkha8o4="></latexit>

⌧r✓ = � @
@r

⇣
1
r
@�
@✓

⌘

<latexit sha1_base64="b5vBLwYGyc0wYsYa79onLzSNgqg=">AAACAHicbVDLSsNAFJ3UVx1fUcGNm2BbcFWSIupGKLpxWcE+oAlhMp22QycPZm6EErvxU1wJCuLW33Dl3zhts9DWAxcO59zLvfcEieAKbPvbKKysrq1vFDfx1vbO7p65f9BScSopa9JYxLITEMUEj1gTOAjWSSQjYSBYOxjdTP32A5OKx9E9jBPmhWQQ8T6nBLTkm0dl7AJJ/Uy6MGRAJvgK27jsmyW7as9gLRMnJyWUo+GbX24vpmnIIqCCKNV17AS8jEjgVLAJrripYgmhIzJgXU0jEjLlZbMHJlZFKz2rH0tdEVgzFf+ayEio1DgMdGdIYKgWvan4n9dNoX/pZTxKUmARnS/qp8KC2JqmYfW4ZBTEWBNCJdfHWnRIJKGgM8M6BWfx52XSqlWd8+rZXa1Uv87zKKJjdIJOkYMuUB3dogZqIooe0TN6RW/Gk/FivBsf89aCkc8coj8wPn8AplWUdw==</latexit>

⌧r✓ = 0
SM1
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Two-dimensional general solutions
- Half-space under normal loads (concentrated and distributed)

Boundary conditions

Equilibrium

Resulting stress field

Solid-solid interactions: contact mechanics

FX=0

<latexit sha1_base64="xHxKI3SCIaK1ghHgu5mluoUGxG8="></latexit>

� = (a12r log(r) + a15r✓) cos(✓) + (b12r log(r) + b15r✓) sin(✓)

<latexit sha1_base64="lZ9MdSAVgB41r+nAUXpmWPG9sEE=">AAACHXicbZDLSsNAFIYnXmu8RV26CbaFClKSKupGKLpxWcFeoAlhMp22QycXZk6EEvogrnwUV4KCuHEhvo2TNgtt/WHg5zvncOb8fsyZBMv61paWV1bX1gsb+ubW9s6usbffklEiCG2SiEei42NJOQtpExhw2okFxYHPadsf3WT19gMVkkXhPYxj6gZ4ELI+IxgU8ozTku4ATrxUODCkgCcVceLE7Fi/WuRWRi295BlFq2pNZS4aOzdFlKvhGZ9OLyJJQEMgHEvZta0Y3BQLYITTiV52EkljTEZ4QLvKhjig0k2n103MsiI9sx8J9UIwp1T/NZHiQMpx4KvOAMNQztcy+F+tm0D/0k1ZGCdAQzJb1E+4CZGZRWX2mKAE+FgZTARTnzXJEAtMQAWqqxTs+ZsXTatWtc+rZ3e1Yv06z6OADtERqiAbXaA6ukUN1EQEPaJn9IretCftRXvXPmatS1o+c4D+SPv6AalNnw4=</latexit>

⌧r✓(r,⇡) = ⌧r✓(r, 0) = 0
<latexit sha1_base64="s4XTTOkcGV08ieAVbQYUU6IwbTE=">AAACK3icdVDLSsNAFJ3UV42vqks3wbZQQUpSRN0IVTcuK9gHNCVMptN26GQSZm6EEvo9rvwUVwVFcet/OGm70FYP3MvhnHuZucePOFNg2+9GZmV1bX0ju2lube/s7uX2DxoqjCWhdRLyULZ8rChngtaBAaetSFIc+Jw2/eFt6jcfqVQsFA8wimgnwH3Beoxg0JKXuy6YrmL9AHuJCwMKeNbHJXnqRuzEvPrXtlPTNgteLm+X7SmsZeLMSR7NUfNyE7cbkjigAgjHSrUdO4JOgiUwwunYLLqxohEmQ9ynbU0FDqjqJNNbx1ZRK12rF0pdAqypav7YSHCg1Cjw9WSAYaAWvVT8y2vH0LvsJExEMVBBZg/1Ym5BaKXBWV0mKQE+0gQTyfRnLTLAEhPQ8Zo6BWfx5mXSqJSd8/LZfSVfvZnnkUVH6BiVkIMuUBXdoRqqI4Ke0At6RW/GszExPozP2WjGmO8col8wvr4BVxalKA==</latexit>

�✓✓(r,⇡) = �✓✓(r, 0) = 0
<latexit sha1_base64="54fhlqqg0aSNMFEwCiIJFetBxwY=">AAAB/HicbVDLSsNAFL2prxpfsS7dDLYFVyUpom6EohuXFewD2hAm00k7dPJgZiKWUD/FlaAgbv0RV/6N0zYLbT1wuYdz7mXuHD/hTCrb/jYKa+sbm1vFbXNnd2//wDostWWcCkJbJOax6PpYUs4i2lJMcdpNBMWhz2nHH9/M/M4DFZLF0b2aJNQN8TBiASNYacmzShUTe5lTn175i2ZXPKts1+w50CpxclKGHE3P+uoPYpKGNFKEYyl7jp0oN8NCMcLp1Kz2U0kTTMZ4SHuaRjik0s3mx09RVSsDFMRCV6TQXDV/bWQ4lHIS+noyxGokl72Z+J/XS1Vw6WYsSlJFI7J4KEg5UjGaJYEGTFCi+EQTTATTxyIywgITpfMydQrO8p9XSbtec85rZ3f1cuM6z6MIx3ACp+DABTTgFprQAgKP8Ayv8GY8GS/Gu/GxGC0Y+c4R/IHx+QOW+ZLE</latexit>

a12 = b12 = 0

FY

<latexit sha1_base64="PtouZeYPGsOLgUq9UHXhWq+dU+g=">AAACAXicbVDLSsNAFJ3UV42vqAsXbgbbghtrUnxtCkVBXFawD2hDmEyn7dDJJMxMhBKy8lNcCQri1s9w5d84bbPQ1gMXDufcy733+BGjUtn2t5FbWl5ZXcuvmxubW9s71u5eU4axwKSBQxaKto8kYZSThqKKkXYkCAp8Rlr+6Gbitx6JkDTkD2ocETdAA077FCOlJc86KJq+lzjnafXk1kva6Wk3olXbLHpWwS7bU8BF4mSkADLUPeur2wtxHBCuMENSdhw7Um6ChKKYkdQsdWNJIoRHaEA6mnIUEOkm0w9SWNJKD/ZDoYsrOFXNXxMJCqQcB77uDJAaynlvIv7ndWLVv3ITyqNYEY5ni/oxgyqEkzhgjwqCFRtrgrCg+liIh0ggrHRopk7Bmf95kTQrZeeifHZfKdSuszzy4BAcgWPggEtQA3egDhoAgxQ8g1fwZjwZL8a78TFrzRnZzD74A+PzB6qjlG4=</latexit>

b15 = �FX/⇡ = 0
<latexit sha1_base64="BMK2xD4zt47Cb9JxFE7Ke6+KdNA=">AAAB/nicbVDLSsNAFJ3UV42v+Ni5GWwLrmpSfG2EoiAuK9iHtCFMptN26GQSZiZCDQE/xZWgIG79D1f+jdM2C209cOFwzr3ce48fMSqVbX8buYXFpeWV/Kq5tr6xuWVt7zRkGAtM6jhkoWj5SBJGOakrqhhpRYKgwGek6Q+vxn7zgQhJQ36nRhFxA9TntEcxUlryrL2iibzEOUkvrr3kPj3qRNQselbBLtsTwHniZKQAMtQ866vTDXEcEK4wQ1K2HTtSboKEopiR1Cx1YkkihIeoT9qachQQ6SaT81NY0koX9kKhiys4Uc1fEwkKpBwFvu4MkBrIWW8s/ue1Y9U7dxPKo1gRjqeLejGDKoTjLGCXCoIVG2mCsKD6WIgHSCCsdGKmTsGZ/XmeNCpl57R8fFspVC+zPPJgHxyAQ+CAM1AFN6AG6gCDR/AMXsGb8WS8GO/Gx7Q1Z2Qzu+APjM8fP1STtg==</latexit>

a15 = FY /⇡

<latexit sha1_base64="i/hPvNcLNww420AQnP2dXJz1oIc=">AAACGHicbVDLSgNBEJyNr7i+oh69LCYBT2E3iHoRgl48RjAPyIaldzJJhsw+mOkVwpK/8OSneBIUxKue/BsnyYKaWNBNUdXNTJcfC67Qtr+M3Mrq2vpGftPc2t7Z3SvsHzRVlEjKGjQSkWz7oJjgIWsgR8HasWQQ+IK1/NH11G/dM6l4FN7hOGbdAAYh73MKqCWvUCmZruKDALzUxSFDmPeJeWm6CImXyh/BNkteoWhX7BmsZeJkpEgy1L3Cp9uLaBKwEKkApTqOHWM3BYmcCjYxy26iWAx0BAPW0TSEgKluOjtsYpW10rP6kdQVojVTzV8bKQRKjQNfTwaAQ7XoTcX/vE6C/YtuysM4QRbS+UP9RFgYWdOUrB6XjKIYawJUcv1Ziw5BAkWdpalTcBZvXibNasU5q5zeVou1qyyPPDkix+SEOOSc1MgNqZMGoeSBPJEX8mo8Gs/Gm/E+H80Z2c4h+QPj4xvv255g</latexit>

�✓✓ = ⌧r✓ = 0

<latexit sha1_base64="gnRuxW7/vahtEOxZRNe67oBsPkU="></latexit>

�rr = � 2FY
⇡r sin(✓)

SM1
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FY
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Contact mechanics: two-dimensional problems
- Half-space under normal loads (concentrated and distributed)

Resulting stress field

Resulting displacement field (linear elasticity)

+ Rigid motion component cannot be solved for
+ Singular displacement/stress under the point load
+ Unbounded logarithmic terms lead to unrealistic

predictions at infinity

Solid-solid interactions: contact mechanics

<latexit sha1_base64="i/hPvNcLNww420AQnP2dXJz1oIc=">AAACGHicbVDLSgNBEJyNr7i+oh69LCYBT2E3iHoRgl48RjAPyIaldzJJhsw+mOkVwpK/8OSneBIUxKue/BsnyYKaWNBNUdXNTJcfC67Qtr+M3Mrq2vpGftPc2t7Z3SvsHzRVlEjKGjQSkWz7oJjgIWsgR8HasWQQ+IK1/NH11G/dM6l4FN7hOGbdAAYh73MKqCWvUCmZruKDALzUxSFDmPeJeWm6CImXyh/BNkteoWhX7BmsZeJkpEgy1L3Cp9uLaBKwEKkApTqOHWM3BYmcCjYxy26iWAx0BAPW0TSEgKluOjtsYpW10rP6kdQVojVTzV8bKQRKjQNfTwaAQ7XoTcX/vE6C/YtuysM4QRbS+UP9RFgYWdOUrB6XjKIYawJUcv1Ziw5BAkWdpalTcBZvXibNasU5q5zeVou1qyyPPDkix+SEOOSc1MgNqZMGoeSBPJEX8mo8Gs/Gm/E+H80Z2c4h+QPj4xvv255g</latexit>

�✓✓ = ⌧r✓ = 0

<latexit sha1_base64="gnRuxW7/vahtEOxZRNe67oBsPkU="></latexit>

�rr = � 2FY
⇡r sin(✓)

<latexit sha1_base64="9L2cA8I4WuV4QrjCaR2FtmpIcrs="></latexit>

u✓ = FY
⇡E [�(1� ⌫)(✓ � ⇡/2) sin(✓)� 2 log(r) cos(✓)� (1 + ⌫) cos(✓)]+A cos(✓)

<latexit sha1_base64="X3zqpMvroB9GvfdIjWYzIuhlWxU="></latexit>

ur = FY
⇡E [(1� ⌫)(✓ � ⇡/2) cos(✓)� 2 log(r) sin(✓)] +A sin(✓)

SM1



Contact mechanics: two-dimensional problems
- Indentation of an elastic half-space by a frictionless cylindrical punch

Boundary conditions:
+ surface displacement 

+ frictionless

Contact radius: 

Contact pressure:

Contact law (force per unit of length):

7

Solid-solid interactions: contact mechanics

maximum shear
stress contours

<latexit sha1_base64="sOPPnqMnYvJxhrlwQnApESI3X7A=">AAACGHicbVDLSsNAFJ34rPEVdelmsC3UTUmKqJtiURCXFexD2lIm02k7dCYJMxOxhPYrXPkprgQFcasr/8ZJm4VtPXDhcM693HuPGzAqlW3/GEvLK6tr66kNc3Nre2fX2tuvSj8UmFSwz3xRd5EkjHqkoqhipB4IgrjLSM0dXMV+7YEISX3vTg0D0uKo59EuxUhpqW3lM2aTI9UXPOqMrtt1WIS2OR6PZ9T7YpB7PC5emJm2lbbz9gRwkTgJSYME5bb13ez4OOTEU5ghKRuOHahWhISimJGRmW2GkgQID1CPNDT1ECeyFU0eG8GsVjqw6wtdnoIT1fwzESEu5ZC7ujM+V857sfif1whV97wVUS8IFfHwdFE3ZFD5ME4JdqggWLGhJggLqo+FuI8EwkpnaeoUnPmfF0m1kHdO8ye3hXTpMskjBQ7BEcgBB5yBErgBZVABGDyBF/AG3o1n49X4MD6nrUtGMnMAZmB8/QLJj52v</latexit>

dFX = 0 dFY = p(x) =?

<latexit sha1_base64="NwWN+cp2JKXxFJ3WLCkd8NDu3aU="></latexit>

p(x) = 2P
⇡a2

p
a2 � x2 x 2 [0, a]

<latexit sha1_base64="6qxTqYQ9c3UGtuF1Wajsb6S7F34=">AAAB/3icbVDLSsNAFJ34rPEVFVduBtuCq5IUUTdC0Y3LKvYBTSk300k7dCaJMxOhhC78FFeCgrj1O1z5N04fC209cOFwzr3ce0+QcKa0635bS8srq2vruQ17c2t7Z9fZ26+rOJWE1kjMY9kMQFHOIlrTTHPaTCQFEXDaCAbXY7/xSKVicXSvhwltC+hFLGQEtJE6zmHBhktfPUid+T0QAvDdyC50nLxbcifAi8SbkTyaodpxvvxuTFJBI004KNXy3ES3M5CaEU5HdtFPFU2ADKBHW4ZGIKhqZ5P7R7holC4OY2kq0nii2r8mMhBKDUVgOgXovpr3xuJ/XivV4UU7Y1GSahqR6aIw5VjHeBwG7jJJieZDQ4BIZo7FpA8SiDaR2SYFb/7nRVIvl7yz0ultOV+5muWRQ0foGJ0gD52jCrpBVVRDBGXoGb2iN+vJerHerY9p65I1mzlAf2B9/gC56JSY</latexit>

a =
p
�R

<latexit sha1_base64="z7wuZZkZ8gLndyKZj2rF+br16jc="></latexit>

a2 = 4PR
⇡E = �R =) P (�) = ⇡E

4 �

<latexit sha1_base64="m/ROrZ0xlfCdKTUINCthsZV3t98="></latexit>

ūy(x) = � � (R�
p
R2 � x2)

⇡ � � 1
Rx2 x 2 [0, a]

<latexit sha1_base64="m5eJDfh1bah7hIu4gUskKmYEETU=">AAAB8nicbVBNSwMxEM36WdevqkcvwbbgqewWUY9FLx4r2A9slzKbZtvQJLskWaEs/ReeBAXx6r/x5L8xbfegrQ8GHu/NMDMvTDjTxvO+nbX1jc2t7cKOu7u3f3BYPDpu6ThVhDZJzGPVCUFTziRtGmY47SSKggg5bYfj25nffqJKs1g+mElCAwFDySJGwFjpsez2hiAEuOV+seRVvTnwKvFzUkI5Gv3iV28Qk1RQaQgHrbu+l5ggA2UY4XTqVnqppgmQMQxp11IJguogm588xRWrDHAUK1vS4Lnq/prIQGg9EaHtFGBGetmbif953dRE10HGZJIaKsliUZRybGI8+x8PmKLE8IklQBSzx2IyAgXE2JRcm4K//PMqadWq/mX14r5Wqt/keRTQKTpD58hHV6iO7lADNRFBEj2jV/TmGOfFeXc+Fq1rTj5zgv7A+fwBFl2Pyw==</latexit>�

<latexit sha1_base64="6qxTqYQ9c3UGtuF1Wajsb6S7F34=">AAAB/3icbVDLSsNAFJ34rPEVFVduBtuCq5IUUTdC0Y3LKvYBTSk300k7dCaJMxOhhC78FFeCgrj1O1z5N04fC209cOFwzr3ce0+QcKa0635bS8srq2vruQ17c2t7Z9fZ26+rOJWE1kjMY9kMQFHOIlrTTHPaTCQFEXDaCAbXY7/xSKVicXSvhwltC+hFLGQEtJE6zmHBhktfPUid+T0QAvDdyC50nLxbcifAi8SbkTyaodpxvvxuTFJBI004KNXy3ES3M5CaEU5HdtFPFU2ADKBHW4ZGIKhqZ5P7R7holC4OY2kq0nii2r8mMhBKDUVgOgXovpr3xuJ/XivV4UU7Y1GSahqR6aIw5VjHeBwG7jJJieZDQ4BIZo7FpA8SiDaR2SYFb/7nRVIvl7yz0ultOV+5muWRQ0foGJ0gD52jCrpBVVRDBGXoGb2iN+vJerHerY9p65I1mzlAf2B9/gC56JSY</latexit>

a =
p
�R

<latexit sha1_base64="LkO8NHLHZzsZ9br49z8UFAglL0w=">AAACC3icbVDLSsNAFJ3UV42vqEs30bZQNyUpom6EohuXFewDmlJuppN26EwSZiZCCVm78lNcCQri1i9w5d84fSy09cCFwzn3cu89fsyoVI7zbeRWVtfWN/Kb5tb2zu6etX/QlFEiMGngiEWi7YMkjIakoahipB0LAtxnpOWPbiZ+64EISaPwXo1j0uUwCGlAMSgt9azjoun5INIk643LcHrlBQJw6g2Ac8jSamYWe1bBqThT2MvEnZMCmqPes768foQTTkKFGUjZcZ1YdVMQimJGMrPkJZLEgEcwIB1NQ+BEdtPpL5ld0krfDiKhK1T2VDV/TaTApRxzX3dyUEO56E3E/7xOooLLbkrDOFEkxLNFQcJsFdmTYOw+FQQrNtYEsKD6WBsPQaehdHymTsFd/HmZNKsV97xydlct1K7neeTRETpBZeSiC1RDt6iOGgijR/SMXtGb8WS8GO/Gx6w1Z8xnDtEfGJ8/DIiZwQ==</latexit>

ūy(a) =
�
2
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Three-dimensional solutions (applications are 3D!)

Solid-solid interactions: contact mechanics

(zero body forces)
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Three-dimensional solutions (applications are 3D!)
- Elastic half-space under normal load: Boussinesq’s problem

Axisymmetric coordinate system
Potentials: harmonic functions

Displacement field:

Stress field (linear elasticity):

Solid-solid interactions: contact mechanics

+ Singular displacement/stress 
under the point load

+ Displacements are bounded!

<latexit sha1_base64="Z6AN1I6tjDjAdWCkUKs74WP7xak="></latexit>

Az = C1
⇢ , B = C2 log(⇢+ z)

<latexit sha1_base64="n1lOwRbjgrqAZ55TTRI5bPoFtT4="></latexit>

(x, y, z) ⌘ (r =
p

x2 + y2, ✓ = tan�1(y/x), ⇢ =
p
x2 + y2, z2)

<latexit sha1_base64="wnVbCnIox3beNCTp2veSikrY5hY="></latexit>

ur = P
4⇡µ

h
rz
⇢3 � (1� 2⌫)⇢�z

⇢r

i

<latexit sha1_base64="6rKRzoFw+ndHHLjGAM08o68tSwQ="></latexit>

uz = P
4⇡µ

h
z2

⇢3 + 2(1�⌫)
⇢

i

<latexit sha1_base64="g6MB4fYBa1+kg2yVk2NlzGGlw+4="></latexit>

�rr = P
2⇡

h
(1� 2⌫)

⇣
1
r2 � z

⇢r2

⌘
� 3zr2

⇢5

i

<latexit sha1_base64="v5atbgfoPKPb7EeVZJMAI/KNEPw="></latexit>

�✓✓ = � P
2⇡ (1� 2⌫)

h
1
r2 � z

⇢r2 � z
⇢3

i

<latexit sha1_base64="kOyZ+5Pl0Nn/wbW3xM4s0v2hZsM="></latexit>

�zz = � 3P
2⇡

z3

r5

<latexit sha1_base64="fDdIcVM76yL2nMBPET8fAn+jBHM="></latexit>

⌧rz = � 3P
2⇡

rz2

r5
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Solid-solid interactions: contact mechanics

maximum shear
stress contours

<latexit sha1_base64="m5eJDfh1bah7hIu4gUskKmYEETU=">AAAB8nicbVBNSwMxEM36WdevqkcvwbbgqewWUY9FLx4r2A9slzKbZtvQJLskWaEs/ReeBAXx6r/x5L8xbfegrQ8GHu/NMDMvTDjTxvO+nbX1jc2t7cKOu7u3f3BYPDpu6ThVhDZJzGPVCUFTziRtGmY47SSKggg5bYfj25nffqJKs1g+mElCAwFDySJGwFjpsez2hiAEuOV+seRVvTnwKvFzUkI5Gv3iV28Qk1RQaQgHrbu+l5ggA2UY4XTqVnqppgmQMQxp11IJguogm588xRWrDHAUK1vS4Lnq/prIQGg9EaHtFGBGetmbif953dRE10HGZJIaKsliUZRybGI8+x8PmKLE8IklQBSzx2IyAgXE2JRcm4K//PMqadWq/mX14r5Wqt/keRTQKTpD58hHV6iO7lADNRFBEj2jV/TmGOfFeXc+Fq1rTj5zgv7A+fwBFl2Pyw==</latexit>�

Frictionless spherical indentation of an elastic half-space
Boundary conditions:
+ surface displacement 

+ frictionless

Contact radius: 

Contact pressure (not straightforward):

Contact law:

<latexit sha1_base64="gQYFSDSGD529Oo5aJMWeF+hPsBY=">AAAB7XicbVBNSwMxEJ2tX3X9qnr0EmwLnspuEfVY9OKxgtsW2qVk02wbmk2WJCuU0t/gSVAQr/4gT/4b03YP2vpg4PHeDDPzopQzbTzv2ylsbG5t7xR33b39g8Oj0vFJS8tMERoQyaXqRFhTzgQNDDOcdlJFcRJx2o7Gd3O//USVZlI8mklKwwQPBYsZwcZKQcVVbqVfKns1bwG0TvyclCFHs1/66g0kyRIqDOFY667vpSacYmUY4XTmVnuZpikmYzykXUsFTqgOp4trZ6hqlQGKpbIlDFqo7q+JKU60niSR7UywGelVby7+53UzE9+EUybSzFBBlovijCMj0fx1NGCKEsMnlmCimD0WkRFWmBgbkGtT8Fd/Xietes2/ql0+1MuN2zyPIpzBOVyAD9fQgHtoQgAEGDzDK7w50nlx3p2PZWvByWdO4Q+czx9luY2s</latexit>r

<latexit sha1_base64="oEIcel+3txEqdr4B8Q3nOlqDWeo=">AAAB7XicbVBNSwMxEJ31s65fVY9egm3BU9ktoh6LXjxWcNtCu5Rsmm1Ds8mSZIVa+hs8CQri1R/kyX9j2u5BWx8MPN6bYWZelHKmjed9O2vrG5tb24Udd3dv/+CweHTc1DJThAZEcqnaEdaUM0EDwwyn7VRRnESctqLR7cxvPVKlmRQPZpzSMMEDwWJGsLFSUHaf3HKvWPKq3hxolfg5KUGORq/41e1LkiVUGMKx1h3fS004wcowwunUrXQzTVNMRnhAO5YKnFAdTubXTlHFKn0US2VLGDRX3V8TE5xoPU4i25lgM9TL3kz8z+tkJr4OJ0ykmaGCLBbFGUdGotnrqM8UJYaPLcFEMXssIkOsMDE2INem4C//vEqatap/Wb24r5XqN3keBTiFMzgHH66gDnfQgAAIMHiGV3hzpPPivDsfi9Y1J585gT9wPn8AcfGNtA==</latexit>z
<latexit sha1_base64="8dN+LgZKLFtH9sgdYKWP6okB8ww=">AAACGHicbVDLSsNAFJ3UV42vqEs3g22hbkJSRN0Ui4K4rGAf0JYymUzboZMHMxOhhvYrXPkprgQFcasr/8ZJm4VtPXDhcM693HuPEzIqpGX9aJmV1bX1jeymvrW9s7tn7B/URRBxTGo4YAFvOkgQRn1Sk1Qy0gw5QZ7DSMMZXid+44FwQQP/Xo5C0vFQ36c9ipFUUtcw83rbQ3LAvdgd33Q5LENLn0wmc+pjOSzyk/Klnu8aOcu0poDLxE5JDqSodo3vthvgyCO+xAwJ0bKtUHZixCXFjIz1QjsSJER4iPqkpaiPPCI68fSxMSwoxYW9gKvyJZyq+p+JGHlCjDxHdSbnikUvEf/zWpHsXXRi6oeRJD6eLepFDMoAJilBl3KCJRspgjCn6liIB4gjLFWWukrBXvx5mdRLpn1mnt6VcpWrNI8sOALHoAhscA4q4BZUQQ1g8ARewBt41561V+1D+5y1ZrR05hDMQfv6BR5YneQ=</latexit>

dFr = 0 dFz = p(r) =?
<latexit sha1_base64="6qxTqYQ9c3UGtuF1Wajsb6S7F34=">AAAB/3icbVDLSsNAFJ34rPEVFVduBtuCq5IUUTdC0Y3LKvYBTSk300k7dCaJMxOhhC78FFeCgrj1O1z5N04fC209cOFwzr3ce0+QcKa0635bS8srq2vruQ17c2t7Z9fZ26+rOJWE1kjMY9kMQFHOIlrTTHPaTCQFEXDaCAbXY7/xSKVicXSvhwltC+hFLGQEtJE6zmHBhktfPUid+T0QAvDdyC50nLxbcifAi8SbkTyaodpxvvxuTFJBI004KNXy3ES3M5CaEU5HdtFPFU2ADKBHW4ZGIKhqZ5P7R7holC4OY2kq0nii2r8mMhBKDUVgOgXovpr3xuJ/XivV4UU7Y1GSahqR6aIw5VjHeBwG7jJJieZDQ4BIZo7FpA8SiDaR2SYFb/7nRVIvl7yz0ultOV+5muWRQ0foGJ0gD52jCrpBVVRDBGXoGb2iN+vJerHerY9p65I1mzlAf2B9/gC56JSY</latexit>

a =
p
�R

<latexit sha1_base64="l4r+gCJztINXbERYvl5w9JwFfto="></latexit>

p(r) = 3P
2⇡a3

p
a2 � r2 , r 2 [0, a]

<latexit sha1_base64="cnXY1keKrzQXafw/rtVzZtBjkD8="></latexit>

P (�) = 4
3

E
1�⌫2R1/2�3/2

<latexit sha1_base64="lwEmzq/xaNegJHkT0rU5sRHfxG4=">AAAB9XicbVBNS8NAEJ3Urxq/qh69LLYFTyUpRT0WvXisYD+gDWWz3bRLN5u4u1Fq6O/wJCiIV3+MJ/+N2zYHbX0w8Hhvhpl5fsyZ0o7zbeXW1jc2t/Lb9s7u3v5B4fCopaJEEtokEY9kx8eKciZoUzPNaSeWFIc+p21/fD3z2w9UKhaJOz2JqRfioWABI1gbySvZPR/LNJn2n+xSv1B0Ks4caJW4GSlChka/8NUbRCQJqdCEY6W6rhNrL8VSM8Lp1C73EkVjTMZ4SLuGChxS5aXzq6eobJQBCiJpSmg0V+1fEykOlZqEvukMsR6pZW8m/ud1Ex1ceikTcaKpIItFQcKRjtAsAjRgkhLNJ4ZgIpk5FpERlphoE5RtUnCXf14lrWrFPa/UbqvF+lWWRx5O4BTOwIULqMMNNKAJBO7hGV7hzXq0Xqx362PRmrOymWP4A+vzB80YkWE=</latexit>

ūz

<latexit sha1_base64="6qxTqYQ9c3UGtuF1Wajsb6S7F34=">AAAB/3icbVDLSsNAFJ34rPEVFVduBtuCq5IUUTdC0Y3LKvYBTSk300k7dCaJMxOhhC78FFeCgrj1O1z5N04fC209cOFwzr3ce0+QcKa0635bS8srq2vruQ17c2t7Z9fZ26+rOJWE1kjMY9kMQFHOIlrTTHPaTCQFEXDaCAbXY7/xSKVicXSvhwltC+hFLGQEtJE6zmHBhktfPUid+T0QAvDdyC50nLxbcifAi8SbkTyaodpxvvxuTFJBI004KNXy3ES3M5CaEU5HdtFPFU2ADKBHW4ZGIKhqZ5P7R7holC4OY2kq0nii2r8mMhBKDUVgOgXovpr3xuJ/XivV4UU7Y1GSahqR6aIw5VjHeBwG7jJJieZDQ4BIZo7FpA8SiDaR2SYFb/7nRVIvl7yz0ultOV+5muWRQ0foGJ0gD52jCrpBVVRDBGXoGb2iN+vJerHerY9p65I1mzlAf2B9/gC56JSY</latexit>

a =
p
�R

<latexit sha1_base64="5uRdqrF4A5gpEDS36XwJsvDVhhc="></latexit>

ūz(r) = � � (R�
p
R2 � r2)

⇡ � � 1
2Rr2 r 2 [0, a]
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Solid-solid interactions: contact mechanics

Frictionless spherical indentation of an elastic half-space
Boundary conditions:
+ surface displacement 

+ frictionless

Contact radius: 

Contact pressure (not straightforward):

<latexit sha1_base64="8dN+LgZKLFtH9sgdYKWP6okB8ww=">AAACGHicbVDLSsNAFJ3UV42vqEs3g22hbkJSRN0Ui4K4rGAf0JYymUzboZMHMxOhhvYrXPkprgQFcasr/8ZJm4VtPXDhcM693HuPEzIqpGX9aJmV1bX1jeymvrW9s7tn7B/URRBxTGo4YAFvOkgQRn1Sk1Qy0gw5QZ7DSMMZXid+44FwQQP/Xo5C0vFQ36c9ipFUUtcw83rbQ3LAvdgd33Q5LENLn0wmc+pjOSzyk/Klnu8aOcu0poDLxE5JDqSodo3vthvgyCO+xAwJ0bKtUHZixCXFjIz1QjsSJER4iPqkpaiPPCI68fSxMSwoxYW9gKvyJZyq+p+JGHlCjDxHdSbnikUvEf/zWpHsXXRi6oeRJD6eLepFDMoAJilBl3KCJRspgjCn6liIB4gjLFWWukrBXvx5mdRLpn1mnt6VcpWrNI8sOALHoAhscA4q4BZUQQ1g8ARewBt41561V+1D+5y1ZrR05hDMQfv6BR5YneQ=</latexit>

dFr = 0 dFz = p(r) =?
<latexit sha1_base64="6qxTqYQ9c3UGtuF1Wajsb6S7F34=">AAAB/3icbVDLSsNAFJ34rPEVFVduBtuCq5IUUTdC0Y3LKvYBTSk300k7dCaJMxOhhC78FFeCgrj1O1z5N04fC209cOFwzr3ce0+QcKa0635bS8srq2vruQ17c2t7Z9fZ26+rOJWE1kjMY9kMQFHOIlrTTHPaTCQFEXDaCAbXY7/xSKVicXSvhwltC+hFLGQEtJE6zmHBhktfPUid+T0QAvDdyC50nLxbcifAi8SbkTyaodpxvvxuTFJBI004KNXy3ES3M5CaEU5HdtFPFU2ADKBHW4ZGIKhqZ5P7R7holC4OY2kq0nii2r8mMhBKDUVgOgXovpr3xuJ/XivV4UU7Y1GSahqR6aIw5VjHeBwG7jJJieZDQ4BIZo7FpA8SiDaR2SYFb/7nRVIvl7yz0ultOV+5muWRQ0foGJ0gD52jCrpBVVRDBGXoGb2iN+vJerHerY9p65I1mzlAf2B9/gC56JSY</latexit>

a =
p
�R

<latexit sha1_base64="l4r+gCJztINXbERYvl5w9JwFfto="></latexit>

p(r) = 3P
2⇡a3

p
a2 � r2 , r 2 [0, a]

<latexit sha1_base64="p5HoyvkOKvGYEw89TROZKFpDHlE=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LLaFClKSIuqx6MVjBfshbSib7aZdutmE3Y1YQn+FJ0FBvPpzPPlv3LY5aPXBwOO9GWbm+TFnSjvOl5VbWV1b38hv2lvbO7t7hf2DlooSSWiTRDySHR8rypmgTc00p51YUhz6nLb98fXMbz9QqVgk7vQkpl6Ih4IFjGBtpPuSXXk8nZzYpX6h6FSdOdBf4makCBka/cJnbxCRJKRCE46V6rpOrL0US80Ip1O73EsUjTEZ4yHtGipwSJWXzi+eorJRBiiIpCmh0Vy1f0ykOFRqEvqmM8R6pJa9mfif1010cOmlTMSJpoIsFgUJRzpCs/fRgElKNJ8Ygolk5lhERlhiok1ItknBXf75L2nVqu559ey2VqxfZXnk4QiOoQIuXEAdbqABTSAQwhO8wKulrGfrzXpftOasbOYQfsH6+AZ+DI7Q</latexit>

(x, y)

<latexit sha1_base64="DHmH2ELwScZE8LSCtTzOOlQIdYA=">AAAB9nicbVDLSgNBEJyNr7i+oh69DCaBCBJ2g6jHoBePEcwDsmuYncwmQ2YfzPRKwpL/8CQoiFf/xZN/4yTZgyYWNBRV3XR3ebHgCizr28itrW9sbuW3zZ3dvf2DwuFRS0WJpKxJIxHJjkcUEzxkTeAgWCeWjASeYG1vdDvz209MKh6FDzCJmRuQQch9Tglo6bFkVpwxP3cYkDOz1CsUrao1B14ldkaKKEOjV/hy+hFNAhYCFUSprm3F4KZEAqeCTc2ykygWEzoiA9bVNCQBU246P3uKy1rpYz+SukLAc9X8NZGSQKlJ4OnOgMBQLXsz8T+vm4B/7aY8jBNgIV0s8hOBIcKzDHCfS0ZBTDQhVHJ9LKZDIgkFnZSpU7CXf14lrVrVvqxe3NeK9Zssjzw6Qaeogmx0heroDjVQE1Ek0TN6RW/G2Hgx3o2PRWvOyGaO0R8Ynz8kKpDk</latexit>

(⇠, ⌘)
<latexit sha1_base64="oUkEngcezifQWB5ObtjDsYJ18SY=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LLaFeilJKeqx6MVjBfsBbSib7aZdutmE3Y1YQv+EJ0FBvPp3PPlv3LY5aOuDgcd7M8zM82POlHacbyu3sbm1vZPftff2Dw6PCscnbRUlktAWiXgkuz5WlDNBW5ppTruxpDj0Oe34k9u533mkUrFIPOhpTL0QjwQLGMHaSN2SHVeeLuzSoFB0qs4CaJ24GSlChuag8NUfRiQJqdCEY6V6rhNrL8VSM8LpzC73E0VjTCZ4RHuGChxS5aWLg2eobJQhCiJpSmi0UO1fEykOlZqGvukMsR6rVW8u/uf1Eh1ceykTcaKpIMtFQcKRjtD8ezRkkhLNp4ZgIpk5FpExlphok5FtUnBXf14n7VrVvazW72vFxk2WRx7O4Bwq4MIVNOAOmtACAhye4RXeLGm9WO/Wx7I1Z2Uzp/AH1ucPBzeOkQ==</latexit>

p(x)

<latexit sha1_base64="6rKRzoFw+ndHHLjGAM08o68tSwQ="></latexit>

uz = P
4⇡µ

h
z2

⇢3 + 2(1�⌫)
⇢

i DIY

<latexit sha1_base64="5uRdqrF4A5gpEDS36XwJsvDVhhc="></latexit>

ūz(r) = � � (R�
p
R2 � r2)

⇡ � � 1
2Rr2 r 2 [0, a]

<latexit sha1_base64="blo79K2BOREuYbo/cQNyxP0VkjU="></latexit>

ūz(x, y) =
1�⌫2

⇡E

R R
S

p(⇠,⌘)p
(x�⇠)2+(y�⌘)2

d⇠d⌘



Solid-solid interactions: contact mechanics

Contact mechanics: three-dimensional problems
- Frictionless spherical indentation of an elastic half-space

Boundary conditions:
+ surface displacement 

+ frictionless

Contact radius: 

Contact pressure:

Contact law:

<latexit sha1_base64="m0gQCaUMp0PKFKvpx7cSLfhqObU="></latexit>

ūz(r) = � � (R�
p
R2 � r2)

⇡ � � 1
Rr2 r 2 [0, a]

<latexit sha1_base64="8dN+LgZKLFtH9sgdYKWP6okB8ww=">AAACGHicbVDLSsNAFJ3UV42vqEs3g22hbkJSRN0Ui4K4rGAf0JYymUzboZMHMxOhhvYrXPkprgQFcasr/8ZJm4VtPXDhcM693HuPEzIqpGX9aJmV1bX1jeymvrW9s7tn7B/URRBxTGo4YAFvOkgQRn1Sk1Qy0gw5QZ7DSMMZXid+44FwQQP/Xo5C0vFQ36c9ipFUUtcw83rbQ3LAvdgd33Q5LENLn0wmc+pjOSzyk/Klnu8aOcu0poDLxE5JDqSodo3vthvgyCO+xAwJ0bKtUHZixCXFjIz1QjsSJER4iPqkpaiPPCI68fSxMSwoxYW9gKvyJZyq+p+JGHlCjDxHdSbnikUvEf/zWpHsXXRi6oeRJD6eLepFDMoAJilBl3KCJRspgjCn6liIB4gjLFWWukrBXvx5mdRLpn1mnt6VcpWrNI8sOALHoAhscA4q4BZUQQ1g8ARewBt41561V+1D+5y1ZrR05hDMQfv6BR5YneQ=</latexit>

dFr = 0 dFz = p(r) =?
<latexit sha1_base64="6qxTqYQ9c3UGtuF1Wajsb6S7F34=">AAAB/3icbVDLSsNAFJ34rPEVFVduBtuCq5IUUTdC0Y3LKvYBTSk300k7dCaJMxOhhC78FFeCgrj1O1z5N04fC209cOFwzr3ce0+QcKa0635bS8srq2vruQ17c2t7Z9fZ26+rOJWE1kjMY9kMQFHOIlrTTHPaTCQFEXDaCAbXY7/xSKVicXSvhwltC+hFLGQEtJE6zmHBhktfPUid+T0QAvDdyC50nLxbcifAi8SbkTyaodpxvvxuTFJBI004KNXy3ES3M5CaEU5HdtFPFU2ADKBHW4ZGIKhqZ5P7R7holC4OY2kq0nii2r8mMhBKDUVgOgXovpr3xuJ/XivV4UU7Y1GSahqR6aIw5VjHeBwG7jJJieZDQ4BIZo7FpA8SiDaR2SYFb/7nRVIvl7yz0ultOV+5muWRQ0foGJ0gD52jCrpBVVRDBGXoGb2iN+vJerHerY9p65I1mzlAf2B9/gC56JSY</latexit>

a =
p
�R

<latexit sha1_base64="l4r+gCJztINXbERYvl5w9JwFfto="></latexit>

p(r) = 3P
2⇡a3

p
a2 � r2 , r 2 [0, a]

<latexit sha1_base64="cnXY1keKrzQXafw/rtVzZtBjkD8="></latexit>

P (�) = 4
3

E
1�⌫2R1/2�3/2

<latexit sha1_base64="6qxTqYQ9c3UGtuF1Wajsb6S7F34=">AAAB/3icbVDLSsNAFJ34rPEVFVduBtuCq5IUUTdC0Y3LKvYBTSk300k7dCaJMxOhhC78FFeCgrj1O1z5N04fC209cOFwzr3ce0+QcKa0635bS8srq2vruQ17c2t7Z9fZ26+rOJWE1kjMY9kMQFHOIlrTTHPaTCQFEXDaCAbXY7/xSKVicXSvhwltC+hFLGQEtJE6zmHBhktfPUid+T0QAvDdyC50nLxbcifAi8SbkTyaodpxvvxuTFJBI004KNXy3ES3M5CaEU5HdtFPFU2ADKBHW4ZGIKhqZ5P7R7holC4OY2kq0nii2r8mMhBKDUVgOgXovpr3xuJ/XivV4UU7Y1GSahqR6aIw5VjHeBwG7jJJieZDQ4BIZo7FpA8SiDaR2SYFb/7nRVIvl7yz0ultOV+5muWRQ0foGJ0gD52jCrpBVVRDBGXoGb2iN+vJerHerY9p65I1mzlAf2B9/gC56JSY</latexit>

a =
p
�R

<latexit sha1_base64="LkO8NHLHZzsZ9br49z8UFAglL0w=">AAACC3icbVDLSsNAFJ3UV42vqEs30bZQNyUpom6EohuXFewDmlJuppN26EwSZiZCCVm78lNcCQri1i9w5d84fSy09cCFwzn3cu89fsyoVI7zbeRWVtfWN/Kb5tb2zu6etX/QlFEiMGngiEWi7YMkjIakoahipB0LAtxnpOWPbiZ+64EISaPwXo1j0uUwCGlAMSgt9azjoun5INIk643LcHrlBQJw6g2Ac8jSamYWe1bBqThT2MvEnZMCmqPes768foQTTkKFGUjZcZ1YdVMQimJGMrPkJZLEgEcwIB1NQ+BEdtPpL5ld0krfDiKhK1T2VDV/TaTApRxzX3dyUEO56E3E/7xOooLLbkrDOFEkxLNFQcJsFdmTYOw+FQQrNtYEsKD6WBsPQaehdHymTsFd/HmZNKsV97xydlct1K7neeTRETpBZeSiC1RDt6iOGgijR/SMXtGb8WS8GO/Gx6w1Z8xnDtEfGJ8/DIiZwQ==</latexit>

ūy(a) =
�
2

Aside
<latexit sha1_base64="A/ZTshZ+ncUGio9VbiSjwx9jdKk="></latexit>

The vertical displacement of surface points is given by

ūz(x, y) =
1� ⌫2

⇡E

Z Z

S

p(⇠, ⌘)p
(x� ⇠)2 + (x� ⌘)2

d⇠d⌘

where the Boussinesq’s solution for vertical displacement of surface point (x, y)
due to a concentrated force pd⇠d⌘ acting on (⇠, ⌘) was used. Using polar coor-
dinates (s,�), with origin at a distance r from the center of the circular contact
surface and a pressure psdsd� with distribution p(r) = 3P

2⇡a3

p
a2 � r2, the above

integral simplifies to

ūz(r) =
1� ⌫2

⇡E

3P

2⇡a3

Z 2⇡

0
d�

Z s1

0

p
a2 � r2 � 2rs cos�� s2ds

with s1 given by the positive root of a2� r2� 2rs cos�� s2 = 0. Therefore, the
vertical displacement of points r within the contact surface (r < a) is given by

ūz(r) =
1� ⌫2

E

3P

8a3
(2a2 � r2)

Lastly, compatibility of surface displacement yields

ūz = � � 1

2R
r2 =

1� ⌫2

E

3P

8a3
(2a2 � r2)

and, equating coe�cients of the second order polynomial of r, expressions for
P (�) and for a(�) are obtained as follows

1
2R = 1�⌫2

E
3P
8a3

� = 1�⌫2

E
3P
4a

)
=) a2 = �R

P = 4
3

E
1�⌫2R1/2�3/2
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Solid-solid interactions: contact mechanics

Frictionless indentation of an elastic half-space

fig.: von Mises stress

+ complex stress field 
under the indenter

+ most critical state of
stress not necessarily 
at the contact interface

+ not all cases are 
amenable of analytical
solution

+ cylindrical indenter
but not an elastic 
material: 

<latexit sha1_base64="UIhtc8bHjBmHp/SOUGnEoCB17RQ=">AAAB9XicbVBNS8NAEJ3Urxq/qh69BNtCvZSkiHoRi148VrAf0Iay2W7apbubuLtRSunv8CQoiFd/jCf/jds2B219MPB4b4aZeUHMqNKu+21lVlbX1jeym/bW9s7uXm7/oKGiRGJSxxGLZCtAijAqSF1TzUgrlgTxgJFmMLyZ+s1HIhWNxL0excTnqC9oSDHSRvILtVKnjzhHJ5dXhW4u75bdGZxl4qUkDylq3dxXpxfhhBOhMUNKtT031v4YSU0xIxO72EkUiREeoj5pGyoQJ8ofz66eOEWj9JwwkqaEdmaq/WtijLhSIx6YTo70QC16U/E/r53o8MIfUxEnmgg8XxQmzNGRM43A6VFJsGYjQxCW1Bzr4AGSCGsTlG1S8BZ/XiaNStk7K5/eVfLV6zSPLBzBMZTAg3Oowi3UoA4YHuAZXuHNerJerHfrY96asdKZQ/gD6/MHIxeQ8g==</latexit>

P (�) =?
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Solid-solid interactions: contact mechanics

<latexit sha1_base64="8dN+LgZKLFtH9sgdYKWP6okB8ww=">AAACGHicbVDLSsNAFJ3UV42vqEs3g22hbkJSRN0Ui4K4rGAf0JYymUzboZMHMxOhhvYrXPkprgQFcasr/8ZJm4VtPXDhcM693HuPEzIqpGX9aJmV1bX1jeymvrW9s7tn7B/URRBxTGo4YAFvOkgQRn1Sk1Qy0gw5QZ7DSMMZXid+44FwQQP/Xo5C0vFQ36c9ipFUUtcw83rbQ3LAvdgd33Q5LENLn0wmc+pjOSzyk/Klnu8aOcu0poDLxE5JDqSodo3vthvgyCO+xAwJ0bKtUHZixCXFjIz1QjsSJER4iPqkpaiPPCI68fSxMSwoxYW9gKvyJZyq+p+JGHlCjDxHdSbnikUvEf/zWpHsXXRi6oeRJD6eLepFDMoAJilBl3KCJRspgjCn6liIB4gjLFWWukrBXvx5mdRLpn1mnt6VcpWrNI8sOALHoAhscA4q4BZUQQ1g8ARewBt41561V+1D+5y1ZrR05hDMQfv6BR5YneQ=</latexit>

dFr = 0 dFz = p(r) =?

<latexit sha1_base64="m5eJDfh1bah7hIu4gUskKmYEETU=">AAAB8nicbVBNSwMxEM36WdevqkcvwbbgqewWUY9FLx4r2A9slzKbZtvQJLskWaEs/ReeBAXx6r/x5L8xbfegrQ8GHu/NMDMvTDjTxvO+nbX1jc2t7cKOu7u3f3BYPDpu6ThVhDZJzGPVCUFTziRtGmY47SSKggg5bYfj25nffqJKs1g+mElCAwFDySJGwFjpsez2hiAEuOV+seRVvTnwKvFzUkI5Gv3iV28Qk1RQaQgHrbu+l5ggA2UY4XTqVnqppgmQMQxp11IJguogm588xRWrDHAUK1vS4Lnq/prIQGg9EaHtFGBGetmbif953dRE10HGZJIaKsliUZRybGI8+x8PmKLE8IklQBSzx2IyAgXE2JRcm4K//PMqadWq/mX14r5Wqt/keRTQKTpD58hHV6iO7lADNRFBEj2jV/TmGOfFeXc+Fq1rTj5zgv7A+fwBFl2Pyw==</latexit>�

<latexit sha1_base64="lWhzSGThHsoSIX/jP7UK2x0LqSw=">AAAB8nicbVBNSwMxEM3Wr7p+VT16CbYFT3W3iHosevFYwX5gu5Rsmm1Dk+ySzAql9F94EhTEq//Gk//GtN2Dtj4YeLw3w8y8MBHcgOd9O7m19Y3Nrfy2u7O7t39QODxqmjjVlDVoLGLdDolhgivWAA6CtRPNiAwFa4Wj25nfemLa8Fg9wDhhgSQDxSNOCVjpsdQdECnJebXUKxS9ijcHXiV+RoooQ71X+Or2Y5pKpoAKYkzH9xIIJkQDp4JN3XI3NSwhdEQGrGOpIpKZYDI/eYrLVunjKNa2FOC56v6amBBpzFiGtlMSGJplbyb+53VSiK6DCVdJCkzRxaIoFRhiPPsf97lmFMTYEkI1t8diOiSaULApuTYFf/nnVdKsVvzLysV9tVi7yfLIoxN0is6Qj65QDd2hOmogihR6Rq/ozQHnxXl3PhatOSebOUZ/4Hz+AI3zkBg=</latexit>

�/2

<latexit sha1_base64="lWhzSGThHsoSIX/jP7UK2x0LqSw=">AAAB8nicbVBNSwMxEM3Wr7p+VT16CbYFT3W3iHosevFYwX5gu5Rsmm1Dk+ySzAql9F94EhTEq//Gk//GtN2Dtj4YeLw3w8y8MBHcgOd9O7m19Y3Nrfy2u7O7t39QODxqmjjVlDVoLGLdDolhgivWAA6CtRPNiAwFa4Wj25nfemLa8Fg9wDhhgSQDxSNOCVjpsdQdECnJebXUKxS9ijcHXiV+RoooQ71X+Or2Y5pKpoAKYkzH9xIIJkQDp4JN3XI3NSwhdEQGrGOpIpKZYDI/eYrLVunjKNa2FOC56v6amBBpzFiGtlMSGJplbyb+53VSiK6DCVdJCkzRxaIoFRhiPPsf97lmFMTYEkI1t8diOiSaULApuTYFf/nnVdKsVvzLysV9tVi7yfLIoxN0is6Qj65QDd2hOmogihR6Rq/ozQHnxXl3PhatOSebOUZ/4Hz+AI3zkBg=</latexit>

�/2

rigid

rigid

elastic

elastic

elastic

Contact between two elastic spheres
Boundary conditions:
+ surface displacement 
+ frictionless

Contact radius: 

Contact pressure (not straightforward):

DIY

DIY
<latexit sha1_base64="6+yohIgTYmfiDVtOmrF3zKpBte0="></latexit>

ūz,1(r) + ūz,1(r) = � � (R1 �
p

R2
1 � r2)� (R2 �

p
R2

2 � r2)

<latexit sha1_base64="Vxj5JK2omeeTRTQr0w8iBkzlUos=">AAAB7XicbVBNSwMxEJ2tX3X9qnr0EmwLnspuEfVY9OKxgtsW2qVk02wbmk2WJCuU0t/gSVAQr/4gT/4b03YP2vpg4PHeDDPzopQzbTzv2ylsbG5t7xR33b39g8Oj0vFJS8tMERoQyaXqRFhTzgQNDDOcdlJFcRJx2o7Gd3O//USVZlI8mklKwwQPBYsZwcZKQcVtupV+qezVvAXQOvFzUoYczX7pqzeQJEuoMIRjrbu+l5pwipVhhNOZW+1lmqaYjPGQdi0VOKE6nC6unaGqVQYolsqWMGihur8mpjjRepJEtjPBZqRXvbn4n9fNTHwTTplIM0MFWS6KM46MRPPX0YApSgyfWIKJYvZYREZYYWJsQK5NwV/9eZ206jX/qnb5UC83bvM8inAG53ABPlxDA+6hCQEQYPAMr/DmSOfFeXc+lq0FJ585hT9wPn8AMcuNig==</latexit>

P

<latexit sha1_base64="Vxj5JK2omeeTRTQr0w8iBkzlUos=">AAAB7XicbVBNSwMxEJ2tX3X9qnr0EmwLnspuEfVY9OKxgtsW2qVk02wbmk2WJCuU0t/gSVAQr/4gT/4b03YP2vpg4PHeDDPzopQzbTzv2ylsbG5t7xR33b39g8Oj0vFJS8tMERoQyaXqRFhTzgQNDDOcdlJFcRJx2o7Gd3O//USVZlI8mklKwwQPBYsZwcZKQcVtupV+qezVvAXQOvFzUoYczX7pqzeQJEuoMIRjrbu+l5pwipVhhNOZW+1lmqaYjPGQdi0VOKE6nC6unaGqVQYolsqWMGihur8mpjjRepJEtjPBZqRXvbn4n9fNTHwTTplIM0MFWS6KM46MRPPX0YApSgyfWIKJYvZYREZYYWJsQK5NwV/9eZ206jX/qnb5UC83bvM8inAG53ABPlxDA+6hCQEQYPAMr/DmSOfFeXc+lq0FJ585hT9wPn8AMcuNig==</latexit>

P

<latexit sha1_base64="Vxj5JK2omeeTRTQr0w8iBkzlUos=">AAAB7XicbVBNSwMxEJ2tX3X9qnr0EmwLnspuEfVY9OKxgtsW2qVk02wbmk2WJCuU0t/gSVAQr/4gT/4b03YP2vpg4PHeDDPzopQzbTzv2ylsbG5t7xR33b39g8Oj0vFJS8tMERoQyaXqRFhTzgQNDDOcdlJFcRJx2o7Gd3O//USVZlI8mklKwwQPBYsZwcZKQcVtupV+qezVvAXQOvFzUoYczX7pqzeQJEuoMIRjrbu+l5pwipVhhNOZW+1lmqaYjPGQdi0VOKE6nC6unaGqVQYolsqWMGihur8mpjjRepJEtjPBZqRXvbn4n9fNTHwTTplIM0MFWS6KM46MRPPX0YApSgyfWIKJYvZYREZYYWJsQK5NwV/9eZ206jX/qnb5UC83bvM8inAG53ABPlxDA+6hCQEQYPAMr/DmSOfFeXc+lq0FJ585hT9wPn8AMcuNig==</latexit>

P

<latexit sha1_base64="Vxj5JK2omeeTRTQr0w8iBkzlUos=">AAAB7XicbVBNSwMxEJ2tX3X9qnr0EmwLnspuEfVY9OKxgtsW2qVk02wbmk2WJCuU0t/gSVAQr/4gT/4b03YP2vpg4PHeDDPzopQzbTzv2ylsbG5t7xR33b39g8Oj0vFJS8tMERoQyaXqRFhTzgQNDDOcdlJFcRJx2o7Gd3O//USVZlI8mklKwwQPBYsZwcZKQcVtupV+qezVvAXQOvFzUoYczX7pqzeQJEuoMIRjrbu+l5pwipVhhNOZW+1lmqaYjPGQdi0VOKE6nC6unaGqVQYolsqWMGihur8mpjjRepJEtjPBZqRXvbn4n9fNTHwTTplIM0MFWS6KM46MRPPX0YApSgyfWIKJYvZYREZYYWJsQK5NwV/9eZ206jX/qnb5UC83bvM8inAG53ABPlxDA+6hCQEQYPAMr/DmSOfFeXc+lq0FJ585hT9wPn8AMcuNig==</latexit>

P

<latexit sha1_base64="/+wVkrf1vXHt+LsB9Dgs8MJHd5k=">AAACAXicbVA9SwNBEN2LX/H8ilpY2CwmAat4F0RthKCNZRTzAbkQ5jabZMnu3bm7J4QjlT/FSlAQW3+Glf/GTXKFJj4YeLw3w8w8P+JMacf5tjJLyyura9l1e2Nza3snt7tXV2EsCa2RkIey6YOinAW0ppnmtBlJCsLntOEPryd+45FKxcLgXo8i2hbQD1iPEdBG6uQOCjZceupB6sTrgxCA707KY7vQyeWdkjMFXiRuSvIoRbWT+/K6IYkFDTThoFTLdSLdTkBqRjgd20UvVjQCMoQ+bRkagKCqnUw/GOOiUbq4F0pTgcZT1f41kYBQaiR80ylAD9S8NxH/81qx7l20ExZEsaYBmS3qxRzrEE/iwF0mKdF8ZAgQycyxmAxAAtEmNNuk4M7/vEjq5ZJ7Vjq9LecrV2keWXSIjtAxctE5qqAbVEU1RNAYPaNX9GY9WS/Wu/Uxa81Y6cw++gPr8welhJUN</latexit>

a =
p

�R/2
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Solid-solid interactions: contact mechanics

<latexit sha1_base64="8dN+LgZKLFtH9sgdYKWP6okB8ww=">AAACGHicbVDLSsNAFJ3UV42vqEs3g22hbkJSRN0Ui4K4rGAf0JYymUzboZMHMxOhhvYrXPkprgQFcasr/8ZJm4VtPXDhcM693HuPEzIqpGX9aJmV1bX1jeymvrW9s7tn7B/URRBxTGo4YAFvOkgQRn1Sk1Qy0gw5QZ7DSMMZXid+44FwQQP/Xo5C0vFQ36c9ipFUUtcw83rbQ3LAvdgd33Q5LENLn0wmc+pjOSzyk/Klnu8aOcu0poDLxE5JDqSodo3vthvgyCO+xAwJ0bKtUHZixCXFjIz1QjsSJER4iPqkpaiPPCI68fSxMSwoxYW9gKvyJZyq+p+JGHlCjDxHdSbnikUvEf/zWpHsXXRi6oeRJD6eLepFDMoAJilBl3KCJRspgjCn6liIB4gjLFWWukrBXvx5mdRLpn1mnt6VcpWrNI8sOALHoAhscA4q4BZUQQ1g8ARewBt41561V+1D+5y1ZrR05hDMQfv6BR5YneQ=</latexit>

dFr = 0 dFz = p(r) =?

<latexit sha1_base64="l4r+gCJztINXbERYvl5w9JwFfto="></latexit>

p(r) = 3P
2⇡a3

p
a2 � r2 , r 2 [0, a]

<latexit sha1_base64="m5eJDfh1bah7hIu4gUskKmYEETU=">AAAB8nicbVBNSwMxEM36WdevqkcvwbbgqewWUY9FLx4r2A9slzKbZtvQJLskWaEs/ReeBAXx6r/x5L8xbfegrQ8GHu/NMDMvTDjTxvO+nbX1jc2t7cKOu7u3f3BYPDpu6ThVhDZJzGPVCUFTziRtGmY47SSKggg5bYfj25nffqJKs1g+mElCAwFDySJGwFjpsez2hiAEuOV+seRVvTnwKvFzUkI5Gv3iV28Qk1RQaQgHrbu+l5ggA2UY4XTqVnqppgmQMQxp11IJguogm588xRWrDHAUK1vS4Lnq/prIQGg9EaHtFGBGetmbif953dRE10HGZJIaKsliUZRybGI8+x8PmKLE8IklQBSzx2IyAgXE2JRcm4K//PMqadWq/mX14r5Wqt/keRTQKTpD58hHV6iO7lADNRFBEj2jV/TmGOfFeXc+Fq1rTj5zgv7A+fwBFl2Pyw==</latexit>�

<latexit sha1_base64="lWhzSGThHsoSIX/jP7UK2x0LqSw=">AAAB8nicbVBNSwMxEM3Wr7p+VT16CbYFT3W3iHosevFYwX5gu5Rsmm1Dk+ySzAql9F94EhTEq//Gk//GtN2Dtj4YeLw3w8y8MBHcgOd9O7m19Y3Nrfy2u7O7t39QODxqmjjVlDVoLGLdDolhgivWAA6CtRPNiAwFa4Wj25nfemLa8Fg9wDhhgSQDxSNOCVjpsdQdECnJebXUKxS9ijcHXiV+RoooQ71X+Or2Y5pKpoAKYkzH9xIIJkQDp4JN3XI3NSwhdEQGrGOpIpKZYDI/eYrLVunjKNa2FOC56v6amBBpzFiGtlMSGJplbyb+53VSiK6DCVdJCkzRxaIoFRhiPPsf97lmFMTYEkI1t8diOiSaULApuTYFf/nnVdKsVvzLysV9tVi7yfLIoxN0is6Qj65QDd2hOmogihR6Rq/ozQHnxXl3PhatOSebOUZ/4Hz+AI3zkBg=</latexit>

�/2
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Contact between two elastic spheres
Boundary conditions:
+ surface displacement 

+ frictionless

Contact radius: 

Contact pressure (not straightforward):

Contact law:
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Prof. Behringer. Duke University

Solid-solid interactions: contact mechanics

Contact mechanics at the core behavior of granular media
- How amorphous solids support stress?



Dominant mechanisms  (a mechano-chemical point of view)
- Elastic deformations
- Plastic deformations
- Bonding/Solid bridge
- Strain-rate mechanisms
- Fracture
- Transport phenomena

Underlying assumption
- Contacts between particles are independent

(interaction between particles is not affected by neighboring particles)
17

Confined
granular system

Bridging length-scales
- Analytical up-scaling of continuum contact mechanics

(geometric nonlinearities and material nonlinearities)

Solid-solid interactions: contact mechanics



Any questions?
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Solid-solid interactions: contact mechanics



Appendix: Granular systems at high levels 
of confinement 
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Lecture 17 – Solid-solid interactions



Dominant mechanisms (a mechano-chemical point of view)
- Elastic deformations
- Plastic deformations
- Bonding/Solid bridge
- Strain-rate mechanisms
- Fracture
- Transport phenomena

Underlying assumption
- Contacts between particles are independent

(interaction between particles is not affected by neighboring particles)

Granular systems at high levels of confinement

20

Confined
granular system

Bridging length-scales
- Analytical up-scaling of continuum contact mechanics

(geometric nonlinearities and material nonlinearities)



Granular systems at high levels of confinement

Elastoplastic
spherical particles

Jerier et al. (2011)

Technological/Scientific impact
Not an issue until recent years 
(e.g., there is a need to be predictive at high relative densities)

Case-by-case …
… empirical scaling of analytical solutions 

(e.g. Storåkers similarity solution)
… curve-fitting of finite-element solutions

Similarity
solution

Elastoplastic
spherical particles
Mesarovic & Fleck (2000)
Harthong et al. (2009)
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~300% ~100%

Hertz
theoryHertz

theory

Question:
To what extent contacts between particles are independent?

Restrict attention to:
- Elastic spheres
- Absence of gravitational forces, adhesion and friction

Tatara (1991): experimental data, rubber sphere of radius 10 mm,
no hysteresis, no permanent deformations, E = 1.85 MPa, v = 0.46

Granular systems at high levels of confinement
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Question:
To what extent contacts between particles are independent?

Restrict attention to:
- Elastic spheres
- Absence of gravitational forces, adhesion and friction

Intuition and observation suggest a gap in knowledge

Granular systems at high levels of confinement

23

Any contact law

… we know that



Hertz theory (1881)
Geometry and

elastic properties

Relative position between particles

Elastic interactions beyond Hertz theory

24

Confined
granular system

Schematic of loading
configuration

Hertz theory
approach

Nonlocal theory
approach



Schematic of loading
configuration

Hertz theory:

25

Single-loaded
boundary-value

problem

Elastic interactions beyond Hertz theory

Compatibility condition:

Flat circular contact surface
Spherically-distributed contact pressure
(based on Boussinesq’s solution)



Principle of superposition:

Elastic interactions beyond Hertz theory
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+++=
Confined
granular
system Single-loaded

boundary-value
problem

Normal displacement:



Single-loaded boundary-value problem:

Exact 
boundary-value 

problem

Approximate
problem

Contact surface (Hertz approximation):

Traction free surface:

Exact solution :   Zhupanska (2011)
(reduces to a Fredholm integral equation of the second kind)

Approximate problem (based on Boussinesq’s solution):

Elastic interactions beyond Hertz theory
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Schematic of loading
configuration

Hertz’s hypotheses:
- Independent contacts (RELAXED)
- Flat circular contact surface
- Linear elasticity
- Spherically-distributed contact pressure

Amenable to analytical integration!

Nonlocal contact formulation

Nonlocal contributions:

Principle of superposition:
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Confined
granular system

Schematic of loading
configuration

Hertz theory
approach

Nonlocal theory
approach

Geometry, elastic properties and loading configuration

Nonlocal contributions (analytical expression)

Nonlocal contact formulation

Nonlocal contact formulation

Gonzalez M. and Cuitiño A.M., “A nonlocal contact formulation for confined granular systems”,
Journal of the Mechanics and Physics of Solids 2012; 60:333-350.
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Hertz theory:

Nonlocal formulation:

Hertz theory:

Nonlocal formulation:

30

Nonlocal contact formulation

Two intuitive examples:



80%
Finite-element model.

Ø Elements: ~1.00.000
Ø Nodes: ~1.500.000
Ø CPU-time: hours

Nonlocal formulation.
Ø Memory requirements: none
Ø CPU-time: few seconds 

Applied load

Hertz
theory

!!!

Difference depends 
only on Poisson’s ratio

Hertz
theory

Tatara-1989

SC granular crystal

Experimental setup

Discrepancy in the applied load

31

Nonlocal contact formulation - Validation



Compaction of body centered cubic packing:

Hydrostatic
compaction

Die compaction

Unit cell

Two different loading conditions:   Hydrostatic compaction
Die compaction

Difference between Hertz theory and the nonlocal contact formulation.

Question:
To what extent contacts between particles are independent?

32

Nonlocal contact formulation – Granular crystals



Hertz
theory

Hydrostatic compaction

Die compaction

33

Nonlocal contact formulation – Granular crystals



Schematic of loading
configuration

Hertz’s hypotheses:
- Independent contacts (RELAXED)
- Flat circular contact surface
- Linear elasticity
- Spherically-distributed contact pressure

Amenable to analytical integration!

Nonlocal contact formulation – Can we do better?

Principle of superposition:

34

Curvature correction:

Contact radius correction:



Nonlocal contact formulation - Validation

Finite-element model.
Ø Elements: ~1.00.000
Ø Nodes: ~1.500.000
Ø CPU-time: hours

Nonlocal formulation.
Ø Memory requirements: none
Ø CPU-time: few seconds 

Hertz
theory

Tatara-1989

Experimental setup
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Milestone: Development and validation of a nonlocal contact formulation
Insight: The discrepancy with Hertzian prediction depends on Poisson’s ratio

Vertical

Horizontal

Agarwal A. and Gonzalez M., “Contact radius and curvature corrections to the 
nonlocal contact formulation …”, International Journal of Engineering Science 2018; 133, 26-46.

contact
impingement

contact impingement

curvature
correction

Die Compaction


