
Instructor: Prof. Marcial Gonzalez 

Last modified: 3/24/22 10:28:06 AM

Spring, 2022
ME 597 – Solid Mechanics II

Lecture 19
Review for the exam

News:  Ready for the exam?                                                           



– Tensor algebra and tensor analysis (Lecture 2)
– Kinematics of deformations (Lecture 3-4)
– Mechanical conservation and balance laws (Lecture 5)
– Thermodynamics (Lecture 6)
– Constitutive relations (Lecture 7)
– Hyperelastic solids (Lecture 8-9)
– Viscoelastic solids (Lecture 10-11)
– Material parameter estimation (Lecture 12)
– Plasticity (Lecture 13-15)
– Homework set 1, 2, 3 & 4

ME 597 – Course outline - Syllabus
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Tensor algebra 
Tensor analysis

reference 
configuration

thermo-mechanical loads

KINEMATICS OF DEFORMATIONS deformed 
configuration

CONTINUOUS
MEDIA

16 unknown fields   +   5 equations

laws of nature                                       .
CONSERVATION  OF MASS

BALANCE OF LINEAR MOMENTUM
BALANCE OF ANGULAR MOMENTUM

LAWS OF THERMODYNAMICS CONSTITUTIVE 
EQUATIONS
11 equations

Empirical 
observation

continuously varying fields
(time and space averages over 
the underlying structure)
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Hyperelastic isotropic solids
Viscoelastic isotropic solids

Plastic isotropic solids
Material parameter estimation

ME 597 – Course outline - Syllabus
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Tensor algebra and analysis in Cartesian coordinates

1-order tensor (vector) 2-order tensor

Symmetric, positive-definite 2-order tensor                              ,

Introduction to tensors and vectors

- Gradient

- Divergence
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- Deformation mapping 

- Deformation gradient

- Right Cauchy-Green deformation tensor

- Left Cauchy-Green deformation tensor

- Jacobian - Nanson’s eqn.

- Lagrangian strain tensor

- Material tensors, spatial tensors, two-point tensors.

Kinematics of deformations

reference 
configuration

deformed 
configuration

CONTINUOUS
MEDIA

<latexit sha1_base64="ay6Ifj/s2soK0uLa5Rvf/OQPaFQ=">AAACGXicbVDLSsNAFJ3UV42vqEs3wbbgqiZF1I1QKojLCn1BG8tkMm2HTjJhZiKUkM9w5ae4EhTEbVf+jZM2iz48MMy5597Lvfe4ISVCWtavltvY3Nreye/qe/sHh0fG8UlLsIgj3ESMMt5xocCUBLgpiaS4E3IMfZfitju+T/PtF8wFYUFDTkLs+HAYkAFBUCqpb1wWey6jnpj46otryd1i+JAsR8+NYt8oWGVrBnOd2BkpgAz1vjHteQxFPg4kolCIrm2F0okhlwRRnOilXiRwCNEYDnFX0QD6WDjx7LLELCnFMweMqxdIc6bqCx0x9EW6nqr0oRyJ1Vwq/pfrRnJw68QkCCOJAzQfNIioKZmZ2mR6hGMk6UQRiDhRy5poBDlEUpmpKxfs1ZvXSatStq/LV0+VQrWW+ZEHZ+AcXAAb3IAqeAR10AQIvIJ38Am+tDftQ/vWfualOS3rOQVL0KZ/wa2hWQ==</latexit>

B = FF T
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Right and left polar decomposition

Kinematics of deformations

reference 
configuration

deformed 
configuration

CONTINUOUS
MEDIA

Q: How to calculate        or       ?
A: Using the spectral decomposition…

Q: How to calculate       ?       A: Using

Linear parts of kinematic fields
- Examples (for                               , i.e.,                                  ): 

[the linearization is evaluated in the undeformed configuration]

small-strain tensor
(employed in elasticity theory)
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Stress tensors

Additive decomposition of the Cauchy stress tensor

Conservation and balance laws

reference 
configuration

deformed 
configuration

CONTINUOUS
MEDIA

first Piola-Kirchhoff stress tensor

second Piola-Kirchhoff stress tensor

Cauchy stress tensor

is the hydrostatic stress or pressure

is the deviatoric part of the stress tensor
(only includes information on shear stress)



Conservation and balance laws
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reference 
configuration

deformed 
configuration

CONTINUOUS
MEDIA

Clausius-Duhem inequality

conservation of energy

balance of angular momentum

balance of linear momentum

conservation of mass  (1 equation)

(3 equations)

(1 equation)

(constraint)

(constraint)

(16 unknowns)

<latexit sha1_base64="DXQO4zKD5spjCKRVv55C3aO24W0=">AAACIHicbVDLSgMxFM34rONr1KWbYFtwVWaKVDdCqRtxVcE+oFNKJpNpQzPJkGSEMtQvceWnuBIURFzp15g+Ftp6INzDufeSc0+QMKq0635ZK6tr6xubuS17e2d3b985OGwqkUpMGlgwIdsBUoRRThqaakbaiSQoDhhpBcOrSb91T6Sigt/pUUK6MepzGlGMtJF6TqVg30BfDgS8nJaeaz8Y+JGQiDHoB4KFahSbkrXH0Kcc1sxIoefk3ZI7BVwm3pzkwRz1nvPphwKnMeEaM6RUx3MT3c2Q1BQzMraLfqpIgvAQ9UnHUI5iorrZ9MAxLBolhMaTeVzDqWr/2shQrCYuzWSM9EAt9ibif71OqqOLbkZ5kmrC8eyjKGVQCzhJC4ZUEqzZyBCEJTVmIR4gibA2mdomBW/x5mXSLJe8Sunstpyv1uZ55MAxOAGnwAPnoAquQR00AAaP4Bm8gjfryXqx3q2P2eiKNd85An9gff8AXcuhOg==</latexit>

J⇢ = ⇢0 8X 2 B0

Constitutive relations
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Constitutive relations

Constitutive relations
- Relations that describe the response of the material to mechanical and 

thermal loading, e.g.,
(11 constitutive equations)

reference 
configuration

deformed 
configuration

CONTINUOUS
MEDIA

<latexit sha1_base64="CDtZCCBFecxatT7aM+I3IIdwNEY=">AAACG3icbVBNS8MwGE79nPWr6tFLcBt4kNEOUY9DLx4nuA9Yy0jTdAtLm5qkwij7HZ78KZ4EBfEmHvw3pt0ObvOBJA/P877kfR8/YVQq2/4xVlbX1jc2S1vm9s7u3r51cNiWPBWYtDBnXHR9JAmjMWkpqhjpJoKgyGek449ucr/zSISkPL5X44R4ERrENKQYKS31Lafi+pwFchzpJ3MlHURoUjmDc/JDoXTyS1b6Vtmu2QXgMnFmpAxmaPatLzfgOI1IrDBDUvYcO1FehoSimJGJWXVTSRKER2hAeprGKCLSy4rdJrCqlQCGXOgTK1io5p+ODEUyH1NXRkgN5aKXi/95vVSFV15G4yRVJMbTj8KUQcVhHhQMqCBYsbEmCAuqh4V4iATCSsdp6hScxZ2XSbtecy5q53f1cuN6lkcJHIMTcAoccAka4BY0QQtg8ARewBt4N56NV+PD+JyWrhizniMwB+P7FzTFn4k=</latexit>

�, q, W , s

<latexit sha1_base64="VXckfXTmXE6fa3qI2dk7S4Miu4Q="></latexit>

s = s (F , T, ...)
<latexit sha1_base64="HZ2+RDLdpouRCadJyf0XDFWG6Ys="></latexit>

q = q (F , T, ...)
<latexit sha1_base64="L/QALR2nfPcoJhmGroLQM2+x9+U="></latexit>

� = �̄ (F , T, ...)

<latexit sha1_base64="nUKjcxeQoNbziFWBBrNT2TsIWNQ=">AAACF3icbVDLSgMxFM34rPU16tLNYFuooGWmiLoRioK4rNAXdErJpJk2NDMZkjtCGfoVrvwUV4KCuBVX/o2ZtgttPRByOOfe5N7jRZwpsO1vY2l5ZXVtPbOR3dza3tk19/YbSsSS0DoRXMiWhxXlLKR1YMBpK5IUBx6nTW94k/rNByoVE2ENRhHtBLgfMp8RDFrqmqf55pUrdEX6QNIcu5z6UHQ9wXtqFOgruR2f1FzJ+gM4znfNnF2yJ7AWiTMjOTRDtWt+uT1B4oCGQDhWqu3YEXQSLIERTsfZghsrGmEyxH3a1jTEAVWdZLLX2CpopWf5QuoTgjVRs786EhyodEpdGWAYqHkvFf/z2jH4l52EhVEMNCTTj/yYWyCsNCSrxyQlwEeaYCKZHtYiAywxAR1lVqfgzO+8SBrlknNeOrsv5yrXszwy6BAdoSJy0AWqoDtURXVE0CN6Rq/ozXgyXox342NaumTMeg7QHxifP9kOn60=</latexit>

W = W (F , T )
Simple elastic material
… based on the Helmholtz free energy 

entropy

heat flux

Cauchy’s stress tensor
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Constitutive relations

Coleman-Noll procedure
Using conservation of energy, the Clausius-Duhem inequality can be 
written as

Coleman and Noll made the argument that this inequality must be 
satisfied for every admissible process.

reference 
configuration

deformed 
configuration

CONTINUOUS
MEDIA

<latexit sha1_base64="P5S2fHH2bHWNv5wrVI5qk4MaiJI="></latexit>

⇢T ṡint = �⇢
h

1
⇢0

@W
@T + s

i
Ṫ +

h
�F�T � ⇢

⇢0

@W
@F

i
: Ḟ � 1

T qrT � 0

The application of the Clausius-Duhem inequality to constitutive equations 
is known as the Coleman-Noll procedure (1963)
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Constitutive relations

Constraints on constitutive relations
- Relations that describe the response of the material to mechanical and 

thermal loading, e.g.,

- Can these constitutive relations be selected arbitrarily? NO!
They must follow the following fundamental principles:
Principle of determinism, principle of local action, second law of thermodynamics 
restrictions (Clausius-Duhem inequality), principle of material frame indifference,
material symmetry.

(11 constitutive equations)

reference 
configuration

deformed 
configuration

CONTINUOUS
MEDIA

isentropic processes

isothermal processes

<latexit sha1_base64="9jw0/sdrDuAJOk0SP9or9xjSnq8="></latexit>

� = �(e) + �(v), q = 0, ⇢0u(F , s), Ṫ 6= 0 (with ṡ = 0)
<latexit sha1_base64="HKaB6vGagULLKAny4FsWJtBdjbA="></latexit>

� = �(e) + �(v), q = 0,W (F , T ), ṡ 6= 0 (with Ṫ = 0)
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Constitutive relations

Coleman-Noll procedure – Isothermal processes
- Isothermal processes, where the motion and deformation occur at such 

a low temporal rate that the temperature is uniform and constant.

reference 
configuration

deformed 
configuration

CONTINUOUS
MEDIA

<latexit sha1_base64="r2l4pglTOjXqP7m4+KxvmtNPHJA="></latexit>

�(e) ⌘ 1
J

@W
@F F T

<latexit sha1_base64="SHcW2viGIH2ocA8OP8dElpFmVJs="></latexit>

s = s (F , T ) ⌘ � 1
⇢0

@W
@T

<latexit sha1_base64="nUKjcxeQoNbziFWBBrNT2TsIWNQ=">AAACF3icbVDLSgMxFM34rPU16tLNYFuooGWmiLoRioK4rNAXdErJpJk2NDMZkjtCGfoVrvwUV4KCuBVX/o2ZtgttPRByOOfe5N7jRZwpsO1vY2l5ZXVtPbOR3dza3tk19/YbSsSS0DoRXMiWhxXlLKR1YMBpK5IUBx6nTW94k/rNByoVE2ENRhHtBLgfMp8RDFrqmqf55pUrdEX6QNIcu5z6UHQ9wXtqFOgruR2f1FzJ+gM4znfNnF2yJ7AWiTMjOTRDtWt+uT1B4oCGQDhWqu3YEXQSLIERTsfZghsrGmEyxH3a1jTEAVWdZLLX2CpopWf5QuoTgjVRs786EhyodEpdGWAYqHkvFf/z2jH4l52EhVEMNCTTj/yYWyCsNCSrxyQlwEeaYCKZHtYiAywxAR1lVqfgzO+8SBrlknNeOrsv5yrXszwy6BAdoSJy0AWqoDtURXVE0CN6Rq/ozXgyXox342NaumTMeg7QHxifP9kOn60=</latexit>

W = W (F , T )
<latexit sha1_base64="lnOFLiPzyWUZRDlOpFED0ih9cqY=">AAAB9XicbVDLSgMxFM3UVx1fVZdugm3BVZkpom6EohuXFfqCdiiZNNOGZjJjckcpQ7/DlaAgbv0YV/6NaTsLbT0QOJxzD/fm+LHgGhzn28qtrW9sbuW37Z3dvf2DwuFRS0eJoqxJIxGpjk80E1yyJnAQrBMrRkJfsLY/vp357UemNI9kAyYx80IylDzglICRvJLdG0SQNqbXjl3qF4pOxZkDrxI3I0WUod4vfJk0TUImgQqiddd1YvBSooBTwaZ2uZdoFhM6JkPWNVSSkGkvnV89xWWjDHAQKfMk4Llq/0qkJNR6EvpmMiQw0sveTPzP6yYQXHkpl3ECTNLFoiARGCI8qwAPuGIUxMQQQhU3x2I6IopQMEXZpgV3+c+rpFWtuBeV8/tqsXaT9ZFHJ+gUnSEXXaIaukN11EQUPaBn9IrerCfrxXq3PhajOSvLHKM/sD5/ABEikOY=</latexit>

Ṫ = 0

<latexit sha1_base64="V8CcTp1ZA6Ig7rou4wfTwxenYjY=">AAAB+nicbVDLSsNAFJ3UV42vqEs3g23BVUmKqMuiG5cV7APaUCbTm3boZBJmJoUS+yeuBAVx65+48m+ctllo64ELh3Punbn3BAlnSrvut1XY2Nza3inu2nv7B4dHzvFJS8WppNCkMY9lJyAKOBPQ1Exz6CQSSBRwaAfju7nfnoBULBaPepqAH5GhYCGjRBup7zhluzeIdaZmPQHYtct9p+RW3QXwOvFyUkI5Gn3nyzxA0wiEppwo1fXcRPsZkZpRDjO70ksVJISOyRC6hgoSgfKzxeozXDHKAIexNCU0Xqj2r4mMREpNo8B0RkSP1Ko3F//zuqkOb/yMiSTVIOjyozDlWMd4ngMeMAlU86khhEpmlsV0RCSh2qRlmxS81ZvXSatW9a6qlw+1Uv02z6OIztA5ukAeukZ1dI8aqIkomqBn9IrerCfrxXq3PpatBSufOUV/YH3+ANd/kmY=</latexit>

ṡ 6= 0

<latexit sha1_base64="VKMZkRa+sygb/rHklXGlbffQi0c=">AAAB+nicbVBNS8NAEJ3Urxq/oh69LLYFTyUpol6EohePFfoFbSib7bZdutmE3U2hxP4TT4KCePWfePLfuG1z0NYHA4/3ZpiZF8ScKe2631ZuY3Nreye/a+/tHxweOccnTRUlktAGiXgk2wFWlDNBG5ppTtuxpDgMOG0F4/u535pQqVgk6noaUz/EQ8EGjGBtpJ7jFO2uwAHHqI5ukWsXe07BLbsLoHXiZaQAGWo956vbj0gSUqEJx0p1PDfWfoqlZoTTmV3qJorGmIzxkHYMFTikyk8Xp89QySh9NIikKaHRQrV/TaQ4VGoaBqYzxHqkVr25+J/XSfTgxk+ZiBNNBVkuGiQc6QjNc0B9JinRfGoIJpKZYxEZYYmJNmnZJgVv9ed10qyUvavy5WOlUL3L8sjDGZzDBXhwDVV4gBo0gMAEnuEV3qwn68V6tz6WrTkrmzmFP7A+fwAwSJFU</latexit>

rT = 0

<latexit sha1_base64="pWnjB8S0YQ37Vt/nN5cw7hPcr4A="></latexit>

�̄(v) (F , T,d)

… based on the 
Helmholtz free energy 

<latexit sha1_base64="TQdcG0UICJTphxkHW6uu3SuXw0M=">AAACDXicbVDLSsNAFJ34rPFVdelmsC24sSRF1E2h6MZlhb6gCWUymbRDJ5M4MxFK6Ae48lNcCQri1g9w5d84abPQ1gvDHM45l3vv8WJGpbKsb2NldW19Y7OwZW7v7O7tFw8OOzJKBCZtHLFI9DwkCaOctBVVjPRiQVDoMdL1xjeZ3n0gQtKIt9QkJm6IhpwGFCOlqUGxVDYdL2K+nIT6S++nZt08G0OHI48h2IJ1yyxrl1W1ZgWXgZ2DEsirOSh+OX6Ek5BwhRmSsm9bsXJTJBTFjEzNipNIEiM8RkPS15CjkEg3nV0zhRXN+DCIhH5cwRlr/upIUSizdbUzRGokF7WM/E/rJyq4clPK40QRjueDgoRBFcEsGuhTQbBiEw0QFlQvC/EICYSVDtDUKdiLNy+DTq1qX1TP72qlxnWeRwEcgxNwCmxwCRrgFjRBG2DwCJ7BK3gznowX4934mFtXjLznCPwp4/MHFIuY9w==</latexit>

q = �krT = 0

<latexit sha1_base64="6GrPYqd4rJLBd5gNLZUghJM7iTw=">AAACGHicbVDLSsNAFJ3UV42vqks3g22hbkJSRN0IRTcuK9gHNLFMJpN26OTBzKRQQv7ClZ/iSlAQt7ryb5y2WdTWA8MczrmXe+9xY0aFNM0frbC2vrG5VdzWd3b39g9Kh0dtESUckxaOWMS7LhKE0ZC0JJWMdGNOUOAy0nFHt1O/MyZc0Ch8kJOYOAEahNSnGEkl9UtGRbfdiHliEqgvtQUdBCh7TGvjs0y/houememVfqlsGuYMcJVYOSmDHM1+6dv2IpwEJJSYISF6lhlLJ0VcUsxIplftRJAY4REakJ6iIQqIcNLZYRmsKsWDfsTVCyWcqfpCR4oCMd1OVQZIDsWyNxX/83qJ9K+clIZxIkmI54P8hEEZwWlK0KOcYMkmiiDMqVoW4iHiCEuVpa5SsJZvXiXtumFdGOf39XLjJs+jCE7AKagBC1yCBrgDTdACGDyBF/AG3rVn7VX70D7npQUt7zkGf6B9/QJDaJ88</latexit>

�(v) = 0If                     then the process 
is reversible, and the material 

is called hyperelastic



Coleman-Noll procedure + Frame indifference + Isotropy
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Hyperelastic solids - Isotropic

reference 
configuration

deformed 
configuration

CONTINUOUS
MEDIA

<latexit sha1_base64="dsYnJuk1veuuCqeEhnh/Nwnvz2g="></latexit>

S(e) = 2@fW (C,T )
@C

<latexit sha1_base64="qlFSWubeEZHYFsedrFPpwaiMKFI="></latexit>

�(e) = 2
JF

@fW (C,T )
@C F T

strain energy density function
(a function of the principal invariants 

of the right/left Cauchy-Green tensor)

elastic part of the stress tensor
(the viscous part is zero 

and thus, the process is reversible)

<latexit sha1_base64="2vh3qJhdH/JYWkygEps8UxaeYuM=">AAACIXicbVDLSsNAFJ3UV42vqks3wbbQbkpSxboplHajrirYB7QxTCbTdugkE2YmQgn9FFd+iitBQXQl/oyTtgttPTDM4Zx7ufceN6RESNP80lJr6xubW+ltfWd3b/8gc3jUFiziCLcQo4x3XSgwJQFuSSIp7oYcQ9+luOOOG4nfecBcEBbcyUmIbR8OAzIgCEolOZlKTr92zqp9D8tC32XUExNffXFjWlwV69OiXr25L+s53clkzZI5g7FKrAXJggWaTuaz7zEU+TiQiEIhepYZSjuGXBJE8VTP9yOBQ4jGcIh7igbQx8KOZxdOjbxSPGPAuHqBNGaq/qsjhr5IllSVPpQjsewl4n9eL5KDSzsmQRhJHKD5oEFEDcmMJC7DIxwjSSeKQMSJWtZAI8ghkirUJAVr+eZV0i6XrIvS+W05W6sv8kiDE3AKCsACFVADV6AJWgCBR/AMXsGb9qS9aO/ax7w0pS16jsEfaN8/sw6hTg==</latexit>

I3 = det(C) = det(B) = J2

<latexit sha1_base64="3fhqxg+h6HNhu05WksoOKFpen2c=">AAACLHicdVDLSsNAFJ34rPEVdekm2BbqpiRF1I1Q2o3uKtgHNCFMJpN26OTBzEQoIf/jyk9xo6Aibv0OJ20W2uqFYQ7n3Ms997gxJVwYxruysrq2vrFZ2lK3d3b39rWDwx6PEoZwF0U0YgMXckxJiLuCCIoHMcMwcCnuu5N2rvfvMeMkCu/ENMZ2AEch8QmCQlKO1qqoN46pXlkBFGMWpIJlNcuNqMengfzSdnb6v9iSYkV1tLJRN2alLwOzAGVQVMfRni0vQkmAQ4Eo5HxoGrGwU8gEQRRnatVKOI4hmsARHkoYwgBzO50dm+lVyXi6HzH5QqHPWPXHRAoDnvuTnbltvqjl5F/aMBH+pZ2SME4EDtF8kZ9QXUR6npzuEYaRoFMJIGJEmtXRGDKIhMw3T8FcvHkZ9Bp187x+dtsoN1tFHiVwDE5ADZjgAjTBNeiALkDgATyBV/CmPCovyofyOW9dUYqZI/CrlK9vS46nAQ==</latexit>

I1 = tr(C) = tr(B)
<latexit sha1_base64="K1bozmxxma/4ZwoApu9dRd0Vjms="></latexit>

I2 = 1
2 [tr(C)2 � tr(C2)] = 1

2 [tr(B)2 � tr(B2)]

DIY

<latexit sha1_base64="Bq4pF14Z+vMeI5MUO9/buieEhfc=">AAACDnicbVDLSgMxFM3UVx1fVZdugm2hgpSZKupGKLrRXQX7gM5QMmmmDc08SO4IpfQHXPkprgQFcevelX9jpu1CWw/kcjjnXm7u8WLBFVjWt5FZWl5ZXcuumxubW9s7ud29hooSSVmdRiKSLY8oJnjI6sBBsFYsGQk8wZre4Dr1mw9MKh6F9zCMmRuQXsh9TgloqZMrFMzmZdMRzIcSvu3Yx7pU0nKCHcl7fTgyC2Ynl7fK1gR4kdgzkkcz1Dq5L6cb0SRgIVBBlGrbVgzuiEjgVLCxWXQSxWJCB6TH2pqGJGDKHU3OGeOiVrrYj6R+IeCJav6aGJFAqWHg6c6AQF/Ne6n4n9dOwL9wRzyME2AhnS7yE4Ehwmk2uMsloyCGmhAquf4spn0iCQWdYJqCPX/zImlUyvZZ+fSukq9ezfLIogN0iErIRueoim5QDdURRY/oGb2iN+PJeDHejY9pa8aYzeyjPzA+fwBK5JfO</latexit>

W = W (I1, I2, I3)
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Coleman-Noll procedure + Frame indifference + Isotropy
<latexit sha1_base64="Bq4pF14Z+vMeI5MUO9/buieEhfc=">AAACDnicbVDLSgMxFM3UVx1fVZdugm2hgpSZKupGKLrRXQX7gM5QMmmmDc08SO4IpfQHXPkprgQFcevelX9jpu1CWw/kcjjnXm7u8WLBFVjWt5FZWl5ZXcuumxubW9s7ud29hooSSVmdRiKSLY8oJnjI6sBBsFYsGQk8wZre4Dr1mw9MKh6F9zCMmRuQXsh9TgloqZMrFMzmZdMRzIcSvu3Yx7pU0nKCHcl7fTgyC2Ynl7fK1gR4kdgzkkcz1Dq5L6cb0SRgIVBBlGrbVgzuiEjgVLCxWXQSxWJCB6TH2pqGJGDKHU3OGeOiVrrYj6R+IeCJav6aGJFAqWHg6c6AQF/Ne6n4n9dOwL9wRzyME2AhnS7yE4Ehwmk2uMsloyCGmhAquf4spn0iCQWdYJqCPX/zImlUyvZZ+fSukq9ezfLIogN0iErIRueoim5QDdURRY/oGb2iN+PJeDHejY9pa8aYzeyjPzA+fwBK5JfO</latexit>

W = W (I1, I2, I3)

<latexit sha1_base64="pMJZH4cIRohMtWL1F1aXQ306Fl0="></latexit>

� = 2

I1/2
3

⇥
I3W,I3I + (W,I1 + I1W,I2)B �W,I2B

2⇤

<latexit sha1_base64="juE2dINsO7ZgwD6XcoG0yaaaN8o="></latexit>

S = 2
⇥
(W,I1 + I1W,I2)I �W,I2C + I3W,I3C

�1⇤

Hyperelastic solids - Isotropic

<latexit sha1_base64="kYGz0q7xY6p8J4AcJJjT4U2nD2E="></latexit>

S = 2
P3

i=1
@W (I1,I2,I3)

@Ii
@Ii
@C

<latexit sha1_base64="XIPkaLhaI31lUogDlDe8ySS+DD4=">AAACK3icbVDLSsNAFJ34rPEVdelmsC24KkkRdSNUu7G7CvYBTSiT6aQdOnkwMxFKyPe48lNcFRTFrf/hpA1YWw8Mc+6593LvPW7EqJCm+aGtrW9sbm0XdvTdvf2DQ+PouC3CmGPSwiELeddFgjAakJakkpFuxAnyXUY67rie5TtPhAsaBo9yEhHHR8OAehQjqaS+cVvSbY8jnNgR4pIiBht9K/2NbDdkAzHx1ZfU01S/0ReVRqqX+kbRrJgzwFVi5aQIcjT7xtQehDj2SSAxQ0L0LDOSTpINxIyketmOBYkQHqMh6SkaIJ8IJ5ndmsKyUgbQC7l6gYQzVV/oSJAvsu1UpY/kSCznMvG/XC+W3rWT0CCKJQnwfJAXMyhDmBkHB5QTLNlEEYQ5VctCPELKOqns1ZUL1vLNq6RdrViXlYuHarF2l/tRAKfgDJwDC1yBGrgHTdACGDyDV/AG3rUXbap9al/z0jUt7zkBf6B9/wCn1adJ</latexit>

@I1
@C = I

<latexit sha1_base64="s5O90lawrI9XAw6MfHdkiCH1X7o="></latexit>

@I2
@C = I1I �C

<latexit sha1_base64="q6xMRYHVZmDEjgy4axncPGZXM6I="></latexit>

@I3
@C = I3C

�1

<latexit sha1_base64="FU4XEFs6KZv1pr5dhRqjzWC5lvw=">AAACIHicbZDJSgNBEIZ74hbHbdSjl8YkEEHCTJToRQh68RjBLJAJoafTkzTpWeiuEULIm3jyUTwJCiKe9GnsLLgk/tDw8VcV1fV7seAKbPvDSC0tr6yupdfNjc2t7R1rd6+mokRSVqWRiGTDI4oJHrIqcBCsEUtGAk+wute/Gtfrd0wqHoW3MIhZKyDdkPucEtBW2yplzfpF3RXMhzx2hR7skLZz/I3FHzzBruTdHhyZWbNtZeyCPRFeBGcGGTRTpW29u52IJgELgQqiVNOxY2gNiQROBRuZOTdRLCa0T7qsqTEkAVOt4eTAEc5pp4P9SOoXAp645q+JIQmUGgSe7gwI9NR8bWz+V2sm4J+3hjyME2AhnS7yE4EhwuO0cIdLRkEMNBAquf4spj0iCQWd6TgFZ/7mRagVC06pcHpTzJQvZ3mk0QE6RHnkoDNURteogqqIonv0iJ7Ri/FgPBmvxtu0NWXMZvbRHxmfXzYsn94=</latexit>

W = W (�1,�2,�3)

The right and left stretch tensors have the same principal stretches (eigenvalues).

<latexit sha1_base64="pFmeDl2+X1bKqozB6vhnznN1KPE="></latexit>

⇤C
↵ = ⇤U

↵ = N↵ ↵ = {1, 2, 3}
<latexit sha1_base64="+zJIZoAeTKsbFvyQf3Qzvt9+eL0="></latexit>

UN↵ = �↵N↵ ↵ = {1, 2, 3}
<latexit sha1_base64="6DmtelyvZBhMu9FnnD/dqU+V5ng="></latexit>

CN↵ = �2
↵N↵ ↵ = {1, 2, 3}

<latexit sha1_base64="MyPvZHVNFMMRUdlAb2kKRos5ilM=">AAACDXicbVDLSgMxFM34rOOr6tJNsC24KjNF1I1QdONKKtgHdIaSyaRtaCYZkoxQxn6AKz/FlaAgbv0AV/6NmXYW2noh5HDOudx7TxAzqrTjfFtLyyura+uFDXtza3tnt7i331IikZg0sWBCdgKkCKOcNDXVjHRiSVAUMNIORleZ3r4nUlHB7/Q4Jn6EBpz2KUbaUL1iqWx7D9ALBAvVODJfejPpeYjFQwSNcAFdu2xcTtWZFlwEbg5KIK9Gr/jlhQInEeEaM6RU13Vi7adIaooZmdgVL1EkRniEBqRrIEcRUX46vWYCK4YJYV9I87iGU9b+1ZGiSGW7GmeE9FDNaxn5n9ZNdP/cTymPE004ng3qJwxqAbNoYEglwZqNDUBYUrMsxEMkEdYmQNuk4M7fvAhatap7Wj25rZXql3keBXAIjsAxcMEZqINr0ABNgMEjeAav4M16sl6sd+tjZl2y8p4D8Keszx9mqpnP</latexit>

kN↵k = 1

<latexit sha1_base64="Znc6IlDggmgmLudSbJryCSJiUXE="></latexit>

@�↵
@C = 1

2�↵
N↵ ⌦N↵ ↵ = {1, 2, 3}

Principal directions (eigenvectors).
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Strain energy density function
Isotropic hyperelastic solids.

Anisotropic elastic solids. Saint Venant materials.

Blatz-Ko materials (hyperelastic solid)

Moony-Rivlin materials (incompressible)

Neo-Hookean materials (incompressible)

<latexit sha1_base64="s5HxjiaNm55bUQKTBOtidFHtx5I="></latexit>

W (�1,�2,�3) =
PN

p=1
µp

↵p

�
�
↵p

1 + �
↵p

2 + �
↵p

3 � 3
�

Ogden model (compressible/incompressible)

<latexit sha1_base64="xSkQGRc9QPnx8uY3GO635n7Pp4w="></latexit>

S = @W̌ (E)
@E = C : E

<latexit sha1_base64="oFAbnn2pQw5zIaTmI2uVZltRrGA=">AAACBHicbVDLSsNAFJ3UV42vqDvdDLaFFrQkVdSNUHRjdxXsA9oQJtNpO3QyCTMToYSCKz/FlaAgbv0JV/6NSZuFth64cOace5l7jxswKpVpfmuZpeWV1bXsur6xubW9Y+zuNaUfCkwa2Ge+aLtIEkY5aSiqGGkHgiDPZaTljm4Sv/VAhKQ+v1fjgNgeGnDapxipWHKMg7zeKtYc67jmVEpX2LGSx8lpSc/rjpEzy+YUcJFYKcmBFHXH+Or2fBx6hCvMkJQdywyUHSGhKGZkohe6oSQBwiM0IJ2YcuQRaUfTIyawECs92PdFXFzBqar/moiQJ+XYc+NOD6mhnPcS8T+vE6r+pR1RHoSKcDz7qB8yqHyYJAJ7VBCs2DgmCAsaLwvxEAmEVZxbkoI1f/MiaVbK1nn57K6Sq16neWTBITgCRWCBC1AFt6AOGgCDR/AMXsGb9qS9aO/ax6w1o6Uz++APtM8fkBaTiA==</latexit>

W (I1, I2) = c1(I1 � 3)
<latexit sha1_base64="xCGikab+ieCeGH3j0DeFeNKHDEk=">AAACD3icbZDLSsNAFIYn9VbjLerSTbAttKgliaJuhKIbu6tgL9CGMJlO2qGTCzMToYQ+gSsfxZWgIG5du/JtnLRZaOsPA9/85xxmzu9GlHBhGN9Kbml5ZXUtv65ubG5t72i7ey0exgzhJgppyDou5JiSADcFERR3Ioah71Lcdkc3ab39gBknYXAvxhG2fTgIiEcQFNJytFJRbZfrjnlcd6zKFXLM9HJyWjlCjiXRkqgWVUcrGFVjKn0RzAwKIFPD0b56/RDFPg4EopDzrmlEwk4gEwRRPFFLvZjjCKIRHOCuxAD6mNvJdJ+JXpJOX/dCJk8g9Kmr/ppIoM/52Hdlpw/FkM/XUvO/WjcW3qWdkCCKBQ7Q7CEvproI9TQcvU8YRoKOJUDEiPysjoaQQSRkhGkK5vzOi9CyquZ59ezOKtSuszzy4AAcgjIwwQWogVvQAE2AwCN4Bq/gTXlSXpR35WPWmlOymX3wR8rnD4jAlqA=</latexit>

W (I1, I2) = c1(I1 � 3) + c2(I2 � 3)

Hyperelastic solids - Isotropic (and anisotropic)

Question: how is the pressure determined? The undetermined part of the pressure is
introduced as a Lagrange multiplier and it is determined from boundary conditions

Note: incompressibility is an internal constraint (or kinematic constraint) of the material

<latexit sha1_base64="qpiPKnWs7rlLbfd/V1+7FatlVoA="></latexit>

� = 2
JF

@fW (C,T )
@C F T � c0I

<latexit sha1_base64="/GEpvRH1M1dA4elpHwNH14Z8wXA=">AAACDHicbZDLSsNAFIYn9VbjLerSzdALuKpJFXUjFN24rGAv0IYwmUzaoZMLMxOhhO5d+SiuBAVx6wu48m2ctClo6w8DH/85hzPnd2NGhTTNb62wsrq2vlHc1Le2d3b3jP2DtogSjkkLRyziXRcJwmhIWpJKRroxJyhwGem4o5us3nkgXNAovJfjmNgBGoTUpxhJZTlGqaL3mWr3kHN6ZZ3M2ZpDvaI7RtmsmVPBZbByKINcTcf46nsRTgISSsyQED3LjKWdIi4pZmSiV/uJIDHCIzQgPYUhCoiw0+kxE1hVjgf9iKsXSjh19V8TKQqEGAeu6gyQHIrFWmb+V+sl0r+0UxrGiSQhni3yEwZlBLNkoEc5wZKNFSDMqfosxEPEEZYqvywFa/HmZWjXa9Z57eyuXm5c53kUwREogWNggQvQALegCVoAg0fwDF7Bm/akvWjv2sestaDlM4fgj7TPHxeSmRQ=</latexit>

�3 = 1/�1�2with                    or
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Materials with memory

Internal variable, evolution equation, small strains
- The memory or path-dependency of a material can be represented through an 

array of internal variables (scalars and second-order tensors)

The presence of additional variables in the constitutive laws requires additional 
constitutive equations, namely evolution equations. The hypothesis is that the 
rate of evolution of the internal variables is also determined from the local state.

Examples:
- viscoelasticity, i.e., time- and rate-dependent reversible behavior (the stress–strain 

relation depends on the loading rate); internal variables, e.g., the inelastic strain.
- plasticity, i.e., history-dependent irreversible behavior (the stress–strain relation 

depends on the loading history); internal variables, e.g., plastic strain, accumulated 
plastic strain.

- viscoplasticity, i.e., history- and time-dependent irreversible behavior. 
- damage, i.e., irreversible degradation of the elastic stiffness with loading; internal 

variable is a damage parameter, e.g., a scalar measure.

<latexit sha1_base64="RZlYHelkKC3NaghyM2C2S46R2Do="></latexit>

�(✏, T, ✏t) ⌘
⇢

�(✏, T, ⇠)
⇠̇↵ = g↵(�, T, ⇠) evolution equations
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Materials with memory: Viscoelastic solids

<latexit sha1_base64="W2EqnYZGlUed4H6oj3Tcv2hLdM8="></latexit>

✏̇(i) = 1
⌘1
� � E1

⌘1
✏(i)

<latexit sha1_base64="oI2FcLyJP42mbcTMDw8RUzYV4dA=">AAAB9nicbVBNS8NAEJ3Urxq/qh69BNuCp5oUUY9FETxWsB/QxrLZbtqlu5uwuxFL6P/wJCiIV/+LJ/+N2zYHbX0w8Hhvhpl5Qcyo0q77beVWVtfWN/Kb9tb2zu5eYf+gqaJEYtLAEYtkO0CKMCpIQ1PNSDuWBPGAkVYwup76rUciFY3EvR7HxOdoIGhIMdJGeijZXUUHHJ3e9Fy71CsU3Yo7g7NMvIwUIUO9V/jq9iOccCI0ZkipjufG2k+R1BQzMrHL3USRGOERGpCOoQJxovx0dvbEKRul74SRNCW0M1PtXxMp4kqNeWA6OdJDtehNxf+8TqLDSz+lIk40EXi+KEyYoyNnmoHTp5JgzcaGICypOdbBQyQR1iYp26TgLf68TJrVindeOburFmtXWR55OIJjOAEPLqAGt1CHBmCQ8Ayv8GY9WS/Wu/Uxb81Z2cwh/IH1+QNXeJEE</latexit>

�/
E0

<latexit sha1_base64="MUGHZ8A0V4gFO7l1zYp9Ht9EoHE=">AAACAXicbVDLSsNAFJ3UV42vqAsXboJtoSLUpIi6LIrgsoJ9QBvCZDpph85MwsxEKKErP8WVoCBu/QxX/o2TNgutHriXwzn3MnNPEFMileN8GYWl5ZXVteK6ubG5tb1j7e61ZZQIhFsoopHoBlBiSjhuKaIo7sYCQxZQ3AnG15nfecBCkojfq0mMPQaHnIQEQaUl3zoom31JhgxW3dMb3znJuntsln2r5NScGey/xM1JCeRo+tZnfxChhGGuEIVS9lwnVl4KhSKI4qlZ6ScSxxCN4RD3NOWQYemlswumdkUrAzuMhC6u7Jlq/thIIZNywgI9yaAayUUvE//zeokKL72U8DhRmKP5Q2FCbRXZWRz2gAiMFJ1oApEg+rM2GkEBkdKhmToFd/Hmv6Rdr7nntbO7eqlxledRBIfgCFSBCy5AA9yCJmgBBKbgCbyAV+PReDbejPf5aMHId/bBLxgf3yTwk3E=</latexit>

�(
1/
E0

+
1/
E1
)

<latexit sha1_base64="VuJNFK7nCNO6eE3cI2EEuFQ2Ok0=">AAAB/XicbVDLSsNAFJ34rPEV7dJNsC24qkkRdSMURXBZwT6gCWEynbRDJw9mboQQip/iSlAQt36IK//GaZuFth64cDjnXu69x084k2BZ39rK6tr6xmZpS9/e2d3bNw4OOzJOBaFtEvNY9HwsKWcRbQMDTnuJoDj0Oe3645up332kQrI4eoAsoW6IhxELGMGgJM8oV3UHcHrlUMCefXrr2XrVMypW3ZrBXCZ2QSqoQMszvpxBTNKQRkA4lrJvWwm4ORbACKcTveakkiaYjPGQ9hWNcEilm8+un5g1pQzMIBaqIjBnqv5rIsehlFnoq84Qw0guelPxP6+fQnDp5ixKUqARmS8KUm5CbE6jMAdMUAI8UwQTwdSxJhlhgQmowHSVgr348zLpNOr2ef3svlFpXhd5lNAROkYnyEYXqInuUAu1EUEZekav6E170l60d+1j3rqiFTNl9Afa5w8WWJME</latexit>

⌧ = ⌘1/E1

St
ra

in

Time

<latexit sha1_base64="j8EI06ecQzxYeiCsmspIim7Z2QU="></latexit>

✏ = �
h

1
E0

+ 1�e�t/⌧

E1

i

From equilibrium and compatibility:
<latexit sha1_base64="8uh963shgOVCAb0gGqg8vajbGw8=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LLYFTyUpRT0WRfBYwX5AG8pmu2mXbjZhdyOU0D/hSVAQr/4dT/4bN20O2vpg4PHeDDPz/JgzpR3n2ypsbG5t7xR37b39g8Oj0vFJR0WJJLRNIh7Jno8V5UzQtmaa014sKQ59Trv+9Dbzu09UKhaJRz2LqRfisWABI1gbqVex74auXbGHpbJTcxZA68TNSRlytIalr8EoIklIhSYcK9V3nVh7KZaaEU7ndnWQKBpjMsVj2jdU4JAqL10cPEdVo4xQEElTQqOFav+aSHGo1Cz0TWeI9UStepn4n9dPdHDtpUzEiaaCLBcFCUc6Qtn3aMQkJZrPDMFEMnMsIhMsMdEmoywFd/XnddKp19zLWuOhXm7e5HkU4QzO4QJcuIIm3EML2kCAwzO8wpslrRfr3fpYthasfOYU/sD6/AF9co43</latexit>

E1

<latexit sha1_base64="i8m1qrfq4WB0aMBk/U64FVXBW40=">AAAB83icbVBNS8NAEN3Urxq/qh69BNuCp5IUUY9FLx4r2A9IQ9lsJ+3SzW7Y3Qgl9Gd4EhTEq7/Gk//GTZuDtj4YeLw3w8y8MGFUadf9tkobm1vbO+Vde2//4PCocnzSVSKVBDpEMCH7IVbAKIeOpppBP5GA45BBL5ze5X7vCaSigj/qWQJBjMecRpRgbSS/Zg9A46Fn1+xhpeo23AWcdeIVpIoKtIeVr8FIkDQGrgnDSvmem+ggw1JTwmBu1wepggSTKR6DbyjHMaggW9w8d+pGGTmRkKa4dhaq/Wsiw7FSszg0nTHWE7Xq5eJ/np/q6CbIKE9SDZwsF0Upc7Rw8gCcEZVANJsZgomk5liHTLDERJuY8hS81Z/XSbfZ8K4alw/Nauu2yKOMztA5ukAeukYtdI/aqIMIEugZvaI3K7VerHfrY9lasoqZU/QH1ucP9fWPpg==</latexit>⌘1

<latexit sha1_base64="UPtsET98WCMuWsxeORAflDRHD8c=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LLYFTyUpRT0WRfBYwX5AG8pmu2mXbjZhdyOU0D/hSVAQr/4dT/4bN20O2vpg4PHeDDPz/JgzpR3n2ypsbG5t7xR37b39g8Oj0vFJR0WJJLRNIh7Jno8V5UzQtmaa014sKQ59Trv+9Dbzu09UKhaJRz2LqRfisWABI1gbqVex74aOXbGHpbJTcxZA68TNSRlytIalr8EoIklIhSYcK9V3nVh7KZaaEU7ndnWQKBpjMsVj2jdU4JAqL10cPEdVo4xQEElTQqOFav+aSHGo1Cz0TWeI9UStepn4n9dPdHDtpUzEiaaCLBcFCUc6Qtn3aMQkJZrPDMFEMnMsIhMsMdEmoywFd/XnddKp19zLWuOhXm7e5HkU4QzO4QJcuIIm3EML2kCAwzO8wpslrRfr3fpYthasfOYU/sD6/AF76o42</latexit>

E0<latexit sha1_base64="UUg/52LYLNGDSNQKrEKU50FrEUM=">AAACFnicbZDLSgMxFIYz9VbHW9Wlm8G20KKUmSLqRii6cVnB2kI7lkx6pg3NZIYkI5ShL+HKR3ElKIhbwZVvY3pBausPgS//OYfk/F7EqFS2/W2klpZXVtfS6+bG5tb2TmZ3706GsSBQIyELRcPDEhjlUFNUMWhEAnDgMah7/atRvf4AQtKQ36pBBG6Au5z6lGClrXbmOGe2IJKUhdy8+MX7pADF4dHMlRaHZq6dydoleyxrEZwpZNFU1Xbmq9UJSRwAV4RhKZuOHSk3wUJRwmBo5luxhAiTPu5CUyPHAUg3Ga81tPLa6Vh+KPThyhq75sxEggMpB4GnOwOsenK+NjL/qzVj5Z+7CeVRrICTyUN+zCwVWqOMrA4VQBQbaMBEUP1Zi/SwwETpJE2dgjO/8yLclUvOaenkppytXE7zSKMDdIgKyEFnqIKuURXVEEGP6Bm9ojfjyXgx3o2PSWvKmM7soz8yPn8ASqKdiw==</latexit>

✏ = ✏(e) + ✏(i)
<latexit sha1_base64="ou6sirbi5rHf6dSII6ctUC1ReZk=">AAACB3icbVDLSgNBEJyNr7i+Vj2KMJgE4iXsBlEvQlAEjxHMA5IYZiedZMjs7DIzK4QlJ09+iidBQbz6DZ78GyePgyYWNBRV3XR3+RFnSrvut5VaWl5ZXUuv2xubW9s7zu5eVYWxpFChIQ9l3ScKOBNQ0UxzqEcSSOBzqPmDq7FfewCpWCju9DCCVkB6gnUZJdpIbecwazcV6wXk4rrt4iZEivFQ3Cd5OB7Z2baTcQvuBHiReDOSQTOU285XsxPSOAChKSdKNTw30q2ESM0oh5Gda8YKIkIHpAcNQwUJQLWSyR8jnDNKB3dDaUpoPFHtXxMJCZQaBr7pDIjuq3lvLP7nNWLdPW8lTESxBkGni7oxxzrE41Bwh0mgmg8NIVQycyymfSIJ1SY626Tgzf+8SKrFgndaOLktZkqXszzS6AAdoTzy0BkqoRtURhVE0SN6Rq/ozXqyXqx362PamrJmM/voD6zPH9nll1s=</latexit>

� = E0✏(e)
<latexit sha1_base64="3HZd4zGri3D+dlWVnYrkkH/7+VI=">AAACJXicbZDLSgMxFIYz9VbHW9Wlm2BbqAhlpogKIhRFcFnBXqCtJZOmbWgmMyRnhDL0YVz5KK4ERRFc+SqmF0FbDwR+vv+cJOf3QsE1OM6nlVhYXFpeSa7aa+sbm1up7Z2KDiJFWZkGIlA1j2gmuGRl4CBYLVSM+J5gVa9/OfKr90xpHshbGISs6ZOu5B1OCRjUSp1l7IbmXZ+cX7Vc3GCh5iKQd3GOHwzxoQFARrwdQPxjDieunWml0k7eGReeF+5UpNG0Sq3Um7mIRj6TQAXRuu46ITRjooBTwYZ2thFpFhLaJ11WN1ISn+lmPN5yiLOGtHEnUOZIwGNq/5qIia/1wPdMp0+gp2e9EfzPq0fQOW3GXIYRMEknD3UigSHAo8hwmytGQQyMIFRx81lMe0QRCiZY26Tgzu48LyqFvHucP7oppIsX0zySaA/toxxy0QkqomtUQmVE0QN6Qi/o1Xq0nq1362PSmrCmM7voT1lf3zz6oz4=</latexit>

� = E1✏(i) + ⌘1✏̇(i)
<latexit sha1_base64="vDeH7c3H1OXteFiY4DE8+jAv87s=">AAAB/HicbVBNS8NAEN3Urxq/Yj16CbaFeilJEfVY9OKxgv2ANpbNdtIu3WzC7kYsof4UT4KCePWPePLfuG1z0NYHA4/3ZpiZ58eMSuU430ZubX1jcyu/be7s7u0fWIeFlowSQaBJIhaJjo8lMMqhqahi0IkF4NBn0PbH1zO//QBC0ojfqUkMXoiHnAaUYKWlvlUomT2IJWURv08rcDo1S32r6FSdOexV4makiDI0+tZXbxCRJASuCMNSdl0nVl6KhaKEwdQs9xIJMSZjPISuphyHIL10fvzULmtlYAeR0MWVPVfNXxMpDqWchL7uDLEayWVvJv7ndRMVXHop5XGigJPFoiBhtorsWRL2gAogik00wURQfaxNRlhgonRepk7BXf55lbRqVfe8enZbK9avsjzy6BidoApy0QWqoxvUQE1E0CN6Rq/ozXgyXox342PRmjOymSP0B8bnD3Cck08=</latexit>

✏(e)
<latexit sha1_base64="H+7Y5hBtPwcSPrseOEmJpAxnwD0=">AAAB/HicbVDLSgMxFM3UVx1fY126CbaFuikzRdRl0Y3LCvYB7VgyaaYNzSRDkhHLUD/FlaAgbv0RV/6NaTsLbT1w4XDOvdx7TxAzqrTrflu5tfWNza38tr2zu7d/4BwWWkokEpMmFkzIToAUYZSTpqaakU4sCYoCRtrB+Hrmtx+IVFTwOz2JiR+hIachxUgbqe8USnaPxIoywe/TCj2d2qW+U3Sr7hxwlXgZKYIMjb7z1RsInESEa8yQUl3PjbWfIqkpZmRql3uJIjHCYzQkXUM5iojy0/nxU1g2ygCGQpriGs5V+9dEiiKlJlFgOiOkR2rZm4n/ed1Eh5d+SnmcaMLxYlGYMKgFnCUBB1QSrNnEEIQlNcdCPEISYW3ysk0K3vLPq6RVq3rn1bPbWrF+leWRB8fgBFSABy5AHdyABmgCDB7BM3gFb9aT9WK9Wx+L1pyVzRyBP7A+fwB2wJNT</latexit>

✏(i)

<latexit sha1_base64="0Ef+GZ+rx8R8laoYm/i7SAamC1o=">AAAB8nicbVBNSwMxEM36WdevqkcvwbbgqewWUY9FLx4r2A9sl5JNs21okl2SWaEs/ReeBAXx6r/x5L8xbfegrQ8GHu/NMDMvTAQ34Hnfztr6xubWdmHH3d3bPzgsHh23TJxqypo0FrHuhMQwwRVrAgfBOolmRIaCtcPx7cxvPzFteKweYJKwQJKh4hGnBKz0WHZ7hg8lccv9YsmrenPgVeLnpIRyNPrFr94gpqlkCqggxnR9L4EgIxo4FWzqVnqpYQmhYzJkXUsVkcwE2fzkKa5YZYCjWNtSgOeq+2siI9KYiQxtpyQwMsveTPzP66YQXQcZV0kKTNHFoigVGGI8+x8PuGYUxMQSQjW3x2I6IppQsCm5NgV/+edV0qpV/cvqxX2tVL/J8yigU3SGzpGPrlAd3aEGaiKKFHpGr+jNAefFeXc+Fq1rTj5zgv7A+fwBK/uP2Q==</latexit>�<latexit sha1_base64="0Ef+GZ+rx8R8laoYm/i7SAamC1o=">AAAB8nicbVBNSwMxEM36WdevqkcvwbbgqewWUY9FLx4r2A9sl5JNs21okl2SWaEs/ReeBAXx6r/x5L8xbfegrQ8GHu/NMDMvTAQ34Hnfztr6xubWdmHH3d3bPzgsHh23TJxqypo0FrHuhMQwwRVrAgfBOolmRIaCtcPx7cxvPzFteKweYJKwQJKh4hGnBKz0WHZ7hg8lccv9YsmrenPgVeLnpIRyNPrFr94gpqlkCqggxnR9L4EgIxo4FWzqVnqpYQmhYzJkXUsVkcwE2fzkKa5YZYCjWNtSgOeq+2siI9KYiQxtpyQwMsveTPzP66YQXQcZV0kKTNHFoigVGGI8+x8PuGYUxMQSQjW3x2I6IppQsCm5NgV/+edV0qpV/cvqxX2tVL/J8yigU3SGzpGPrlAd3aEGaiKKFHpGr+jNAefFeXc+Fq1rTj5zgv7A+fwBK/uP2Q==</latexit>�

<latexit sha1_base64="DttwOLCXi/hFD+IKMnUr+Wsz7rk="></latexit>

✏̇(i) = E0
⌘1

(✏� ✏(i))� E1
⌘1

✏(i)

St
re

ss

Time

<latexit sha1_base64="E50J+w5TlGyszhmefTZwQywHO3Y=">AAAB+nicbVBNS8NAEN34WeNX1KOXxbbgqSRF1GNRBI8V7Ae0IWy203bpZhN2N4US+088CQri1X/iyX/jts1BWx8MPN6bYWZemHCmtOt+W2vrG5tb24Ude3dv/+DQOTpuqjiVFBo05rFsh0QBZwIammkO7UQCiUIOrXB0O/NbY5CKxeJRTxLwIzIQrM8o0UYKHKdk3wUu7kKiGI+FXQqcoltx58CrxMtJEeWoB85XtxfTNAKhKSdKdTw30X5GpGaUw9Qud1MFCaEjMoCOoYJEoPxsfvoUl43Sw/1YmhIaz1X710RGIqUmUWg6I6KHatmbif95nVT3r/2MiSTVIOhiUT/lWMd4lgPuMQlU84khhEpmjsV0SCSh2qRlmxS85Z9XSbNa8S4rFw/VYu0mz6OATtEZOkceukI1dI/qqIEoGqNn9IrerCfrxXq3Phata1Y+c4L+wPr8AWpgkiM=</latexit>

E0
✏

<latexit sha1_base64="gPOZHZMWbvpuMrMKvR/R8UL/TcI=">AAACA3icbVDJSgNBEO2JWxy3qCfx0pgEIkKcCaJehKAEPEYwC2SGoafTSZr0LHTXCCEET36KJ0FBvPoVnvwbO8tBEx8UPN6roqqeHwuuwLK+jdTS8srqWnrd3Njc2t7J7O7VVZRIymo0EpFs+kQxwUNWAw6CNWPJSOAL1vD7N2O/8cCk4lF4D4OYuQHphrzDKQEteZmDnOkASa4cBsSzTwsVzzqpePaxmfMyWatoTYAXiT0jWTRD1ct8Oe2IJgELgQqiVMu2YnCHRAKngo3MvJMoFhPaJ13W0jQkAVPucPLDCOe10sadSOoKAU9U89fEkARKDQJfdwYEemreG4v/ea0EOpfukIdxAiyk00WdRGCI8DgQ3OaSURADTQiVXB+LaY9IQkHHZuoU7PmfF0m9VLTPi2d3pWz5epZHGh2iI1RANrpAZXSLqqiGKHpEz+gVvRlPxovxbnxMW1PGbGYf/YHx+QMY9ZSQ</latexit>

⌧ = ⌘1/(E0 + E1)

<latexit sha1_base64="dbecqwqK4MsKWMDHAAKgjfe7wFk="></latexit>

� = E0✏
h
1� E0

E0+E1
(1� e�t/⌧ )

i

<latexit sha1_base64="m66kJRMedv2EVY3BfgKukGOIIMo=">AAACBHicbVDLSsNAFJ3UV42vqDvdDLaFitAmRdRlUQSXFewD2hAm02k7dDIJMxOhhIIrP8WVoCBu/QlX/o2TNgutHriXwzn3MnOPHzEqlW1/Gbml5ZXVtfy6ubG5tb1j7e61ZBgLTJo4ZKHo+EgSRjlpKqoY6USCoMBnpO2Pr1K/fU+EpCG/U5OIuAEacjqgGCktedZB0eyRSFIW8mrZqV579knanWOz6FkFu2LPAP8SJyMFkKHhWZ+9fojjgHCFGZKy69iRchMkFMWMTM1SL5YkQniMhqSrKUcBkW4yO2IKS1rpw0EodHEFZ6r5YyNBgZSTwNeTAVIjueil4n9eN1aDCzehPIoV4Xj+0CBmUIUwTQT2qSBYsYkmCAuqPwvxCAmElc7N1Ck4izf/Ja1axTmrnN7WCvXLLI88OARHoAwccA7q4AY0QBNg8ACewAt4NR6NZ+PNeJ+P5oxsZx/8gvHxDVe2lKc=</latexit>

✏/
(1
/E

0
+
1/
E1
)

Relaxation process (at constant strain)Creep process (at constant stress)

Example of viscoelastic solid: Standard solid model
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Materials with memory: Viscoelastic solids

Internal variable, evolution equation, small strains
- The memory or path-dependency of a material can be represented through an 

array of internal variables (scalars and second-order tensors)

The presence of additional variables in the constitutive laws requires additional 
constitutive equations, namely evolution equations. The hypothesis is that the 
rate of evolution of the internal variables is also determined from the local state.

- Example: standard solid model

<latexit sha1_base64="RZlYHelkKC3NaghyM2C2S46R2Do="></latexit>

�(✏, T, ✏t) ⌘
⇢

�(✏, T, ⇠)
⇠̇↵ = g↵(�, T, ⇠) evolution equations

evolution equation (kinetic equation)

internal variable
<latexit sha1_base64="AzNptmvk/nQ3wDExbV7CSaDF5J0=">AAACA3icbVDLSsNAFJ3UV42vqCtxM9gW6qYkRdSNUHTjsoJ9QBPDZDpph04mYWYillBc+SmuBAVx61e48m9M2iy09cCFwzn3cu89XsSoVKb5rRWWlldW14rr+sbm1vaOsbvXlmEsMGnhkIWi6yFJGOWkpahipBsJggKPkY43usr8zj0Rkob8Vo0j4gRowKlPMVKp5BoHZd1+oK51YZNIUhbyu6RKjyd6WXeNklkzp4CLxMpJCeRousaX3Q9xHBCuMENS9iwzUk6ChKKYkYlesWNJIoRHaEB6KeUoINJJpj9MYCVV+tAPRVpcwamq/5pIUCDlOPDSzgCpoZz3MvE/rxcr/9xJKI9iRTieLfJjBlUIs0BgnwqCFRunBGFB02MhHiKBsEpjy1Kw5n9eJO16zTqtndzUS43LPI8iOARHoAoscAYa4Bo0QQtg8AiewSt40560F+1d+5i1FrR8Zh/8gfb5A9Lqla0=</latexit>

⇠1 = ✏(i)

<latexit sha1_base64="9IgFsPAn1g8zazlWCqha+ASSob8="></latexit>

✏̇(i) = g1(�, ⇠1) =
1
⌘1
� � E1

⌘1
✏(i)

<latexit sha1_base64="s11bSUu1Xdjq0cMNUNYlSb+dY5Y="></latexit>

✏̇(i) = g1(✏, ⇠1) =
E0
⌘1

(✏� ✏(i))� E1
⌘1

✏(i) (an evolution equation in terms 
of strain is not always possible)

<latexit sha1_base64="8uh963shgOVCAb0gGqg8vajbGw8=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LLYFTyUpRT0WRfBYwX5AG8pmu2mXbjZhdyOU0D/hSVAQr/4dT/4bN20O2vpg4PHeDDPz/JgzpR3n2ypsbG5t7xR37b39g8Oj0vFJR0WJJLRNIh7Jno8V5UzQtmaa014sKQ59Trv+9Dbzu09UKhaJRz2LqRfisWABI1gbqVex74auXbGHpbJTcxZA68TNSRlytIalr8EoIklIhSYcK9V3nVh7KZaaEU7ndnWQKBpjMsVj2jdU4JAqL10cPEdVo4xQEElTQqOFav+aSHGo1Cz0TWeI9UStepn4n9dPdHDtpUzEiaaCLBcFCUc6Qtn3aMQkJZrPDMFEMnMsIhMsMdEmoywFd/XnddKp19zLWuOhXm7e5HkU4QzO4QJcuIIm3EML2kCAwzO8wpslrRfr3fpYthasfOYU/sD6/AF9co43</latexit>

E1

<latexit sha1_base64="i8m1qrfq4WB0aMBk/U64FVXBW40=">AAAB83icbVBNS8NAEN3Urxq/qh69BNuCp5IUUY9FLx4r2A9IQ9lsJ+3SzW7Y3Qgl9Gd4EhTEq7/Gk//GTZuDtj4YeLw3w8y8MGFUadf9tkobm1vbO+Vde2//4PCocnzSVSKVBDpEMCH7IVbAKIeOpppBP5GA45BBL5ze5X7vCaSigj/qWQJBjMecRpRgbSS/Zg9A46Fn1+xhpeo23AWcdeIVpIoKtIeVr8FIkDQGrgnDSvmem+ggw1JTwmBu1wepggSTKR6DbyjHMaggW9w8d+pGGTmRkKa4dhaq/Wsiw7FSszg0nTHWE7Xq5eJ/np/q6CbIKE9SDZwsF0Upc7Rw8gCcEZVANJsZgomk5liHTLDERJuY8hS81Z/XSbfZ8K4alw/Nauu2yKOMztA5ukAeukYtdI/aqIMIEugZvaI3K7VerHfrY9lasoqZU/QH1ucP9fWPpg==</latexit>⌘1

<latexit sha1_base64="UPtsET98WCMuWsxeORAflDRHD8c=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LLYFTyUpRT0WRfBYwX5AG8pmu2mXbjZhdyOU0D/hSVAQr/4dT/4bN20O2vpg4PHeDDPz/JgzpR3n2ypsbG5t7xR37b39g8Oj0vFJR0WJJLRNIh7Jno8V5UzQtmaa014sKQ59Trv+9Dbzu09UKhaJRz2LqRfisWABI1gbqVex74aOXbGHpbJTcxZA68TNSRlytIalr8EoIklIhSYcK9V3nVh7KZaaEU7ndnWQKBpjMsVj2jdU4JAqL10cPEdVo4xQEElTQqOFav+aSHGo1Cz0TWeI9UStepn4n9dPdHDtpUzEiaaCLBcFCUc6Qtn3aMQkJZrPDMFEMnMsIhMsMdEmoywFd/XnddKp19zLWuOhXm7e5HkU4QzO4QJcuIIm3EML2kCAwzO8wpslrRfr3fpYthasfOYU/sD6/AF76o42</latexit>

E0
<latexit sha1_base64="UUg/52LYLNGDSNQKrEKU50FrEUM=">AAACFnicbZDLSgMxFIYz9VbHW9Wlm8G20KKUmSLqRii6cVnB2kI7lkx6pg3NZIYkI5ShL+HKR3ElKIhbwZVvY3pBausPgS//OYfk/F7EqFS2/W2klpZXVtfS6+bG5tb2TmZ3706GsSBQIyELRcPDEhjlUFNUMWhEAnDgMah7/atRvf4AQtKQ36pBBG6Au5z6lGClrXbmOGe2IJKUhdy8+MX7pADF4dHMlRaHZq6dydoleyxrEZwpZNFU1Xbmq9UJSRwAV4RhKZuOHSk3wUJRwmBo5luxhAiTPu5CUyPHAUg3Ga81tPLa6Vh+KPThyhq75sxEggMpB4GnOwOsenK+NjL/qzVj5Z+7CeVRrICTyUN+zCwVWqOMrA4VQBQbaMBEUP1Zi/SwwETpJE2dgjO/8yLclUvOaenkppytXE7zSKMDdIgKyEFnqIKuURXVEEGP6Bm9ojfjyXgx3o2PSWvKmM7soz8yPn8ASqKdiw==</latexit>

✏ = ✏(e) + ✏(i)
<latexit sha1_base64="ou6sirbi5rHf6dSII6ctUC1ReZk=">AAACB3icbVDLSgNBEJyNr7i+Vj2KMJgE4iXsBlEvQlAEjxHMA5IYZiedZMjs7DIzK4QlJ09+iidBQbz6DZ78GyePgyYWNBRV3XR3+RFnSrvut5VaWl5ZXUuv2xubW9s7zu5eVYWxpFChIQ9l3ScKOBNQ0UxzqEcSSOBzqPmDq7FfewCpWCju9DCCVkB6gnUZJdpIbecwazcV6wXk4rrt4iZEivFQ3Cd5OB7Z2baTcQvuBHiReDOSQTOU285XsxPSOAChKSdKNTw30q2ESM0oh5Gda8YKIkIHpAcNQwUJQLWSyR8jnDNKB3dDaUpoPFHtXxMJCZQaBr7pDIjuq3lvLP7nNWLdPW8lTESxBkGni7oxxzrE41Bwh0mgmg8NIVQycyymfSIJ1SY626Tgzf+8SKrFgndaOLktZkqXszzS6AAdoTzy0BkqoRtURhVE0SN6Rq/ozXqyXqx362PamrJmM/voD6zPH9nll1s=</latexit>

� = E0✏(e)
<latexit sha1_base64="3HZd4zGri3D+dlWVnYrkkH/7+VI=">AAACJXicbZDLSgMxFIYz9VbHW9Wlm2BbqAhlpogKIhRFcFnBXqCtJZOmbWgmMyRnhDL0YVz5KK4ERRFc+SqmF0FbDwR+vv+cJOf3QsE1OM6nlVhYXFpeSa7aa+sbm1up7Z2KDiJFWZkGIlA1j2gmuGRl4CBYLVSM+J5gVa9/OfKr90xpHshbGISs6ZOu5B1OCRjUSp1l7IbmXZ+cX7Vc3GCh5iKQd3GOHwzxoQFARrwdQPxjDieunWml0k7eGReeF+5UpNG0Sq3Um7mIRj6TQAXRuu46ITRjooBTwYZ2thFpFhLaJ11WN1ISn+lmPN5yiLOGtHEnUOZIwGNq/5qIia/1wPdMp0+gp2e9EfzPq0fQOW3GXIYRMEknD3UigSHAo8hwmytGQQyMIFRx81lMe0QRCiZY26Tgzu48LyqFvHucP7oppIsX0zySaA/toxxy0QkqomtUQmVE0QN6Qi/o1Xq0nq1362PSmrCmM7voT1lf3zz6oz4=</latexit>

� = E1✏(i) + ⌘1✏̇(i)
<latexit sha1_base64="vDeH7c3H1OXteFiY4DE8+jAv87s=">AAAB/HicbVBNS8NAEN3Urxq/Yj16CbaFeilJEfVY9OKxgv2ANpbNdtIu3WzC7kYsof4UT4KCePWPePLfuG1z0NYHA4/3ZpiZ58eMSuU430ZubX1jcyu/be7s7u0fWIeFlowSQaBJIhaJjo8lMMqhqahi0IkF4NBn0PbH1zO//QBC0ojfqUkMXoiHnAaUYKWlvlUomT2IJWURv08rcDo1S32r6FSdOexV4makiDI0+tZXbxCRJASuCMNSdl0nVl6KhaKEwdQs9xIJMSZjPISuphyHIL10fvzULmtlYAeR0MWVPVfNXxMpDqWchL7uDLEayWVvJv7ndRMVXHop5XGigJPFoiBhtorsWRL2gAogik00wURQfaxNRlhgonRepk7BXf55lbRqVfe8enZbK9avsjzy6BidoApy0QWqoxvUQE1E0CN6Rq/ozXgyXox342PRmjOymSP0B8bnD3Cck08=</latexit>

✏(e)
<latexit sha1_base64="H+7Y5hBtPwcSPrseOEmJpAxnwD0=">AAAB/HicbVDLSgMxFM3UVx1fY126CbaFuikzRdRl0Y3LCvYB7VgyaaYNzSRDkhHLUD/FlaAgbv0RV/6NaTsLbT1w4XDOvdx7TxAzqrTrflu5tfWNza38tr2zu7d/4BwWWkokEpMmFkzIToAUYZSTpqaakU4sCYoCRtrB+Hrmtx+IVFTwOz2JiR+hIachxUgbqe8USnaPxIoywe/TCj2d2qW+U3Sr7hxwlXgZKYIMjb7z1RsInESEa8yQUl3PjbWfIqkpZmRql3uJIjHCYzQkXUM5iojy0/nxU1g2ygCGQpriGs5V+9dEiiKlJlFgOiOkR2rZm4n/ed1Eh5d+SnmcaMLxYlGYMKgFnCUBB1QSrNnEEIQlNcdCPEISYW3ysk0K3vLPq6RVq3rn1bPbWrF+leWRB8fgBFSABy5AHdyABmgCDB7BM3gFb9aT9WK9Wx+L1pyVzRyBP7A+fwB2wJNT</latexit>

✏(i)

<latexit sha1_base64="0Ef+GZ+rx8R8laoYm/i7SAamC1o=">AAAB8nicbVBNSwMxEM36WdevqkcvwbbgqewWUY9FLx4r2A9sl5JNs21okl2SWaEs/ReeBAXx6r/x5L8xbfegrQ8GHu/NMDMvTAQ34Hnfztr6xubWdmHH3d3bPzgsHh23TJxqypo0FrHuhMQwwRVrAgfBOolmRIaCtcPx7cxvPzFteKweYJKwQJKh4hGnBKz0WHZ7hg8lccv9YsmrenPgVeLnpIRyNPrFr94gpqlkCqggxnR9L4EgIxo4FWzqVnqpYQmhYzJkXUsVkcwE2fzkKa5YZYCjWNtSgOeq+2siI9KYiQxtpyQwMsveTPzP66YQXQcZV0kKTNHFoigVGGI8+x8PuGYUxMQSQjW3x2I6IppQsCm5NgV/+edV0qpV/cvqxX2tVL/J8yigU3SGzpGPrlAd3aEGaiKKFHpGr+jNAefFeXc+Fq1rTj5zgv7A+fwBK/uP2Q==</latexit>�<latexit sha1_base64="0Ef+GZ+rx8R8laoYm/i7SAamC1o=">AAAB8nicbVBNSwMxEM36WdevqkcvwbbgqewWUY9FLx4r2A9sl5JNs21okl2SWaEs/ReeBAXx6r/x5L8xbfegrQ8GHu/NMDMvTAQ34Hnfztr6xubWdmHH3d3bPzgsHh23TJxqypo0FrHuhMQwwRVrAgfBOolmRIaCtcPx7cxvPzFteKweYJKwQJKh4hGnBKz0WHZ7hg8lccv9YsmrenPgVeLnpIRyNPrFr94gpqlkCqggxnR9L4EgIxo4FWzqVnqpYQmhYzJkXUsVkcwE2fzkKa5YZYCjWNtSgOeq+2siI9KYiQxtpyQwMsveTPzP66YQXQcZV0kKTNHFoigVGGI8+x8PuGYUxMQSQjW3x2I6IppQsCm5NgV/+edV0qpV/cvqxX2tVL/J8yigU3SGzpGPrlAd3aEGaiKKFHpGr+jNAefFeXc+Fq1rTj5zgv7A+fwBK/uP2Q==</latexit>�
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Internal variables and thermodynamics
Using conservation of energy, the Clausius-Duhem inequality can be written as

Coleman and Noll made the argument that this inequality must be satisfied for
every admissible process.
Let’s now consider path-dependent behavior characterized by a set of internal 
variables and corresponding evolution equations, that is

Materials with memory

<latexit sha1_base64="y/QHhMoK+t8GS1qpKvtNMa2xVOk=">AAACJ3icbVDLSgMxFM34rONr1KWbwbZQoZSZIuqmUHTjskJf0Cklk6ZtaCYZkoxYhvkaV36KK8GC6NI/MdN2YVsPhBzOuTe59/ghJVI5zrexsbm1vbOb2TP3Dw6Pjq2T06bkkUC4gTjlou1DiSlhuKGIorgdCgwDn+KWP75P/dYTFpJwVleTEHcDOGRkQBBUWupZlZzZqpge1zXpE3ErKXg+p305CfQVeziUhHKWFOvFJf2ZJJdmrmdlnZIzg71O3AXJggVqPWvq9TmKAswUolDKjuuEqhtDoQiiODHzXiRxCNEYDnFHUwYDLLvxbM/Ezmulbw+40Icpe6aafzpiGMh0QF0ZQDWSq14q/ud1IjW47caEhZHCDM0/GkTUVtxOQ7P7RGCk6EQTiATRw9poBAVESkdr6hTc1Z3XSbNccq9LV4/lbPVukUcGnIMLUAAuuAFV8ABqoAEQeAFv4ANMjVfj3fg0vualG8ai5wwswfj5BeAvpe4=</latexit>

W = W (✏, T, ⇠)
<latexit sha1_base64="vzXOa5BkZrjtiLYtD6s8OsnD3Q4="></latexit>

⇠̇↵ = g↵(�, T, ⇠)

<latexit sha1_base64="y+Tgt/3dQy+wh2USe6gif7s6+/0="></latexit>

⇢T ṡint = �⇢
h

1
⇢0

@W
@T + s

i
Ṫ +

h
� � ⇢

⇢0

@W
@✏

i
: ✏̇� 1

T q ·rT � 0

- Isentropic/Adiabatic processes

Assuming                                             , then there exists
if and only if 

<latexit sha1_base64="x91keATVXE2djCc6Ea5t3tilXmM="></latexit>

q = 0,W (✏, T, ⇠), ṡ 6= 0 (with Ṫ = 0)

<latexit sha1_base64="c731ePgdJHHMVMogoD3jxiKr6v8="></latexit>

W (✏, T, ⇠) = W (e)(✏� ✏(i)(⇠), T ) +W (i)(⇠, T )

<latexit sha1_base64="Ua6Ds98WDN/6guORDWVaQ2QoaYA="></latexit>

✏ = ✏(e)(�, T ) + ✏(i)(⇠)
<latexit sha1_base64="nvtZ56aXpUzW6IEmG1dgHg3NtqU=">AAACGXicbVDLSgMxFM3UVx1foy7dDLaFCqXOFFGXRTcuK/QF7VAymbQNzSRDkhHL0M9w5ae4EhTEbVf+jZm2C9t6IORwzr3ce48fUSKV4/wYmY3Nre2d7K65t39weGQdnzQljwXCDcQpF20fSkwJww1FFMXtSGAY+hS3/NF96reesJCEs7oaR9gL4YCRPkFQaalnXebNVrHrcxrIcai/pIsjSShnk1K9tKQ/k8mFme9ZOafszGCvE3dBcmCBWs+adgOO4hAzhSiUsuM6kfISKBRBFE/MQjeWOIJoBAe4oymDIZZeMrtsYhe0Eth9LvRjyp6p5p+OBIYyXVBXhlAN5aqXiv95nVj1b72EsChWmKH5oH5MbcXtNCY7IAIjRceaQCSIXtZGQyggUjpMU6fgrt68TpqVsntdvnqs5Kp3izyy4AycgyJwwQ2oggdQAw2AwAt4Ax/g03g13o0v43temjEWPadgCcb0F6bIoAw=</latexit>

W (✏, T, ⇠)
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Internal variables and thermodynamics
- Example: multiaxial behavior and time integration

Internal variable

Evolution equation

<latexit sha1_base64="QyDgbLJs/xhJ87Y1/MGJEmaA9xI="></latexit>

W (✏, T, ⇠) = W (e)(✏� ✏(i)(⇠), T ) +W (i)(⇠, T )
<latexit sha1_base64="tRrU4BPVGdfKDPiMH/PF95ZO1Gw=">AAACLHicbVDLSgMxFM3UVx1foy7dDLaFdlNmiqgbodSNywr2AW0tmTTThmaSIcmIZZj/ceWnuFFQEbd+h5m2C9t6IORwzr3ce48XUiKV43wambX1jc2t7La5s7u3f2AdHjUljwTCDcQpF20PSkwJww1FFMXtUGAYeBS3vPF16rcesJCEszs1CXEvgENGfIKg0lLfquXNrsfpQE4C/cVdHEpCOUvu4yIpJcUF75Ekpatlxcz3rZxTdqawV4k7JzkwR71vvXYHHEUBZgpRKGXHdULVi6FQBFGcmIVuJHEI0RgOcUdTBgMse/H02MQuaGVg+1zox5Q9Vc0/HTEMZLqfrgygGsllLxX/8zqR8i97MWFhpDBDs0F+RG3F7TQ5e0AERopONIFIEL2sjUZQQKR0vqZOwV2+eZU0K2X3vHx2W8lVa/M8suAEnIIicMEFqIIbUAcNgMATeAHv4MN4Nt6ML+N7Vpox5j3HYAHGzy9d/ajc</latexit>

✏(i)(⇠) = ⇠

Time integration

- Given

- Update internal variable

- Update stress ……………..

<latexit sha1_base64="RJOjhK4GXNmjkIu5F4cPPOgEWng="></latexit>

W (i)(⇠, T ) = 1
2E1✏(i) : ✏(i)

<latexit sha1_base64="+VVe0f6qTKP/8aA/u/oBhrtsGbI="></latexit>

✏̇(i) = ��E1✏
(i)

⌘1

<latexit sha1_base64="mOsxoE1xm53G+Rz6DK0xb0i7OMk=">AAACFHicbVDLSgNBEJyNr7i+oh69DCYBMRB2g6gXIagHjxHMA5KwzE4myZDZ2WWmVwlL/sGTn+JJUBCvXjz5N04eB00saCiquunu8iPBNTjOt5VaWl5ZXUuv2xubW9s7md29mg5jRVmVhiJUDZ9oJrhkVeAgWCNSjAS+YHV/cDX26/dMaR7KOxhGrB2QnuRdTgkYycsc52zwJG4p3usDUSp8wOAlsuCOLsZ6oXXNBJAERnbOy2SdojMBXiTujGTRDBUv89XqhDQOmAQqiNZN14mgnRAFnAo2svOtWLOI0AHpsaahkgRMt5PJUyOcN0oHd0NlSgKeqPaviYQEWg8D33QGBPp63huL/3nNGLrn7YTLKAYm6XRRNxYYQjxOCHe4YhTE0BBCFTfHYtonilAwOdomBXf+50VSKxXd0+LJbSlbvpzlkUYH6BAdIRedoTK6QRVURRQ9omf0it6sJ+vFerc+pq0pazazj/7A+vwBUkedEw==</latexit>

tn ! tn+1 = tn +�t

<latexit sha1_base64="IctpUXPWpFDl2jX3oIJy9MONqRU="></latexit>

✏(i)n+1 = 1
⌘1/�t�n + ✏(i)n

h
1� E1

⌘1/�t

i

<latexit sha1_base64="3h+rfljNAM+avdDmWznO5BYtcrE="></latexit>

�n+1 = ⇢n+1

⇢0

@W (e)
n+1

@✏(e)

<latexit sha1_base64="zWzvIol3Fw0Upl93TInTwQUpK6c="></latexit>n
✏n+1,�n, ✏

(i)
n

o

Materials with memory: Viscoelastic solids



22

Phenomenological observations
- Plasticity manifests when a stress threshold is reach (yield stress)

Yield function

- Additive decomposition of (small) strain: 
+ elastic part is related to the stress      
+ plastic part depends on material history

- Metals: plastic flow is incompressible
(any change in volume is elastic)

- Bauschinger effect
Strain hardening:

+ isotropic hardening (     )
+ kinematic hardening

- Metals: Bridgman (c. 1940)
Yield function is independent of hydrostatic pressure

Materials with path-dependency: Plastic solids

<latexit sha1_base64="u9r4JPjQhCvMa9tVyTA1i/D+miE=">AAACD3icbVDLSsNAFJ3UV42vqEs3g23BVUmKqMuiG5cV7EOaECbTSTt08mBmIpQkX+DKT3ElKIhb1678G6dtFrX1wIXDOfdy7z1ezKiQpvmjldbWNza3ytv6zu7e/oFxeNQRUcIxaeOIRbznIUEYDUlbUslIL+YEBR4jXW98M/W7j4QLGoX3chITJ0DDkPoUI6kk16hV9cwWdBggN33IeJ5BmxG4IPl5plddo2LWzRngKrEKUgEFWq7xbQ8inAQklJghIfqWGUsnRVxSzEiu1+xEkBjhMRqSvqIhCohw0tk/OawpZQD9iKsKJZyp+sJEigIhJoGnOgMkR2LZm4r/ef1E+ldOSsM4kSTE80V+wqCM4DQcOKCcYMkmiiDMqToW4hHiCEsVoa5SsJZ/XiWdRt26qJ/fNSrN6yKPMjgBp+AMWOASNMEtaIE2wOAJvIA38K49a6/ah/Y5by1pxcwx+APt6xcodpwS</latexit>

|�Y |r|  |�Y |f |

<latexit sha1_base64="0ITxTpk9v+rwhiqqlCTjyfWg+bA=">AAAB+XicbVBNS8NAEJ3Urxo/WvXoJdgWPJWkiHosevFYwX5IG8Jmu2mX7m7C7kYoob/Ek6AgXv0pnvw3btsctPXBwOO9GWbmhQmjSrvut1XY2Nza3inu2nv7B4el8tFxR8WpxKSNYxbLXogUYVSQtqaakV4iCeIhI91wcjv3u09EKhqLBz1NiM/RSNCIYqSNFJRLVXug6IijIHt0Z3Y1KFfcuruAs068nFQgRysofw2GMU45ERozpFTfcxPtZ0hqihmZ2bVBqkiC8ASNSN9QgThRfra4fObUjDJ0oliaEtpZqPaviQxxpaY8NJ0c6bFa9ebif14/1dG1n1GRpJoIvFwUpczRsTOPwRlSSbBmU0MQltQc6+AxkghrE5ZtUvBWf14nnUbdu6xf3DcqzZs8jyKcwhmcgwdX0IQ7aEEbMKTwDK/wZmXWi/VufSxbC1Y+cwJ/YH3+AErokhw=</latexit>�Y 0

<latexit sha1_base64="Zz69W/2FqrLksLA7geHHdV7ZAG4=">AAAB+XicbVBNS8NAEJ3Urxo/GvXoZbEteCpJEfVY9OKxgv2QNoTNdtsu3WzC7kYoob/Ek6AgXv0pnvw3btsctPXBwOO9GWbmhQlnSrvut1XY2Nza3inu2nv7B4cl5+i4reJUEtoiMY9lN8SKciZoSzPNaTeRFEchp51wcjv3O09UKhaLBz1NqB/hkWBDRrA2UuCUKna9r9gowkH2OLMrgVN2a+4CaJ14OSlDjmbgfPUHMUkjKjThWKme5ybaz7DUjHA6s6v9VNEEkwke0Z6hAkdU+dni8hmqGmWAhrE0JTRaqPaviQxHSk2j0HRGWI/VqjcX//N6qR5e+xkTSaqpIMtFw5QjHaN5DGjAJCWaTw3BRDJzLCJjLDHRJizbpOCt/rxO2vWad1m7uK+XGzd5HkU4hTM4Bw+uoAF30IQWEEjhGV7hzcqsF+vd+li2Fqx85gT+wPr8AUwakh4=</latexit>

2�Y

<latexit sha1_base64="krUlSZxxj52ix56DpBAGTwfyVPk=">AAAB73icbVBNS8NAEJ3Urxq/qh69BNuCp5IUUY9FLx4r2A9oY9lsp+3SzSbuboQS+iM8CQri1d/jyX/jts1BWx8MPN6bYWZeEHOmtOt+W7m19Y3Nrfy2vbO7t39QODxqqiiRFBs04pFsB0QhZwIbmmmO7VgiCQOOrWB8M/NbTygVi8S9nsToh2Qo2IBRoo3UKqU4fYhLvULRrbhzOKvEy0gRMtR7ha9uP6JJiEJTTpTqeG6s/ZRIzSjHqV3uJgpjQsdkiB1DBQlR+en83qlTNkrfGUTSlNDOXLV/TaQkVGoSBqYzJHqklr2Z+J/XSfTgyk+ZiBONgi4WDRLu6MiZPe/0mUSq+cQQQiUzxzp0RCSh2kRkmxS85Z9XSbNa8S4q53fVYu06yyMPJ3AKZ+DBJdTgFurQAApjeIZXeLMerRfr3fpYtOasbOYY/sD6/AE1VY9l</latexit>

ep

<latexit sha1_base64="vDeH7c3H1OXteFiY4DE8+jAv87s=">AAAB/HicbVBNS8NAEN3Urxq/Yj16CbaFeilJEfVY9OKxgv2ANpbNdtIu3WzC7kYsof4UT4KCePWPePLfuG1z0NYHA4/3ZpiZ58eMSuU430ZubX1jcyu/be7s7u0fWIeFlowSQaBJIhaJjo8lMMqhqahi0IkF4NBn0PbH1zO//QBC0ojfqUkMXoiHnAaUYKWlvlUomT2IJWURv08rcDo1S32r6FSdOexV4makiDI0+tZXbxCRJASuCMNSdl0nVl6KhaKEwdQs9xIJMSZjPISuphyHIL10fvzULmtlYAeR0MWVPVfNXxMpDqWchL7uDLEayWVvJv7ndRMVXHop5XGigJPFoiBhtorsWRL2gAogik00wURQfaxNRlhgonRepk7BXf55lbRqVfe8enZbK9avsjzy6BidoApy0QWqoxvUQE1E0CN6Rq/ozXgyXox342PRmjOymSP0B8bnD3Cck08=</latexit>

✏(e)

<latexit sha1_base64="2TxwXXZIrTriuixUVf29Xa1HaLE=">AAAB/HicbVDLSgMxFM3UVx1fY126CbaFuikzRdRl0Y3LCvYB7VgyaaYNzWRCkhHLUD/FlaAgbv0RV/6NaTsLbT1w4XDOvdx7TyAYVdp1v63c2vrG5lZ+297Z3ds/cA4LLRUnEpMmjlksOwFShFFOmppqRjpCEhQFjLSD8fXMbz8QqWjM7/REED9CQ05DipE2Ut8plOweEYqymN+nFXE6tUt9p+hW3TngKvEyUgQZGn3nqzeIcRIRrjFDSnU9V2g/RVJTzMjULvcSRQTCYzQkXUM5iojy0/nxU1g2ygCGsTTFNZyr9q+JFEVKTaLAdEZIj9SyNxP/87qJDi/9lHKRaMLxYlGYMKhjOEsCDqgkWLOJIQhLao6FeIQkwtrkZZsUvOWfV0mrVvXOq2e3tWL9KssjD47BCagAD1yAOrgBDdAEGDyCZ/AK3qwn68V6tz4WrTkrmzkCf2B9/gCBf5Na</latexit>

✏(p)

<latexit sha1_base64="krUlSZxxj52ix56DpBAGTwfyVPk=">AAAB73icbVBNS8NAEJ3Urxq/qh69BNuCp5IUUY9FLx4r2A9oY9lsp+3SzSbuboQS+iM8CQri1d/jyX/jts1BWx8MPN6bYWZeEHOmtOt+W7m19Y3Nrfy2vbO7t39QODxqqiiRFBs04pFsB0QhZwIbmmmO7VgiCQOOrWB8M/NbTygVi8S9nsToh2Qo2IBRoo3UKqU4fYhLvULRrbhzOKvEy0gRMtR7ha9uP6JJiEJTTpTqeG6s/ZRIzSjHqV3uJgpjQsdkiB1DBQlR+en83qlTNkrfGUTSlNDOXLV/TaQkVGoSBqYzJHqklr2Z+J/XSfTgyk+ZiBONgi4WDRLu6MiZPe/0mUSq+cQQQiUzxzp0RCSh2kRkmxS85Z9XSbNa8S4q53fVYu06yyMPJ3AKZ+DBJdTgFurQAApjeIZXeLMerRfr3fpYtOasbOYY/sD6/AE1VY9l</latexit>

ep

<latexit sha1_base64="rRahLUU54J0rm7bXnn5FtPSlQAs=">AAACQHicdVBNSwMxEM3Wr7p+VT16WWwLFaHsFlEvQtGLxwr2A9pasum0Dc0mS5IVytJ/5sm/4MmrJ0FBvHoy2/agrT4Y5vHeDJk8P2RUadd9tlJLyyura+l1e2Nza3sns7tXUyKSBKpEMCEbPlbAKIeqpppBI5SAA59B3R9eJX79HqSigt/qUQjtAPc57VGCtZE6mVrObvmCddUoMC1uQagoE3xsX/yt38UFOBrbx/+6oXFzdieTdYvuBM4i8WYki2aodDJPra4gUQBcE4aVanpuqNsxlpoSBmM734oUhJgMcR+ahnIcgGrHkwDGTt4oXacnpCmunYlq/9iIcaCSW81kgPVAzXuJ+JfXjHTvvB1THkYaOJk+1IuYo4WTpOl0qQSi2cgQTCQ1xzpkgCUm2mSepODN/3mR1EpF77R4clPKli9neaTRATpEBeShM1RG16iCqoigB/SC3tC79Wi9Wh/W53Q0Zc129tEvWF/fDhSv9Q==</latexit>

✏ = ✏(e) + ✏(p)

<latexit sha1_base64="CDnbvpujnDgRn4A5+8tHIpixY7g=">AAACC3icbVDLSsNAFJ3UV42vqEs3o22hgpSkiLosunFZwT6kCWEynbRDJ5MwMxFK6NqVn+JKUBC3foEr/8Zpm4VWD1zu4Zx7mbknSBiVyra/jMLS8srqWnHd3Njc2t6xdvfaMk4FJi0cs1h0AyQJo5y0FFWMdBNBUBQw0glGV1O/c0+EpDG/VeOEeBEacBpSjJSWfOuwbLrJkFZdSQcROpk3P7ubHEOXEWibZd8q2TV7BviXODkpgRxN3/p0+zFOI8IVZkjKnmMnysuQUBQzMjErbipJgvAIDUhPU44iIr1sdssEVrTSh2EsdHEFZ6r5YyNDkZTjKNCTEVJDuehNxf+8XqrCCy+jPEkV4Xj+UJgyqGI4DQb2qSBYsbEmCAuqPwvxEAmElY7P1Ck4izf/Je16zTmrnd7US43LPI8iOABHoAoccA4a4Bo0QQtg8ACewAt4NR6NZ+PNeJ+PFox8Zx/8gvHxDYU6mMQ=</latexit>

�(�,�Y )  0



Ideal plastic solids – Small strains
Constitutive law defined by yield function, flow potential and hardening rule

- Plasticity manifests when a stress threshold is reach (yield stress)
Yield function
Internal variable (for isotropic hardening) 

- Additive decomposition of (small) strain: 

- Consistency condition
(determine      under plastic loading;             , otherwise)

- Strain energy density:

- Evolution equations:
- Flow rule (flow potential)
- Hardening rule

- Cauchy stress tensor:
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Isotropic plastic solids

<latexit sha1_base64="rRahLUU54J0rm7bXnn5FtPSlQAs=">AAACQHicdVBNSwMxEM3Wr7p+VT16WWwLFaHsFlEvQtGLxwr2A9pasum0Dc0mS5IVytJ/5sm/4MmrJ0FBvHoy2/agrT4Y5vHeDJk8P2RUadd9tlJLyyura+l1e2Nza3sns7tXUyKSBKpEMCEbPlbAKIeqpppBI5SAA59B3R9eJX79HqSigt/qUQjtAPc57VGCtZE6mVrObvmCddUoMC1uQagoE3xsX/yt38UFOBrbx/+6oXFzdieTdYvuBM4i8WYki2aodDJPra4gUQBcE4aVanpuqNsxlpoSBmM734oUhJgMcR+ahnIcgGrHkwDGTt4oXacnpCmunYlq/9iIcaCSW81kgPVAzXuJ+JfXjHTvvB1THkYaOJk+1IuYo4WTpOl0qQSi2cgQTCQ1xzpkgCUm2mSepODN/3mR1EpF77R4clPKli9neaTRATpEBeShM1RG16iCqoigB/SC3tC79Wi9Wh/W53Q0Zc129tEvWF/fDhSv9Q==</latexit>

✏ = ✏(e) + ✏(p)

<latexit sha1_base64="u58OHfiMJZmo9yfPLRDN541zbS4="></latexit>

W (✏, ⇠) = W (e)(✏� ✏(p)(⇠)) +W (p)(⇠)

<latexit sha1_base64="RS72jVy4sG4N89H/qXOD7dMuMMA="></latexit>

⇠̇ = �̇h(�, ⇠)

<latexit sha1_base64="MADB9ene3wf+Fkk3s40eqRNEIqg="></latexit>

✏̇(p) = �̇r(�, ⇠) = �̇@G
@�

<latexit sha1_base64="V0fhySyCH+QMaI2qWzlUJ+KTuCU=">AAAB/HicbVDLSsNAFL3xWeMr1qWbYFtwVZIi6rLoxmUF+4A2lMlk0g6dTMLMRCyhfoorQUHc+iOu/BsnbRbaemDgcM49M3eOnzAqleN8G2vrG5tb26Udc3dv/+DQOip3ZJwKTNo4ZrHo+UgSRjlpK6oY6SWCoMhnpOtPbnK/+0CEpDG/V9OEeBEacRpSjJSWhla5ag6CWGUDpjMBmplVc2hVnLozh71K3IJUoEBraH3pK3AaEa4wQ1L2XSdRXoaEopiRmVkbpJIkCE/QiPQ15Sgi0svmy8/smlYCO4yFPlzZc9X8lchQJOU08vVkhNRYLnu5+J/XT1V45WWUJ6kiHC8eClNmq9jOm7ADKghWbKoJwoLqZW08RgJhpfvKW3CX/7xKOo26e1E/v2tUmtdFHyU4gVM4AxcuoQm30II2YHiEZ3iFN+PJeDHejY/F6JpRZI7hD4zPH3FPk08=</latexit>

�̇

<latexit sha1_base64="C1FLcgN0YN3zpYhEbhP37FOwDDQ="></latexit>

� = ⇢
⇢0

@W (e)

@✏(e)
:= ce : ✏(e)

<latexit sha1_base64="QZte1rV0HbjPbcal+sIa4lQwpcs=">AAACEXicbVDLSsNAFJ3UV42vqEs3g22xgpSkiLosunFZwT6gCWUymbZDJ5kwMxFL6Ce48lNcCQri1qUr/8ZJm4VWDwxzOOde7r3HjxmVyra/jMLS8srqWnHd3Njc2t6xdvfakicCkxbmjIuujyRhNCItRRUj3VgQFPqMdPzxVeZ37oiQlEe3ahITL0TDiA4oRkpLfeuobLrxiFZdn7NATkL9pa6kwxBNT9x7egxdRqBtlvtWya7ZM8C/xMlJCeRo9q1PN+A4CUmkMENS9hw7Vl6KhKKYkalZcRNJYoTHaEh6mkYoJNJLZxdNYUUrARxwoV+k4Ew1f3SkKJTZtroyRGokF71M/M/rJWpw4aU0ihNFIjwfNEgYVBxm8cCACoIVm2iCsKB6WYhHSCCsdIimTsFZvPkvaddrzlnt9KZealzmeRTBATgEVeCAc9AA16AJWgCDB/AEXsCr8Wg8G2/G+7y0YOQ9++AXjI9vypObqw==</latexit>

�(�, ⇠)  0

<latexit sha1_base64="Dlx7Ri1oSWMtEgJSNRot7UiO5tA=">AAAB/nicbVDLSsNAFL2prxpf8bFzE2wLrkpSRN0IRTcuK9gHtKFMJtN26GQSZiZCDQU/xZWgIG79D1f+jZM2C209MHA4556ZO8ePGZXKcb6Nwsrq2vpGcdPc2t7Z3bP2D1oySgQmTRyxSHR8JAmjnDQVVYx0YkFQ6DPS9sc3md9+IELSiN+rSUy8EA05HVCMlJb61lHZ7AWRSntMZwI0vXLMstm3Sk7VmcFeJm5OSpCj0be+9CU4CQlXmCEpu64TKy9FQlHMyNSs9BJJYoTHaEi6mnIUEumls/WndkUrgT2IhD5c2TPV/JVIUSjlJPT1ZIjUSC56mfif103U4NJLKY8TRTiePzRImK0iO+vCDqggWLGJJggLqpe18QgJhJVuLGvBXfzzMmnVqu559eyuVqpf530U4RhO4BRcuIA63EIDmoDhEZ7hFd6MJ+PFeDc+5qMFI88cwh8Ynz9t3ZPQ</latexit>

�̇ = 0

<latexit sha1_base64="MFqrThCbTgrH22VzPDDfFwbnGmM="></latexit>

⇠ =
R t
0 ||✏̇(p)||dt

<latexit sha1_base64="rcSo5/1Mryj82PN7wumYT9Wk+UI="></latexit>

�̇ = 0 ! solve for �̇
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Isotropic plastic solids

Space of principal values 
of the Cauchy stress tensor

(iso-surface of 
flow potential)

(elastic behavior inside, 
inadmissible behavior outside) 

<latexit sha1_base64="nOIrFpJPSNi2z86f3OlXwVIdB2Y=">AAACD3icbVDLSsNAFJ3UV42vqEs3g22hgpSkiLoRim5cVrAPaEKZTKbt0JkkzEzEEvoFrvwUV4KCuHXtyr9x0mah1QPDHM65l3vv8WNGpbLtL6OwtLyyulZcNzc2t7Z3rN29towSgUkLRywSXR9JwmhIWooqRrqxIIj7jHT88VXmd+6IkDQKb9UkJh5Hw5AOKEZKS32rUjbdeESrrh+xQE64/lJX0iFH02P3nh7BC2ib5b5Vsmv2DPAvcXJSAjmafevTDSKccBIqzJCUPceOlZcioShmZGpW3ESSGOExGpKepiHiRHrp7J4prGglgINI6BcqOFPNHx0p4jLbVVdypEZy0cvE/7xeogbnXkrDOFEkxPNBg4RBFcEsHBhQQbBiE00QFlQvC/EICYSVjtDUKTiLN/8l7XrNOa2d3NRLjcs8jyI4AIegChxwBhrgGjRBC2DwAJ7AC3g1Ho1n4814n5cWjLxnH/yC8fEN9w2apw==</latexit>

�(�, ⇠) = 0

<latexit sha1_base64="tNinRTfhlmlK0WTxaxWL9dK+YNI=">AAACCHicbVDLSsNAFJ3UV42vqEtBgm2hgpSkiLosutBlBfuAJpTJZNIOnUzCzEQsoTtXfoorQUHc+guu/BsnbRbaemCYwzn3cu89XkyJkJb1rRWWlldW14rr+sbm1vaOsbvXFlHCEW6hiEa860GBKWG4JYmkuBtzDEOP4o43usr8zj3mgkTsTo5j7IZwwEhAEJRK6huHZf266ngR9cU4VF/qCDII4eTEeSDHerlvlKyaNYW5SOyclECOZt/4cvwIJSFmElEoRM+2YummkEuCKJ7oFScROIZoBAe4pyiDIRZuOj1kYlaU4ptBxNVj0pyq+q+OFIYi21NVhlAOxbyXif95vUQGF25KWJxIzNBsUJBQU0ZmlorpE46RpGNFIOJELWuiIeQQSZWdrlKw529eJO16zT6rnd7WS43LPI8iOABHoApscA4a4AY0QQsg8AiewSt40560F+1d+5iVFrS8Zx/8gfb5A4wmmF4=</latexit>

G(�, ⇠)

<latexit sha1_base64="zVrwZHXSKmWZA4T5Bo39At/iNj8=">AAACKnicdVDLSsNAFJ3UV42vqEs3wbZQQUpSRF0WXeiygn1AE8pkMmmHTiZhZiKW0N9x5ae4UhSKWz/ESZuFtnphmMM553LvPV5MiZCWNdUKK6tr6xvFTX1re2d3z9g/aIso4Qi3UEQj3vWgwJQw3JJEUtyNOYahR3HHG11neucBc0Eidi/HMXZDOGAkIAhKRfWNRlm/qTpeRH0xDtWXOoIMQjg5dR7Jie4wrDvxkPzvKPeNklWzZmUuAzsHJZBXs2+8OX6EkhAziSgUomdbsXRTyCVBFE/0ipMIHEM0ggPcU5DBEAs3nZ06MSuK8c0g4uoxac5Y/UdHCkOR7amcIZRDsahl5F9aL5HBpZsSFicSMzQfFCTUlJGZ5Wb6hGMk6VgBiDhRy5poCDlEUqWrqxTsxZuXQbtes89rZ3f1UuMqz6MIjsAxqAIbXIAGuAVN0AIIPIEX8A4+tGftVZtqn3NrQct7DsGv0r6+AdfLpkQ=</latexit>

G(�, ⇠) 6= �(�, ⇠)

non-associated flow rule

Space of principal values 
of the Cauchy stress tensor

(elastic behavior inside, 
inadmissible behavior outside) 

<latexit sha1_base64="nOIrFpJPSNi2z86f3OlXwVIdB2Y=">AAACD3icbVDLSsNAFJ3UV42vqEs3g22hgpSkiLoRim5cVrAPaEKZTKbt0JkkzEzEEvoFrvwUV4KCuHXtyr9x0mah1QPDHM65l3vv8WNGpbLtL6OwtLyyulZcNzc2t7Z3rN29towSgUkLRywSXR9JwmhIWooqRrqxIIj7jHT88VXmd+6IkDQKb9UkJh5Hw5AOKEZKS32rUjbdeESrrh+xQE64/lJX0iFH02P3nh7BC2ib5b5Vsmv2DPAvcXJSAjmafevTDSKccBIqzJCUPceOlZcioShmZGpW3ESSGOExGpKepiHiRHrp7J4prGglgINI6BcqOFPNHx0p4jLbVVdypEZy0cvE/7xeogbnXkrDOFEkxPNBg4RBFcEsHBhQQbBiE00QFlQvC/EICYSVjtDUKTiLN/8l7XrNOa2d3NRLjcs8jyI4AIegChxwBhrgGjRBC2DwAJ7AC3g1Ho1n4814n5cWjLxnH/yC8fEN9w2apw==</latexit>

�(�, ⇠) = 0

associated flow rule

<latexit sha1_base64="j4oILd1o6t4bCLx6ysNyFc6Ilc8=">AAACKHicdVDLSsNAFJ3UV42vqEs3wbZQQUpSRN0oRRe6rGAf0IQymU7aoTNJmJmIJfRvXPkproQK0q1f4qTNQls9MMzhnHu59x4vokRIy5pquZXVtfWN/Ka+tb2zu2fsHzRFGHOEGyikIW97UGBKAtyQRFLcjjiGzKO45Q1vU7/1hLkgYfAoRxF2GewHxCcISiV1jeuifld2vJD2xIipL3EE6TM4PnWeyYl+pTvRgPzvF7tGwapYM5jLxM5IAWSod42J0wtRzHAgEYVCdGwrkm4CuSSI4rFecmKBI4iGsI87igaQYeEms0PHZkkpPdMPuXqBNGeq/qMjgUyke6pKBuVALHqp+JfXiaV/6SYkiGKJAzQf5MfUlKGZpmb2CMdI0pEiEHGiljXRAHKIpMpWVynYizcvk2a1Yp9Xzh6qhdpNlkceHIFjUAY2uAA1cA/qoAEQeAFvYAI+tFftXfvUpvPSnJb1HIJf0L6+AektpT4=</latexit>

G(�, ⇠) = �(�, ⇠)

(iso-surface of 
flow potential)

<latexit sha1_base64="tNinRTfhlmlK0WTxaxWL9dK+YNI=">AAACCHicbVDLSsNAFJ3UV42vqEtBgm2hgpSkiLosutBlBfuAJpTJZNIOnUzCzEQsoTtXfoorQUHc+guu/BsnbRbaemCYwzn3cu89XkyJkJb1rRWWlldW14rr+sbm1vaOsbvXFlHCEW6hiEa860GBKWG4JYmkuBtzDEOP4o43usr8zj3mgkTsTo5j7IZwwEhAEJRK6huHZf266ngR9cU4VF/qCDII4eTEeSDHerlvlKyaNYW5SOyclECOZt/4cvwIJSFmElEoRM+2YummkEuCKJ7oFScROIZoBAe4pyiDIRZuOj1kYlaU4ptBxNVj0pyq+q+OFIYi21NVhlAOxbyXif95vUQGF25KWJxIzNBsUJBQU0ZmlorpE46RpGNFIOJELWuiIeQQSZWdrlKw529eJO16zT6rnd7WS43LPI8iOABHoApscA4a4AY0QQsg8AiewSt40560F+1d+5iVFrS8Zx/8gfb5A4wmmF4=</latexit>

G(�, ⇠)

<latexit sha1_base64="PGvvcEgNpPwmQbP/E6S3SLJU05g=">AAACHXicbVDLSsNAFJ34rPEVdelmsC24KkkVdVl0ocsK9gFNKJPppB06mYSZiVBCPsSVn+JKUBA3LsS/cdIG0dYDwxzOuZd77/FjRqWy7S9jaXlldW29tGFubm3v7Fp7+20ZJQKTFo5YJLo+koRRTlqKKka6sSAo9Bnp+OOr3O/cEyFpxO/UJCZeiIacBhQjpaW+dVIx3UAgnLoxEooiBq+zH+76ERvISai/1JV0GKIsMytm3yrbNXsKuEicgpRBgWbf+nAHEU5CwhVmSMqeY8fKS/MhmJHMrLqJJDHCYzQkPU05Con00ul1GaxqZQCDSOjHFZyq5q+OFIUyX1JXhkiN5LyXi/95vUQFF15KeZwowvFsUJAwqCKYRwUHVBCs2EQThAXVy0I8QjospQPNU3Dmb14k7XrNOaud3tbLjcsijxI4BEfgGDjgHDTADWiCFsDgATyBF/BqPBrPxpvxPitdMoqeA/AHxuc3dJuiGg==</latexit>

@G
@�

<latexit sha1_base64="FqcyLS3epuXbfx1ouvxJw23K0fk=">AAACIHicbVBNS8NAEN3Urxq/oh69LLYFTyUpUj0WvXisYD+gCWWz3bRLN8myuxFKyD/x5E/xJCiIeNJf46YNoq0Pln3zZoaZeT5nVCrb/jRKa+sbm1vlbXNnd2//wDo86so4EZh0cMxi0feRJIxGpKOoYqTPBUGhz0jPn17n+d49EZLG0Z2aceKFaBzRgGKktDS0mlXTDQTCqcuRUBQx6PIJzX5C14/ZSM5C/aWupOMQZZlZNYdWxa7bc8BV4hSkAgq0h9aHO4pxEpJIYYakHDg2V16aD8GMZGbNTSThCE/RmAw0jVBIpJfOD8xgTSsjGMRCv0jBuWr+6khRKPMldWWI1EQu53Lxv9wgUcGll9KIJ4pEeDEoSBhUMczdgiMqCFZspgnCguplIZ4g7ZfSnuYuOMs3r5Juo+406+e3jUrrqvCjDE7AKTgDDrgALXAD2qADMHgAT+AFvBqPxrPxZrwvSktG0XMM/sD4+gYtRKOO</latexit>

@�
@�

<latexit sha1_base64="TZ9Y/sarRgHvPzmnQ5wOBx2Z1Bc=">AAACUXichVFLSwMxEJ6ur7r1UfXoJdgWPJXdIupFKHrQYwX7gG4p2TTbhmYfJFmhLPsTPfXk7/AkKJhtF9FWcCDkm2/mYyZf3IgzqSzrtWBsbG5t7xR3zdLe/sFh+ei4I8NYENomIQ9Fz8WSchbQtmKK014kKPZdTrvu9C6rd5+pkCwMntQsogMfjwPmMYKVpoblcdV0PIFJ4kRYKIY5cqIJS79Txw35SM58fSWOZGMfp6l5s6q5/0dQNYflilW3FoHWgZ2DCuTRGpbnzigksU8DRTiWsm9bkRok2RDCaWrWnFjSCJMpHtO+hgH2qRwkC0dSVNPMCHmh0CdQaMGaPxQJ9mW2pO70sZrI1VpG/lXrx8q7HiQsiGJFA7Ic5MUcqRBl9qIRE5QoPtMAE8H0sohMsDZL6U/IXLBX37wOOo26fVm/eGxUmre5H0U4hTM4BxuuoAkP0II2EHiBN/iAz8K88G6AYSxbjUKuOYFfYZS+AAtJtaU=</latexit>

@�
@� = @G

@�

Ideal plastic solids – Small strains
Constitutive law defined by yield function, flow potential and hardening rule
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Isotropic plastic solids

- J2 or von Mises plasticity
- Drucker-Prager plasticity (associated flow rule) 
- Drucker-Prager plasticity (non-associated flow rule)
- Tresca Criterion (or Maximum-shear-stress)
- Mohr-Coulomb plasticity

Q: Which are the chief characteristics 
of each plastic model?
For example: 

Q: How is the consistency condition
enforced in a time-integration
scheme?

Ideal plastic solids – Small strains
Constitutive law defined by yield function, flow potential and hardening rule

<latexit sha1_base64="y0Pk0h2SiSYtxvCOOFOYqybvqWM=">AAACCXicbVDLSsNAFJ3UV42vqEsXBtuCKJSkiLosunFZwT6giWEymbZDJ5MwMxFKyNKVn+JKUBC3foIr/8ZJm4W2HhjmcM693HuPH1MipGV9a6Wl5ZXVtfK6vrG5tb1j7O51RJRwhNsoohHv+VBgShhuSyIp7sUcw9CnuOuPr3O/+4C5IBG7k5MYuyEcMjIgCEolecZhVXf8iAZiEqovdQQZhjC7P/FSdmpnetUzKlbdmsJcJHZBKqBAyzO+nCBCSYiZRBQK0betWLop5JIgijO95iQCxxCN4RD3FWUwxMJNp5dkZk0pgTmIuHpMmlNV/9WRwlDkq6rKEMqRmPdy8T+vn8jBpZsSFicSMzQbNEioKSMzj8UMCMdI0okiEHGiljXRCHKIpApPVynY8zcvkk6jbp/Xz24bleZVkUcZHIAjcAxscAGa4Aa0QBsg8AiewSt40560F+1d+5iVlrSiZx/8gfb5A8V7mRA=</latexit>

�⇤
n+1

<latexit sha1_base64="ZA+OPb3T5p5U+afJFBtT8D73cBw=">AAACBXicbVDLSsNAFJ34rPEVddlNsC24KkkRdVl047KCfUATwmQyaYfOTMLMRCghC1d+iitBQdz6Ea78G6dtFtp6YJjDOfdy7z1hSolUjvNtrK1vbG5tV3bM3b39g0Pr6Lgnk0wg3EUJTcQghBJTwnFXEUXxIBUYspDifji5mfn9BywkSfi9mqbYZ3DESUwQVFoKrGrd9MKERnLK9Jd7kowYLIKcF2Y9sGpO05nDXiVuSWqgRCewvrwoQRnDXCEKpRy6Tqr8HApFEMWF2fAyiVOIJnCEh5pyyLD08/kVhd3QSmTHidCPK3uumr86csjkbE1dyaAay2VvJv7nDTMVX/k54WmmMEeLQXFGbZXYs0jsiAiMFJ1qApEgelkbjaGASOngTJ2Cu3zzKum1mu5F8/yuVWtfl3lUQBWcgjPggkvQBregA7oAgUfwDF7Bm/FkvBjvxseidM0oe07AHxifP6z4mAQ=</latexit>�n

<latexit sha1_base64="0l4D5uJeJw+Rr0/TQg04yx9uzSQ=">AAACB3icbVDLSsNAFJ3UV42vqEsRgm1BEEpSRF0W3bisYB/QhDCZTNqhk0mYmQglZOXKT3ElKIhbv8GVf+OkzUJbDwxzOOde7r3HTygR0rK+tcrK6tr6RnVT39re2d0z9g96Ik45wl0U05gPfCgwJQx3JZEUDxKOYeRT3PcnN4Xff8BckJjdy2mC3QiOGAkJglJJnnFc1x0/poGYRurLHEFGEcy9jJ3ZuV73jJrVtGYwl4ldkhoo0fGMLyeIURphJhGFQgxtK5FuBrkkiOJcbzipwAlEEzjCQ0UZjLBws9kdudlQSmCGMVePSXOm6r86MhiJYlFVGUE5FoteIf7nDVMZXrkZYUkqMUPzQWFKTRmbRShmQDhGkk4VgYgTtayJxpBDJFV0ukrBXrx5mfRaTfuieX7XqrWvyzyq4AicgFNgg0vQBregA7oAgUfwDF7Bm/akvWjv2se8tKKVPYfgD7TPH5dgmHQ=</latexit>�n+1

<latexit sha1_base64="a4jInMxxhIKGxDcXqvVEC0QIf/I=">AAACHHicbVDLSsNAFJ3UVx1fUZdugm2hopSkiLoRim5cVrAPaGqYTKft0MkkzEyEEvofrvwUV4KCuBIE/8ZJm4W2HhjmcM693HuPHzEqlW1/G7ml5ZXVtfw63Njc2t4xd/eaMowFJg0cslC0fSQJo5w0FFWMtCNBUOAz0vJH16nfeiBC0pDfqXFEugEacNqnGCkteWa1CN1oSMvQ9UPWk+NAf4kr6SBAEy/hx87kBJL7aEbh0aUNi55ZsCv2FNYicTJSABnqnvnp9kIcB4QrzJCUHceOVDdBQlHMyASW3FiSCOERGpCOphwFRHaT6XETq6SVntUPhX5cWVMV/upIUCDTvXVlgNRQznup+J/XiVX/optQHsWKcDwb1I+ZpUIrTcrqUUGwYmNNEBZUL2vhIRIIK50n1Ck48zcvkma14pxVTm+rhdpVlkceHIBDUAYOOAc1cAPqoAEweATP4BW8GU/Gi/FufMxKc0bWsw/+wPj6Ac8unz8=</latexit>

�(�n+1, e
p
n+1) = 0

<latexit sha1_base64="pAcmf8/jVm5I/EGOO8a5Pqn4Iz8=">AAACGHicbVDLSsNAFJ3UVx1fUZdugm2hgpSkiLoRim5cVrAPaGqYTCbt0MkkzEyEEvoXrvwUV4KCuNWVf+Ok7UKrB4Y5nHMv997jJ4xKZdtfRmFpeWV1rbgONza3tnfM3b22jFOBSQvHLBZdH0nCKCctRRUj3UQQFPmMdPzRVe537omQNOa3apyQfoQGnIYUI6Ulz6yVoZsMaRW6fswCOY70l7mSDiI08TI+OYbkLskJPLqwYdkzS3bNnsL6S5w5KYE5mp756QYxTiPCFWZIyp5jJ6qfIaEoZmQCK24qSYLwCA1IT1OOIiL72fSwiVXRSmCFsdCPK2uqwh8dGYpkvrOujJAaykUvF//zeqkKz/sZ5UmqCMezQWHKLBVbeUpWQAXBio01QVhQvayFh0ggrHSWUKfgLN78l7TrNee0dnJTLzUu53kUwQE4BFXggDPQANegCVoAgwfwBF7Aq/FoPBtvxvustGDMe/bBLxgf3+VSnl8=</latexit>

�(�n, epn) = 0 updated yield surface

initial yield surface

plastic 
corrector

elastic 
predictor

<latexit sha1_base64="1/E+M8UJMJz7bcPUaqsF+vbNIbk=">AAAB+3icbVDLSgMxFM3UVx1fU126CbaFClJmiqjLohtxVcE+oB2HTJppQzOZkGSUUvoprgQFceuXuPJvTNtZaPXAhcM593LvPaFgVGnX/bJyK6tr6xv5TXtre2d3zynst1SSSkyaOGGJ7IRIEUY5aWqqGekISVAcMtIOR1czv/1ApKIJv9NjQfwYDTiNKEbaSIFTKNk9MaSVm6B2Qu7FsV0KnKJbdeeAf4mXkSLI0Aicz14/wWlMuMYMKdX1XKH9CZKaYkamdrmXKiIQHqEB6RrKUUyUP5nfPoVlo/RhlEhTXMO5av+YmKBYqXEcms4Y6aFa9mbif1431dGFP6FcpJpwvFgUpQzqBM6CgH0qCdZsbAjCkppjIR4iibA2cdkmBW/557+kVat6Z9XT21qxfpnlkQeH4AhUgAfOQR1cgwZoAgwewRN4Aa/W1Hq23qz3RWvOymYOwC9YH99ha5IL</latexit>

�(J2, ep)
<latexit sha1_base64="0X0LgyqIpeGNvxvz0M/bsnnORH8=">AAAB+3icbVBNS8NAEJ3Urxq/Uj16CbaFClKSIuqx6EU9VbAf0Iaw2W7apZtN2N0opfSneBIUxKu/xJP/xm2bg1YfDDzem2FmXpAwKpXjfBm5ldW19Y38prm1vbO7ZxX2WzJOBSZNHLNYdAIkCaOcNBVVjHQSQVAUMNIORlczv/1AhKQxv1fjhHgRGnAaUoyUlnyrUDJ7yZBWbnz35NavHZsl3yo6VWcO+y9xM1KEDA3f+uz1Y5xGhCvMkJRd10mUN0FCUczI1Cz3UkkShEdoQLqachQR6U3mt0/tslb6dhgLXVzZc9X8MTFBkZTjKNCdEVJDuezNxP+8bqrCC29CeZIqwvFiUZgyW8X2LAi7TwXBio01QVhQfayNh0ggrHRcpk7BXf75L2nVqu5Z9fSuVqxfZnnk4RCOoAIunEMdrqEBTcDwCE/wAq/G1Hg23oz3RWvOyGYO4BeMj2/XTZGx</latexit>

�(I1, J2)
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Review session for the exam


