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4International space station

Structural elements: beams, plates, shells

Stratospheric ballooning system

Architectured metamaterials 

Formulation of structural elements (beams, plates, shells) as the analytical 

upscaling of continuum solids under kinematic assumptions. 



Formulation of structural elements (beams, plates, shells) as the analytical 

upscaling of continuum solids under kinematic assumptions. 

reference 
configuration

deformed 
configuration

CONTINUOUS
MEDIA

Linearized kinematic – Small trains
- The linearization is evaluated in the undeformed configuration

(i.e.,                                and                                    ): 

- Simplified geometry

- Simplifying kinematic assumptions 

(i.e., simplified displacement field                                 )

small-strain tensor
(employed in elasticity theory)

5

<latexit sha1_base64="lY6Azt2gPQwhbz5OG5lnm/GlocA=">AAACDHicbVDLSgMxFM3UVx1foy7dhD6ggpSZKupGKLpxWcE+oC1DJk3b0MxkyEMoQ/eu/BRXgoK49Qdc+Tdm2i609UCSwzn3kntPEDMqlet+W5mV1bX1jeymvbW9s7vn7B80JNcCkzrmjItWgCRhNCJ1RRUjrVgQFAaMNIPRTeo3H4iQlEf3ahyTbogGEe1TjJSRfCdX6ASc9eQ4NE+iJ/AKlrTvnUDtV9Lr9LjgO3m37E4Bl4k3J3kwR813vjo9jnVIIoUZkrLtubHqJkgoihmZ2MWOliRGeIQGpG1ohEIiu8l0mQksGqUH+1yYEyk4Ve1fHQkKZTquqQyRGspFLxX/89pa9S+7CY1irUiEZx/1NYOKwzQZ2KOCYMXGhiAsqBkW4iESCCuTn21S8BZ3XiaNStk7L5/dVfLV63keWXAEcqAEPHABquAW1EAdYPAInsEreLOerBfr3fqYlWasec8h+APr8wfzRZjx</latexit>

u = (u1, u2, u3)

Structural elements: beams, plates, shells
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Structural elements: beams, plates, shells

Simplified geometry
- Many everyday engineering applications utilize structural members 

such as rods, beams, cables, plates, and shells. 

- Structural members can be 

idealized as one-dimensional 

(rods, beams, and cables) and 

two-dimensional (plates and 

shells) members. 

- Assumption: two dimensions 

(in the case of beams) or 

one dimension (in the case of 

plates and shells) are significantly 

smaller than the other dimensions.

- Stress-strain behavior is upscaled to a relationship between internal 

resultants and kinematic variables (of the mid-plane). 
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Structural elements: beams, plates, shells

<latexit sha1_base64="Vq3jroAXWOKuB6jQkbmbY9Ckswo=">AAAB+XicbVDLSsNAFJ3UV42PRl26GWwKbixJEXVZdOOygn1AG8JkOmmHTh7M3Agl9EtcCQri1k9x5d84bbPQ1gMXDufcy733BKngChzn2yhtbG5t75R3zb39g8OKdXTcUUkmKWvTRCSyFxDFBI9ZGzgI1kslI1EgWDeY3M397hOTiifxI0xT5kVkFPOQUwJa8q2KbZsXAxgzIH7DtG3fqjp1ZwG8TtyCVFGBlm99DYYJzSIWAxVEqb7rpODlRAKngs3M2iBTLCV0Qkasr2lMIqa8fHH5DNe0MsRhInXFgBeq+WsiJ5FS0yjQnRGBsVr15uJ/Xj+D8MbLeZxmwGK6XBRmAkOC5zHgIZeMgphqQqjk+lhMx0QSCjosU6fgrv68TjqNuntVv3xoVJu3RR5ldIrO0Dly0TVqonvUQm1EUYae0St6M3LjxXg3PpatJaOYOUF/YHz+AADdkUc=</latexit>

�✓2

<latexit sha1_base64="gdA+h4Ej7ECH94kDe9F/NEPKL24=">AAAB/HicbVDLSsNAFJ34rPEV69LNYFNwISUpoi6LblxWsA9oQ5hMJ+3QySTMTNQS4qe4EhTErT/iyr9x2mahrQcuHM65l3vvCRJGpXKcb2NldW19Y7O0ZW7v7O7tWwfltoxTgUkLxywW3QBJwignLUUVI91EEBQFjHSC8fXU79wTIWnM79QkIV6EhpyGFCOlJd8q27bZD5DIHnI/O3Vz07Z9q+LUnBngMnELUgEFmr711R/EOI0IV5ghKXuukygvQ0JRzEhuVvupJAnCYzQkPU05ioj0stnxOaxqZQDDWOjiCs5U89dEhiIpJ1GgOyOkRnLRm4r/eb1UhZdeRnmSKsLxfFGYMqhiOE0CDqggWLGJJggLqo+FeIQEwkrnZeoU3MWfl0m7XnPPa2e39UrjqsijBI7AMTgBLrgADXADmqAFMHgEz+AVvBlPxovxbnzMW1eMYuYQ/IHx+QPRiZLp</latexit>

w̄,1

<latexit sha1_base64="I3eunbKXmyeQoQppIYaV0Yfdjes=">AAAB+nicbVDLSgNBEOyNr7i+Vj16GcwG4iXsBlGPQS8eI5gHJEuYnUySIbMPZmajYc2feBIUxKt/4sm/cZLsQRMLGoqqbrq7/JgzqRzn28itrW9sbuW3zZ3dvf0D6/CoIaNEEFonEY9Ey8eSchbSumKK01YsKA58Tpv+6GbmN8dUSBaF92oSUy/Ag5D1GcFKS13Lsm2z42ORPkxLj2embXetglN25kCrxM1IATLUutZXpxeRJKChIhxL2XadWHkpFooRTqdmsZNIGmMywgPa1jTEAZVeOj99iopa6aF+JHSFCs1V89dEigMpJ4GvOwOshnLZm4n/ee1E9a+8lIVxomhIFov6CUcqQrMcUI8JShSfaIKJYPpYRIZYYKJ0WqZOwV3+eZU0KmX3onx+VylUr7M88nACp1ACFy6hCrdQgzoQGMMzvMKb8WS8GO/Gx6I1Z2Qzx/AHxucPFgqR6g==</latexit>

w̄(x)

<latexit sha1_base64="POFFig5e/1v6dZQDEOcEMKrd/dI=">AAAB+nicbVBNS8NAEJ34WeNX1KOXYFOol5IUUY9FLx4r2A9oQ9lsN+3SzSbsbool9p94EhTEq//Ek//GbZuDtj4YeLw3w8y8IGFUKtf9NtbWNza3tgs75u7e/sGhdXTclHEqMGngmMWiHSBJGOWkoahipJ0IgqKAkVYwup35rTERksb8QU0S4kdowGlIMVJa6lmW45jdAIksnZYfz03H6VlFt+LOYa8SLydFyFHvWV/dfozTiHCFGZKy47mJ8jMkFMWMTM1SN5UkQXiEBqSjKUcRkX42P31ql7TSt8NY6OLKnqvmr4kMRVJOokB3RkgN5bI3E//zOqkKr/2M8iRVhOPFojBltortWQ52nwqCFZtogrCg+lgbD5FAWOm0TJ2Ct/zzKmlWK95l5eK+Wqzd5HkU4BTOoAweXEEN7qAODcAwhmd4hTfjyXgx3o2PReuakc+cwB8Ynz8S8pHo</latexit>

ū(x)

<latexit sha1_base64="KIYY+CyBdyDSwTs7OtbY+C5/HUY=">AAAB/HicbVBNS8NAEN34WeNXrEcvwabgqSRF1GPRi8cK9gOaUCbbTbt0Nwm7G7GE+lM8CQri1T/iyX/jts1BWx8MPN6bYWZemDIqlet+G2vrG5tb26Udc3dv/+DQOiq3ZZIJTFo4YYnohiAJozFpKaoY6aaCAA8Z6YTjm5nfeSBC0iS+V5OUBByGMY0oBqWlvlV2HNMPQeT+EDiHqek4favi1tw57FXiFaSCCjT71pc/SHDGSawwAyl7npuqIAehKGZkalb9TJIU8BiGpKdpDJzIIJ8fP7WrWhnYUSJ0xcqeq+aviRy4lBMe6k4OaiSXvZn4n9fLVHQV5DROM0VivFgUZcxWiT1Lwh5QQbBiE00AC6qPtfEIBGCl8zJ1Ct7yz6ukXa95F7Xzu3qlcV3kUUIn6BSdIQ9doga6RU3UQhg9omf0it6MJ+PFeDc+Fq1rRjFzjP7A+PwBILiTHQ==</latexit>

�̄

<latexit sha1_base64="gdA+h4Ej7ECH94kDe9F/NEPKL24=">AAAB/HicbVDLSsNAFJ34rPEV69LNYFNwISUpoi6LblxWsA9oQ5hMJ+3QySTMTNQS4qe4EhTErT/iyr9x2mahrQcuHM65l3vvCRJGpXKcb2NldW19Y7O0ZW7v7O7tWwfltoxTgUkLxywW3QBJwignLUUVI91EEBQFjHSC8fXU79wTIWnM79QkIV6EhpyGFCOlJd8q27bZD5DIHnI/O3Vz07Z9q+LUnBngMnELUgEFmr711R/EOI0IV5ghKXuukygvQ0JRzEhuVvupJAnCYzQkPU05ioj0stnxOaxqZQDDWOjiCs5U89dEhiIpJ1GgOyOkRnLRm4r/eb1UhZdeRnmSKsLxfFGYMqhiOE0CDqggWLGJJggLqo+FeIQEwkrnZeoU3MWfl0m7XnPPa2e39UrjqsijBI7AMTgBLrgADXADmqAFMHgEz+AVvBlPxovxbnzMW1eMYuYQ/IHx+QPRiZLp</latexit>

w̄,1<latexit sha1_base64="8JzegCq0ecd0zsTnJekvolCunSI="></latexit>

u1(x, z) = ū(x) + z✓2(x)

u2 = 0

u3(x) = w̄(x)

Timoshenko beams
- Kinematic assumptions, with 

- Small-strain tensor, with

<latexit sha1_base64="4GBpKi66sDrylY5G2rZ5dAzdB/4="></latexit>

✏ij =

2

4
ū,1 + z✓2,1 0 (✓2 + w̄,1)/2

0 0 0
(✓2 + w̄,1)/2 0 0

3

5

<latexit sha1_base64="61d84dp8CXUa5z/dQ7CLa7/LOmc="></latexit>

✏ij =
1

2
(ui,j + uj,i)

kinematic variables

extensional, bending, and shear 
components of beam strain

<latexit sha1_base64="Ul8kvJEfw34tEO13EsYEdJvW2wM="></latexit>

✏ij =

2

4
✏̄11 + z̄11 0 �̄13/2

0 0 0
�̄13/2 0 0

3

5
<latexit sha1_base64="t0s1PMrI3yPDfxqVQ2kKQydV22U=">AAACL3icbZDNSgMxFIUz/tb6V3XpJtgKrsqMirosiuCygm2FtpQ7aVpDk0xIMkIZpi/kykcRF6KCuPUtTNtZaPVC4PCde7m5J1ScGev7r97c/MLi0nJuJb+6tr6xWdjarpso1oTWSMQjfRuCoZxJWrPMcnqrNAURctoIBxdjv3FPtWGRvLFDRdsC+pL1GAHrUKdwWWqFoJMWVYbxSKadJAjSEh6NRjhzBqAU/MP7IMSEH6WlTqHol/1J4b8iyEQRZVXtFJ5b3YjEgkpLOBjTDHxl2wloywinaX6/FRuqgAygT5tOShDUtJPJvSned6SLe5F2T1o8ofkfEwkIY4YidJ0C7J2Z9cbwP68Z295ZO2FSxZZKMl3Uizm2ER6Hh7tMU2L50AkgmrnPYnIHGoh1EeddCsHszX9F/bAcnJSPrw+LlfMsjxzaRXvoAAXoFFXQFaqiGiLoAT2hN/TuPXov3of3OW2d87KZHfSrvK9voquowQ==</latexit>

✏̄11 ̄11 �̄13

<latexit sha1_base64="KpeauPChk2a73qyZHAcMKb+3R0E=">AAACA3icbZC7SgNBFIbPxltcb6tWYjOYDVhI2A2ilkEbC4sI5gLJEmYnk2TI7IWZWSEsiZWPYiUoiK1PYeXbOEm20OgPAx//OYcz5/djzqRynC8jt7S8srqWXzc3Nre2d6zdvbqMEkFojUQ8Ek0fS8pZSGuKKU6bsaA48Dlt+MOrab1xT4VkUXinRjH1AtwPWY8RrLTVsQ5s2/RRm3N0gyYnEzSYs2nbHavglJyZ0F9wMyhApmrH+mx3I5IENFSEYylbrhMrL8VCMcLp2Cy2E0ljTIa4T1saQxxQ6aWzG8aoqJ0u6kVCv1ChmWv+mEhxIOUo8HVngNVALtam5n+1VqJ6F17KwjhRNCTzRb2EIxWhaSCoywQlio80YCKY/iwiAywwUTo2U6fgLt78F+rlkntWOr0tFyqXWR55OIQjOAYXzqEC11CFGhB4gCd4gVfj0Xg23oz3eWvOyGb24ZeMj2913ZQt</latexit>

b ⌧ L , h ⌧ LSimplified geometry:
<latexit sha1_base64="O2xNzo/VGEtJyt79JnlAyJkXanY=">AAAB/XicbVDLSsNAFL3xWeMr2qWbwabgqiRF1GXRjcsK9gFNKJPptB06eTAzUUIofoorQUHc+iGu/BunbRbaeuDC4Zx7ufeeIOFMKsf5NtbWNza3tks75u7e/sGhdXTclnEqCG2RmMeiG2BJOYtoSzHFaTcRFIcBp51gcjPzOw9USBZH9ypLqB/iUcSGjGClpb5Vtm3TC7DIH6fI4xyNTdvuWxWn5syBVolbkAoUaPatL28QkzSkkSIcS9lznUT5ORaKEU6nZtVLJU0wmeAR7Wka4ZBKP59fP0VVrQzQMBa6IoXmqvlrIsehlFkY6M4Qq7Fc9mbif14vVcMrP2dRkioakcWiYcqRitEsCjRgghLFM00wEUwfi8gYC0yUDszUKbjLP6+Sdr3mXtTO7+qVxnWRRwlO4BTOwIVLaMAtNKEFBDJ4hld4M56MF+Pd+Fi0rhnFTBn+wPj8ATgmkxs=</latexit>

w̄ ⌧ h

<latexit sha1_base64="pw5NoBECh54Tf5f5oBXrcl4SxJE=">AAACBnicbVDLSsNAFJ3UV42vqEtdDDaFClKSIuqy6MZlBfuAJobJdNoOnTyYmSglZOPKT3ElKIhb/8GVf+O0zUJbD1w4nHMv997jx4wKaVnfWmFpeWV1rbiub2xube8Yu3stESUckyaOWMQ7PhKE0ZA0JZWMdGJOUOAz0vZHVxO/fU+4oFF4K8cxcQM0CGmfYiSV5BmHpqlXHB/x9CHz0hM7O76rQYcxaOum6Rklq2pNAReJnZMSyNHwjC+nF+EkIKHEDAnRta1YuinikmJGMr3sJILECI/QgHQVDVFAhJtO38hgWSk92I+4qlDCqar/mkhRIMQ48FVngORQzHsT8T+vm8j+hZvSME4kCfFsUT9hUEZwkgnsUU6wZGNFEOZUHQvxEHGEpUpOVynY8z8vklatap9VT29qpfplnkcRHIAjUAE2OAd1cA0aoAkweATP4BW8aU/ai/aufcxaC1o+sw/+QPv8AV0LldM=</latexit>

(w̄,1)
2 ⌧ 1



Aside: Euler-Bernoulli beams
- Displacement field, with

- Small-strain tensor, with

8

Structural elements: beams, plates, shells

<latexit sha1_base64="Vq3jroAXWOKuB6jQkbmbY9Ckswo=">AAAB+XicbVDLSsNAFJ3UV42PRl26GWwKbixJEXVZdOOygn1AG8JkOmmHTh7M3Agl9EtcCQri1k9x5d84bbPQ1gMXDufcy733BKngChzn2yhtbG5t75R3zb39g8OKdXTcUUkmKWvTRCSyFxDFBI9ZGzgI1kslI1EgWDeY3M397hOTiifxI0xT5kVkFPOQUwJa8q2KbZsXAxgzIH7DtG3fqjp1ZwG8TtyCVFGBlm99DYYJzSIWAxVEqb7rpODlRAKngs3M2iBTLCV0Qkasr2lMIqa8fHH5DNe0MsRhInXFgBeq+WsiJ5FS0yjQnRGBsVr15uJ/Xj+D8MbLeZxmwGK6XBRmAkOC5zHgIZeMgphqQqjk+lhMx0QSCjosU6fgrv68TjqNuntVv3xoVJu3RR5ldIrO0Dly0TVqonvUQm1EUYae0St6M3LjxXg3PpatJaOYOUF/YHz+AADdkUc=</latexit>

�✓2

<latexit sha1_base64="gdA+h4Ej7ECH94kDe9F/NEPKL24=">AAAB/HicbVDLSsNAFJ34rPEV69LNYFNwISUpoi6LblxWsA9oQ5hMJ+3QySTMTNQS4qe4EhTErT/iyr9x2mahrQcuHM65l3vvCRJGpXKcb2NldW19Y7O0ZW7v7O7tWwfltoxTgUkLxywW3QBJwignLUUVI91EEBQFjHSC8fXU79wTIWnM79QkIV6EhpyGFCOlJd8q27bZD5DIHnI/O3Vz07Z9q+LUnBngMnELUgEFmr711R/EOI0IV5ghKXuukygvQ0JRzEhuVvupJAnCYzQkPU05ioj0stnxOaxqZQDDWOjiCs5U89dEhiIpJ1GgOyOkRnLRm4r/eb1UhZdeRnmSKsLxfFGYMqhiOE0CDqggWLGJJggLqo+FeIQEwkrnZeoU3MWfl0m7XnPPa2e39UrjqsijBI7AMTgBLrgADXADmqAFMHgEz+AVvBlPxovxbnzMW1eMYuYQ/IHx+QPRiZLp</latexit>

w̄,1

<latexit sha1_base64="I3eunbKXmyeQoQppIYaV0Yfdjes=">AAAB+nicbVDLSgNBEOyNr7i+Vj16GcwG4iXsBlGPQS8eI5gHJEuYnUySIbMPZmajYc2feBIUxKt/4sm/cZLsQRMLGoqqbrq7/JgzqRzn28itrW9sbuW3zZ3dvf0D6/CoIaNEEFonEY9Ey8eSchbSumKK01YsKA58Tpv+6GbmN8dUSBaF92oSUy/Ag5D1GcFKS13Lsm2z42ORPkxLj2embXetglN25kCrxM1IATLUutZXpxeRJKChIhxL2XadWHkpFooRTqdmsZNIGmMywgPa1jTEAZVeOj99iopa6aF+JHSFCs1V89dEigMpJ4GvOwOshnLZm4n/ee1E9a+8lIVxomhIFov6CUcqQrMcUI8JShSfaIKJYPpYRIZYYKJ0WqZOwV3+eZU0KmX3onx+VylUr7M88nACp1ACFy6hCrdQgzoQGMMzvMKb8WS8GO/Gx6I1Z2Qzx/AHxucPFgqR6g==</latexit>

w̄(x)

<latexit sha1_base64="POFFig5e/1v6dZQDEOcEMKrd/dI=">AAAB+nicbVBNS8NAEJ34WeNX1KOXYFOol5IUUY9FLx4r2A9oQ9lsN+3SzSbsbool9p94EhTEq//Ek//GbZuDtj4YeLw3w8y8IGFUKtf9NtbWNza3tgs75u7e/sGhdXTclHEqMGngmMWiHSBJGOWkoahipJ0IgqKAkVYwup35rTERksb8QU0S4kdowGlIMVJa6lmW45jdAIksnZYfz03H6VlFt+LOYa8SLydFyFHvWV/dfozTiHCFGZKy47mJ8jMkFMWMTM1SN5UkQXiEBqSjKUcRkX42P31ql7TSt8NY6OLKnqvmr4kMRVJOokB3RkgN5bI3E//zOqkKr/2M8iRVhOPFojBltortWQ52nwqCFZtogrCg+lgbD5FAWOm0TJ2Ct/zzKmlWK95l5eK+Wqzd5HkU4BTOoAweXEEN7qAODcAwhmd4hTfjyXgx3o2PReuakc+cwB8Ynz8S8pHo</latexit>

ū(x)

<latexit sha1_base64="gdA+h4Ej7ECH94kDe9F/NEPKL24=">AAAB/HicbVDLSsNAFJ34rPEV69LNYFNwISUpoi6LblxWsA9oQ5hMJ+3QySTMTNQS4qe4EhTErT/iyr9x2mahrQcuHM65l3vvCRJGpXKcb2NldW19Y7O0ZW7v7O7tWwfltoxTgUkLxywW3QBJwignLUUVI91EEBQFjHSC8fXU79wTIWnM79QkIV6EhpyGFCOlJd8q27bZD5DIHnI/O3Vz07Z9q+LUnBngMnELUgEFmr711R/EOI0IV5ghKXuukygvQ0JRzEhuVvupJAnCYzQkPU05ioj0stnxOaxqZQDDWOjiCs5U89dEhiIpJ1GgOyOkRnLRm4r/eb1UhZdeRnmSKsLxfFGYMqhiOE0CDqggWLGJJggLqo+FeIQEwkrnZeoU3MWfl0m7XnPPa2e39UrjqsijBI7AMTgBLrgADXADmqAFMHgEz+AVvBlPxovxbnzMW1eMYuYQ/IHx+QPRiZLp</latexit>

w̄,1

<latexit sha1_base64="61d84dp8CXUa5z/dQ7CLa7/LOmc="></latexit>

✏ij =
1

2
(ui,j + uj,i)

<latexit sha1_base64="pBRIdCRvVHBYH8RCKcvAXTFCp2E=">AAAB/nicbVDLSsNAFJ3UV42v+Ni5CTYFVyUpom6EohuXFewDmlBuptN26EwSZiZCDQU/xZWgIG79D1f+jdM2C209cOFwzr3ce0+YMCqV634bhZXVtfWN4qa5tb2zu2ftHzRlnApMGjhmsWiHIAmjEWkoqhhpJ4IADxlphaObqd96IELSOLpX44QEHAYR7VMMSktd68hxTD8EkfkD4BwmV67pOF2r5FbcGexl4uWkhHLUu9aX34txykmkMAMpO56bqCADoShmZGKW/VSSBPAIBqSjaQScyCCbnT+xy1rp2f1Y6IqUPVPNXxMZcCnHPNSdHNRQLnpT8T+vk6r+ZZDRKEkVifB8UT9ltortaRZ2jwqCFRtrAlhQfayNhyAAK52YqVPwFn9eJs1qxTuvnN1VS7XrPI8iOkYn6BR56ALV0C2qowbC6BE9o1f0ZjwZL8a78TFvLRj5zCH6A+PzBxyuk54=</latexit>

�̄ = 0

<latexit sha1_base64="VFFz18hyFbwkizJFKl0XWNKow7Q=">AAACBnicbVDLSsNAFJ34rPEVdamLYFtwoSUpom6EohuXFewDmhIm00k7dPJg5kYpIRtXfoorQUHc+g+u/BunbRbaeuDC4Zx7ufceL+ZMgmV9awuLS8srq4U1fX1jc2vb2NltyigRhDZIxCPR9rCknIW0AQw4bceC4sDjtOUNr8d+654KyaLwDkYx7Qa4HzKfEQxKco2DUkl3YEABu9XLE8fDIn3I3PTYzvRSyTWKVsWawJwndk6KKEfdNb6cXkSSgIZAOJayY1sxdFMsgBFOM73sJJLGmAxxn3YUDXFAZTedvJGZZaX0TD8SqkIwJ6r+ayLFgZSjwFOdAYaBnPXG4n9eJwH/opuyME6AhmS6yE+4CZE5zsTsMUEJ8JEimAimjjXJAAtMQCWnqxTs2Z/nSbNasc8qp7fVYu0qz6OA9tEhOkI2Okc1dIPqqIEIekTP6BW9aU/ai/aufUxbF7R8Zg/9gfb5A8KYlro=</latexit>

✓2 = �w̄,1

<latexit sha1_base64="uUwlKM86M2mZwPC+7RwChY+M0ps="></latexit>

u1(x, z) = ū(x)� zw̄,1(x)

u2 = 0

u3(x) = w̄(x)

<latexit sha1_base64="0RJt7bg16KdU9pnTYceqeDLQFvQ="></latexit>

✏ij =

2

4
ū,1 � zw̄,11 0 0

0 0 0
0 0 0

3

5

Euler-Bernoulli 
kinematic assumption

<latexit sha1_base64="Tn/gaoq/kgf/G5bnai1YKrwR8Zc="></latexit>

✏̄11 = 0 w̄,11 = 1
⇢11

= �11 =) ✏11 = � z
⇢11

<latexit sha1_base64="1BvAHkKbLu+t3zbfSRWbmI5ib+Y=">AAAB/HicbVDLSsNAFJ3UV42vWJdugk2hbkpSRF0W3bisYB/QhjCZTtqhk5kwM5GWUD/FlaAgbv0RV/6N0zYLbT1w4XDOvdx7T5hQIpXrfhuFjc2t7Z3irrm3f3B4ZB2X2pKnAuEW4pSLbgglpoThliKK4m4iMIxDijvh+Hbudx6xkISzBzVNsB/DISMRQVBpKbBKjmP2xYgHmefNqpNz03ECq+zW3AXsdeLlpAxyNAPrqz/gKI0xU4hCKXuemyg/g0IRRPHMrPRTiROIxnCIe5oyGGPpZ4vjZ3ZFKwM74kIXU/ZCNX9NZDCWchqHujOGaiRXvbn4n9dLVXTtZ4QlqcIMLRdFKbUVt+dJ2AMiMFJ0qglEguhjbTSCAiKl8zJ1Ct7qz+ukXa95l7WL+3q5cZPnUQSn4AxUgQeuQAPcgSZoAQQm4Bm8gjfjyXgx3o2PZWvByGdOwB8Ynz/3vpJc</latexit>

⇢11(x)

radius of 
curvature

<latexit sha1_base64="pw5NoBECh54Tf5f5oBXrcl4SxJE=">AAACBnicbVDLSsNAFJ3UV42vqEtdDDaFClKSIuqy6MZlBfuAJobJdNoOnTyYmSglZOPKT3ElKIhb/8GVf+O0zUJbD1w4nHMv997jx4wKaVnfWmFpeWV1rbiub2xube8Yu3stESUckyaOWMQ7PhKE0ZA0JZWMdGJOUOAz0vZHVxO/fU+4oFF4K8cxcQM0CGmfYiSV5BmHpqlXHB/x9CHz0hM7O76rQYcxaOum6Rklq2pNAReJnZMSyNHwjC+nF+EkIKHEDAnRta1YuinikmJGMr3sJILECI/QgHQVDVFAhJtO38hgWSk92I+4qlDCqar/mkhRIMQ48FVngORQzHsT8T+vm8j+hZvSME4kCfFsUT9hUEZwkgnsUU6wZGNFEOZUHQvxEHGEpUpOVynY8z8vklatap9VT29qpfplnkcRHIAjUAE2OAd1cA0aoAkweATP4BW8aU/ai/aufcxaC1o+sw/+QPv8AV0LldM=</latexit>

(w̄,1)
2 ⌧ 1

<latexit sha1_base64="KpeauPChk2a73qyZHAcMKb+3R0E=">AAACA3icbZC7SgNBFIbPxltcb6tWYjOYDVhI2A2ilkEbC4sI5gLJEmYnk2TI7IWZWSEsiZWPYiUoiK1PYeXbOEm20OgPAx//OYcz5/djzqRynC8jt7S8srqWXzc3Nre2d6zdvbqMEkFojUQ8Ek0fS8pZSGuKKU6bsaA48Dlt+MOrab1xT4VkUXinRjH1AtwPWY8RrLTVsQ5s2/RRm3N0gyYnEzSYs2nbHavglJyZ0F9wMyhApmrH+mx3I5IENFSEYylbrhMrL8VCMcLp2Cy2E0ljTIa4T1saQxxQ6aWzG8aoqJ0u6kVCv1ChmWv+mEhxIOUo8HVngNVALtam5n+1VqJ6F17KwjhRNCTzRb2EIxWhaSCoywQlio80YCKY/iwiAywwUTo2U6fgLt78F+rlkntWOr0tFyqXWR55OIQjOAYXzqEC11CFGhB4gCd4gVfj0Xg23oz3eWvOyGb24ZeMj2913ZQt</latexit>

b ⌧ L , h ⌧ LSimplified geometry:
<latexit sha1_base64="O2xNzo/VGEtJyt79JnlAyJkXanY=">AAAB/XicbVDLSsNAFL3xWeMr2qWbwabgqiRF1GXRjcsK9gFNKJPptB06eTAzUUIofoorQUHc+iGu/BunbRbaeuDC4Zx7ufeeIOFMKsf5NtbWNza3tks75u7e/sGhdXTclnEqCG2RmMeiG2BJOYtoSzHFaTcRFIcBp51gcjPzOw9USBZH9ypLqB/iUcSGjGClpb5Vtm3TC7DIH6fI4xyNTdvuWxWn5syBVolbkAoUaPatL28QkzSkkSIcS9lznUT5ORaKEU6nZtVLJU0wmeAR7Wka4ZBKP59fP0VVrQzQMBa6IoXmqvlrIsehlFkY6M4Qq7Fc9mbif14vVcMrP2dRkioakcWiYcqRitEsCjRgghLFM00wEUwfi8gYC0yUDszUKbjLP6+Sdr3mXtTO7+qVxnWRRwlO4BTOwIVLaMAtNKEFBDJ4hld4M56MF+Pd+Fi0rhnFTBn+wPj8ATgmkxs=</latexit>

w̄ ⌧ h
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Structural elements: beams, plates, shells

<latexit sha1_base64="Vq3jroAXWOKuB6jQkbmbY9Ckswo=">AAAB+XicbVDLSsNAFJ3UV42PRl26GWwKbixJEXVZdOOygn1AG8JkOmmHTh7M3Agl9EtcCQri1k9x5d84bbPQ1gMXDufcy733BKngChzn2yhtbG5t75R3zb39g8OKdXTcUUkmKWvTRCSyFxDFBI9ZGzgI1kslI1EgWDeY3M397hOTiifxI0xT5kVkFPOQUwJa8q2KbZsXAxgzIH7DtG3fqjp1ZwG8TtyCVFGBlm99DYYJzSIWAxVEqb7rpODlRAKngs3M2iBTLCV0Qkasr2lMIqa8fHH5DNe0MsRhInXFgBeq+WsiJ5FS0yjQnRGBsVr15uJ/Xj+D8MbLeZxmwGK6XBRmAkOC5zHgIZeMgphqQqjk+lhMx0QSCjosU6fgrv68TjqNuntVv3xoVJu3RR5ldIrO0Dly0TVqonvUQm1EUYae0St6M3LjxXg3PpatJaOYOUF/YHz+AADdkUc=</latexit>

�✓2

<latexit sha1_base64="gdA+h4Ej7ECH94kDe9F/NEPKL24=">AAAB/HicbVDLSsNAFJ34rPEV69LNYFNwISUpoi6LblxWsA9oQ5hMJ+3QySTMTNQS4qe4EhTErT/iyr9x2mahrQcuHM65l3vvCRJGpXKcb2NldW19Y7O0ZW7v7O7tWwfltoxTgUkLxywW3QBJwignLUUVI91EEBQFjHSC8fXU79wTIWnM79QkIV6EhpyGFCOlJd8q27bZD5DIHnI/O3Vz07Z9q+LUnBngMnELUgEFmr711R/EOI0IV5ghKXuukygvQ0JRzEhuVvupJAnCYzQkPU05ioj0stnxOaxqZQDDWOjiCs5U89dEhiIpJ1GgOyOkRnLRm4r/eb1UhZdeRnmSKsLxfFGYMqhiOE0CDqggWLGJJggLqo+FeIQEwkrnZeoU3MWfl0m7XnPPa2e39UrjqsijBI7AMTgBLrgADXADmqAFMHgEz+AVvBlPxovxbnzMW1eMYuYQ/IHx+QPRiZLp</latexit>

w̄,1

<latexit sha1_base64="I3eunbKXmyeQoQppIYaV0Yfdjes=">AAAB+nicbVDLSgNBEOyNr7i+Vj16GcwG4iXsBlGPQS8eI5gHJEuYnUySIbMPZmajYc2feBIUxKt/4sm/cZLsQRMLGoqqbrq7/JgzqRzn28itrW9sbuW3zZ3dvf0D6/CoIaNEEFonEY9Ey8eSchbSumKK01YsKA58Tpv+6GbmN8dUSBaF92oSUy/Ag5D1GcFKS13Lsm2z42ORPkxLj2embXetglN25kCrxM1IATLUutZXpxeRJKChIhxL2XadWHkpFooRTqdmsZNIGmMywgPa1jTEAZVeOj99iopa6aF+JHSFCs1V89dEigMpJ4GvOwOshnLZm4n/ee1E9a+8lIVxomhIFov6CUcqQrMcUI8JShSfaIKJYPpYRIZYYKJ0WqZOwV3+eZU0KmX3onx+VylUr7M88nACp1ACFy6hCrdQgzoQGMMzvMKb8WS8GO/Gx6I1Z2Qzx/AHxucPFgqR6g==</latexit>

w̄(x)

<latexit sha1_base64="POFFig5e/1v6dZQDEOcEMKrd/dI=">AAAB+nicbVBNS8NAEJ34WeNX1KOXYFOol5IUUY9FLx4r2A9oQ9lsN+3SzSbsbool9p94EhTEq//Ek//GbZuDtj4YeLw3w8y8IGFUKtf9NtbWNza3tgs75u7e/sGhdXTclHEqMGngmMWiHSBJGOWkoahipJ0IgqKAkVYwup35rTERksb8QU0S4kdowGlIMVJa6lmW45jdAIksnZYfz03H6VlFt+LOYa8SLydFyFHvWV/dfozTiHCFGZKy47mJ8jMkFMWMTM1SN5UkQXiEBqSjKUcRkX42P31ql7TSt8NY6OLKnqvmr4kMRVJOokB3RkgN5bI3E//zOqkKr/2M8iRVhOPFojBltortWQ52nwqCFZtogrCg+lgbD5FAWOm0TJ2Ct/zzKmlWK95l5eK+Wqzd5HkU4BTOoAweXEEN7qAODcAwhmd4hTfjyXgx3o2PReuakc+cwB8Ynz8S8pHo</latexit>

ū(x)

<latexit sha1_base64="KIYY+CyBdyDSwTs7OtbY+C5/HUY=">AAAB/HicbVBNS8NAEN34WeNXrEcvwabgqSRF1GPRi8cK9gOaUCbbTbt0Nwm7G7GE+lM8CQri1T/iyX/jts1BWx8MPN6bYWZemDIqlet+G2vrG5tb26Udc3dv/+DQOiq3ZZIJTFo4YYnohiAJozFpKaoY6aaCAA8Z6YTjm5nfeSBC0iS+V5OUBByGMY0oBqWlvlV2HNMPQeT+EDiHqek4favi1tw57FXiFaSCCjT71pc/SHDGSawwAyl7npuqIAehKGZkalb9TJIU8BiGpKdpDJzIIJ8fP7WrWhnYUSJ0xcqeq+aviRy4lBMe6k4OaiSXvZn4n9fLVHQV5DROM0VivFgUZcxWiT1Lwh5QQbBiE00AC6qPtfEIBGCl8zJ1Ct7yz6ukXa95F7Xzu3qlcV3kUUIn6BSdIQ9doga6RU3UQhg9omf0it6MJ+PFeDc+Fq1rRjFzjP7A+PwBILiTHQ==</latexit>

�̄

<latexit sha1_base64="gdA+h4Ej7ECH94kDe9F/NEPKL24=">AAAB/HicbVDLSsNAFJ34rPEV69LNYFNwISUpoi6LblxWsA9oQ5hMJ+3QySTMTNQS4qe4EhTErT/iyr9x2mahrQcuHM65l3vvCRJGpXKcb2NldW19Y7O0ZW7v7O7tWwfltoxTgUkLxywW3QBJwignLUUVI91EEBQFjHSC8fXU79wTIWnM79QkIV6EhpyGFCOlJd8q27bZD5DIHnI/O3Vz07Z9q+LUnBngMnELUgEFmr711R/EOI0IV5ghKXuukygvQ0JRzEhuVvupJAnCYzQkPU05ioj0stnxOaxqZQDDWOjiCs5U89dEhiIpJ1GgOyOkRnLRm4r/eb1UhZdeRnmSKsLxfFGYMqhiOE0CDqggWLGJJggLqo+FeIQEwkrnZeoU3MWfl0m7XnPPa2e39UrjqsijBI7AMTgBLrgADXADmqAFMHgEz+AVvBlPxovxbnzMW1eMYuYQ/IHx+QPRiZLp</latexit>

w̄,1

Timoshenko beams
- Small-strain tensor

- Linear elasticity (generalized Hooke’s law)

assuming                        and  

Since lateral surfaces are traction

free, stresses in 22 and 33 directions

must be zero on free surfaces.

- Reconciled if the displacement field

has higher order terms.

<latexit sha1_base64="Ul8kvJEfw34tEO13EsYEdJvW2wM="></latexit>

✏ij =

2

4
✏̄11 + z̄11 0 �̄13/2

0 0 0
�̄13/2 0 0

3

5

<latexit sha1_base64="xOuB84Kg4dPLADxHIJvdlq6yHhA="></latexit>

�ij =

2

4
E(✏̄11 + z̄11) 0 E

2(1+⌫) �̄13
0 0 0

E
2(1+⌫) �̄13 0 0

3

5

<latexit sha1_base64="tJV/Ek6Iv5bkxbnb1soBITUUgog=">AAACB3icbVDLSsNAFJ3UV42vqEsRBtuCq5IEUZdFNy4r2Ac0IUym03boTBJmJkIJWbnyU1wJCuLWb3Dl3zhtI2jrgQtnzrmXufeECaNS2faXUVpZXVvfKG+aW9s7u3vW/kFbxqnApIVjFotuiCRhNCItRRUj3UQQxENGOuH4eup37omQNI7u1CQhPkfDiA4oRkpLgXVc9SQdchRkrptDjzH483acvBpYFbtuzwCXiVOQCijQDKxPrx/jlJNIYYak7Dl2ovwMCUUxI7lZ81JJEoTHaEh6mkaIE+lnsztyWNNKHw5ioStScKaavyYyxKWc8FB3cqRGctGbiv95vVQNLv2MRkmqSITnHw1SBlUMp6HAPhUEKzbRBGFB9bIQj5BAWOnoTJ2Cs3jzMmm7dee8fnbrVhpXRR5lcAROwClwwAVogBvQBC2AwQN4Ai/g1Xg0no03433eWjKKmUPwB8bHN+2kmAk=</latexit>

�22 ⌧ �11
<latexit sha1_base64="n2aPra2OkakhN/tBpKUeSrHvErs=">AAACB3icbVDLSsNAFJ3UV42vqEsRBtuCq5K0oi6LblxWsA9oQphMJ+3QySTMTIQSsnLlp7gSFMSt3+DKv3H6ELT1wIUz59zL3HuChFGpbPvLKKysrq1vFDfNre2d3T1r/6At41Rg0sIxi0U3QJIwyklLUcVINxEERQEjnWB0PfE790RIGvM7NU6IF6EBpyHFSGnJt47LrqSDCPlZvZ5DlzH483acvOxbJbtqTwGXiTMnJTBH07c+3X6M04hwhRmSsufYifIyJBTFjORmxU0lSRAeoQHpacpRRKSXTe/IYUUrfRjGQhdXcKqavyYyFEk5jgLdGSE1lIveRPzP66UqvPQyypNUEY5nH4UpgyqGk1BgnwqCFRtrgrCgelmIh0ggrHR0pk7BWbx5mbRrVee8enZbKzWu5nkUwRE4AafAARegAW5AE7QABg/gCbyAV+PReDbejPdZa8GYzxyCPzA+vgHw05gL</latexit>

�33 ⌧ �11

<latexit sha1_base64="vzFhfVRFa1NWhZaJU4kynecHxLU="></latexit>

u1(x, z) = ū(x)� zw̄,1(x) + h.o.t

u2 = 0 + h.o.t

u3(x) = w̄(x) + h.o.t

solution of a mixed boundary 
condition problem

<latexit sha1_base64="KpeauPChk2a73qyZHAcMKb+3R0E=">AAACA3icbZC7SgNBFIbPxltcb6tWYjOYDVhI2A2ilkEbC4sI5gLJEmYnk2TI7IWZWSEsiZWPYiUoiK1PYeXbOEm20OgPAx//OYcz5/djzqRynC8jt7S8srqWXzc3Nre2d6zdvbqMEkFojUQ8Ek0fS8pZSGuKKU6bsaA48Dlt+MOrab1xT4VkUXinRjH1AtwPWY8RrLTVsQ5s2/RRm3N0gyYnEzSYs2nbHavglJyZ0F9wMyhApmrH+mx3I5IENFSEYylbrhMrL8VCMcLp2Cy2E0ljTIa4T1saQxxQ6aWzG8aoqJ0u6kVCv1ChmWv+mEhxIOUo8HVngNVALtam5n+1VqJ6F17KwjhRNCTzRb2EIxWhaSCoywQlio80YCKY/iwiAywwUTo2U6fgLt78F+rlkntWOr0tFyqXWR55OIQjOAYXzqEC11CFGhB4gCd4gVfj0Xg23oz3eWvOyGb24ZeMj2913ZQt</latexit>

b ⌧ L , h ⌧ LSimplified geometry:
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Structural elements: beams, plates, shells

Timoshenko beams
- Small-strain tensor

- Linear elasticity (generalized Hooke’s law)

assuming                        and  

Since lateral surfaces are traction

free, stresses in 22 and 33 directions

must be zero on free surfaces.

<latexit sha1_base64="Ul8kvJEfw34tEO13EsYEdJvW2wM="></latexit>

✏ij =

2

4
✏̄11 + z̄11 0 �̄13/2

0 0 0
�̄13/2 0 0

3

5

<latexit sha1_base64="xOuB84Kg4dPLADxHIJvdlq6yHhA="></latexit>

�ij =

2

4
E(✏̄11 + z̄11) 0 E

2(1+⌫) �̄13
0 0 0

E
2(1+⌫) �̄13 0 0

3

5

<latexit sha1_base64="tJV/Ek6Iv5bkxbnb1soBITUUgog=">AAACB3icbVDLSsNAFJ3UV42vqEsRBtuCq5IEUZdFNy4r2Ac0IUym03boTBJmJkIJWbnyU1wJCuLWb3Dl3zhtI2jrgQtnzrmXufeECaNS2faXUVpZXVvfKG+aW9s7u3vW/kFbxqnApIVjFotuiCRhNCItRRUj3UQQxENGOuH4eup37omQNI7u1CQhPkfDiA4oRkpLgXVc9SQdchRkrptDjzH483acvBpYFbtuzwCXiVOQCijQDKxPrx/jlJNIYYak7Dl2ovwMCUUxI7lZ81JJEoTHaEh6mkaIE+lnsztyWNNKHw5ioStScKaavyYyxKWc8FB3cqRGctGbiv95vVQNLv2MRkmqSITnHw1SBlUMp6HAPhUEKzbRBGFB9bIQj5BAWOnoTJ2Cs3jzMmm7dee8fnbrVhpXRR5lcAROwClwwAVogBvQBC2AwQN4Ai/g1Xg0no03433eWjKKmUPwB8bHN+2kmAk=</latexit>

�22 ⌧ �11
<latexit sha1_base64="n2aPra2OkakhN/tBpKUeSrHvErs=">AAACB3icbVDLSsNAFJ3UV42vqEsRBtuCq5K0oi6LblxWsA9oQphMJ+3QySTMTIQSsnLlp7gSFMSt3+DKv3H6ELT1wIUz59zL3HuChFGpbPvLKKysrq1vFDfNre2d3T1r/6At41Rg0sIxi0U3QJIwyklLUcVINxEERQEjnWB0PfE790RIGvM7NU6IF6EBpyHFSGnJt47LrqSDCPlZvZ5DlzH483acvOxbJbtqTwGXiTMnJTBH07c+3X6M04hwhRmSsufYifIyJBTFjORmxU0lSRAeoQHpacpRRKSXTe/IYUUrfRjGQhdXcKqavyYyFEk5jgLdGSE1lIveRPzP66UqvPQyypNUEY5nH4UpgyqGk1BgnwqCFRtrgrCgelmIh0ggrHR0pk7BWbx5mbRrVee8enZbKzWu5nkUwRE4AafAARegAW5AE7QABg/gCbyAV+PReDbejPdZa8GYzxyCPzA+vgHw05gL</latexit>

�33 ⌧ �11 incompatible
with strain field

Reissner’s theory
overcomes this issue

<latexit sha1_base64="uaPue76a0aYJekcCjIeiwRPplnU="></latexit>8
>>>>>><

>>>>>>:

�11

�22

�33

�12

�23

�13

9
>>>>>>=

>>>>>>;

=
E

(1 + ⌫)(1� 2⌫)

2

6666664

(1� ⌫) ⌫ ⌫ 0 0 0
⌫ (1� ⌫) ⌫ 0 0 0
⌫ ⌫ (1� ⌫) 0 0 0
0 0 0 (1� 2⌫)/2 0 0
0 0 0 0 (1� 2⌫)/2 0
0 0 0 0 0 (1� 2⌫)/2

3

7777775

8
>>>>>><

>>>>>>:

✏11
✏22
✏33
�12
�23
�13

9
>>>>>>=

>>>>>>;
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Structural elements: beams, plates, shells

<latexit sha1_base64="Vq3jroAXWOKuB6jQkbmbY9Ckswo=">AAAB+XicbVDLSsNAFJ3UV42PRl26GWwKbixJEXVZdOOygn1AG8JkOmmHTh7M3Agl9EtcCQri1k9x5d84bbPQ1gMXDufcy733BKngChzn2yhtbG5t75R3zb39g8OKdXTcUUkmKWvTRCSyFxDFBI9ZGzgI1kslI1EgWDeY3M397hOTiifxI0xT5kVkFPOQUwJa8q2KbZsXAxgzIH7DtG3fqjp1ZwG8TtyCVFGBlm99DYYJzSIWAxVEqb7rpODlRAKngs3M2iBTLCV0Qkasr2lMIqa8fHH5DNe0MsRhInXFgBeq+WsiJ5FS0yjQnRGBsVr15uJ/Xj+D8MbLeZxmwGK6XBRmAkOC5zHgIZeMgphqQqjk+lhMx0QSCjosU6fgrv68TjqNuntVv3xoVJu3RR5ldIrO0Dly0TVqonvUQm1EUYae0St6M3LjxXg3PpatJaOYOUF/YHz+AADdkUc=</latexit>

�✓2

<latexit sha1_base64="gdA+h4Ej7ECH94kDe9F/NEPKL24=">AAAB/HicbVDLSsNAFJ34rPEV69LNYFNwISUpoi6LblxWsA9oQ5hMJ+3QySTMTNQS4qe4EhTErT/iyr9x2mahrQcuHM65l3vvCRJGpXKcb2NldW19Y7O0ZW7v7O7tWwfltoxTgUkLxywW3QBJwignLUUVI91EEBQFjHSC8fXU79wTIWnM79QkIV6EhpyGFCOlJd8q27bZD5DIHnI/O3Vz07Z9q+LUnBngMnELUgEFmr711R/EOI0IV5ghKXuukygvQ0JRzEhuVvupJAnCYzQkPU05ioj0stnxOaxqZQDDWOjiCs5U89dEhiIpJ1GgOyOkRnLRm4r/eb1UhZdeRnmSKsLxfFGYMqhiOE0CDqggWLGJJggLqo+FeIQEwkrnZeoU3MWfl0m7XnPPa2e39UrjqsijBI7AMTgBLrgADXADmqAFMHgEz+AVvBlPxovxbnzMW1eMYuYQ/IHx+QPRiZLp</latexit>

w̄,1

<latexit sha1_base64="I3eunbKXmyeQoQppIYaV0Yfdjes=">AAAB+nicbVDLSgNBEOyNr7i+Vj16GcwG4iXsBlGPQS8eI5gHJEuYnUySIbMPZmajYc2feBIUxKt/4sm/cZLsQRMLGoqqbrq7/JgzqRzn28itrW9sbuW3zZ3dvf0D6/CoIaNEEFonEY9Ey8eSchbSumKK01YsKA58Tpv+6GbmN8dUSBaF92oSUy/Ag5D1GcFKS13Lsm2z42ORPkxLj2embXetglN25kCrxM1IATLUutZXpxeRJKChIhxL2XadWHkpFooRTqdmsZNIGmMywgPa1jTEAZVeOj99iopa6aF+JHSFCs1V89dEigMpJ4GvOwOshnLZm4n/ee1E9a+8lIVxomhIFov6CUcqQrMcUI8JShSfaIKJYPpYRIZYYKJ0WqZOwV3+eZU0KmX3onx+VylUr7M88nACp1ACFy6hCrdQgzoQGMMzvMKb8WS8GO/Gx6I1Z2Qzx/AHxucPFgqR6g==</latexit>

w̄(x)

<latexit sha1_base64="POFFig5e/1v6dZQDEOcEMKrd/dI=">AAAB+nicbVBNS8NAEJ34WeNX1KOXYFOol5IUUY9FLx4r2A9oQ9lsN+3SzSbsbool9p94EhTEq//Ek//GbZuDtj4YeLw3w8y8IGFUKtf9NtbWNza3tgs75u7e/sGhdXTclHEqMGngmMWiHSBJGOWkoahipJ0IgqKAkVYwup35rTERksb8QU0S4kdowGlIMVJa6lmW45jdAIksnZYfz03H6VlFt+LOYa8SLydFyFHvWV/dfozTiHCFGZKy47mJ8jMkFMWMTM1SN5UkQXiEBqSjKUcRkX42P31ql7TSt8NY6OLKnqvmr4kMRVJOokB3RkgN5bI3E//zOqkKr/2M8iRVhOPFojBltortWQ52nwqCFZtogrCg+lgbD5FAWOm0TJ2Ct/zzKmlWK95l5eK+Wqzd5HkU4BTOoAweXEEN7qAODcAwhmd4hTfjyXgx3o2PReuakc+cwB8Ynz8S8pHo</latexit>

ū(x)

<latexit sha1_base64="KIYY+CyBdyDSwTs7OtbY+C5/HUY=">AAAB/HicbVBNS8NAEN34WeNXrEcvwabgqSRF1GPRi8cK9gOaUCbbTbt0Nwm7G7GE+lM8CQri1T/iyX/jts1BWx8MPN6bYWZemDIqlet+G2vrG5tb26Udc3dv/+DQOiq3ZZIJTFo4YYnohiAJozFpKaoY6aaCAA8Z6YTjm5nfeSBC0iS+V5OUBByGMY0oBqWlvlV2HNMPQeT+EDiHqek4favi1tw57FXiFaSCCjT71pc/SHDGSawwAyl7npuqIAehKGZkalb9TJIU8BiGpKdpDJzIIJ8fP7WrWhnYUSJ0xcqeq+aviRy4lBMe6k4OaiSXvZn4n9fLVHQV5DROM0VivFgUZcxWiT1Lwh5QQbBiE00AC6qPtfEIBGCl8zJ1Ct7yz6ukXa95F7Xzu3qlcV3kUUIn6BSdIQ9doga6RU3UQhg9omf0it6MJ+PFeDc+Fq1rRjFzjP7A+PwBILiTHQ==</latexit>

�̄

<latexit sha1_base64="gdA+h4Ej7ECH94kDe9F/NEPKL24=">AAAB/HicbVDLSsNAFJ34rPEV69LNYFNwISUpoi6LblxWsA9oQ5hMJ+3QySTMTNQS4qe4EhTErT/iyr9x2mahrQcuHM65l3vvCRJGpXKcb2NldW19Y7O0ZW7v7O7tWwfltoxTgUkLxywW3QBJwignLUUVI91EEBQFjHSC8fXU79wTIWnM79QkIV6EhpyGFCOlJd8q27bZD5DIHnI/O3Vz07Z9q+LUnBngMnELUgEFmr711R/EOI0IV5ghKXuukygvQ0JRzEhuVvupJAnCYzQkPU05ioj0stnxOaxqZQDDWOjiCs5U89dEhiIpJ1GgOyOkRnLRm4r/eb1UhZdeRnmSKsLxfFGYMqhiOE0CDqggWLGJJggLqo+FeIQEwkrnZeoU3MWfl0m7XnPPa2e39UrjqsijBI7AMTgBLrgADXADmqAFMHgEz+AVvBlPxovxbnzMW1eMYuYQ/IHx+QPRiZLp</latexit>

w̄,1

Timoshenko beams
- Linear elasticity (generalized Hooke’s law)

assuming                        and  

Since lateral surfaces are traction

free, stresses in 22 and 33 directions

must be zero on free surfaces.

- Internal resultants

<latexit sha1_base64="xOuB84Kg4dPLADxHIJvdlq6yHhA="></latexit>

�ij =

2

4
E(✏̄11 + z̄11) 0 E

2(1+⌫) �̄13
0 0 0

E
2(1+⌫) �̄13 0 0

3

5

beam geometry
height (h), width (b)
cross-sectional area (A) 
moment of inertia (I)
Shear correction factor (Ks)

<latexit sha1_base64="SLFUn/bqPeENDgPuc2ERcfSpcWI=">AAACEnicbVDLSsNAFJ34rPFVdekm2BS6KkkRdSO0unElFewDmhAm02k7dGYSZiZCCfkFV36KK0FB3Lpz5d84bbPQ1gMXDufcy733hDElUjnOt7Gyura+sVnYMrd3dvf2iweHbRklAuEWimgkuiGUmBKOW4ooiruxwJCFFHfC8fXU7zxgIUnE79Ukxj6DQ04GBEGlpaBYsW3zNnAvPcJVkDYyT5Ihg0HqupnHoBoJlvazhmnbQbHkVJ0ZrGXi5qQEcjSD4pfXj1DCMFeIQil7rhMrP4VCEURxZpa9ROIYojEc4p6mHDIs/XT2UmaVtdK3BpHQxZU1U81fEylkUk5YqDunZ8pFbyr+5/USNbjwU8LjRGGO5osGCbVUZE3zsfpEYKToRBOIBNHHWmgEBURKp2jqFNzFn5dJu1Z1z6qnd7VS/SrPowCOwQmoABecgzq4AU3QAgg8gmfwCt6MJ+PFeDc+5q0rRj5zBP7A+PwBeP6cEw==</latexit>

N1 =

Z

A
�11dA

<latexit sha1_base64="zAwSaGG/ofT7tnT+ypsOkBwYxuM=">AAACE3icbVDLSsNAFJ3UV42vqks3wbagm5IUUTdCqxs3QgX7gCaEyXTaDp2ZhJmJUEO+wZWf4kpQELeuXPk3TtoutPXAhcM593LvPUFEiVS2/W3klpZXVtfy6+bG5tb2TmF3ryXDWCDcRCENRSeAElPCcVMRRXEnEhiygOJ2MLrK/PY9FpKE/E6NI+wxOOCkTxBUWvILx6WSeeNXL1zClZ/U0wdXkgGDfuI4qcugGgqW9NK6WSr5haJdsSewFokzI0UwQ8MvfLm9EMUMc4UolLLr2JHyEigUQRSnZtmNJY4gGsEB7mrKIcPSSyY/pVZZKz2rHwpdXFkT1fw1kUAm5ZgFujM7U857mfif141V/9xLCI9ihTmaLurH1FKhlQVk9YjASNGxJhAJoo+10BAKiJSO0dQpOPM/L5JWteKcVk5uq8Xa5SyPPDgAh+AIOOAM1MA1aIAmQOARPINX8GY8GS/Gu/Exbc0Zs5l98AfG5w9oVZyX</latexit>

M2 =

Z

A
z�11dA

<latexit sha1_base64="me6E0v3U9/SHNCcW1jpLMhcFCic="></latexit>

V = Ks

Z

A
�13dA

<latexit sha1_base64="tJV/Ek6Iv5bkxbnb1soBITUUgog=">AAACB3icbVDLSsNAFJ3UV42vqEsRBtuCq5IEUZdFNy4r2Ac0IUym03boTBJmJkIJWbnyU1wJCuLWb3Dl3zhtI2jrgQtnzrmXufeECaNS2faXUVpZXVvfKG+aW9s7u3vW/kFbxqnApIVjFotuiCRhNCItRRUj3UQQxENGOuH4eup37omQNI7u1CQhPkfDiA4oRkpLgXVc9SQdchRkrptDjzH483acvBpYFbtuzwCXiVOQCijQDKxPrx/jlJNIYYak7Dl2ovwMCUUxI7lZ81JJEoTHaEh6mkaIE+lnsztyWNNKHw5ioStScKaavyYyxKWc8FB3cqRGctGbiv95vVQNLv2MRkmqSITnHw1SBlUMp6HAPhUEKzbRBGFB9bIQj5BAWOnoTJ2Cs3jzMmm7dee8fnbrVhpXRR5lcAROwClwwAVogBvQBC2AwQN4Ai/g1Xg0no03433eWjKKmUPwB8bHN+2kmAk=</latexit>

�22 ⌧ �11
<latexit sha1_base64="n2aPra2OkakhN/tBpKUeSrHvErs=">AAACB3icbVDLSsNAFJ3UV42vqEsRBtuCq5K0oi6LblxWsA9oQphMJ+3QySTMTIQSsnLlp7gSFMSt3+DKv3H6ELT1wIUz59zL3HuChFGpbPvLKKysrq1vFDfNre2d3T1r/6At41Rg0sIxi0U3QJIwyklLUcVINxEERQEjnWB0PfE790RIGvM7NU6IF6EBpyHFSGnJt47LrqSDCPlZvZ5DlzH483acvOxbJbtqTwGXiTMnJTBH07c+3X6M04hwhRmSsufYifIyJBTFjORmxU0lSRAeoQHpacpRRKSXTe/IYUUrfRjGQhdXcKqavyYyFEk5jgLdGSE1lIveRPzP66UqvPQyypNUEY5nH4UpgyqGk1BgnwqCFRtrgrCgelmIh0ggrHR0pk7BWbx5mbRrVee8enZbKzWu5nkUwRE4AafAARegAW5AE7QABg/gCbyAV+PReDbejPdZa8GYzxyCPzA+vgHw05gL</latexit>

�33 ⌧ �11

<latexit sha1_base64="KpeauPChk2a73qyZHAcMKb+3R0E=">AAACA3icbZC7SgNBFIbPxltcb6tWYjOYDVhI2A2ilkEbC4sI5gLJEmYnk2TI7IWZWSEsiZWPYiUoiK1PYeXbOEm20OgPAx//OYcz5/djzqRynC8jt7S8srqWXzc3Nre2d6zdvbqMEkFojUQ8Ek0fS8pZSGuKKU6bsaA48Dlt+MOrab1xT4VkUXinRjH1AtwPWY8RrLTVsQ5s2/RRm3N0gyYnEzSYs2nbHavglJyZ0F9wMyhApmrH+mx3I5IENFSEYylbrhMrL8VCMcLp2Cy2E0ljTIa4T1saQxxQ6aWzG8aoqJ0u6kVCv1ChmWv+mEhxIOUo8HVngNVALtam5n+1VqJ6F17KwjhRNCTzRb2EIxWhaSCoywQlio80YCKY/iwiAywwUTo2U6fgLt78F+rlkntWOr0tFyqXWR55OIQjOAYXzqEC11CFGhB4gCd4gVfj0Xg23oz3eWvOyGb24ZeMj2913ZQt</latexit>

b ⌧ L , h ⌧ LSimplified geometry:
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Structural elements: beams, plates, shells

Timoshenko beams
- Internal resultants

Note: The shear correction factor Ks is required in
the formulation due to the absence of shear stress 
and strain at the top and bottom boundaries of the 
beam. Ks is computed such that resultant shear 
force V creates the same strain energy as does the 
true transverse stresses predicted by the 
three-dimensional elasticity theory. 

<latexit sha1_base64="QJYSobVwBhmqleOTZYOcmQR5iq8="></latexit>

N1 = b

Z h/2

�h/2
E(✏̄11 + z̄11)dz = EA✏̄11

<latexit sha1_base64="GNvcvKehg99EKM6h/ASfk7kby2o="></latexit>

M2 = b

Z h/2

�h/2
E(z✏̄11 + z2̄11)dz = EI22̄11

<latexit sha1_base64="NHW81Hzi3Ni1do1L91Acpg4QNuw="></latexit>

V = Ksb

Z h/2

�h/2

E

2(1 + ⌫)
�̄13dz =

KsAE

2(1 + ⌫)
�̄13

<latexit sha1_base64="I3eunbKXmyeQoQppIYaV0Yfdjes=">AAAB+nicbVDLSgNBEOyNr7i+Vj16GcwG4iXsBlGPQS8eI5gHJEuYnUySIbMPZmajYc2feBIUxKt/4sm/cZLsQRMLGoqqbrq7/JgzqRzn28itrW9sbuW3zZ3dvf0D6/CoIaNEEFonEY9Ey8eSchbSumKK01YsKA58Tpv+6GbmN8dUSBaF92oSUy/Ag5D1GcFKS13Lsm2z42ORPkxLj2embXetglN25kCrxM1IATLUutZXpxeRJKChIhxL2XadWHkpFooRTqdmsZNIGmMywgPa1jTEAZVeOj99iopa6aF+JHSFCs1V89dEigMpJ4GvOwOshnLZm4n/ee1E9a+8lIVxomhIFov6CUcqQrMcUI8JShSfaIKJYPpYRIZYYKJ0WqZOwV3+eZU0KmX3onx+VylUr7M88nACp1ACFy6hCrdQgzoQGMMzvMKb8WS8GO/Gx6I1Z2Qzx/AHxucPFgqR6g==</latexit>

w̄(x)

<latexit sha1_base64="POFFig5e/1v6dZQDEOcEMKrd/dI=">AAAB+nicbVBNS8NAEJ34WeNX1KOXYFOol5IUUY9FLx4r2A9oQ9lsN+3SzSbsbool9p94EhTEq//Ek//GbZuDtj4YeLw3w8y8IGFUKtf9NtbWNza3tgs75u7e/sGhdXTclHEqMGngmMWiHSBJGOWkoahipJ0IgqKAkVYwup35rTERksb8QU0S4kdowGlIMVJa6lmW45jdAIksnZYfz03H6VlFt+LOYa8SLydFyFHvWV/dfozTiHCFGZKy47mJ8jMkFMWMTM1SN5UkQXiEBqSjKUcRkX42P31ql7TSt8NY6OLKnqvmr4kMRVJOokB3RkgN5bI3E//zOqkKr/2M8iRVhOPFojBltortWQ52nwqCFZtogrCg+lgbD5FAWOm0TJ2Ct/zzKmlWK95l5eK+Wqzd5HkU4BTOoAweXEEN7qAODcAwhmd4hTfjyXgx3o2PReuakc+cwB8Ynz8S8pHo</latexit>

ū(x)

<latexit sha1_base64="I3eunbKXmyeQoQppIYaV0Yfdjes=">AAAB+nicbVDLSgNBEOyNr7i+Vj16GcwG4iXsBlGPQS8eI5gHJEuYnUySIbMPZmajYc2feBIUxKt/4sm/cZLsQRMLGoqqbrq7/JgzqRzn28itrW9sbuW3zZ3dvf0D6/CoIaNEEFonEY9Ey8eSchbSumKK01YsKA58Tpv+6GbmN8dUSBaF92oSUy/Ag5D1GcFKS13Lsm2z42ORPkxLj2embXetglN25kCrxM1IATLUutZXpxeRJKChIhxL2XadWHkpFooRTqdmsZNIGmMywgPa1jTEAZVeOj99iopa6aF+JHSFCs1V89dEigMpJ4GvOwOshnLZm4n/ee1E9a+8lIVxomhIFov6CUcqQrMcUI8JShSfaIKJYPpYRIZYYKJ0WqZOwV3+eZU0KmX3onx+VylUr7M88nACp1ACFy6hCrdQgzoQGMMzvMKb8WS8GO/Gx6I1Z2Qzx/AHxucPFgqR6g==</latexit>

w̄(x)

<latexit sha1_base64="POFFig5e/1v6dZQDEOcEMKrd/dI=">AAAB+nicbVBNS8NAEJ34WeNX1KOXYFOol5IUUY9FLx4r2A9oQ9lsN+3SzSbsbool9p94EhTEq//Ek//GbZuDtj4YeLw3w8y8IGFUKtf9NtbWNza3tgs75u7e/sGhdXTclHEqMGngmMWiHSBJGOWkoahipJ0IgqKAkVYwup35rTERksb8QU0S4kdowGlIMVJa6lmW45jdAIksnZYfz03H6VlFt+LOYa8SLydFyFHvWV/dfozTiHCFGZKy47mJ8jMkFMWMTM1SN5UkQXiEBqSjKUcRkX42P31ql7TSt8NY6OLKnqvmr4kMRVJOokB3RkgN5bI3E//zOqkKr/2M8iRVhOPFojBltortWQ52nwqCFZtogrCg+lgbD5FAWOm0TJ2Ct/zzKmlWK95l5eK+Wqzd5HkU4BTOoAweXEEN7qAODcAwhmd4hTfjyXgx3o2PReuakc+cwB8Ynz8S8pHo</latexit>

ū(x)

<latexit sha1_base64="gdA+h4Ej7ECH94kDe9F/NEPKL24=">AAAB/HicbVDLSsNAFJ34rPEV69LNYFNwISUpoi6LblxWsA9oQ5hMJ+3QySTMTNQS4qe4EhTErT/iyr9x2mahrQcuHM65l3vvCRJGpXKcb2NldW19Y7O0ZW7v7O7tWwfltoxTgUkLxywW3QBJwignLUUVI91EEBQFjHSC8fXU79wTIWnM79QkIV6EhpyGFCOlJd8q27bZD5DIHnI/O3Vz07Z9q+LUnBngMnELUgEFmr711R/EOI0IV5ghKXuukygvQ0JRzEhuVvupJAnCYzQkPU05ioj0stnxOaxqZQDDWOjiCs5U89dEhiIpJ1GgOyOkRnLRm4r/eb1UhZdeRnmSKsLxfFGYMqhiOE0CDqggWLGJJggLqo+FeIQEwkrnZeoU3MWfl0m7XnPPa2e39UrjqsijBI7AMTgBLrgADXADmqAFMHgEz+AVvBlPxovxbnzMW1eMYuYQ/IHx+QPRiZLp</latexit>

w̄,1

<latexit sha1_base64="gdA+h4Ej7ECH94kDe9F/NEPKL24=">AAAB/HicbVDLSsNAFJ34rPEV69LNYFNwISUpoi6LblxWsA9oQ5hMJ+3QySTMTNQS4qe4EhTErT/iyr9x2mahrQcuHM65l3vvCRJGpXKcb2NldW19Y7O0ZW7v7O7tWwfltoxTgUkLxywW3QBJwignLUUVI91EEBQFjHSC8fXU79wTIWnM79QkIV6EhpyGFCOlJd8q27bZD5DIHnI/O3Vz07Z9q+LUnBngMnELUgEFmr711R/EOI0IV5ghKXuukygvQ0JRzEhuVvupJAnCYzQkPU05ioj0stnxOaxqZQDDWOjiCs5U89dEhiIpJ1GgOyOkRnLRm4r/eb1UhZdeRnmSKsLxfFGYMqhiOE0CDqggWLGJJggLqo+FeIQEwkrnZeoU3MWfl0m7XnPPa2e39UrjqsijBI7AMTgBLrgADXADmqAFMHgEz+AVvBlPxovxbnzMW1eMYuYQ/IHx+QPRiZLp</latexit>

w̄,1

<latexit sha1_base64="KIYY+CyBdyDSwTs7OtbY+C5/HUY=">AAAB/HicbVBNS8NAEN34WeNXrEcvwabgqSRF1GPRi8cK9gOaUCbbTbt0Nwm7G7GE+lM8CQri1T/iyX/jts1BWx8MPN6bYWZemDIqlet+G2vrG5tb26Udc3dv/+DQOiq3ZZIJTFo4YYnohiAJozFpKaoY6aaCAA8Z6YTjm5nfeSBC0iS+V5OUBByGMY0oBqWlvlV2HNMPQeT+EDiHqek4favi1tw57FXiFaSCCjT71pc/SHDGSawwAyl7npuqIAehKGZkalb9TJIU8BiGpKdpDJzIIJ8fP7WrWhnYUSJ0xcqeq+aviRy4lBMe6k4OaiSXvZn4n9fLVHQV5DROM0VivFgUZcxWiT1Lwh5QQbBiE00AC6qPtfEIBGCl8zJ1Ct7yz6ukXa95F7Xzu3qlcV3kUUIn6BSdIQ9doga6RU3UQhg9omf0it6MJ+PFeDc+Fq1rRjFzjP7A+PwBILiTHQ==</latexit>

�̄
<latexit sha1_base64="Ke7yGKEhvufmVsigrXhSD1iS5cI=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDYFTyUpoh6LXjxWsB/QhrLZbtqlm03c3Qg19Ed4EhTEq7/Hk//GbZuDtj4YeLw3w8y8IOFMadf9tgpr6xubW8Vte2d3b/+gdHjUUnEqCW2SmMeyE2BFORO0qZnmtJNIiqOA03Ywvpn57UcqFYvFvZ4k1I/wULCQEayN1HYc+8l2nH6p7FbdOdAq8XJShhyNfumrN4hJGlGhCcdKdT030X6GpWaE06ld6aWKJpiM8ZB2DRU4osrP5vdOUcUoAxTG0pTQaK7avyYyHCk1iQLTGWE9UsveTPzP66Y6vPIzJpJUU0EWi8KUIx2j2fNowCQlmk8MwUQycywiIywx0SYi26TgLf+8Slq1qndRPb+rlevXeR5FOIFTOAMPLqEOt9CAJhAYwzO8wpv1YL1Y79bHorVg5TPH8AfW5w8q8o4Q</latexit>z

<latexit sha1_base64="Ke7yGKEhvufmVsigrXhSD1iS5cI=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDYFTyUpoh6LXjxWsB/QhrLZbtqlm03c3Qg19Ed4EhTEq7/Hk//GbZuDtj4YeLw3w8y8IOFMadf9tgpr6xubW8Vte2d3b/+gdHjUUnEqCW2SmMeyE2BFORO0qZnmtJNIiqOA03Ywvpn57UcqFYvFvZ4k1I/wULCQEayN1HYc+8l2nH6p7FbdOdAq8XJShhyNfumrN4hJGlGhCcdKdT030X6GpWaE06ld6aWKJpiM8ZB2DRU4osrP5vdOUcUoAxTG0pTQaK7avyYyHCk1iQLTGWE9UsveTPzP66Y6vPIzJpJUU0EWi8KUIx2j2fNowCQlmk8MwUQycywiIywx0SYi26TgLf+8Slq1qndRPb+rlevXeR5FOIFTOAMPLqEOt9CAJhAYwzO8wpv1YL1Y79bHorVg5TPH8AfW5w8q8o4Q</latexit>z

<latexit sha1_base64="6rExyOIXOzKcWF9DymdZ61strTA=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LDYFL5akiHosevFYwdpCG8pmu2mXbjZhdyOE0D/hSVAQr/4dT/4bt20O2vpg4PHeDDPzgoQzpV332yqtrW9sbpW37Z3dvf2DyuHRo4pTSWibxDyW3QArypmgbc00p91EUhwFnHaCye3M7zxRqVgsHnSWUD/CI8FCRrA2Utdx7PPMdpxBperW3TnQKvEKUoUCrUHlqz+MSRpRoQnHSvU8N9F+jqVmhNOpXeuniiaYTPCI9gwVOKLKz+cHT1HNKEMUxtKU0Giu2r8mchwplUWB6YywHqtlbyb+5/VSHV77ORNJqqkgi0VhypGO0ex7NGSSEs0zQzCRzByLyBhLTLTJyDYpeMs/r5LHRt27rF/cN6rNmyKPMpzAKZyBB1fQhDtoQRsIcHiGV3izpPVivVsfi9aSVcwcwx9Ynz+Two5G</latexit>�y

<latexit sha1_base64="6rExyOIXOzKcWF9DymdZ61strTA=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LDYFL5akiHosevFYwdpCG8pmu2mXbjZhdyOE0D/hSVAQr/4dT/4bt20O2vpg4PHeDDPzgoQzpV332yqtrW9sbpW37Z3dvf2DyuHRo4pTSWibxDyW3QArypmgbc00p91EUhwFnHaCye3M7zxRqVgsHnSWUD/CI8FCRrA2Utdx7PPMdpxBperW3TnQKvEKUoUCrUHlqz+MSRpRoQnHSvU8N9F+jqVmhNOpXeuniiaYTPCI9gwVOKLKz+cHT1HNKEMUxtKU0Giu2r8mchwplUWB6YywHqtlbyb+5/VSHV77ORNJqqkgi0VhypGO0ex7NGSSEs0zQzCRzByLyBhLTLTJyDYpeMs/r5LHRt27rF/cN6rNmyKPMpzAKZyBB1fQhDtoQRsIcHiGV3izpPVivVsfi9aSVcwcwx9Ynz+Two5G</latexit>�y
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Structural elements: beams, plates, shells

<latexit sha1_base64="Vq3jroAXWOKuB6jQkbmbY9Ckswo=">AAAB+XicbVDLSsNAFJ3UV42PRl26GWwKbixJEXVZdOOygn1AG8JkOmmHTh7M3Agl9EtcCQri1k9x5d84bbPQ1gMXDufcy733BKngChzn2yhtbG5t75R3zb39g8OKdXTcUUkmKWvTRCSyFxDFBI9ZGzgI1kslI1EgWDeY3M397hOTiifxI0xT5kVkFPOQUwJa8q2KbZsXAxgzIH7DtG3fqjp1ZwG8TtyCVFGBlm99DYYJzSIWAxVEqb7rpODlRAKngs3M2iBTLCV0Qkasr2lMIqa8fHH5DNe0MsRhInXFgBeq+WsiJ5FS0yjQnRGBsVr15uJ/Xj+D8MbLeZxmwGK6XBRmAkOC5zHgIZeMgphqQqjk+lhMx0QSCjosU6fgrv68TjqNuntVv3xoVJu3RR5ldIrO0Dly0TVqonvUQm1EUYae0St6M3LjxXg3PpatJaOYOUF/YHz+AADdkUc=</latexit>

�✓2

<latexit sha1_base64="gdA+h4Ej7ECH94kDe9F/NEPKL24=">AAAB/HicbVDLSsNAFJ34rPEV69LNYFNwISUpoi6LblxWsA9oQ5hMJ+3QySTMTNQS4qe4EhTErT/iyr9x2mahrQcuHM65l3vvCRJGpXKcb2NldW19Y7O0ZW7v7O7tWwfltoxTgUkLxywW3QBJwignLUUVI91EEBQFjHSC8fXU79wTIWnM79QkIV6EhpyGFCOlJd8q27bZD5DIHnI/O3Vz07Z9q+LUnBngMnELUgEFmr711R/EOI0IV5ghKXuukygvQ0JRzEhuVvupJAnCYzQkPU05ioj0stnxOaxqZQDDWOjiCs5U89dEhiIpJ1GgOyOkRnLRm4r/eb1UhZdeRnmSKsLxfFGYMqhiOE0CDqggWLGJJggLqo+FeIQEwkrnZeoU3MWfl0m7XnPPa2e39UrjqsijBI7AMTgBLrgADXADmqAFMHgEz+AVvBlPxovxbnzMW1eMYuYQ/IHx+QPRiZLp</latexit>

w̄,1

<latexit sha1_base64="I3eunbKXmyeQoQppIYaV0Yfdjes=">AAAB+nicbVDLSgNBEOyNr7i+Vj16GcwG4iXsBlGPQS8eI5gHJEuYnUySIbMPZmajYc2feBIUxKt/4sm/cZLsQRMLGoqqbrq7/JgzqRzn28itrW9sbuW3zZ3dvf0D6/CoIaNEEFonEY9Ey8eSchbSumKK01YsKA58Tpv+6GbmN8dUSBaF92oSUy/Ag5D1GcFKS13Lsm2z42ORPkxLj2embXetglN25kCrxM1IATLUutZXpxeRJKChIhxL2XadWHkpFooRTqdmsZNIGmMywgPa1jTEAZVeOj99iopa6aF+JHSFCs1V89dEigMpJ4GvOwOshnLZm4n/ee1E9a+8lIVxomhIFov6CUcqQrMcUI8JShSfaIKJYPpYRIZYYKJ0WqZOwV3+eZU0KmX3onx+VylUr7M88nACp1ACFy6hCrdQgzoQGMMzvMKb8WS8GO/Gx6I1Z2Qzx/AHxucPFgqR6g==</latexit>

w̄(x)

<latexit sha1_base64="POFFig5e/1v6dZQDEOcEMKrd/dI=">AAAB+nicbVBNS8NAEJ34WeNX1KOXYFOol5IUUY9FLx4r2A9oQ9lsN+3SzSbsbool9p94EhTEq//Ek//GbZuDtj4YeLw3w8y8IGFUKtf9NtbWNza3tgs75u7e/sGhdXTclHEqMGngmMWiHSBJGOWkoahipJ0IgqKAkVYwup35rTERksb8QU0S4kdowGlIMVJa6lmW45jdAIksnZYfz03H6VlFt+LOYa8SLydFyFHvWV/dfozTiHCFGZKy47mJ8jMkFMWMTM1SN5UkQXiEBqSjKUcRkX42P31ql7TSt8NY6OLKnqvmr4kMRVJOokB3RkgN5bI3E//zOqkKr/2M8iRVhOPFojBltortWQ52nwqCFZtogrCg+lgbD5FAWOm0TJ2Ct/zzKmlWK95l5eK+Wqzd5HkU4BTOoAweXEEN7qAODcAwhmd4hTfjyXgx3o2PReuakc+cwB8Ynz8S8pHo</latexit>

ū(x)

<latexit sha1_base64="KIYY+CyBdyDSwTs7OtbY+C5/HUY=">AAAB/HicbVBNS8NAEN34WeNXrEcvwabgqSRF1GPRi8cK9gOaUCbbTbt0Nwm7G7GE+lM8CQri1T/iyX/jts1BWx8MPN6bYWZemDIqlet+G2vrG5tb26Udc3dv/+DQOiq3ZZIJTFo4YYnohiAJozFpKaoY6aaCAA8Z6YTjm5nfeSBC0iS+V5OUBByGMY0oBqWlvlV2HNMPQeT+EDiHqek4favi1tw57FXiFaSCCjT71pc/SHDGSawwAyl7npuqIAehKGZkalb9TJIU8BiGpKdpDJzIIJ8fP7WrWhnYUSJ0xcqeq+aviRy4lBMe6k4OaiSXvZn4n9fLVHQV5DROM0VivFgUZcxWiT1Lwh5QQbBiE00AC6qPtfEIBGCl8zJ1Ct7yz6ukXa95F7Xzu3qlcV3kUUIn6BSdIQ9doga6RU3UQhg9omf0it6MJ+PFeDc+Fq1rRjFzjP7A+PwBILiTHQ==</latexit>

�̄

<latexit sha1_base64="gdA+h4Ej7ECH94kDe9F/NEPKL24=">AAAB/HicbVDLSsNAFJ34rPEV69LNYFNwISUpoi6LblxWsA9oQ5hMJ+3QySTMTNQS4qe4EhTErT/iyr9x2mahrQcuHM65l3vvCRJGpXKcb2NldW19Y7O0ZW7v7O7tWwfltoxTgUkLxywW3QBJwignLUUVI91EEBQFjHSC8fXU79wTIWnM79QkIV6EhpyGFCOlJd8q27bZD5DIHnI/O3Vz07Z9q+LUnBngMnELUgEFmr711R/EOI0IV5ghKXuukygvQ0JRzEhuVvupJAnCYzQkPU05ioj0stnxOaxqZQDDWOjiCs5U89dEhiIpJ1GgOyOkRnLRm4r/eb1UhZdeRnmSKsLxfFGYMqhiOE0CDqggWLGJJggLqo+FeIQEwkrnZeoU3MWfl0m7XnPPa2e39UrjqsijBI7AMTgBLrgADXADmqAFMHgEz+AVvBlPxovxbnzMW1eMYuYQ/IHx+QPRiZLp</latexit>

w̄,1

Timoshenko beams
- Constitutive relation 

(relationship between internal resultants
and kinematic variables)

<latexit sha1_base64="I/aoGb7AHoS4jAl+jeCDDQ13Ccw="></latexit>8
<

:

N1

M2

V

9
=

; =

2

4
EA 0 0
0 EI22 0
0 0 KsEA

2(1+⌫)

3

5

8
<

:

✏̄11
̄11

�̄13

9
=

;

Euler-Bernoulli beams
- Constitutive relation 

<latexit sha1_base64="x9mlK7UmIZ1cA1t2NDx0EOUH7BI="></latexit>⇢
N1

M2

�
=


EA 0
0 EI22

�⇢
✏̄11
̄11

�

kinematic variables

extensional, bending, and shear 
components of beam strain

<latexit sha1_base64="Kb9ENLkY9wGU6R0xkRuMOj4Ciwk="></latexit>

✏̄11(x) ̄11(x) �̄13(x)



14

Structural elements: beams, plates, shells

Mindlin’s plates
- Kinematic assumptions, with

- Small-strain tensor, with
<latexit sha1_base64="61d84dp8CXUa5z/dQ7CLa7/LOmc="></latexit>

✏ij =
1

2
(ui,j + uj,i)

kinematic variables

extensional strains, bending strains

<latexit sha1_base64="Oi3dytFWlvyWG0LTYM3tPvu3W8Y="></latexit>

u1(x, y, z) = ū(x, y) + z✓1(x, y)

u2(x, y, z) = v̄(x, y) + z✓2(x, y)

u3(x, y, z) = w̄(x, y)

<latexit sha1_base64="Ke7yGKEhvufmVsigrXhSD1iS5cI=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDYFTyUpoh6LXjxWsB/QhrLZbtqlm03c3Qg19Ed4EhTEq7/Hk//GbZuDtj4YeLw3w8y8IOFMadf9tgpr6xubW8Vte2d3b/+gdHjUUnEqCW2SmMeyE2BFORO0qZnmtJNIiqOA03Ywvpn57UcqFYvFvZ4k1I/wULCQEayN1HYc+8l2nH6p7FbdOdAq8XJShhyNfumrN4hJGlGhCcdKdT030X6GpWaE06ld6aWKJpiM8ZB2DRU4osrP5vdOUcUoAxTG0pTQaK7avyYyHCk1iQLTGWE9UsveTPzP66Y6vPIzJpJUU0EWi8KUIx2j2fNowCQlmk8MwUQycywiIywx0SYi26TgLf+8Slq1qndRPb+rlevXeR5FOIFTOAMPLqEOt9CAJhAYwzO8wpv1YL1Y79bHorVg5TPH8AfW5w8q8o4Q</latexit>z

<latexit sha1_base64="1Xq95JTWH9hLvEPN4Uv9AkQTqJE=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDYFTyUpoh6LXjxWsB/QhrLZbtqlm03c3Ygl9Ed4EhTEq7/Hk//GbZuDtj4YeLw3w8y8IOFMadf9tgpr6xubW8Vte2d3b/+gdHjUUnEqCW2SmMeyE2BFORO0qZnmtJNIiqOA03Ywvpn57UcqFYvFvZ4k1I/wULCQEayN1HYc+8l2nH6p7FbdOdAq8XJShhyNfumrN4hJGlGhCcdKdT030X6GpWaE06ld6aWKJpiM8ZB2DRU4osrP5vdOUcUoAxTG0pTQaK7avyYyHCk1iQLTGWE9UsveTPzP66Y6vPIzJpJUU0EWi8KUIx2j2fNowCQlmk8MwUQycywiIywx0SYi26TgLf+8Slq1qndRPb+rlevXeR5FOIFTOAMPLqEOt9CAJhAYwzO8wpv1YL1Y79bHorVg5TPH8AfW5w8n4o4O</latexit>x

<latexit sha1_base64="kwDJF7q5k1zTtO7O51rRsByXPHs=">AAAB73icbVBNS8NAEJ34WeNX1aOXxabgqSRF1GPRi8cK9gPaUDbbTbt0s4m7GyGE/ghPgoJ49fd48t+4bXPQ1gcDj/dmmJkXJJwp7brf1tr6xubWdmnH3t3bPzgsHx23VZxKQlsk5rHsBlhRzgRtaaY57SaS4ijgtBNMbmd+54lKxWLxoLOE+hEeCRYygrWROo5jZ7bjDMoVt+bOgVaJV5AKFGgOyl/9YUzSiApNOFaq57mJ9nMsNSOcTu1qP1U0wWSCR7RnqMARVX4+v3eKqkYZojCWpoRGc9X+NZHjSKksCkxnhPVYLXsz8T+vl+rw2s+ZSFJNBVksClOOdIxmz6Mhk5RonhmCiWTmWETGWGKiTUS2ScFb/nmVtOs177J2cV+vNG6KPEpwCmdwDh5cQQPuoAktIDCBZ3iFN+vRerHerY9F65pVzJzAH1ifPylqjg8=</latexit>y

analogy 
with
beams

<latexit sha1_base64="qBLrFZ3LvjY4azOZiO/vJ2jx7+w="></latexit>

✏ij =

2

4
✏̄11 + z̄11 �̄12/2 + z̄12 �̄13/2

�̄12/2 + z̄12 ✏̄22 + z̄22 �̄23/2
�̄13/2 �̄23/2 0

3

5

kinematic variables (cont.)

contribution of the mid-plane displacement to 
in-plane shear, contribution of normal rotations 
to in-plane shear, and shear components

<latexit sha1_base64="ONVBW6iDZ+qFL6/mt4M8TJs1j8I=">AAACQ3icbZBLSwMxFIUz9VXra9Slm2BbcFVmiqjLohuXFexD2lLupGkbmsmEJCOUof41V/4CV/4AV4KCuBVMH0JtvRA4fOdckpxAcqaN5704qZXVtfWN9GZma3tnd8/dP6jqKFaEVkjEI1UPQFPOBK0YZjitS0UhDDitBYOrsV+7p0qzSNyaoaStEHqCdRkBY1Hbvcs1A1BJk0rNeCRG7cT3Rzn8gJd4sTjPByAlLKV/6TjbdrNewZsMXhb+TGTRbMpt97nZiUgcUmEIB60bvidNKwFlGOF0lMk3Y00lkAH0aMNKASHVrWTSwQjnLengbqTsEQZPaGZuI4FQ62EY2GQIpq8XvTH8z2vEpnvRSpiQsaGCTC/qxhybCI8LxR2mKDF8aAUQxexjMemDAmJs7Rnbgr/452VRLRb8s8LpTTFbupz1kUZH6BidIB+doxK6RmVUQQQ9olf0jj6cJ+fN+XS+ptGUM9s5RH/G+f4B6ISwOw==</latexit>

✏̄11 ✏̄22 ̄11 ̄22
<latexit sha1_base64="AyEg+A+BtJvkHIJSY47x6F8rKKQ=">AAACP3icbZBLSwMxFIUz9VXHV9Wlm2BbcFVmqqjLohuXFewD2qHcSdM2NJkZkoxQhvrHXPkbXLl0JSiIW3em7SDa9kDg8N17ubnHjzhT2nFerMzK6tr6RnbT3tre2d3L7R/UVRhLQmsk5KFs+qAoZwGtaaY5bUaSgvA5bfjD60m9cU+lYmFwp0cR9QT0A9ZjBLRBnVyt0PZBJu0+CAHjTuKWxwX8gFM6hChapL+9p8to2dBOLu+UnKnwonFTk0epqp3cc7sbkljQQBMOSrVcJ9JeAlIzwunYLrZjRSMgQ+jTlrEBCKq8ZHr/GBcN6eJeKM0LNJ5S+89EAkKpkfBNpwA9UPO1CVxWa8W6d+klLIhiTQMyW9SLOdYhnoSJu0xSovnIGCCSmc9iMgAJRJvIbZOCO3/zoqmXS+556ey2nK9cpXlk0RE6RifIRReogm5QFdUQQY/oFb2jD+vJerM+ra9Za8ZKZw7RP1nfP7xLrh4=</latexit>

�̄12 ̄12 �̄13 �̄23

Simplified geometry: the plate is initially flat

<latexit sha1_base64="pw5NoBECh54Tf5f5oBXrcl4SxJE=">AAACBnicbVDLSsNAFJ3UV42vqEtdDDaFClKSIuqy6MZlBfuAJobJdNoOnTyYmSglZOPKT3ElKIhb/8GVf+O0zUJbD1w4nHMv997jx4wKaVnfWmFpeWV1rbiub2xube8Yu3stESUckyaOWMQ7PhKE0ZA0JZWMdGJOUOAz0vZHVxO/fU+4oFF4K8cxcQM0CGmfYiSV5BmHpqlXHB/x9CHz0hM7O76rQYcxaOum6Rklq2pNAReJnZMSyNHwjC+nF+EkIKHEDAnRta1YuinikmJGMr3sJILECI/QgHQVDVFAhJtO38hgWSk92I+4qlDCqar/mkhRIMQ48FVngORQzHsT8T+vm8j+hZvSME4kCfFsUT9hUEZwkgnsUU6wZGNFEOZUHQvxEHGEpUpOVynY8z8vklatap9VT29qpfplnkcRHIAjUAE2OAd1cA0aoAkweATP4BW8aU/ai/aufcxaC1o+sw/+QPv8AV0LldM=</latexit>

(w̄,1)
2 ⌧ 1

<latexit sha1_base64="O2xNzo/VGEtJyt79JnlAyJkXanY=">AAAB/XicbVDLSsNAFL3xWeMr2qWbwabgqiRF1GXRjcsK9gFNKJPptB06eTAzUUIofoorQUHc+iGu/BunbRbaeuDC4Zx7ufeeIOFMKsf5NtbWNza3tks75u7e/sGhdXTclnEqCG2RmMeiG2BJOYtoSzHFaTcRFIcBp51gcjPzOw9USBZH9ypLqB/iUcSGjGClpb5Vtm3TC7DIH6fI4xyNTdvuWxWn5syBVolbkAoUaPatL28QkzSkkSIcS9lznUT5ORaKEU6nZtVLJU0wmeAR7Wka4ZBKP59fP0VVrQzQMBa6IoXmqvlrIsehlFkY6M4Qq7Fc9mbif14vVcMrP2dRkioakcWiYcqRitEsCjRgghLFM00wEUwfi8gYC0yUDszUKbjLP6+Sdr3mXtTO7+qVxnWRRwlO4BTOwIVLaMAtNKEFBDJ4hld4M56MF+Pd+Fi0rhnFTBn+wPj8ATgmkxs=</latexit>

w̄ ⌧ h



Structural elements: beams, plates, shells

Mindlin’s plates
- Small-strain tensor

- Linear elasticity (generalized Hooke’s law)

assuming                        and  

Since top/bottom surfaces are traction

free, the stress in 33 direction must be 

zero on free surfaces.

<latexit sha1_base64="n2aPra2OkakhN/tBpKUeSrHvErs=">AAACB3icbVDLSsNAFJ3UV42vqEsRBtuCq5K0oi6LblxWsA9oQphMJ+3QySTMTIQSsnLlp7gSFMSt3+DKv3H6ELT1wIUz59zL3HuChFGpbPvLKKysrq1vFDfNre2d3T1r/6At41Rg0sIxi0U3QJIwyklLUcVINxEERQEjnWB0PfE790RIGvM7NU6IF6EBpyHFSGnJt47LrqSDCPlZvZ5DlzH483acvOxbJbtqTwGXiTMnJTBH07c+3X6M04hwhRmSsufYifIyJBTFjORmxU0lSRAeoQHpacpRRKSXTe/IYUUrfRjGQhdXcKqavyYyFEk5jgLdGSE1lIveRPzP66UqvPQyypNUEY5nH4UpgyqGk1BgnwqCFRtrgrCgelmIh0ggrHR0pk7BWbx5mbRrVee8enZbKzWu5nkUwRE4AafAARegAW5AE7QABg/gCbyAV+PReDbejPdZa8GYzxyCPzA+vgHw05gL</latexit>

�33 ⌧ �11

<latexit sha1_base64="qBLrFZ3LvjY4azOZiO/vJ2jx7+w="></latexit>

✏ij =

2

4
✏̄11 + z̄11 �̄12/2 + z̄12 �̄13/2

�̄12/2 + z̄12 ✏̄22 + z̄22 �̄23/2
�̄13/2 �̄23/2 0

3

5

<latexit sha1_base64="zyHe2GPjYdty1eRQP3270YZapes=">AAACB3icbVDLSsNAFJ3UV42vqEsRBtuCq5Kkoi6LblxWsA9oQphMJ+3QyYOZiVBCVq78FFeCgrj1G1z5N07bCNp64MKZc+5l7j1+wqiQpvmllVZW19Y3ypv61vbO7p6xf9ARccoxaeOYxbznI0EYjUhbUslIL+EEhT4jXX98PfW794QLGkd3cpIQN0TDiAYUI6kkzziuOoIOQ+RljUYOHcbgz9u286pnVMy6OQNcJlZBKqBAyzM+nUGM05BEEjMkRN8yE+lmiEuKGcn1mpMKkiA8RkPSVzRCIRFuNrsjhzWlDGAQc1WRhDNV/zWRoVCISeirzhDJkVj0puJ/Xj+VwaWb0ShJJYnw/KMgZVDGcBoKHFBOsGQTRRDmVC0L8QhxhKWKTlcpWIs3L5OOXbfO62e3dqV5VeRRBkfgBJwCC1yAJrgBLdAGGDyAJ/ACXrVH7Vl7097nrSWtmDkEf6B9fAPz4pgN</latexit>

�33 ⌧ �22 solution of a mixed boundary 
condition problem

<latexit sha1_base64="uaPue76a0aYJekcCjIeiwRPplnU="></latexit>8
>>>>>><

>>>>>>:

�11

�22

�33

�12

�23

�13

9
>>>>>>=

>>>>>>;

=
E

(1 + ⌫)(1� 2⌫)

2

6666664

(1� ⌫) ⌫ ⌫ 0 0 0
⌫ (1� ⌫) ⌫ 0 0 0
⌫ ⌫ (1� ⌫) 0 0 0
0 0 0 (1� 2⌫)/2 0 0
0 0 0 0 (1� 2⌫)/2 0
0 0 0 0 0 (1� 2⌫)/2

3

7777775

8
>>>>>><

>>>>>>:

✏11
✏22
✏33
�12
�23
�13

9
>>>>>>=

>>>>>>;



Structural elements: beams, plates, shells

Kirchhoff plates
- Small-strain tensor, with

- Linear elasticity (generalized Hooke’s law)

assuming                        and  

Since top/bottom surfaces are traction

free, the stress in 33 direction must be 

zero on free surfaces.

<latexit sha1_base64="n2aPra2OkakhN/tBpKUeSrHvErs=">AAACB3icbVDLSsNAFJ3UV42vqEsRBtuCq5K0oi6LblxWsA9oQphMJ+3QySTMTIQSsnLlp7gSFMSt3+DKv3H6ELT1wIUz59zL3HuChFGpbPvLKKysrq1vFDfNre2d3T1r/6At41Rg0sIxi0U3QJIwyklLUcVINxEERQEjnWB0PfE790RIGvM7NU6IF6EBpyHFSGnJt47LrqSDCPlZvZ5DlzH483acvOxbJbtqTwGXiTMnJTBH07c+3X6M04hwhRmSsufYifIyJBTFjORmxU0lSRAeoQHpacpRRKSXTe/IYUUrfRjGQhdXcKqavyYyFEk5jgLdGSE1lIveRPzP66UqvPQyypNUEY5nH4UpgyqGk1BgnwqCFRtrgrCgelmIh0ggrHR0pk7BWbx5mbRrVee8enZbKzWu5nkUwRE4AafAARegAW5AE7QABg/gCbyAV+PReDbejPdZa8GYzxyCPzA+vgHw05gL</latexit>

�33 ⌧ �11

<latexit sha1_base64="qBLrFZ3LvjY4azOZiO/vJ2jx7+w="></latexit>

✏ij =

2

4
✏̄11 + z̄11 �̄12/2 + z̄12 �̄13/2

�̄12/2 + z̄12 ✏̄22 + z̄22 �̄23/2
�̄13/2 �̄23/2 0

3

5

<latexit sha1_base64="zyHe2GPjYdty1eRQP3270YZapes=">AAACB3icbVDLSsNAFJ3UV42vqEsRBtuCq5Kkoi6LblxWsA9oQphMJ+3QyYOZiVBCVq78FFeCgrj1G1z5N07bCNp64MKZc+5l7j1+wqiQpvmllVZW19Y3ypv61vbO7p6xf9ARccoxaeOYxbznI0EYjUhbUslIL+EEhT4jXX98PfW794QLGkd3cpIQN0TDiAYUI6kkzziuOoIOQ+RljUYOHcbgz9u286pnVMy6OQNcJlZBKqBAyzM+nUGM05BEEjMkRN8yE+lmiEuKGcn1mpMKkiA8RkPSVzRCIRFuNrsjhzWlDGAQc1WRhDNV/zWRoVCISeirzhDJkVj0puJ/Xj+VwaWb0ShJJYnw/KMgZVDGcBoKHFBOsGQTRRDmVC0L8QhxhKWKTlcpWIs3L5OOXbfO62e3dqV5VeRRBkfgBJwCC1yAJrgBLdAGGDyAJ/ACXrVH7Vl7097nrSWtmDkEf6B9fAPz4pgN</latexit>

�33 ⌧ �22 solution of a mixed boundary 
condition problem

<latexit sha1_base64="lEiLqMHHZdCH6C3uqat/0WVnlPg=">AAACIXicbVDLSsNAFJ3UV42vqks3g43gQktSxLoRim5cVrCt0IYwmU7t0MmDmRulhPRPXPkprgQF0ZX4M07bLHwduHA4517uvcePBVdg2x9GYW5+YXGpuGyurK6tb5Q2t1oqSiRlTRqJSF77RDHBQ9YEDoJdx5KRwBes7Q/PJ377lknFo/AKRjFzA3IT8j6nBLTklWqWZXZhwIB41dPDrk9kepd56YGT4fHBGOeW892qZqZleaWyXbGnwH+Jk5MyytHwSu/dXkSTgIVABVGq49gxuCmRwKlgmbnXTRSLCR2SG9bRNCQBU246/TDDe1rp4X4kdYWAp6r5bSIlgVKjwNedAYGB+u1NxP+8TgL9EzflYZwAC+lsUT8RGCI8iQv3uGQUxEgTQiXXx2I6IJJQ0KGaOgXn989/SatacY4rR5fVcv0sz6OIdtAu2kcOqqE6ukAN1EQU3aNH9IxejAfjyXg13matBSOf2UY/YHx+Aai/oVE=</latexit>

✓2 = �w̄,1 , ✓1 = �w̄,2

<latexit sha1_base64="uaPue76a0aYJekcCjIeiwRPplnU="></latexit>8
>>>>>><

>>>>>>:

�11

�22

�33

�12

�23

�13

9
>>>>>>=

>>>>>>;

=
E

(1 + ⌫)(1� 2⌫)

2

6666664

(1� ⌫) ⌫ ⌫ 0 0 0
⌫ (1� ⌫) ⌫ 0 0 0
⌫ ⌫ (1� ⌫) 0 0 0
0 0 0 (1� 2⌫)/2 0 0
0 0 0 0 (1� 2⌫)/2 0
0 0 0 0 0 (1� 2⌫)/2

3

7777775

8
>>>>>><

>>>>>>:

✏11
✏22
✏33
�12
�23
�13

9
>>>>>>=

>>>>>>;
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Structural elements: beams, plates, shells

Mindlin’s plates (next lecture …)
- Internal resultants

… and more!!!

- Constitutive relation 
(relationship between internal resultants and kinematic variables)

<latexit sha1_base64="QJYSobVwBhmqleOTZYOcmQR5iq8="></latexit>

N1 = b

Z h/2

�h/2
E(✏̄11 + z̄11)dz = EA✏̄11

<latexit sha1_base64="GNvcvKehg99EKM6h/ASfk7kby2o="></latexit>

M2 = b

Z h/2

�h/2
E(z✏̄11 + z2̄11)dz = EI22̄11

<latexit sha1_base64="NHW81Hzi3Ni1do1L91Acpg4QNuw="></latexit>

V = Ksb

Z h/2

�h/2

E

2(1 + ⌫)
�̄13dz =

KsAE

2(1 + ⌫)
�̄13

kinematic variables

extensional strains, bending strains

kinematic variables (cont.)

contribution of the mid-plane displacement to 
in-plane shear, contribution of normal rotations 
to in-plane shear, and shear components

<latexit sha1_base64="ONVBW6iDZ+qFL6/mt4M8TJs1j8I=">AAACQ3icbZBLSwMxFIUz9VXra9Slm2BbcFVmiqjLohuXFexD2lLupGkbmsmEJCOUof41V/4CV/4AV4KCuBVMH0JtvRA4fOdckpxAcqaN5704qZXVtfWN9GZma3tnd8/dP6jqKFaEVkjEI1UPQFPOBK0YZjitS0UhDDitBYOrsV+7p0qzSNyaoaStEHqCdRkBY1Hbvcs1A1BJk0rNeCRG7cT3Rzn8gJd4sTjPByAlLKV/6TjbdrNewZsMXhb+TGTRbMpt97nZiUgcUmEIB60bvidNKwFlGOF0lMk3Y00lkAH0aMNKASHVrWTSwQjnLengbqTsEQZPaGZuI4FQ62EY2GQIpq8XvTH8z2vEpnvRSpiQsaGCTC/qxhybCI8LxR2mKDF8aAUQxexjMemDAmJs7Rnbgr/452VRLRb8s8LpTTFbupz1kUZH6BidIB+doxK6RmVUQQQ9olf0jj6cJ+fN+XS+ptGUM9s5RH/G+f4B6ISwOw==</latexit>

✏̄11 ✏̄22 ̄11 ̄22
<latexit sha1_base64="AyEg+A+BtJvkHIJSY47x6F8rKKQ=">AAACP3icbZBLSwMxFIUz9VXHV9Wlm2BbcFVmqqjLohuXFewD2qHcSdM2NJkZkoxQhvrHXPkbXLl0JSiIW3em7SDa9kDg8N17ubnHjzhT2nFerMzK6tr6RnbT3tre2d3L7R/UVRhLQmsk5KFs+qAoZwGtaaY5bUaSgvA5bfjD60m9cU+lYmFwp0cR9QT0A9ZjBLRBnVyt0PZBJu0+CAHjTuKWxwX8gFM6hChapL+9p8to2dBOLu+UnKnwonFTk0epqp3cc7sbkljQQBMOSrVcJ9JeAlIzwunYLrZjRSMgQ+jTlrEBCKq8ZHr/GBcN6eJeKM0LNJ5S+89EAkKpkfBNpwA9UPO1CVxWa8W6d+klLIhiTQMyW9SLOdYhnoSJu0xSovnIGCCSmc9iMgAJRJvIbZOCO3/zoqmXS+556ey2nK9cpXlk0RE6RifIRReogm5QFdUQQY/oFb2jD+vJerM+ra9Za8ZKZw7RP1nfP7xLrh4=</latexit>

�̄12 ̄12 �̄13 �̄23

<latexit sha1_base64="+UZCza94X9LF3R6WyuZpvo9q5vM=">AAAB7XicbVBNSwMxEJ31s65fVY9egm3BU9ktoh6LXjxJBbcttEvJptk2NJssSVYopb/Bk6AgXv1Bnvw3pu0etPXBwOO9GWbmRSln2njet7O2vrG5tV3YcXf39g8Oi0fHTS0zRWhAJJeqHWFNORM0MMxw2k4VxUnEaSsa3c781hNVmknxaMYpDRM8ECxmBBsrBeX7nl/uFUte1ZsDrRI/JyXI0egVv7p9SbKECkM41rrje6kJJ1gZRjidupVupmmKyQgPaMdSgROqw8n82imqWKWPYqlsCYPmqvtrYoITrcdJZDsTbIZ62ZuJ/3mdzMTX4YSJNDNUkMWiOOPISDR7HfWZosTwsSWYKGaPRWSIFSbGBuTaFPzln1dJs1b1L6sXD7VS/SbPowCncAbn4MMV1OEOGhAAAQbP8ApvjnRenHfnY9G65uQzJ/AHzucP7D6OBA==</latexit>

N1

<latexit sha1_base64="+UZCza94X9LF3R6WyuZpvo9q5vM=">AAAB7XicbVBNSwMxEJ31s65fVY9egm3BU9ktoh6LXjxJBbcttEvJptk2NJssSVYopb/Bk6AgXv1Bnvw3pu0etPXBwOO9GWbmRSln2njet7O2vrG5tV3YcXf39g8Oi0fHTS0zRWhAJJeqHWFNORM0MMxw2k4VxUnEaSsa3c781hNVmknxaMYpDRM8ECxmBBsrBeX7nl/uFUte1ZsDrRI/JyXI0egVv7p9SbKECkM41rrje6kJJ1gZRjidupVupmmKyQgPaMdSgROqw8n82imqWKWPYqlsCYPmqvtrYoITrcdJZDsTbIZ62ZuJ/3mdzMTX4YSJNDNUkMWiOOPISDR7HfWZosTwsSWYKGaPRWSIFSbGBuTaFPzln1dJs1b1L6sXD7VS/SbPowCncAbn4MMV1OEOGhAAAQbP8ApvjnRenHfnY9G65uQzJ/AHzucP7D6OBA==</latexit>

N1

<latexit sha1_base64="C4VgyCXjMebq7eTdTKnXuOGfqQo=">AAAB7XicbVBNSwMxEJ31s65fVY9egm3BU9ktoh6LXjxJBbcttEvJptk2NJssSVYopb/Bk6AgXv1Bnvw3pu0etPXBwOO9GWbmRSln2njet7O2vrG5tV3YcXf39g8Oi0fHTS0zRWhAJJeqHWFNORM0MMxw2k4VxUnEaSsa3c781hNVmknxaMYpDRM8ECxmBBsrBeX7Xq3cK5a8qjcHWiV+TkqQo9ErfnX7kmQJFYZwrHXH91ITTrAyjHA6dSvdTNMUkxEe0I6lAidUh5P5tVNUsUofxVLZEgbNVffXxAQnWo+TyHYm2Az1sjcT//M6mYmvwwkTaWaoIItFccaRkWj2OuozRYnhY0swUcwei8gQK0yMDci1KfjLP6+SZq3qX1YvHmql+k2eRwFO4QzOwYcrqMMdNCAAAgye4RXeHOm8OO/Ox6J1zclnTuAPnM8f7cSOBQ==</latexit>

N2

<latexit sha1_base64="C4VgyCXjMebq7eTdTKnXuOGfqQo=">AAAB7XicbVBNSwMxEJ31s65fVY9egm3BU9ktoh6LXjxJBbcttEvJptk2NJssSVYopb/Bk6AgXv1Bnvw3pu0etPXBwOO9GWbmRSln2njet7O2vrG5tV3YcXf39g8Oi0fHTS0zRWhAJJeqHWFNORM0MMxw2k4VxUnEaSsa3c781hNVmknxaMYpDRM8ECxmBBsrBeX7Xq3cK5a8qjcHWiV+TkqQo9ErfnX7kmQJFYZwrHXH91ITTrAyjHA6dSvdTNMUkxEe0I6lAidUh5P5tVNUsUofxVLZEgbNVffXxAQnWo+TyHYm2Az1sjcT//M6mYmvwwkTaWaoIItFccaRkWj2OuozRYnhY0swUcwei8gQK0yMDci1KfjLP6+SZq3qX1YvHmql+k2eRwFO4QzOwYcrqMMdNCAAAgye4RXeHOm8OO/Ox6J1zclnTuAPnM8f7cSOBQ==</latexit>

N2

<latexit sha1_base64="5LLHxgGp7W0gHPjJgiErVnVLi9o=">AAAB7XicbVBNSwMxEJ31s65fVY9egm3BU9ktoh6LXrwIFdy20C4lm2bb0GyyJFmhlP4GT4KCePUHefLfmLZ70NYHA4/3ZpiZF6WcaeN5387a+sbm1nZhx93d2z84LB4dN7XMFKEBkVyqdoQ15UzQwDDDaTtVFCcRp61odDvzW09UaSbFoxmnNEzwQLCYEWysFJTve365Vyx5VW8OtEr8nJQgR6NX/Or2JckSKgzhWOuO76UmnGBlGOF06la6maYpJiM8oB1LBU6oDifza6eoYpU+iqWyJQyaq+6viQlOtB4nke1MsBnqZW8m/ud1MhNfhxMm0sxQQRaL4owjI9HsddRnihLDx5Zgopg9FpEhVpgYG5BrU/CXf14lzVrVv6xePNRK9Zs8jwKcwhmcgw9XUIc7aEAABBg8wyu8OdJ5cd6dj0XrmpPPnMAfOJ8/6raOAw==</latexit>

M1

<latexit sha1_base64="5LLHxgGp7W0gHPjJgiErVnVLi9o=">AAAB7XicbVBNSwMxEJ31s65fVY9egm3BU9ktoh6LXrwIFdy20C4lm2bb0GyyJFmhlP4GT4KCePUHefLfmLZ70NYHA4/3ZpiZF6WcaeN5387a+sbm1nZhx93d2z84LB4dN7XMFKEBkVyqdoQ15UzQwDDDaTtVFCcRp61odDvzW09UaSbFoxmnNEzwQLCYEWysFJTve365Vyx5VW8OtEr8nJQgR6NX/Or2JckSKgzhWOuO76UmnGBlGOF06la6maYpJiM8oB1LBU6oDifza6eoYpU+iqWyJQyaq+6viQlOtB4nke1MsBnqZW8m/ud1MhNfhxMm0sxQQRaL4owjI9HsddRnihLDx5Zgopg9FpEhVpgYG5BrU/CXf14lzVrVv6xePNRK9Zs8jwKcwhmcgw9XUIc7aEAABBg8wyu8OdJ5cd6dj0XrmpPPnMAfOJ8/6raOAw==</latexit>

M1

<latexit sha1_base64="uqQHiQUCvoEHekVGIfVQz7SkQg0=">AAAB7XicbVBNSwMxEJ31s65fVY9egm3BU9ktoh6LXrwIFdy20C4lm2bb0GyyJFmhlP4GT4KCePUHefLfmLZ70NYHA4/3ZpiZF6WcaeN5387a+sbm1nZhx93d2z84LB4dN7XMFKEBkVyqdoQ15UzQwDDDaTtVFCcRp61odDvzW09UaSbFoxmnNEzwQLCYEWysFJTve7Vyr1jyqt4caJX4OSlBjkav+NXtS5IlVBjCsdYd30tNOMHKMMLp1K10M01TTEZ4QDuWCpxQHU7m105RxSp9FEtlSxg0V91fExOcaD1OItuZYDPUy95M/M/rZCa+DidMpJmhgiwWxRlHRqLZ66jPFCWGjy3BRDF7LCJDrDAxNiDXpuAv/7xKmrWqf1m9eKiV6jd5HgU4hTM4Bx+uoA530IAACDB4hld4c6Tz4rw7H4vWNSefOYE/cD5/AOw8jgQ=</latexit>

M2

<latexit sha1_base64="uqQHiQUCvoEHekVGIfVQz7SkQg0=">AAAB7XicbVBNSwMxEJ31s65fVY9egm3BU9ktoh6LXrwIFdy20C4lm2bb0GyyJFmhlP4GT4KCePUHefLfmLZ70NYHA4/3ZpiZF6WcaeN5387a+sbm1nZhx93d2z84LB4dN7XMFKEBkVyqdoQ15UzQwDDDaTtVFCcRp61odDvzW09UaSbFoxmnNEzwQLCYEWysFJTve7Vyr1jyqt4caJX4OSlBjkav+NXtS5IlVBjCsdYd30tNOMHKMMLp1K10M01TTEZ4QDuWCpxQHU7m105RxSp9FEtlSxg0V91fExOcaD1OItuZYDPUy95M/M/rZCa+DidMpJmhgiwWxRlHRqLZ66jPFCWGjy3BRDF7LCJDrDAxNiDXpuAv/7xKmrWqf1m9eKiV6jd5HgU4hTM4Bx+uoA530IAACDB4hld4c6Tz4rw7H4vWNSefOYE/cD5/AOw8jgQ=</latexit>

M2

<latexit sha1_base64="7mKACkDHckXoZLaCLNfoPCu2nrs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CbYFT2W3iHosevFYwW0L7VKyabYNzSZLkhXK0t/gSVAQr/4gT/4b03YP2vpg4PHeDDPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTtpapItQnkkvVDbGmnAnqG2Y47SaK4jjktBNO7uZ+54kqzaR4NNOEBjEeCRYxgo2V/Gp74FUH5YpbdxdA68TLSQVytAblr/5QkjSmwhCOte55bmKCDCvDCKezUq2fappgMsEj2rNU4JjqIFtcO0M1qwxRJJUtYdBCLf2ayHCs9TQObWeMzVivenPxP6+XmugmyJhIUkMFWS6KUo6MRPPX0ZApSgyfWoKJYvZYRMZYYWJsQCWbgrf68zppN+reVf3yoVFp3uZ5FOEMzuECPLiGJtxDC3wgwOAZXuHNkc6L8+58LFsLTj5zCn/gfP4A+H6ODA==</latexit>

V1

<latexit sha1_base64="7mKACkDHckXoZLaCLNfoPCu2nrs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CbYFT2W3iHosevFYwW0L7VKyabYNzSZLkhXK0t/gSVAQr/4gT/4b03YP2vpg4PHeDDPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTtpapItQnkkvVDbGmnAnqG2Y47SaK4jjktBNO7uZ+54kqzaR4NNOEBjEeCRYxgo2V/Gp74FUH5YpbdxdA68TLSQVytAblr/5QkjSmwhCOte55bmKCDCvDCKezUq2fappgMsEj2rNU4JjqIFtcO0M1qwxRJJUtYdBCLf2ayHCs9TQObWeMzVivenPxP6+XmugmyJhIUkMFWS6KUo6MRPPX0ZApSgyfWoKJYvZYRMZYYWJsQCWbgrf68zppN+reVf3yoVFp3uZ5FOEMzuECPLiGJtxDC3wgwOAZXuHNkc6L8+58LFsLTj5zCn/gfP4A+H6ODA==</latexit>

V1

<latexit sha1_base64="rnaD+UD2orWBuO2qh6+Kzmi81JM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CbYFT2W3iHosevFYwW0L7VKyabYNzSZLkhXK0t/gSVAQr/4gT/4b03YP2vpg4PHeDDPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTtpapItQnkkvVDbGmnAnqG2Y47SaK4jjktBNO7uZ+54kqzaR4NNOEBjEeCRYxgo2V/Gp70KgOyhW37i6A1omXkwrkaA3KX/2hJGlMhSEca93z3MQEGVaGEU5npVo/1TTBZIJHtGepwDHVQba4doZqVhmiSCpbwqCFWvo1keFY62kc2s4Ym7Fe9ebif14vNdFNkDGRpIYKslwUpRwZieavoyFTlBg+tQQTxeyxiIyxwsTYgEo2BW/153XSbtS9q/rlQ6PSvM3zKMIZnMMFeHANTbiHFvhAgMEzvMKbI50X5935WLYWnHzmFP7A+fwB+gSODQ==</latexit>

V2

<latexit sha1_base64="rnaD+UD2orWBuO2qh6+Kzmi81JM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CbYFT2W3iHosevFYwW0L7VKyabYNzSZLkhXK0t/gSVAQr/4gT/4b03YP2vpg4PHeDDPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTtpapItQnkkvVDbGmnAnqG2Y47SaK4jjktBNO7uZ+54kqzaR4NNOEBjEeCRYxgo2V/Gp70KgOyhW37i6A1omXkwrkaA3KX/2hJGlMhSEca93z3MQEGVaGEU5npVo/1TTBZIJHtGepwDHVQba4doZqVhmiSCpbwqCFWvo1keFY62kc2s4Ym7Fe9ebif14vNdFNkDGRpIYKslwUpRwZieavoyFTlBg+tQQTxeyxiIyxwsTYgEo2BW/153XSbtS9q/rlQ6PSvM3zKMIZnMMFeHANTbiHFvhAgMEzvMKbI50X5935WLYWnHzmFP7A+fwB+gSODQ==</latexit>

V2

<latexit sha1_base64="k+SdHEruTtbduvxD0Rc5QpgwdCQ=">AAAB8HicbVBNSwMxEJ34WdevqkcvwbbgqewWUY9FLx5bsB/QLiWbZtvQbHZJskJZ+ic8CQri1b/jyX9j2u5BWx8MPN6bYWZekAiujet+o43Nre2d3cKes39weHRcPDlt6zhVlLVoLGLVDYhmgkvWMtwI1k0UI1EgWCeY3M/9zhNTmsfy0UwT5kdkJHnIKTFW6pabg8yrzcqDYsmtugvgdeLlpAQ5GoPiV38Y0zRi0lBBtO55bmL8jCjDqWAzp9JPNUsInZAR61kqScS0ny0OnuGKVYY4jJUtafBCdX5NZCTSehoFtjMiZqxXvbn4n9dLTXjrZ1wmqWGSLheFqcAmxvPv8ZArRo2YWkKo4vZYTMdEEWpsRo5NwVv9eZ20a1XvunrVrJXqd3keBTiHC7gED26gDg/QgBZQEPAMr/CGFHpB7+hj2bqB8pkz+AP0+QMqTY9P</latexit>

Q12

<latexit sha1_base64="k+SdHEruTtbduvxD0Rc5QpgwdCQ=">AAAB8HicbVBNSwMxEJ34WdevqkcvwbbgqewWUY9FLx5bsB/QLiWbZtvQbHZJskJZ+ic8CQri1b/jyX9j2u5BWx8MPN6bYWZekAiujet+o43Nre2d3cKes39weHRcPDlt6zhVlLVoLGLVDYhmgkvWMtwI1k0UI1EgWCeY3M/9zhNTmsfy0UwT5kdkJHnIKTFW6pabg8yrzcqDYsmtugvgdeLlpAQ5GoPiV38Y0zRi0lBBtO55bmL8jCjDqWAzp9JPNUsInZAR61kqScS0ny0OnuGKVYY4jJUtafBCdX5NZCTSehoFtjMiZqxXvbn4n9dLTXjrZ1wmqWGSLheFqcAmxvPv8ZArRo2YWkKo4vZYTMdEEWpsRo5NwVv9eZ20a1XvunrVrJXqd3keBTiHC7gED26gDg/QgBZQEPAMr/CGFHpB7+hj2bqB8pkz+AP0+QMqTY9P</latexit>

Q12

<latexit sha1_base64="k+SdHEruTtbduvxD0Rc5QpgwdCQ=">AAAB8HicbVBNSwMxEJ34WdevqkcvwbbgqewWUY9FLx5bsB/QLiWbZtvQbHZJskJZ+ic8CQri1b/jyX9j2u5BWx8MPN6bYWZekAiujet+o43Nre2d3cKes39weHRcPDlt6zhVlLVoLGLVDYhmgkvWMtwI1k0UI1EgWCeY3M/9zhNTmsfy0UwT5kdkJHnIKTFW6pabg8yrzcqDYsmtugvgdeLlpAQ5GoPiV38Y0zRi0lBBtO55bmL8jCjDqWAzp9JPNUsInZAR61kqScS0ny0OnuGKVYY4jJUtafBCdX5NZCTSehoFtjMiZqxXvbn4n9dLTXjrZ1wmqWGSLheFqcAmxvPv8ZArRo2YWkKo4vZYTMdEEWpsRo5NwVv9eZ20a1XvunrVrJXqd3keBTiHC7gED26gDg/QgBZQEPAMr/CGFHpB7+hj2bqB8pkz+AP0+QMqTY9P</latexit>

Q12

<latexit sha1_base64="k+SdHEruTtbduvxD0Rc5QpgwdCQ=">AAAB8HicbVBNSwMxEJ34WdevqkcvwbbgqewWUY9FLx5bsB/QLiWbZtvQbHZJskJZ+ic8CQri1b/jyX9j2u5BWx8MPN6bYWZekAiujet+o43Nre2d3cKes39weHRcPDlt6zhVlLVoLGLVDYhmgkvWMtwI1k0UI1EgWCeY3M/9zhNTmsfy0UwT5kdkJHnIKTFW6pabg8yrzcqDYsmtugvgdeLlpAQ5GoPiV38Y0zRi0lBBtO55bmL8jCjDqWAzp9JPNUsInZAR61kqScS0ny0OnuGKVYY4jJUtafBCdX5NZCTSehoFtjMiZqxXvbn4n9dLTXjrZ1wmqWGSLheFqcAmxvPv8ZArRo2YWkKo4vZYTMdEEWpsRo5NwVv9eZ20a1XvunrVrJXqd3keBTiHC7gED26gDg/QgBZQEPAMr/CGFHpB7+hj2bqB8pkz+AP0+QMqTY9P</latexit>

Q12

<latexit sha1_base64="/LqO1RLBUofuz72Xv5CYKH/h4xg=">AAAB8HicbVBNSwMxEJ3Ur7p+VT16CbYFT2W3iHosevFYwX5Au5Rsmm1Ds9klyQpl6Z/wJCiIV/+OJ/+NabsHbX0w8Hhvhpl5QSK4Nq77jQobm1vbO8VdZ2//4PCodHzS1nGqKGvRWMSqGxDNBJesZbgRrJsoRqJAsE4wuZv7nSemNI/lo5kmzI/ISPKQU2Ks1K20B5lXn1UGpbJbcxfA68TLSRlyNAelr/4wpmnEpKGCaN3z3MT4GVGGU8FmTrWfapYQOiEj1rNUkohpP1scPMNVqwxxGCtb0uCF6vyayEik9TQKbGdEzFivenPxP6+XmvDGz7hMUsMkXS4KU4FNjOff4yFXjBoxtYRQxe2xmI6JItTYjBybgrf68zpp12veVe3yoV5u3OZ5FOEMzuECPLiGBtxDE1pAQcAzvMIbUugFvaOPZWsB5TOn8Afo8wcyBI9U</latexit>

V12
<latexit sha1_base64="/LqO1RLBUofuz72Xv5CYKH/h4xg=">AAAB8HicbVBNSwMxEJ3Ur7p+VT16CbYFT2W3iHosevFYwX5Au5Rsmm1Ds9klyQpl6Z/wJCiIV/+OJ/+NabsHbX0w8Hhvhpl5QSK4Nq77jQobm1vbO8VdZ2//4PCodHzS1nGqKGvRWMSqGxDNBJesZbgRrJsoRqJAsE4wuZv7nSemNI/lo5kmzI/ISPKQU2Ks1K20B5lXn1UGpbJbcxfA68TLSRlyNAelr/4wpmnEpKGCaN3z3MT4GVGGU8FmTrWfapYQOiEj1rNUkohpP1scPMNVqwxxGCtb0uCF6vyayEik9TQKbGdEzFivenPxP6+XmvDGz7hMUsMkXS4KU4FNjOff4yFXjBoxtYRQxe2xmI6JItTYjBybgrf68zpp12veVe3yoV5u3OZ5FOEMzuECPLiGBtxDE1pAQcAzvMIbUugFvaOPZWsB5TOn8Afo8wcyBI9U</latexit>

V12

<latexit sha1_base64="/LqO1RLBUofuz72Xv5CYKH/h4xg=">AAAB8HicbVBNSwMxEJ3Ur7p+VT16CbYFT2W3iHosevFYwX5Au5Rsmm1Ds9klyQpl6Z/wJCiIV/+OJ/+NabsHbX0w8Hhvhpl5QSK4Nq77jQobm1vbO8VdZ2//4PCodHzS1nGqKGvRWMSqGxDNBJesZbgRrJsoRqJAsE4wuZv7nSemNI/lo5kmzI/ISPKQU2Ks1K20B5lXn1UGpbJbcxfA68TLSRlyNAelr/4wpmnEpKGCaN3z3MT4GVGGU8FmTrWfapYQOiEj1rNUkohpP1scPMNVqwxxGCtb0uCF6vyayEik9TQKbGdEzFivenPxP6+XmvDGz7hMUsMkXS4KU4FNjOff4yFXjBoxtYRQxe2xmI6JItTYjBybgrf68zpp12veVe3yoV5u3OZ5FOEMzuECPLiGBtxDE1pAQcAzvMIbUugFvaOPZWsB5TOn8Afo8wcyBI9U</latexit>

V12

<latexit sha1_base64="/LqO1RLBUofuz72Xv5CYKH/h4xg=">AAAB8HicbVBNSwMxEJ3Ur7p+VT16CbYFT2W3iHosevFYwX5Au5Rsmm1Ds9klyQpl6Z/wJCiIV/+OJ/+NabsHbX0w8Hhvhpl5QSK4Nq77jQobm1vbO8VdZ2//4PCodHzS1nGqKGvRWMSqGxDNBJesZbgRrJsoRqJAsE4wuZv7nSemNI/lo5kmzI/ISPKQU2Ks1K20B5lXn1UGpbJbcxfA68TLSRlyNAelr/4wpmnEpKGCaN3z3MT4GVGGU8FmTrWfapYQOiEj1rNUkohpP1scPMNVqwxxGCtb0uCF6vyayEik9TQKbGdEzFivenPxP6+XmvDGz7hMUsMkXS4KU4FNjOff4yFXjBoxtYRQxe2xmI6JItTYjBybgrf68zpp12veVe3yoV5u3OZ5FOEMzuECPLiGBtxDE1pAQcAzvMIbUugFvaOPZWsB5TOn8Afo8wcyBI9U</latexit>

V12



Any questions?

18

Structural elements: beams, plates, shells


