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Abstract
In this paper we propose and study a generalization of the standard active-learning model where a
more general type of queries including class conditional queries and mistake queries are allowed.
Such queries have been quite useful in applications, but have been lacking theoretical understand-
ing. In this work, we characterize the power of such queries under several well-known noise mod-
els. We give nearly tight upper and lower bounds on the numberof queries needed to learn both for
the general agnostic setting and for the bounded noise model. We further show that our methods
can be made adaptive to the (unknown) noise rate, with only negligible loss in query complexity.
Keywords: Statistical Learning Theory, Interactive Learning, QueryComplexity, Active Learning

1. Introduction

The ever-expanding range of application areas for machine learning, together with huge increases in
the volume of raw data available, has encouraged researchers to look beyond the classic paradigm
of passive learning from labeled data only. Perhaps the most extensively used and studied technique
in this context is Active Learning, where the algorithm is presented with a large pool of unlabeled
examples (such as all images available on the web) and can interactively askfor the labels of exam-
ples of its own choosing from the pool. The aim is to use this interaction to drastically reduce the
number of labels needed (which are often the most expensive part of thedata collection process) in
order to reach a low-error hypothesis.

Over the past fifteen years there has been a great deal of progresson understanding active learn-
ing and its underlying principlesFreund et al.(1997); Balcan et al.(2006, 2007); Beygelzimer et al.
(2009); Castro and Nowak(2007); Dasgupta et al.(2007, 2005); Hanneke(2007a); Balcan et al.
(2008); Hanneke(2009); Koltchinskii (2010); Wang(2009); Beygelzimer et al.(2010). However,
while useful in many applicationsMcCallum and Nigam(1998); Tong and Koller(2001), request-
ing the labels of select examples is only one very specific type of interaction between the learning
algorithm and the labeler. When analyzing many real world situations, it is desirable to consider
learning algorithms that make use of other types of queries as well. For example, suppose we are
actively learning a multiclass image classifier from examples. If at some point, the algorithm needs
an image from one of the classes, say an example of “house”, then an algorithm that can only make
individual label requests may need to ask the expert to label a large number of unlabeled examples
before it finally finds an example of a house for the expert to label as such. This problem could be
averted by simply allowing the algorithm to display a list of around a hundred thumbnail images
on the screen, and ask the expert to point to an image of a house if there is one. The expert can
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visually scan through those images looking for a house much more quickly thanshe can label every
one of them. We call such queries class conditional queries. As another example of a different type
of query, the algorithm could potentially select a subset of the unlabeled data and ask the expert to
point to two examples of opposite labels within a specified distance of each other (for instance, by
Euclidean distance after projecting the data to a2-dimensional space) and provide back the labels
of those examples. As a third example, based on the data and interaction so far, the algorithm could
propose a labeling of a set of unlabeled images and ask for a few mistakes ifany exist – we call these
mistake queries or sample-based equivalence queries. Queries of this type are commonly used by
commercial systems (e.g., Faces in Apple-iPhoto makes use of mistake queries for face recognition
and labeling), and have been studied in several papersChang et al.(2005); Doyle et al.(2009), but
unfortunately have been lacking a principled theoretical understanding.

In this work we expand the study of active learning by considering a modelthat allows us to
analyze learning with types of queries motivated by such applications. For most of our analysis,
we focus on class-conditional queries, where the algorithm is able to select a subset of a pool
of unlabeled examples and request the oracle an example of a given labelwithin that subset, if
one exists. Our results additionally have immediate implications for mistake queries,in which the
algorithm may instead ask for a mistake within the selected subset of unlabeled examples, for an
arbitrary specified classifier.1 In these cases, we provide nearly tight bounds on query complexity
under several commonly studied noise conditions. We also discuss how ourtechniques could be
adapted to a more general setting involving abstract families of queries.

Class Conditional QueriesIt is well known that if the target function resides in a known concept
class and there is no classification noise (the so-calledrealizable case), then a simple approach
based on the Halving algorithmLittlestone(1988) can learn a functionǫ-close to the target function
using a number of class conditional queries dramatically smaller than the numberof random labeled
examples required for PAC learningHanneke(2009).

In this paper, we provide the first results for the more realistic non-realizable setting. Specif-
ically, we provide general and nearly tight results on the query complexity of class-conditional
queries in a multiclass setting under some of the most widely studied noise models including ran-
dom classification noise, bounded noise, as well as the purely agnostic setting.

In the purely agnostic case with noise rateη, we show that any interactive learning algorithm
in this model seeking a classifier of error at mostη + ǫ must makeΩ(dη2/ǫ2) queries, whered
is the Natarajan dimension; we also provide a nearly matching upper bound ofÕ(dη2/ǫ2), for a
constant number of classes. This is smaller by a factor ofη compared to the sample complexity of
passive learning (see Lemma10), and represents a reduction over the known results for the query
complexity of active learning in many cases.

In the bounded noise model, we provide nearly tight upper and lower bounds on the query
complexity of class conditional queries as a function of the query complexity of active learning.
In particular, we find that the query complexity of the class conditional query model is essentially
within a factor of the noise bound of the query complexity of active learning.Interestingly, both
our upper and lower bounds are proven via reductions from active learning. In the case of the upper
bound, we illustrate a technique for using the method developed for the purely agnostic case as a
subroutine in batch-based active learning algorithms, using it to get the labels of all samples in a
given batch of unlabeled data.

1. We note that both class conditional queries and mistake queries strictly generalize the traditional model of active
learning by label requests.
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We additionally study learning in the one-sided noise model, and show that in thecase of
intersection-closed concept classes, it is possible to get around our lower bounds and recover the
much-better realizable-case query complexity ofÕ(d log(1/ǫ)). Our analysis of this scenario is
based on recent analyses of the frequency of mistakes made by the Closure algorithm along a se-
quence of i.i.d examples.

We further show that our methods can be made adaptive to the (unknown) noise rateη, with
only negligible loss in query complexity. Specifically, our method for the purelyagnostic case has
the property that it produces a correctly labeled pool of i.i.d. labeled examples. We are able to use
this property in both the agnostic and bounded noise settings as a way to verify that the method is
successful; combined with a guess-and-double trick, this allows us to adapt to the noise rate. The
method we develop for one sided noise naturally adapts to the unknown noiserate.

Overall, we find that the reductions in query complexity for this model, comparedto the tra-
ditional active learning model,2 largely concerned with a factor relating to the noise rate of the
learning problem, so that the closer to the realizable case we are, the greater the potential gains in
query complexity. However, for larger noise rates, the benefits are moremodest, a fact that sharply
contrasts with the enormous benefits of using these types of queries in the realizable case; this is
true even for very benign types of noise, such as bounded noise. On this, it is interesting to note
that, for both active learning and for passive learning, the differencebetween the realizable case
sample complexity and bounded-noise sample complexity is at most a logarithmic factor (consider-
ing the noise bound as a constant). As a result, bounded noise is typically considered quite benign
in passive and active learning. What our work shows is that, quite surprisingly, this trend fails to
hold for class-conditional queries. That is, comparing the query complexity for the realizable case
to that of the bounded noise case, there is often adramatic increase. Specifically, while in the re-
alizable case, the query complexity isalwaysO(d log(1/ǫ)), when we move to the bounded noise
case (with constant noise bound), the query complexity jumps up to be essentially proportional to
the label complexity ofactivelearning. Interestingly, both our upper and lower bounds are proven
via reductions from active learning.

Other General QueriesWe additionally generalize these techniques and results to apply in more
general setting, making them available for many other types of queries. Specifically, we prove
upper bounds on the query complexity for an abstract type of sample-dependent query, for both
the general agnostic case and for the bounded noise case. The resultsare similar to those obtained
for class-conditional queries, except that they are multiplied by a complexitymeasure defined in
terms of the specific family of queries available to the algorithm. The methods achieving these
bounds are themselves somewhat more involved than those presented for class-conditional queries.
In contrast to the results on class-conditional queries, we do not establish corresponding lower
bound or tightness results for these more general cases.

Related Work Early work in the the exact learning literature also considers more generaltype of
queriesAngluin (1998); Balcázar et al.(2002, 2001). Our results are different from those in several
respects. First, following the active learning literature, we are concerned with the case where we can

2. We are slightly overloading the meaning of reduction here since class conditional queries, mistake queries, and the
more general type of queries we consider are technically incomparablewith active learning queries (label requests).
We note however that answering for example a class conditional query or a mistake query on a query setS could
be significantly easier than labeling all the examples inS which can only be achieved by|S| label requests. This is
observed in practice and also demonstrated by the fact that such queries are incorporated in commercial applications
such as Faces in Apple-iPhoto.
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ask queries only on subsets of our large pool of unlabeled examples, rather than directly on subsets
of the instance space of our choosing. Second, we are mainly concerned with achieving tight query
complexity guarantees in the presence ofnoise(e.g., purely agnostic or bounded noise). By contrast,
the earlier work on exact learning has been focused on noise-free learning (therealizablecase). Both
of these differences make our treatment more appropriate and realistic forthe statistical learning
setting. Technically, our methods blend and extend the techniques of the classical literature on Exact
Learning with the more recent literature on active learning in the statistical learning setting. Some
of our results also have novel implications for the traditional active learningsetting; in particular,
we present the first query complexity bounds under bounded noise in terms of the splitting index.

Due to lack of space, we only include proof sketches of our results for class conditional queries
in the main body, with further details in the appendices. We provide our resultsabout one-sides
noise appear in AppendixD and our results for other types of queries appear in AppendixE.

2. Formal Setting

We consider an interactive learning setting defined as follows. There is aninstance spaceX , a label
spaceY, and some fixedtarget distributionDXY overX ×Y, with marginalDX overX . Focusing
on multiclass classification, we assume thatY = {1, 2, . . . , k}, for somek ∈ N. In the learning
problem, there is an i.i.d. sequence of random variables(x1, y1), (x2, y2), (x3, y3), . . ., each with
distributionDXY . The learning algorithm is permitted direct access to the sequence ofxi values
(unlabeled data points). However, information about theyi values is obtainable only via interaction
with an oracle, defined as follows.

At any time, the learning algorithm may propose a labelℓ ∈ Y and a finite subsequence of
unlabeled examplesS = {xi1 , ..., xim} (for anym ∈ N); if yij 6= ℓ for all j ≤ m, the oracle
returns “none.” Otherwise, the oracle selects an arbitraryxij ∈ S for whichyij = ℓ and returns the
pair (xij , yij ). In the following we call this model theCCQ (class-conditional queries) interactive
learning model. Technically, we implicitly suppose the setS also specifies the unique indices of the
examples it contains, so that the oracle knows whichyi corresponds to whichxij in the sampleS;
however, we make this detail implicit below to simplify the presentation.

In the analysis below, we fix a set of classifiersh : X → Y called thehypothesis class, denoted
C. We will denote byd the Natarajan dimension ofC Natarajan(1989); Haussler and Long(1995);
Ben-David et al.(1995), defined as the largestm ∈ N such that∃(a1, b1, c1), . . . , (am, bm, cm) ∈
X ×Y×Y with bi 6= ci for eachi s. t.{b1, c1}×· · ·×{bm, cm} ⊆ {(h(a1), . . . , h(am)) : h ∈ C}.3

The Natarajan dimension has been calculated for a variety of hypothesis classes, and is known to be
related to other commonly used dimensions, including the pseudo-dimension andgraph dimension
Haussler and Long(1995); Ben-David et al.(1995). For instance, for neural networks ofn nodes
with weights given byb-bit integers, the Natarajan dimension is at mostbn(n−1) Natarajan(1989).

For anyh : X → Y and distributionP overX × Y, define theerror rate of h aserrP (h) =
P(X,Y )∼P {h(X) 6= Y }; whenP = DXY , we abbreviate this aserr(h). For any finite sequence of
labeled examplesL = {(xi1 , yi1), . . . , (xim , yim)}, we define the empirical error rateerrL(h) =
|L|−1

∑

(x,y)∈L I[h(x) 6= y]. In some contexts, we also refer to the empirical error rate on a finite
sequence ofunlabeledexamplesU = {xi1 , . . . , xim}, in which case we simply defineerrU (h) =
|U |−1

∑

xij
∈U I[h(xij ) 6= yij ], where theyij values are the actual labels of these examples.

3. If there are only two classes the Natarajan dimension is equal to the VC dimension.
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Let h∗ be the classifier inC of smallesterr(h∗) (for simplicity, we suppose the minimum is
always realized), and letη = err(h∗), called thenoise rate. The objective of the learning algorithm
is to identify someh with err(h) close toη using only a small number of queries. In this context, a
learning algorithmis simply any algorithm that makes some number of queries and then halts and
returns a classifier. We are particularly interested in the following quantity.

Definition 1 For any ǫ, δ ∈ (0, 1), any hypothesis classC, and any family of distributionsD on
X × Y, define the quantityQCCCQ(ǫ, δ,C,D) as the minimumq ∈ N such that there exists a
learning algorithmA, which for any target distributionDXY ∈ D, with probability at least1 − δ,
makes at mostq queries and then returns a classifierĥ with err(ĥ) ≤ η + ǫ. We generally refer to
the functionQCCCQ(·, ·,C,D) as thequery complexityof learningC underD.

The query complexity, as defined above, represents a kind of minimax statstical analysis, where
we fix a family of possible target distributionsD, and calculate, for the best possible learning algo-
rithm, how many queries it makes under its worst possible target distributionDXY in D. Specific
families of target distributions we will be interested in include the random classification noise model,
the bounded noise model, and the agnostic model which we define formally in thesections below.

3. The General Agnostic Case

We start by considering the most general,agnosticsetting, where we consider arbitrary noise dis-
tributions subject to a constraint on the noise rate. This is particularly relevant to many practical
scenarios, where we often do not know what type of noise we are faced with, potentially including
stochastic labels or model misspecification, and would therefore like to refrain from making any
specific assumptions about the nature of the noise. Formally, consider the family of distributions
Agnostic(C, α) = {DXY : infh∈C err(h) ≤ α}, α ∈ [0, 1/2). We prove nearly tight upper and
lower bounds on the query complexity of our model. Specifically, supposingk is constant, we have:

Theorem 2 For any hypothesis classC of Natarajan dimensiond, for anyη ∈ [0, 1/32),

QCCCQ(ǫ, δ,C,Agnostic(C, η)) = Θ̃
(

dη2

ǫ2

)

.

The first interesting thing is that our bound differs from the sample complexityof passive learn-
ing only in a factor ofη (see Lemma10). This contrasts with the realizable case, where it is possible
to learn with a query complexity that is exponential smaller than the query complexity of passive
learning. On the other hand, is also interesting that this factor ofη is consistently available regard-
less of the structure of the concept space. This contrasts with active learning where the extra factor
of η is only available in certain special casesHanneke(2007a).

3.1. Proof of the Lower Bound

We first prove the lower bound. We specifically prove that for0 < 2ǫ ≤ η < 1/4,

QCCCQ(ǫ, 1/4,C,Agnostic(C, η)) = Ω
(

dη2/ǫ2
)

.

Monotonicity in δ extends this to anyδ ∈ (0, 1/4]. In words, this says that there is no algorithm
based on class-conditional queries that, in the worst case, with probabilitygreater than3/4, makes
fewer thanO(dη2/ǫ2) queries and returns a classifierh with err(h) ≤ η + ǫ.
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Proof The key idea of the proof is to provide a reduction from the (binary) active learning model (la-
bel request queries) to our multiclass interactive learning model (general class-conditional queries)
for the hard case known previously for the active learning modelBeygelzimer et al.(2009).

In particular, consider a set ofd pointsx0, x1, x2,...,xd−1 shattered byC, and let(y0, z0), . . . ,
(yd−1, zd−1) be the label pairs that witness the shattering. Here is a distribution overX × Y :
point x0 has probability1 − β, while each of the remainingxi has probabilityβ/(d − 1), where
β = 2(η + 2ǫ). At x0 the response is alwaysY = y0. At xi, 1 ≤ i ≤ d− 1, the response isY = zi
with probability1/2+ γbi andY = yi with probability1/2− γbi, wherebi is either+1 or−1, and
γ = 2ǫ/β = ǫ/(η + 2ǫ).

Beygelzimer et al.(2009) show that for any active learning algorithm, one can setb0 = 1 and
all the bi, i ∈ {1, . . . , d − 1} in a certain way so that the algorithm must makeΩ(dη2/ǫ2) label
requests in order to output a classifier of error at mostη + ǫ with probability at least1/2. Building
on this, we can show any interactive learning algorithm seeking a classifierof error at mostη + ǫ
must makeΩ(dη2/ǫ2) queries to succeed with probability at least3/4, as follows.

Assume that we have an algorithmA that works for theCCQ model with query complexity
QCCCQ(ǫ, δ,C,Agnostic(C, η)). We show how to useA as a subroutine in an active learning
algorithm that is specifically tailored to the above hard set of distributions.

In particular, we can simulate an oracle for theCCQ algorithm as follows. Suppose ourCCQ
algorithm queries with a setSi for a labelℓ. If ℓ is not one of they0, . . . , yd−1, z0, . . . , zd−1 labels,
we may immediately return that none exist. If there existsxi,j ∈ Si such thatxi,j = x0 and
ℓ = z0, then we may simply return to the algorithm this(xi,j , z0). Otherwise, we need only make
(in expectation) 1

1/2−γ active learning queries to respond to the class-conditional query, as follows.
We consider the subsetRi of Si of pointsxi,j among thosexj with ℓ ∈ {yj , zj}. We pick an

examplex(1)i at random inRi and request its labely(1)i . If x(1)i has labely(1)i = ℓ, then we return

to the algorithm(x
(1)
i , y

(1)
i ); otherwise, we continue sampling randomx(2)i , x

(3)
i , . . . points from

Ri (whose labels have not yet been requested) and requesting their labelsy
(2)
i , y

(3)
i , . . ., until we

find one with labelℓ, at which point we return to the algorithm that example. If we exhaustRi

without finding such an example, we return to the algorithm that no such pointexists. Since each
xi,j ∈ Ri has probability at least1/2 − γ of havingyi,j = ℓ, we can answer any query ofA using
in expectation no more than 1

1/2−γ label request queries.
In particular, we can upper bound this number of queries by a geometric random variable and

apply concentration inequalities for geometric random variables to bound thetotal number of label
requests, as follows. LetAi be a random variable indicating the actual number of label requests we
make to answer query numberi in the reduction above, before returning a response. Forj ≤ Ai, if
h∗(x

(j)
i ) 6= ℓ, letZj = I[y

(j)
i = ℓ], and ifh∗(x(j)i ) = ℓ, letCj be an independent Bernoulli((1/2−

γ)/(1/2 + γ)) random variable, and letZj = CjI[y
(j)
i = ℓ]. Forj > Ai, letZj be an independent

Bernoulli(1/2−γ) random variable. LetBi = min{j : Zj = 1}. Since,∀j ≤ Ai,Zj ≤ I[y
(j)
i = ℓ],

we clearly haveBi ≥ Ai. Furthermore, note that theZj are independent Bernoulli(1/2−γ) random
variables, so thatBi is a Geometric(1/2 − γ) random variable. By Lemma9 in AppendixA, we
obtain that with probability at least3/4 we have that ifQ is any constant andAmakes≤ Q queries,
then with probability greater than3/4,

∑

iAi ≤
∑Q

i=1Bi ≤
2

1/2−γ [Q+ 4 ln(4)].
Without loss, we can supposeAmakes at mostQ = QCCCQ(ǫ, 1/4,C,Agnostic(C, η)) queries

(otherwise, simply halt the algorithm if it exceeds this, and it will still achieve thisoptimal query
complexity). Since

∑

iAi represents the total number of label requests made by this algorithm, we

6



ROBUST INTERACTIVE LEARNING

have that ifQCCCQ(ǫ, 1/4,C,Agnostic(C, η)) < 1/2−γ
2 m− 4 ln(4), wherem = O(dη2/ǫ2) is the

Beygelzimer et al.(2009) lower bound, then with probability> 3/4, the number of label requests is
< m. Since any algorithm making< m queries fails with probability at least1/2, there is a greater
than1/4 probability that the number of label request is< m andthe above active learning algorithm
fails. But this active learning algorithm succeeds if and only ifA succeeds, given these responses
to its queries; thus, the probabilityA succeeds is less than3/4, contradicting the assumption that it
achieves query complexityQCCCQ(ǫ, 1/4,C,Agnostic(C, η)).

3.2. Upper bound

In this section, we describe an algorithm whose query complexity isÕ
(

kdβ2

ǫ2

)

. For clarity, we

start by considering in the case where we know an upper boundβ on η. We will discuss how to
remove the assumption of knowing an upper boundβ onη, adapting toη, in Section3.2. Our main
procedure (Algorithm1) has two phases: in Phase1, it uses a robust version of the classic halving
algorithm to produce a classifier whose error rate is at most10(β + ǫ) by only usingÕ

(

kd log 1
ǫ

)

queries. In Phase2, we run a simple refining algorithm that usesÕ
(

kdβ2

ǫ2

)

queries to turn the

classifier output in Phase1 into a classifier of errorη + ǫ. To implement Phase1, we use a robust
version of the classic halving algorithm. The idea here is that rather than eliminating a hypothesis
when making just one mistake (as in the classic halving algorithm), we will eliminate a hypothesis
when it makes at least one mistake in some number out of several sets (of anappropriate size) chosen
uniformly at random from the unlabeled pool. The key point is that if the setsize is appropriate (say
1/(16η)), then we will not eliminate the best hypothesis in the class since it does not make mistakes
on too many sets. On the other hand, if the plurarity vote function has a high error (at least10η),
then it will make mistakes on enough sets and we can show that this then implies thata constant
fraction of the version space will make mistakes on more sets than the best classifier in the class
does (so we will be able to eliminate a constant fraction of the version space).

We express these algorithms in terms of a useful subroutine (Subroutine1, Find-Mistake), which
identifies an example in a given set on which a given classifier makes a mistake. Also, givenV ⊆ C,
define the plurality vote classifier asplur(V )(x) = argmaxy∈Y

∑

h∈V I[h(x) = y]. Also, for
ǫ > 0, we call a setH anǫ-cover ofC if, for everyh ∈ C, infg∈H PX∼D(g(X) 6= h(X)) < ǫ. An
ǫ-cover is called “minimal” if it has minimal possible cardinality among allǫ-covers. It is known
that the size of a minimalǫ-cover of a classC of Natarajan dimensiond is at most(ck2/ǫ)d for
an appropriate constantc van der Vaart and Wellner(1996); Haussler and Long(1995). Note that
constructing anǫ-cover only requires access to the distributionD of the unlabeledexamples, and
in particular, one can construct a cover of near-minimal size based on a sample ofÕ(d/ǫ) random
unlabeled examples. Below, for brevity, we simply suppose we have access to a minimalǫ-cover;
it is a simple exercise to extend these results to near-minimal covers constructed from random
unlabeled examples.

Note that, iferrS(h) > 0, then Find-Mistake returns a labeled example(x, y) with y the true
label ofx, such thath(x) 6= y, and otherwise it returns an indication that no such point exists.

Lemma3 below characterizes the performance of Phase1 and Lemma4 characterizes the per-
formance of Phase2. Note that the budget parameter in these methods is only utilized in our later
discussion of adaptation to the noise rate.
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Subroutine 1 Find-Mistake
Input : The sequenceS = (x1, x2, . . . , xm); classifierh

1. For eachy ∈ {1, . . . , k},

(a) Query the set{x ∈ S : h(x) 6= y} for labely

(b) If received back an example(x, y), return(x, y)

2. Return “none”

Algorithm 1 General Agnostic Interactive Algorithm

Input : The sequence(x1, x2, ..., ); valuesu, s, δ; budgetn (optional; default value=∞).

1. LetV be a (minimal)ǫ-cover of the space of classifiersC with respect toDX . LetU be{x1, ..., xu}.

2. Run the Generalized Halving Algorithm (Phase1) with inputU ; V , s, c ln 4 log2 |V |
δ , n/2, and geth.

3. Run the Refining Algorithm (Phase2) with inputU , h, n/2, and get labeled sampleL returned.

4. Find an hypothesish′ ∈ V of minimumerrL(h
′).

Output Hypothesish′ (andL).

Phase 1Generalized Halving Algorithm

Input : The sequenceU = (x1, x2, ..., xps); set of classifiersV ; valuess, N ; budgetn (n optional: default
value=∞).

1. Setb = true, t = 0.

2. while (b andt ≤ n−N )

(a) DrawS1, S2, ...,SN of sizes uniformly without replacement fromU .

(b) For eachi, call Find-Mistake with argumentsSi, andplur(V ). If it returns a mistake, we record
the mistake(x̃i, ỹi) it returns.

(c) If Find-Mistake finds a mistake in more thanN/3 of the sets, remove fromV everyh ∈ V making
mistakes on> N/9 examples(x̃i, ỹi), and sett← t+N ; elseb← 0.

Output Hypothesisplur(V ).

Phase 2Refining Algorithm

Input : The sequenceU = (x1, x2, ..., xps); classifierh; budgetn (n optional: default value=∞).

1. Setb = 1, t = 0, W = U , L = ∅.

2. while (b andt < n)

(a) Call Find-Mistake with argumentsW , andh.

(b) If it returns a mistake(x̃, ỹ), then setL← L ∪ {(x̃, ỹ)}, W ←W \ {x̃}, andt← t+ 1.

(c) Else setb = 0 andL← L ∪ {(x, h(x)) : x ∈W}.

Output Labeled sampleL.
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Lemma 3 Assume that somêh ∈ V haserrU (ĥ) ≤ β for β ∈ [0, 1/32]. With probability≥ 1−δ/2,

running Phase1 withU , and valuess =
⌊

1
16β

⌋

andN = c ln 4 log2 |V |
δ (for an appropriate constant

c ∈ (0,∞)), we have that for every round of the loop of Step 2, the following hold.

• ĥ makes mistakes on at mostN/9 of the returned(x̃i, ỹi) examples.

• If errU (plur(V )) ≥ 10β, then Find-Mistake returns a mistake forplur(V ) on> N/3 of the sets.

• If Find-Mistake returns a mistake forplur(V ) on> N/3 of the setsSi, then the number ofh in
V making mistakes on> N/9 of the returned(x̃i, ỹi) examples in Step3(b) is at least(1/4)|V |.

Proof Sketch: Phase1 and Lemma3 are inspired by the analysis ofHanneke(2007b). In the
following, by anoisyexample we mean anyxi such that̂h(xi) 6= yi. The expected number of noisy
points in any given setSi is at most1/16, which (by Markov’s inequality) implies the probability
Si contains a noisy point is at most1/16. Therefore, the expected number of setsSi with a noisy
point in them is at mostN/16, so by a Chernoff bound, with probability at least1− δ/(4 log2 |V |)
we have that at mostN/9 setsSi contain any noisy point, establishing claim 1.

Assume thaterrU (plur(V )) ≥ 10β. The probability that there is a point̃xi in Si such that
plur(V ) labelsx̃i differently fromỹi is≥ 1− (1−10β)s ≥ .37 (discovered by direct optimization).
So (for an appropriate value ofc > 0 in N ) by a Chernoff bound, with probability at least1 −
δ/(4 log2 |V |), at leastN/3 of the setsSi contain a point̃xi such thatplur(V )(x̃i) 6= ỹi, which
establishes claim 2. Via a combinatorial argument, this then implies with probability atleast1 −
δ/(4 log2 |V |), at least|V |/4 of the hypotheses make mistakes on more thanN/9 of the setsSi.

A union bound over the above two events, as well as over the iterations of the loop (of which
there are at mostlog2 |V | due to the third claim) obtains the claimed overall1− δ/2 probability.

Lemma 4 Suppose somêh has errU (ĥ) ≤ β, for someβ ∈ [0, 1/32]. Running Phase2 with
parametersU , ĥ, and any budgetn, if L is the returned sample, and|L| = |U |, then every(xi, y) ∈
L hasy = yi (i.e., the labels are in agreement with the oracle’s labels); furthermore,|L| = |U |
definitely happens for anyn ≥ β|U |+ 1.

Proof Sketch: Every call to Find-Mistake returns a new mistake forĥ fromU , except the last call,
and since there are onlyβ|U | such mistakes, the procedure requires onlyβ|U | + 1 calls to Find-
Mistake. Furthermore, every label was either given to us by the oracle, or was assigned at the end,
and in this latter case the oracle has certified that they are correct.

We are now ready to present our main upper bounds for the agnostic noise model.

Theorem 5 Supposeβ ≥ η, and β + ǫ ≤ 1/32. Running Algorithm1 on the data sequence

x1, x2, . . ., with parametersu = O(d((β + ǫ)/ǫ2) log(k/ǫδ)), s =
⌊

1
16(β+ǫ)

⌋

, andδ, with prob-

ability at least1 − δ it produces a classifierh′ with err(h′) ≤ η + ǫ using a number of queries

O
(

kdβ2

ǫ2
log 1

ǫδ + kd log log(1/ǫ)
δ log 1

ǫ

)

.

Proof Sketch: We have chosenu large enough so thaterrU (h∗) ≤ η+ ǫ ≤ β+ ǫ, with probability
at least1− δ/4, by a (multiplicative) Chernoff bound. By Lemma3, we know that with probability
1−δ/2, h∗ is never discarded in Step 2(c) in Phase1, and as long aserrU (plur(V )) ≥ 10(β+ǫ), then
we cut the set|V | by a constant factor. So, with probability1− 3δ/4, after at mostO(kN log(|V |))
queries, Phase1 halts with the guarantee thaterrU (plur(V )) ≤ 10(β + ǫ). Thus, by Lemma4, the
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execution of Phase2 returns a setL with the true labels after at most(10(β + ǫ)u + 1)k queries.
Therefore, due to the aforementioned bound on the size of a minimalǫ-cover, by Chernoff and union
bounds, we have chosenu large enough so that theh′ of minimalerrU (h′) haserr(h′) ≤ η+ ǫ with
probability at least1− δ/4. Combining the above events by a union bound, with probability1− δ,
theh′ chosen at the conclusion of Algorithm1 haserr(h′) ≤ η + ǫ and the total number of queries
is at mostkN log4/3(|V |) + k(10(β + ǫ)u+ 1), which is bounded by the claimed value.

In particular, if we takeβ = η, Theorem5 implies the upper bound part of Theorem2.

Note: It is sometimes desirable to restrict the size of the sample we make the query for, so that
the oracle does not need to sort through an extremely large sample searching for a mistake. To this
end, we can run Phase2 on chunks of size1/(η + ǫ) from U , and then union the resulting labeled
samples to formL. The number of queries required for this is still bounded by the desired quantity.

Note: We note that ifη = Ω(ǫ2/3), then we could replace the first phase with a much simpler
method, such as running empirical risk minimization on a labeled sample of sizeÕ(d/η), while still
producing a classifierh with a similarerr(h) = O(η) guarantee, which would then be suitable to
use in the second phase; indeed, this would allow us to avoid the use of theǫ-coverV , which can
often be exponentially large ind. However, whenη ≪ ǫ2/3, the bound in Theorem5 will generally
be smaller thañO(d/η), so that the additional complexity of using our robust halving technique
is warranted by an improved query complexity. Moreover, in the special case where we are only
interested in finding a classifierh with err(h) = O(η), the query complexity bound in Theorem5 is
merelyÕ(kd log(1/η)), which is preferable to the sample complexityÕ(d/η) for passive learning.

In practice, knowledge of an upper boundβ reasonably close toη is typically not available.
As such, it is important to design algorithms that adapt to the unknown value ofη. The following
theorem indicates this is possible in our setting, without significant loss in query complexity.

Theorem 6 There exists an algorithm that is independent ofη and∀η ∈ [0, 1/2) achieves query

complexityQCCCQ(ǫ, δ,C,Agnostic(C, η)) = Õ
(

kdη2

ǫ2

)

.

Proof Sketch: First, note that if we set the budget parametern large enough (at roughly1/k times
the value of the query complexity bound of Theorem2), then the largest value ofβ for which the
algorithm (with parameters as in Theorem5) producesL with |L| = u hasβ ≥ η, so that it produces
h′ with err(h′) ≤ η + ǫ. So for a given budgetn, we can simply run the algorithm for eachβ value
in a log-scale grid of[ǫ, 1], and take theh′ for the largest suchβ with |L| = u (if n is large enough
that such aβ exists). The second part of the problem then becomes determining an appropriately
large budgetn, so that this works. For this, we can simply search for such a value by a guess-and-
double technique, where for eachn we check whether it is large enough by evaluating a standard
confidence bound on the excess error rate; the key that allows this to work is that, if |L| = u, then
L is an iidDXY -distributed sequence of labeled examples, so that we can use known confidence
bounds for working with iid labeled data.

4. Bounded Noise

In this section we study theBounded noisemodel (also known as Massart noise), which has been ex-
tensively studied in the learning theory literature (Massart and Nedelec, 2006; Gine and Koltchinskii,
2006; Hanneke, 2011). This model represents a significantly stronger restriction on the type of
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noise. The motivation for bounded noise is that, in some scenarios, we do have an accurate repre-
sentation of the target function within our hypothesis class (i.e., the model is correctly specified),
but we allow for nature’s labels to be slightly randomized. Formally, the we consider the family
BN(C, α) = {DXY : ∃h∗ ∈ C s.t.PDXY

(Y 6= h∗(X)|X) ≤ α}, for α ∈ [0, 1/2). We are
sometimes interested in the special case of Random Classification Noise, defined asRCN(C, α) =
{DXY : ∃h∗ ∈ C s.t.∀ℓ 6= h∗(x),PDXY

(Y = ℓ|X = x) = α/(k−1)}. Also defineBN(C, α;DX)
andRCN(C, α;DX) as thoseDXY in these respective classes with marginalDX onX .

In this section we show a lower bound on the query complexity of interactive learning with class-
conditional queries as a function of the query complexity of active learning(label request queries).
The proof follows via a reduction from the (multiclass) active learning model (label request queries)
to our interactive learning model (general class-conditional queries),very similar in spirit to the
reduction given in the proof of the lower bound in Theorem2.

Theorem 7 Consider any hypothesis classC of Natarajan dimensiond ∈ (0,∞). For anyα ∈
[0, 1/2), and any distributionDX overX , in the random classification noise model we have the
following relationship between the query complexity of interactive learning in the class-conditional
queries model and the the query complexity of active learning with label requests:

α
2(k−1)QCAL(ǫ, 2δ,C,RCN(C, α;DX))− 4 ln

(

1
δ

)

≤ QCCCQ(ǫ, δ,C,RCN(C, α;DX))

To complement this lower bound, we prove a related upper bound via an analysis of an algorithm
below, which operates by reducing to a kind of batch-based active learning algorithm. Specifically,
assume we have an active learning algorithmA that proceeds in rounds, and in each round it interacts
with an oracle by providing a regionR of the instance space and a numberm and and it expects
in returnm labeled examples from the conditional distribution given thatx is in R. For example
theA2 algorithmBalcan et al.(2006) and the algorithm ofKoltchinskii (2010) can be written to
operate this way. We show in the following how we can use our algorithms fromSection3 in order
to provide the desired labeled examples to such an active learning procedure while using fewer than
m queries to our oracle. In the description below we assume that algorithmA returns its state, a
regionR of the instance space, a numberm of desired samples, a boolean flagb for halting (b = 0)
or not (b = 1), and a classifierh.

The valueδ′ in this algorithm should be set appropriately depending on the context, essentially
asδ divided by a coarse bound on the total number of batches the algorithmA will request the
labels of; for our purposes a valueδ′ = poly(ǫδ(1− 2α)/d) will suffice. To state an explicit bound
on the number of queries, we first review the following definition ofHanneke(2007a, 2009). For
r > 0, defineB(h, r) = {g ∈ C : PDX

(h(X) 6= g(X)) ≤ r}. For anyH ⊆ C, define the region
of disagreement:DIS(H) = {x ∈ X : ∃h, g ∈ H s.t.h(x) 6= g(x)}. Define thedisagreement
coefficientfor h ∈ C: θh(ǫ) = sup

r>ǫ
PDX

(DIS(B(h, r)))/r. Define the disagreement coefficient of

the classC asθ(ǫ) = suph∈C θh(ǫ).

Theorem 8 For C of Natarajan dimensiond, andα ∈ [0, 1/2), for any distributionDX overX ,

QCCCQ(ǫ, δ,C,BN(C, α;DX)) = O
((

1 + αθ(ǫ)
(1−2α)2

)

dk log2
(

dk
ǫδ(1−2α)

))

.

The significance of this result is thatθ(ǫ) is multiplied byα, a feature not present in the known
results for active learning. In a sense, this factor ofθ(ǫ) is a measure of how difficult the active
learning problem is, as the other terms are inevitable (up to the log factors).
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Algorithm 2 General Interactive Algorithm for Bounded Noise

Input : The sequence(x1, x2, ..., ); allowed error rateǫ, noise boundα, algorithmA.

1. Setb = 1, t = 1. InitializeA and letS(A), R, m, b andĥ be the returned values.

2. LetV be a minimalǫ-cover ofC with respect to the distributionDX .

3. While(b)

(a) Letps = cd
ǫ2 log k

ǫδ and let(xi1 , xi2 , . . . , xips+m
) be the firstps+m points in(xt+1, xt+2, . . .)∩R.

(b) Run Phase1 with parametersU1 = (xi1 , xi2 , . . . , xips), V ,
⌊

1
16(α+ǫ)

⌋

, c log 4 log2 |V |
δ′

Let h be the returned classifier.

(c) Run Phase2 with parametersU2 = (xips+1
, xips+2

, . . . , xips+m
), h.

LetL be the returned labeled sequence.

(d) RunA with parametersL andS(A). LetS(A), R, m, b andĥ be the returned values.

(e) Lett = ips+m

Output Hypothesiŝh.

By the same reasoning as in the above proof, plugging in a different kind of active learn-
ing algorithmA (which space limitations prevent description of here), one can prove an anal-
ogous bound based on the splitting index ofDasgupta(2005), rather than the disagreement co-
efficient. This is interesting, in that one can also prove a lower bound onQCAL in terms of
the splitting index, so that composed with Theorem7, we have a nearly tight characterization of
QCCCQ(ǫ, δ,D,BN(C, α;DX)). See AppendixC.2.

As before, since the value of the noise boundα is typically not known in practice, it is often
desirable to have an algorithm capable ofadaptingto the value ofα, while maintaining the query
complexity guarantees of Algorithm2. Fortunately, we can achieve this by a similar argument to
that used above in Theorem6. That is, starting with an initial guess of̂α = ǫ as the noise bound
argument to Algorithm2, we use the budget argument to Phase2 to guarantee we never exceed the
query complexity bound of Theorem8 (with α̂ in place ofα), halting early if ever Phase2 fails
to label the entireU1 set within its query budget. Then we repeatedly doubleα̂ until finally this
modified Algorithm2 runs to completion. Setting the budget sizes andδ′ values appropriately, we
can maintain the guarantee of Theorem8 with only an extralog factor increase.

5. Discussion and Open Questions

A concrete open question is determining the query complexity of class conditional and mistake
queries under Tsybakov noise. Another concrete open question is providing computationally effi-
cient procedures that the meet a nearly optimal query complexity for such queries in the presence of
certain types of noise. While our analysis provides an upper bound on query complexity for general
classes of queries, it is not clear that we have yet identified the appropriate quantities to appear in a
tight analysis in the query complexity in a general case.
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Appendix A. Useful Facts

Lemma 9 Let B1, . . . , Bk be independentGeometric(α) random variables. With probability at
least1− δ,

k
∑

i=1

Bi ≤
2

α

(

k + 4 ln

(

1

δ

))

.

Proof Letm = 2
α

(

k + 4 ln
(

1
δ

))

. LetX1, X2, . . . be i.i.d. Bernoulli(α) random variables.
∑k

i=1Bi

is distributionally equivalent to a valueN defined as the smallest value ofn for which
∑n

i=1Xi = k,
so it suffices to showP(N ≤ m) ≥ 1− δ.
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LetH =
∑m

i=1Xi. We haveE[H] = αm ≥ 2k. By a Chernoff bound, we have

P (H ≤ k) ≤ P (H ≤ (1/2)E[H]) ≤ exp {−E[H]/8} ≤ exp

{

− ln

(

1

δ

)}

= δ.

Therefore, with probability1− δ, we haveN ≤ m, as claimed.

The following is a direct consequence of a result ofVapnik (1998) (except substituting the
appropriate quantities for the multiclass case).

Lemma 10 For L a finite sequence of i.i.d.DXY labeled examples, and anyδ ∈ (0, 1), with
probability at least1− δ, for all h ∈ C,

∣

∣

∣

∣

(

errL(h)−min
g∈C

errL(g)

)

− (err(h)− err(h∗))

∣

∣

∣

∣

≤
8d

|L|
ln

(

3|L|

δ

)

+

√

errL(h)
16d

|L|
ln

(

3|L|

δ

)

.

This follows from the fact that

|err(h)− errL(h)| ≤ O

(

d

|L|
ln

(

|L|

δ

)

+

√

err(h)
d

|L|
ln

(

|L|

δ

)

)

,

which in particular also implies that the sample complexity of passive learning (by empirical risk
minimization) is at most̃O

(

dη+ǫ
ǫ2

)

.

Appendix B. Class Conditional Queries. The Agnostic Case

Lemma 3 Assume that somêh ∈ V haserrU (ĥ) ≤ β for β ∈ [0, 1/32]. With probability

≥ 1−δ/2, running Phase1 with U , and valuess =
⌊

1
16β

⌋

andN = c ln 4 log2 |V |
δ (for an appropriate

constantc ∈ (0,∞)), we have that for every round of the loop of Step 2, the following hold.

• ĥ makes mistakes on at mostN/9 of the returned(x̃i, ỹi) examples.

• If errU (plur(V )) ≥ 10β, then Find-Mistake returns a mistake forplur(V ) on> N/3 of the sets.

• If Find-Mistake returns a mistake forplur(V ) on> N/3 of the setsSi, then the number ofh in V
making mistakes on> N/9 of the returned(x̃i, ỹi) examples in Step3(b) is at least(1/4)|V |.

Proof Phase1 and Lemma3 are inspired by the analysis ofHanneke(2007b). In the following, by
anoisyexample we mean anyxi such that̂h(xi) 6= yi. The expected number of noisy points in any
given setSi is at most1/16, which (by Markov’s inequality) implies the probabilitySi contains a
noisy point is at most1/16. Therefore, the expected number of setsSi with a noisy point in them is
at mostN/16, so by a Chernoff bound, with probability at least1 − δ/(4 log2 |V |) we have that at
mostN/9 setsSi contain any noisy point, establishing claim 1.

Assume thaterrU (plur(V )) ≥ 10β. The probability that there is a point̃xi in Si such that
plur(V ) labelsx̃i differently fromỹi is≥ 1− (1−10β)s ≥ .37 (discovered by direct optimization).
So (for an appropriate value ofc > 0 in N ) by a Chernoff bound, with probability at least1 −
δ/(4 log2 |V |), at leastN/3 of the setsSi contain a point̃xi such thatplur(V )(x̃i) 6= ỹi, which
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establishes claim 2. Via a combinatorial argument, this then implies with probability atleast1 −
δ/(4 log2 |V |), at least|V |/4 of the hypotheses will make mistakes on more thanN/9 of the setsSi.
To see this consider the bipartite graph where on the left hand side we haveall the classifiers inV
and on the right hand side we have all the returned(x̃i, ỹi) examples. Let us put an edge between a
nodei on the left and a nodej on the right if the hypothesishi associated to nodei makes a mistake
on (x̃i, ỹi). Let M be the number of vertices in the right hand side. Clearly, the total number of
edges in the graph is at least(1/2)|V ||M |, since at most|V |/2 classifiers label̃xi asỹi. Let α|V |
be the number of classifiers inV that make mistakes on at mostN/9 (x̃i, ỹi) examples. The total
number of edges in the graph is then upper bounded byα|V |N/9 + (1− α)|V |M. Therefore,

(1/2)|V ||M | ≤ α|V |N/9 + (1− α)|V |M,

which implies
|V ||M |(α− 1/2) ≤ α|V |N/9.

Applying the lower boundM ≥ N/3, we get(N/3)|V |(α − 1/2) ≤ α|V |N/9, soα ≤ 3/4. This
establishes claim 3.

A union bound over the above two events, as well as over the iterations of the loop (of which
there are at mostlog2 |V | due to the third claim of this lemma) obtains the claimed overall1− δ/2
probability.

Lemma 4 Suppose somêh haserrU (ĥ) ≤ β, for someβ ∈ [0, 1/32]. Running Phase2 with
parametersU , ĥ, and any budgetn, if L is the returned sample, and|L| = |U |, then every(xi, y) ∈
L hasy = yi (i.e., the labels are in agreement with the oracle’s labels); furthermore,|L| = |U |
definitely happens for anyn ≥ β|U |+ 1.
Proof Every call to Find-Mistake returns a new mistake forĥ from U , except the last call, and
since there are onlyβ|U | such mistakes, the procedure requires onlyβ|U |+1 calls to Find-Mistake.
Furthermore, every label was either given to us by the oracle, or was assigned at the end, and in this
latter case the oracle has certified that they are correct.

Formally, if |L| = |U |, then either everyx ∈ U was returned as some(x̃, ỹ) pair in Step 2.b, or
we reached Step 2.c. In the former case, theseỹ labels are the oracle’s actual responses, and thus
correspond to the true labels. In the latter case, every element ofL added prior to reaching 2.c was
returned by the oracle, and is therefore the true label. Every element(xi, y) ∈ L added in Step 2.c
has label̂h(xi), which the oracle has just told us is correct in Find-Mistake (meaning we definitely
haveĥ(xi) = yi). Thus, in either case, the labels are in agreement with the true labels. Finally, note
that each call to Find-Mistake either returns a mistake forĥ we have not previously received, or is
the final such call. Since there are at mostβ|U | mistakes in total, we can have at mostβ|U | + 1
calls to Find-Mistake.

Theorem 5 Supposeβ ≥ η, andβ + ǫ ≤ 1/32. Running Algorithm1 with parametersu =

O(d((β + ǫ)/ǫ2) log(k/ǫδ)), s =
⌊

1
16(β+ǫ)

⌋

, andδ, with probability at least1 − δ it produces a

classifierh′ with err(h′) ≤ η+ǫ using a number of queriesO
(

kdβ2

ǫ2
log 1

ǫδ + kd log log(1/ǫ)
δ log 1

ǫ

)

.

Proof We have chosenu large enough so thaterrU (h∗) ≤ η + ǫ ≤ β + ǫ, with probability at least
1−δ/4, by a (multiplicative) Chernoff bound. By Lemma3, we know that with probability1−δ/2,
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h∗ is never discarded in Step 2(c) in Phase1, and as long aserrU (plur(V )) ≥ 10(β + ǫ), then we
cut the set|V | by a constant factor. So, with probability1 − 3δ/4, after at mostO(kN log(|V |))
queries, Phase1 halts with the guarantee thaterrU (plur(V )) ≤ 10(β + ǫ). Thus, by Lemma4, the
execution of Phase2 returns a setL with the true labels after at most(10(β + ǫ)u+ 1)k queries.

Furthermore, we can choose theǫ-coverV so that|V | ≤ 4(ck2/ǫ)d for an appropriate constant
c (van der Vaart and Wellner, 1996; Haussler and Long, 1995).

Therefore, by Chernoff and union bounds, we have chosenu large enough so that theh′ of
minimal errU (h′) haserr(h′) ≤ η + ǫ with probability at least1 − δ/4. Combining the above
events by a union bound, with probability1− δ, theh′ chosen at the conclusion of Algorithm1 has
err(h′) ≤ η + ǫ and the total number of queries is at most

kN log4/3(|V |) + k(10(β + ǫ)u+ 1) = O

(

kd log
d log(k/ǫ)

δ
log

1

ǫ
+ kd

(β + ǫ)2

ǫ2
log

k

ǫδ

)

.

Theorem 6 There exists an algorithm that is independent ofη and∀η ∈ [0, 1/2) achieves query

complexityQCCCQ(ǫ, δ,C,Agnostic(C, α)) = Õ
(

kdη2

ǫ2

)

.

Proof We consider the proof of this theorem in two stages, with the following intuitive motivation.
First, note that if we set the budget parametern large enough (at roughly1/k times the value of
the query complexity bound of Theorem2), then the largest value ofβ for which the algorithm
(with parameters as in Theorem5) producesL with |L| = u hasβ ≥ η, so that it producesh′ with
err(h′) ≤ η + ǫ. So for a given budgetn, we can simply run the algorithm for eachβ value in a
log-scale grid of[ǫ, 1], and take theh′ for the largest suchβ with |L| = u. The second part of the
problem then becomes determining an appropriately large budgetn, so that this works. For this, we
can simply search for such a value by a guess-and-double technique, where for eachn we check
whether it is large enough by evaluating a standard confidence bound onthe excess error rate; the
key that allows this to work is that, if|L| = u, then the setL is an i.i.d.DXY -distributed sequence
of labeled examples, so that we can use known confidence bounds for working with sequences of
random labeled examples. The details of this strategy follow.

Consider valuesnj = 2j for j ∈ N, and define the following procedure. We can consider
a sequence of valuesηi = 21−i for i ≤ log2(1/ǫ). For eachi = 1, 2, . . . , log2(1/ǫ), we run
Algorithm 1 with parameters

u = ui = O(d((ηi + ǫ)/ǫ2) log(k/ǫδ)),

s = si =
1

16(ηi + ǫ)
, δi = δ/(8 log2(1/ǫ))

and budget parameternj/ log2(1/ǫ). Let hji andLji denote the return values from this execution
of Algorithm 1, and let̂hj andL̂j denote the valueshji andLji, respectively, for the smallest value
of i for which |Lji| = ui (if such ani exists): that is, for which the execution of Phase2 ran to
completion.

Note that for somej with nj = O
(

dη2

ǫ2
log k log2(1/ǫ)

ǫδ + d log log2(1/ǫ)
δ log k

ǫ

)

log2
1
ǫ , Theorem5

implies that with probability1−δ/4, everyi ≤ ⌊log2(1/η)⌋with |Lji| = ui haserr(hji) ≤ η+ǫ/2,
and|Lji| = ui for at least one suchi value: namely,i = ⌊log2(1/max{η, ǫ})⌋. Thus,err(ĥj) ≤
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η + ǫ/2 for this value ofj. Let j∗ denote this value ofj, and for the remainder of this subsection
we suppose this high-probability event occurs.

All that remains is to design a procedure for searching overnj values to find one large enough to
obtain this error rate guarantee, but not so large as to lose the query complexity guarantee. Toward
this end, define

Ej =
8d

|L̂j |
ln

(

12|L̂j |j
2

δ

)

+

√

√

√

√errL̂j
(ĥj)

16d

|L̂j |
ln

(

12|L̂j |j2

δ

)

.

Lemma10 implies that with probability at least1− δ/2, ∀j for which L̂j andĥj are defined,
∣

∣

∣

∣

(

errL̂j
(ĥj)−min

h∈C
errL̂j

(h)

)

−
(

err(ĥj)− err(h∗)
)

∣

∣

∣

∣

≤ Ej .

Consider running the above procedure forj = 1, 2, 3, . . . in increasing order until we reach the
first value ofj for which L̂j andĥj are defined, and

errL̂j
(ĥj)−min

h∈C
errL̂j

(h) + Ej ≤ ǫ.

Denote this first value ofj asĵ. Note that choosinĝj in this way guaranteeserr(ĥĵ) ≤ η + ǫ.

It remains only to bound the value of thisĵ, so that we may add up the total number of queries
among the executions of our procedure for all valuesj ≤ ĵ. By setting the constants inui appro-
priately, the sample size of|L̂j | is large enough so that, forj = j∗, a Chernoff bound (to bound
errL̂j

(h∗) ≥ errL̂j
(ĥj)) guarantees that with probability1− δ/4, Ej ≤ ǫ/4. Furthermore, we have

errL̂j
(ĥj)−min

h∈C
errL̂j

(h) ≤ err(ĥj)− err(h∗) + Ej ≤ ǫ/2 + ǫ/4 = (3/4)ǫ,

so that in totalerrL̂j
(ĥj)−minh∈C errL̂j

(h) + Ej ≤ (3/4)ǫ+ ǫ/4 = ǫ. Thus, we havêj ≤ j∗, so
that the total number of queries is less than2nj∗ .

Therefore, by a union bound over the above events, with probability1 − δ, the selected̂hĵ has

err(ĥĵ) ≤ η + ǫ, and the total number of queries is less than

2knj∗ = O

(

dk
η2

ǫ2
log

log(1/ǫ)

ǫδ
log

1

ǫ
+ dk log

log(1/ǫ)

δ
log2

1

ǫ

)

.

Thus, not having direct access to the noise rate only increases our query complexity by at most a
logarithmic factor compared to the bound of Theorem2.

Appendix C. Class Conditional Queries. Bounded Noise

Theorem 7 Consider any hypothesis classC of Natarajan dimensiond ∈ (0,∞). For anyα ∈
[0, 1/2), and any distributionDX overX , in the random classification noise model we have the
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following relationship between the query complexity of interactive learning in the class-conditional
queries model and the the query complexity of active learning with label requests:

α

2(k − 1)
QCAL(ǫ, 2δ,C,RCN(C, α;DX))− 4 ln

1

δ
≤ QCCCQ(ǫ, δ,C,RCN(C, α;DX))

Proof The proof follows via a reduction from the active learning model (label request queries) to our
interactive learning model (general class-conditional queries). Assume that we have an algorithm
that works for theCCQ model with query complexityQCCCQ(ǫ, δ,C,RCN(C, α;DX)). We can
convert this into an algorithm that works in the active learning model with a query complexity of
QCAL(ǫ, 2δ,C,RCN(C, α;DX)) = 2(k−1)

α [QCCCQ(ǫ, δ,C,RCN(C, α;DX))+4 ln 1
δ ], as follows.

When ourCCQ algorithm queries theith time, say querying for a labely among a setSi, we pick
an examplexi,1 at random inSi and (if the label ofxi,1 has never previously been requested), we
request its labelyi,1. If y = yi,1, then we return(xi,1, yi,1) to the algorithm, and otherwise we keep
taking examples (xi,2, xi,3, . . .) at random in the setSi and (if their label has not yet been requested)
requesting their labels (yi,2, yi,3, . . .), until we find one with labely, at which point we return this
labeled example to the algorithm. If we exhaustSi and we find example of labely, we return to the
algorithm that there are no examples inSi with labely.

Let Ai be a random variable indicating the actual number of label requests we makein roundi
before getting either an example of labely or exhausting the setSi. We also define a related random
variableBi as follows. Forj ≤ Ai, if h∗(xi,j) 6= y, letZj = I[yi,j = y], and ifh∗(xi,j) = y, letCj

be an independent Bernoulli((α/(k−1))/(1−α)) random variable, and letZj = CjI[yi,j = y]. For
j > Ai, letZj be an independent Bernoulli(α/(k−1)) random variable. LetBi = min{j : Zj = 1}.
Since,∀j ≤ Ai, Zj ≤ I[yi,j = y], we clearly haveBi ≥ Ai. Furthermore, note that theZj are
independent Bernoulli(α/(k − 1)) random variables, so thatBi is a Geometric(α/(k − 1)) random
variable. By Lemma9 in AppendixA, we obtain that with probability at least1− δ we have

∑

i

Ai ≤
∑

i

Bi ≤
2(k − 1)

α
[QCCCQ(ǫ, δ,C,RCN(C, α;DX)) + 4 ln

1

δ
].

This then implies

QCAL(ǫ, 2δ,C,RCN(C, α;DX)) ≤
2(k − 1)

α
[QCCCQ(ǫ, δ,C,RCN(C, α;DX)) + 4 ln

1

δ
],

which implies the desired result.

Theorem 8 For any concept spaceC of Natarajan dimensiond, and anyα ∈ [0, 1/2), for any
distributionDX overX ,

QCCCQ(ǫ, δ,C,BN(C, α;DX)) = O

((

1 +
αθ(ǫ)

(1− 2α)2

)

dk log2
(

dk

ǫδ(1− 2α)

))

.

Proof We show that, forDXY ∈ BN(C, α), running Algorithm2 with the algorithmA as the
method from (Koltchinskii, 2010) returns a classifier̂h with err(ĥ) ≤ η + ǫ using a number of
queries as in the claim.
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For bounded noise, with noise boundα, on each round of Algorithm2, we run Algorithm 1 on
a setU1 that, by Hoeffding’s inequality and the size ofps, with probability1− δ/ log(1/ǫ), has

min
h∈V

errU1
(h) ≤ α+ ǫ.

Thus, by Lemma3, the fraction of examples in eachU1 = (xi1 , . . . , xips) on which the returnedh
makes a mistake is at most10(α + ǫ). Then the size ofps and Hoeffding’s inequality implies that
err(h) ≤ O(α+ ǫ) with probability1− δ/ log(1/ǫ), and a Chernoff bound implies that Algorithm
2 is run on a setU2 with

errU2
(h) ≤ O(α+ ǫ+

√

(α+ ǫ) log(log(1/ǫ)/δ)/m+ log(log(1/ǫ)/δ)/m).

Thus, by Lemmas3 and4, the number of queries per round is

O(k(α+ ǫ)m+ k
√

(α+ ǫ)m log(log(1/ǫ)/δ) + kd log(d/ǫδ(1− 2α))).

In particular, for the algorithm ofKoltchinskii (2010), it is known that with probability1− δ/2,

every round hasm ≤ O
(

θ(ǫ)d
(1−2α)2

log
(

1
ǫδ(1−2α)

))

, and there are at mostO(log(1/ǫ)) rounds, so

that the total number of queries is at mostO
(

k (αθ(ǫ) + 1) d
(1−2α)2

log2
(

d
ǫδ(1−2α)

))

.

C.1. Adapting to Unknownα

Algorithm 2 is based on having direct access to the noise boundα. As in Section3.2, since this in-
formation is not typically available in practice, we would prefer a method that can obtain essentially
the same query complexity bounds without direct access toα. Fortunately, we can achieve this by a
similar argument to Section3.2, merely by doubling our guess at the value ofα until the algorithm
behaves as expected, as follows.

Consider modifying Algorithm2 as follows. In Step 6, we include the budget argument to
Algorithm 2, with valueO((1 + αm) log(1/δ′)). Then, if the setL returned has|L| < m, we
return Failure. Note that if thisα is at least as large as the actual noise bound, then this bound is
inconsequential, as it will be satisfied anyway (with probability1 − δ′, by a Chernoff bound). Call
this modified method Algorithm2′.

Now consider the sequencesαi = 2i−1ǫ, for 1 ≤ i ≤ log2(1/ǫ). For i = 1, 2, . . . , log2(1/ǫ)
in increasing order, we run Algorithm2′ with parameters(x1, x2, . . .), ǫ, αi, A. If the algorithm
runs to completion, we halt and output theĥ returned by Algorithm2′. Otherwise, if the algorithm
returns Failure, we incrementi and repeat.

Since Algorithm2′ runs to completion for anyi ≥ ⌈log(α/ǫ)⌉, and since the number of queries
Algorithm 2′ makes is monotonic in itsα argument, for an appropriate choice ofδ′ = O(δǫ2/d)
(based on a coarse bound on the total number of batches the algorithm will request labels for),

we have a total number of queries at mostO
(

(1 + αθ(ǫ)) d
(1−2α)2

log2
(

d
ǫδ(1−2α)

)

log
(

1
ǫ

)

)

for the

method ofKoltchinskii (2010), only aO(log(1/ǫ)) factor over the bound of Theorem8; similarly,
we lose at most a factor ofO(log(1/ǫ)) for the splitting method, compared to the bound of Theo-
rem14.
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C.2. Bounds Based on the Splitting Index

By the same reasoning as in the proof of Theorem8, except running Algorithm2 with Algorithm 3
instead, one can prove an analogous bound based on the splitting index ofDasgupta(2005), rather
than the disagreement coefficient. This is interesting, in that one can also prove a lower bound
onQCAL in terms of the splitting index, so that composed with Theorem7, we have a nearly tight
characterization ofQCCCQ(ǫ, δ,D,BN(C, α;DX)). Specifically, consider the following definitions
due toDasgupta(2005).

Let Q ⊆ {{h, g} : h, g ∈ C} be a finite set of unordered pairs of classifiers fromC. Forx ∈ X
andy ∈ Y, defineQy

x = {{h, g} ∈ Q : h(x) = g(x) = y}. A pointx ∈ X is said toρ-split Q if

max
y∈Y
|Qy

x| ≤ (1− ρ)|Q|.

Fix any distributionDX onX . We sayH ⊆ C is (ρ,∆, τ)-splittableif for all finite Q ⊆ {{h, g} ⊆
C : PDX

(x : h(x) 6= g(x)) > ∆},

PDX
(x : x ρ-splitsQ) ≥ τ.

A large value ofρ for a reasonably largeτ indicates that there are highly informative examples that
are not too rare. FollowingDasgupta(2005), for eachh ∈ C, τ > 0, ǫ > 0, we define

ρh,τ (ǫ) = sup{ρ : ∀∆ ≥ ǫ/2, B(h, 4∆) is (ρ,∆, τ)-splittable}.

Here,B(h, r) = {g ∈ C : PDX
(x : h(x) 6= g(x)) ≤ r} for r > 0. ThoughDasgupta(2005) ex-

plores results on the query complexity as a function ofh∗,DX , for our purposes (minimax analysis)
we will take a worst-case value ofρ. That is, define

ρτ (ǫ) = inf
h∈C

ρh,τ (ǫ).

Theorem7 (in the main body) relates the query complexity ofCCQ to that ofAL. There
is much known about the latter, and in the interest of stating a concrete particularly tight result
here, we provide a new particularly tight result, inspired by the analysis ofDasgupta(2005). For
simplicity, we will only discuss thek = 2 case in this section.

Theorem 11 Supposek = 2. There exist universal constantsc1, c2 ∈ (0,∞) such that, for any
concept spaceC of VC dimensiond, anyα ∈ [0, 1/2), ǫ, δ ∈ (0, 1/16), and distributionDX over
X ,

inf
τ>0

c1
ρτ (4ǫ)

≤ QCAL(ǫ, δ,C,BN(C, α;DX)) ≤ inf
τ>0

c2d
3

(1− 2α)2ρτ (ǫ)
log5

(

1

ǫδτ(1− 2α)

)

.

The proof of Theorem11is included in SectionC.2.1. The implication of the lower bound given
by Theorem7, combined with Theorem11 is as follows.

Corollary 12 Supposek = 2. There exists a universal constantc ∈ (0,∞) such that, for any
concept spaceC of Natarajan dimensiond, anyα ∈ [0, 1/2), ǫ, δ ∈ (0, 1/32), and distributionDX

overX ,
QCCCQ(ǫ, δ,C,BN(C, α;DX)) ≥

α

2
· inf
τ>0

c

ρτ (4ǫ)
− 4 ln (4) .
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In particular, this means that in some cases, the query complexity ofCCQ learning is only
smaller by a factor proportional toα compared to the number of random labeled examples required
by passive learning, as indicated by the following example, which follows immediately from Corol-
lary 12and Dasgupta’s analysis of the splitting index for interval classifiers (Dasgupta, 2005).

Corollary 13 For X = [0, 1] andC = {2I[a,b] − 1 : a, b ∈ [0, 1]} the class ofintervalclassifiers,
there is a constantc ∈ (0, 1) such that, for anyα ∈ [0, 1/2) and sufficiently smallǫ > 0,

QCCCQ(ǫ, 1/32,C,BN(C, α)) ≥ c
α

ǫ
.

There is also a near-matching upper bound compared to Corollary12. That is, running Algo-
rithm 2 with Algorithm 3 of AppendixC.2.1, we have the following result in terms of the splitting
index.

Theorem 14 Supposek = 2. For any concept spaceC of VC dimensiond, and anyα ∈ [0, 1/2),
for any distributionDX overX ,

QCCCQ(ǫ, δ,C,BN(C, α;DX))

= O

(

d log2
(

d

ǫδ(1− 2α)

)

+ inf
τ>0

αd3

(1− 2α)2ρτ (ǫ)
log5

(

1

ǫδτ(1− 2α)

))

.

Logarithmic factors and terms unrelated toǫ andα aside, in spirit the combination of Corol-
lary 12 with Theorem14 imply that in the bounded noise model, the specific reduction in query
complexity of using class-conditional queries instead of label request queries is essentially a factor
of α.

C.2.1. PROOF OFTHEOREM 11

We prove Theorem11 in two parts. First, we establish the lower bound. The technique for this
is quite similar to a result ofDasgupta(2005). Recall thatQCAL(ǫ, δ,C,Realizable(C;DX)) ≤
QCAL(ǫ, δ,C,BN(C, α;DX)). Thus, the following lemma implies the lower bound of Theorem11.

Lemma 15 For any hypothesis classC of Natarajan dimensiond, for any distributionDX overX ,

QCAL(ǫ, 1/16,C,Realizable(C;DX)) ≥ inf
τ>0

c

ρτ (4ǫ)
.

Proof The proof is quite similar to that of a related result ofDasgupta(2005). Fix any τ ∈
(0, 1/4), and supposeA is an active learning algorithm that considers at most the first1/(4τ)
unlabeled examples, with probability greater than7/8. Leth ∈ C be such thatρh,τ (4ǫ) ≤ 2ρτ (4ǫ),
and let∆ ≥ 2ǫ andQ ⊆ {{f, g} ⊆ B(h, 4∆) : PDX

(x : f(x) 6= g(x)) > ∆} be such that
PDX

(x : x 2ρh,τ (4ǫ)-splitsQ) < τ . In particular, with probability at least(1 − τ)1/(4τ) ≥ 3/4,
none of the first1/(4τ) unlabeled examples2ρh,τ (4ǫ)-splitsQ. Fix any such data set, and denote
ρ = 2ρh,τ (4ǫ).

We proceed by the probabilistic method. We randomly select the targeth∗ as follows. First,
choose a pair{f∗, g∗} ∈ Q uniformly at random. Then chooseh∗ from among{f∗, g∗} uniformly
at random.
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For each unlabeled examplex among the first1/(4τ), call the labely with |Qy
x| > (1 − ρ)|Q|

the “bad” response. Given the initial1/(4τ) unlabeled examples, the algorithmA has some fixed (a
priori known, though possibly randomized) behavior when the responses to all of its label requests
are the bad responses. That is, it makes some numbert of queries, and then returns some classifier
ĥ.

For any one of those label requests, the probability that bothf∗ and g∗ agree with the bad
response is greater than1 − ρ. Thus, by a union bound, the probability bothf∗ and g∗ agree
with the bad responses for thet queries of the algorithm is greater than1 − tρ. On this event, the
algorithm returnŝh, which is independent from the random choice ofh∗ from amongf∗ andg∗.
SincePDX

(x : f∗(x) 6= g∗(x)) > ∆ ≥ 2ǫ, ĥ can beǫ-close to at most one of them, so that there is
at least a1/2 probability thaterr(ĥ) > ǫ.

Adding up the failure probabilities, by a union bound the probability the algorithm’s returned
classifierh′ haserr(h′) > ǫ is greater than7/8 − 1/4 − tρ − 1/2. For anyt < 1/(16ρ), this
is greater than1/16. Thus, there exists some deterministich∗ ∈ C for whichA requires at least
1/(16ρ) queries, with probability greater than1/16.

As any active learning algorithm has a7/8-confidence upper boundM on the number of unla-
beled examples it uses, lettingτ → 0 in the above analysis allowsM → ∞, and thus covers all
possible active learning algorithms.

We will establish the upper bound portion of Lemma11 via the following algorithm. Here we
write the algorithm in a closed form, but it is clear that we could rewrite the methodin the batch-
based style required by Algorithm2 above, simply by including its state every time it makes a batch
of label request queries. The valueǫ0 in this method should be set appropriately for the result below;
specifically, we will coarsely takeǫ0 = O((1− 2α)3ǫ2τ2δ2/d3), based on the analysis ofDasgupta
(2005) for the realizable case.

We have the following result for this method, with an appropriate setting of the constants in the
“O(·)” terms.

Lemma 16 Supposek = 2. There exists a constantc ∈ (0,∞) such that, for any hypothesis class
C of VC dimensiond, for anyα ∈ [0, 1/2) and τ > 0, for any distributionDX overX , for any
DXY ∈ BN(C, α;DX), Algorithm3 produces a classifier̂h with err(ĥ) ≤ η+ ǫ using a number of
label request queries at most

O

(

d3

(1− 2α)2ρh∗,τ (ǫ)
log5

(

1

(1− 2α)ǫδτ

))

.

Proof [Sketch] SinceV is initially an ǫ0-cover, theĥ ∈ V of minimal err(ĥ) haserr(ĥ) ≤ ǫ0.
Furthermore,ǫ0 was chosen so that, as long as the total number of unlabeled examples processed
does not exceedO( d3

(1−2α)3ǫ2τ2δ
), with probability1 − O(δ), we will haveĥ agreeing withh∗ on

all of the unlabeled examples, and in particular on all of the examples whose labels the algorithm
requests. This means that, for every examplex we request the label of,P(ĥ(x) = y|x) ≥ 1−α. By
Chernoff and union bounds, with probability1−O(δ), for everyg ∈ V , we always have

Mĥg −Mgĥ ≤ O

(
√

max{Mhg,Mgh}d log

(

1

ǫ0

)

+ d log

(

1

ǫ0

)

)

,
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Algorithm 3 An active learning algorithm for learning with bounded noise, based on splitting.

Input : The sequenceU = (x1, x2, ...); allowed error rateǫ; valueτ ∈ (0, 1); noise boundα ∈ [0, 1/2).

I. Let V denote a minimalǫ0-cover ofC

II. For each pair of classifierh, g ∈ V , initializeMhg = 0

III. For T = 1, 2, . . . , ⌈log2(4/ǫ)⌉

1. Consider the setQ ⊆ V 2 of pairs{h, g} ⊆ V with PDX
(x : h(x) 6= g(x)) > 2−T

2. While (|Q| > 0)

(a) LetS = ∅

(b) DoO
(

1
(1−2α)2

(

d log
(

1
ǫ

)

+ log
(

1
δ

))

)

times

i. Let Q̃ = Q

ii. While (|Q̃| > 0)

A. From among the next1/τ unlabeled examples, select the onex̃ with minimum
maxy∈Y |Q̃

y
x|, and letỹ denote the maximizing label

B. S ← S ∪ {x̃}

C. Q̃← Q̃ỹ
x̃

(c) Request the labels for all examples inS, and letL be the resulting labeled examples

(d) For eachh, g ∈ V , letMhg ←Mhg + |{(x, y) ∈ L : h(x) 6= y = g(x)}|

(e) LetV ←

{

h ∈ V : ∀g ∈ V,Mhg −Mgh ≤ O

(
√

max{Mhg,Mgh}d log
(

1
ǫ0

)

+ d log
(

1
ǫ0

)

)}

(f) Let Q← {{h, g} ∈ Q : h, g ∈ V }

Output Any hypothesish ∈ V .

so that we never removêh from V . Thus, for each roundT , the setV ⊆ B(h∗, 4∆T ), where
∆T = 2−T . In particular, this means the returnedh is in B(h∗, ǫ), so thaterr(h) ≤ η + ǫ.

Also by Chernoff and union bounds, with probability1−O(δ), anyg ∈ V with Mĥg +Mgĥ >

O
(

d
(1−2α)2

log 1
ǫ0

)

has

Mgĥ −Mĥg > O

(
√

max{Mhg,Mgh}d log

(

1

ǫ0

)

+ d log

(

1

ǫ0

)

)

,

so that we remove it fromV at the end of the round.
ThatV ⊆ B(h∗, 4∆T ) also meansV is (ρ,∆T , τ)-splittable, forρ = ρh∗,τ (ǫ). In particular,

this means we get aρ-splitting example forQ̃ every 1
τ examples (in expectation). Thus, we always

satisfy the|Q̃| = 0 condition after at mostO
(

d
ρ log

2 1
ǫ0

)

rounds of the inner loop (by Chernoff and

union bounds, and the definition ofρ). Furthermore, among the examples added toS during this
period, regardless of their true labels we are guaranteed that at least1/2 of pairs{h, g} in Q have
at least one of(Mhĥ + Mĥh) or (Mgĥ + Mĥg) incremented as a result: that is, for at least|Q|/2

pairs, at least one of the two classifiers disagrees withĥ on at least one of thesẽx examples. This
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is true for the following reason. If any of thẽy labels arenot the ĥ(x̃) label, then for the first such
instance (in this round of the (b) loop), all the pairs{h, g} already eliminated from̃Q have at least
one of(Mhĥ+Mĥh) or (Mgĥ+Mĥg) incremented, while at least1/2 of those remaining also have

that property (since thaty = ĥ(x̃) value minimizes|Q̃y
x|). On the other hand, if all of thẽy labels

are equal to the correspondingĥ(x̃) value, then (sincẽQ = ∅ at the end of the loop)everypair
in Q has at least one of(Mhĥ + Mĥh) or (Mgĥ + Mĥg) incremented. Thus, after executing this

O
(

1
(1−2α)2

d log
(

1
ǫ0

))

times, we are guaranteed that at least half of the{h1, h2} pairs inQ have

(for somei ∈ {1, 2}) Mĥhi
+Mhiĥ

> O
(

d
(1−2α)2

log 1
ǫ0

)

, thus reducing|Q| by at least a factor of

2. Repeating thislog |Q| = O(d log(1/ǫ0)) times satisfies the|Q| = 0 condition.

Thus, the total number of queries is at mostO
(

1
(1−2α)2

d3

ρ log5 1
ǫ0

)

, as desired.

Appendix D. One-sided noise

Consider the special case of binary classification (i.e.,k = 2). In this case, the Natarajan dimension
is simply the well-known VC dimensionVapnik (1998). In this context, the one-sided noise model
Simon(2012) is a special subclass ofBN(C, α) characterized by the property that only one of the
two labels gets corrupted by noise. Specifically, letOSN(C, α) denote the set of joint distributions
DXY for which ∃h∗ ∈ C such that for everyx ∈ X with h∗(x) = 1, PDXY

(Y = 1|X = x) = 1,
while for everyx ∈ X with h∗(x) = 2, PDXY

(Y = 2|X = x) = 1 − α. In this context, a
hypothesis classC is calledintersection-closedif, for everyh, g ∈ C, there existsf ∈ C such that
{x : f(x) = 2} = {x : h(x) = 2} ∩ {x : g(x) = 2} Helmbold et al.(1990); Auer and Ortner
(2007). In this context, we have the following result, the proof of which is includedbelow. This
result is particularly interesting, as it shows that it is sometimes possible to circumvent the lower
bounds prove above and obtain close to the realizable-case query complexity, even with certain
types of bounded noise.

Theorem 17 If k = 2, then for any intersection-closed concept spaceC of VC dimensiond, and
anyα ∈ [0, 1), QCCCQ(ǫ, δ,C,OSN(C, α)) = Õ ((d+ log(1/δ)) log(1/δ) log(1/ǫ)).

In the case of intersection-closed spaces, there is one quite natural learning strategy, based on
choosing the minimum consistent hypothesis, called theclosure. Specifically, define the closure
hypothesiŝhm by the property that{x : ĥm(x) = 2} =

⋂

h∈V +
m
{x : h(x) = 2}, whereV +

m =
{h ∈ C : ∀i ≤ m s.t.yi = 2, h(xi) = 2}. The following lemma concerns the sample complexity
of passive learning with intersection-closed concept classes under one-sided noise.

Lemma 18 If k = 2 andC is intersection-closed of VC dimensiond, for anyα ∈ [0, 1), and any
DXY ∈ OSN(C, α), for a universal constantc ∈ (0,∞), for anym ∈ N, with probability at least

1− δ, the closure hypothesiŝhm satisfiesPDXY
(ĥm(X) 6= h∗(X)) ≤ c(d log(d)+log(1/δ))

(1−α)m .

Loosely speaking, Lemma18 says that after observingm samples, the closure hypothesis is
roughly d/m-close toh∗. We can use this observation to derive a result for learning with class-
conditional queries via the following reasoning. Suppose we are able to determine the closure
hypothesiŝhm for some value ofm ∈ N. Then consider repeatedly asking for examples labeled2 in
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the set{xi : m < i ≤ m(1 + 1/d), ĥm(xi) = 1}, removing each returned example before the next
query for a2 label among the remaining examples. After we exhaust all of the examples labeled
2 among these points, we have all the information we need to calculate the closurehypothesis
ĥm(1+1/d). Proceeding inductively in this manner, we can arrive atĥn for a value ofn roughly

Õ(d/ǫ) after roughlyd log(1/ǫ) rounds (supposing the initial value ofm is d), at which point
Lemma18 indicateserr(ĥn)− err(h∗) is roughlyǫ. To bound the number of queries made on each
of thesed log(1/ǫ) rounds, note that Lemma18indicates we expect roughlyO(1) examples labeled
2 among{xi : m < i ≤ m(1 + 1/d), ĥm(xi) = 1}, so that each round makes onlyO(1) queries,
for a total ofO(d log(1/ǫ)) queries. This informal reasoning leads to the following result, which is
only slighly larger to account for needing these claims to hold with high probability 1− δ.
Proof [Theorem17] Consider Algorithm4 (wherec is from Lemma18).

Algorithm 4 Algorithm for learning intersection-closedC under one-sided noise

Input : The sequence(x1, x2, . . .)

1. Setm← ⌈c(d log(d) + log(1/δ′))⌉

2. Request labelsy1, . . . , ym individually, and set̂h← ĥm, the closure hypothesis

3. Whilem < (c/ǫ)(d log(d) + log(1/δ′))

(a) Letm←
⌈

m
(

1 + 1
c(d log(d)+log(1/δ′))

)⌉

(b) LetU ← {xi : i ≤ m, ĥ(xi) = 1}, L ← {(xi, 2) : i ≤ m, ĥ(xi) = 2}

(c) Do

i. QueryU for label2

ii. If we receive(xi, yi) returned from the query, letU ← U \ {xi}, L ← L ∪ {(xi, 2)}

iii. Else let ĥ ← ĥm, the closure hypothesis (which can be determined based solely on L), and
break out of loop (c)

Output Hypothesiŝh

At the conclusion, we havem ≥ c
ǫ (d log(d) + log(1/δ′)), while the number of rounds of the

outer loop isO((d log(d) + log(1/δ′)) log(1/ǫ)). Furthermore, the closure hypothesisĥ at the end
of each round is precisely the same as that for the true labeled data set{(x1, y1), . . . , (xm, ym)}.
By Lemma18, with probability at least1− δ′, PDXY

(ĥ(X) 6= h∗(X)) ≤ (c/m(1−α))(d log(d)+
log(1/δ′)), so thaterr(ĥ)− err(h∗) ≤ (c/m)(d log(d) + log(1/δ′)). Thus, if this is the final round
of the algorithm, this guaranteeserr(ĥ) − err(h∗) ≤ PDXY

(ĥ(X) 6= h∗(X))(1 − α) ≤ ǫ with
probability at least1− δ′.

It remains only to bound the number of queries. Note that the responses to queries are always
points (xi, yi) for which ĥ(xi) 6= h∗(xi) andyi = 2. Thus, if this is not the final round of the
algorithm, butPDXY

(ĥ(X) 6= h∗(X)) ≤ (c/m(1 − α))(d log(d) + log(1/δ′)), then a Chernoff
bound implies that with probability at least1 − δ′, the number of queries on the next round is at
mostO(log(1/δ′)).

We reach the final round of the algorithm after at mostc(d log(d)+ log(1/δ′)) log(1/ǫ) rounds.
So with probability at least1−δ′2c(d log(d)+log(1/δ′)) log(1/ǫ), the total number of queries is at
mostO ((d log(d) + log(1/δ′)) log(1/ǫ) log(1/δ′)). Takingδ′ = δ

4c(d log(d)+log(d log(1/ǫ)/δ)) log(1/ǫ) ,

we have that with probability at least1 − δ, the final ĥ haserr(ĥ) − err(h∗) ≤ ǫ, and the total
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number of queries is at mostO ((d log(d) + log(d log(1/ǫ)/δ)) log(1/ǫ) log(d log(1/ǫ)/δ)).

Since the closure hypothesis can be computed efficiently for many intersection-closed spaces,
such as intervals, conjunctions, and axis-aligned rectangles, Algorithm4 can also be made efficient
in these cases.

Appendix E. Other types of queries

Though the results of this paper above are all formulated for class conditional queries, similar argu-
ments can be used to study the query complexity of other types of queries as well. For instance, as is
evident from the fact that our methods interact with the oracle only via the Find-Mistake subroutine,
all of the results in this work also apply (up to a factor ofk) to a kind of sample-basedequivalence
query(or mistake query), in which we provide a sample of unlabeled examples to the oracle along
with a classifierh, and the oracle returns an instance in the sample on whichh makes a mistake,
if one exists. However, many of the techniques and results also apply to a much broader family
of queries. In much the same spirit as the general dimensions explored in quantifying the query
complexity in the Exact Learning setting, we can work in our present setting withan abstract family
of queries, and characterize the query complexity in terms of an abstract combinatorial complexity
measure. The resulting query complexity bounds relate the complexity of learning to a measure of
the complexity of teaching or verification. The formal details of this abstract characterization are
provided below.

E.1. IA and AI dimensions

To present our results on this abstract setting, we adopt the notation ofHanneke(2009), which
derives from earlier works in the Exact Learning literatureBalcázar et al.(2002, 2001). A query
is a functionq mapping a functionf to a nonempty collection of sets of functionsq(f) such that
∀a ∈ q(f), f ∈ a, and∀g ∈ a, we havea ∈ q(g). We interpret the setq(f) as the set ofvalid
answersthe teacher can give to the queryq when the target function isf , and for each such answer
a ∈ q(f), we interpret the functionsg ∈ a as precisely those functionsconsistentwith the answer
a: that is, those functionsg for which the teacher could have validly answered the queryq in this
way hadg been the target function. Further define anoracleas any functionT mapping a queryq
to a set of functionsT (q) ∈

⋃

f q(f); we denote byT f the set of oraclesT such that every queryq
hasT (q) ∈ q(f): that is, the oracle’s answers are always consistent withf . We also overload this
notation, defining forQ asetof queries,T (Q) =

⋂

q∈Q T (q).
For anym ∈ N andU ∈ Xm, define the set ofdata-dependent queriesQ∗∗

U to be those queries
q such that, for any functionsf andg with f(x) = g(x) for everyx ∈ U , we haveq(f) = q(g).
This corresponds to the set of queriesaboutthe labels of the examples inU .

In the present work, we study a further restriction on the allowed types ofqueries. Specifically,
for anym ∈ N andU = (z1, . . . , zm) ∈ Xm, we supposeQ∗

U ⊆ Q
∗∗
U be the set of data-dependent

queriesq with the property that, for any functionf , ∀a ∈ q(f), ∃Y1,Y2, . . . ,Ym ⊆ {1, . . . , k}
such thata =

⋂m
i=1{g|g(xi) ∈ Yi}. Queries of this type actually return constraints on the labels

of particular examples: so answers such as “f(x1) 6= 2” are valid, but answers such as “f(x1) 6=
f(x2)” are not. In our setting, the learning algorithm is only permitted to make queries fromQU

for (finite) setsU ⊆ {x1, x2, . . .}.
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For the remainder of this section, for everym ∈ N andU ∈ Xm, fix some arbitrary set of
valid queriesQU ⊆ Q

∗
U , and letQ = {QU : U ∈

⋃

mX
m}. In this setting, we define thequery

complexity, analogous to the above, as a minimal quantityQCQ(ǫ, δ,C,D) such that there exists an
algorithmA which, for any target distributionDXY ∈ D, with probability at least1 − δ, makes
at mostQCQ(ǫ, δ,C,D) queries from

⋃

finiteU⊂{x1,x2,...}
QU and then returns a classifierĥ with

err(ĥ) ≤ η + ǫ. Also denote byV [U ] a subset ofV such that∀h ∈ V , |{g ∈ V [U ] : g(U) =
h(U)}| = 1.

Following analogous toBalcázar et al.(2002); Hanneke(2009, 2007b), define theabstract iden-
tification dimensionof a functionf with respect toV ⊆ C andU ∈ Xm (for anym ∈ N) as
AIdim(f, V,U) = inf{n|∀T ∈ T f , ∃Q ⊆ QU s.t. |Q| ≤ n and|V [U ] ∩ T (Q)| ≤ 1}. Then define
AIdim(f, V,m, δ) = inf{n : PU∼Dm(AIdim(f, V,U) ≥ n) ≤ δ}, and finallyAIdim(V,m, δ) =
supf AIdim(f, V,m, δ), wheref ranges over all classifiers. This notion of complexity is inspired
by analogous notions (of the same name) defined for the Exact Learning model byBalcázar et al.
(2002), where it tightly characterizes the query complexity. The extension of this complexity mea-
sure to this sample-based setting runs analogous to the extension of the extended teaching dimension
by Hanneke(2007b) from the original notion ofHeged̈us(1995), to study the query complexity of
active learning with label requests; indeed, in the special case that the setsQU correspond to label
request queries, the aboveAIdim(f, V,U) quantity is equal to the generalization of the extended
teaching dimension explored byHanneke(2007b). In the case of class-conditional queries, we al-
ways haveAIdim(V,m, δ) ≤ k, while for sample-based equivalence queries (requesting a mistake
for a given proposed labeling of the sampleS ⊆ U ), AIdim(V,m, δ) = 1.

For our present purposes, rather thanAIdim, we define a related quantity, which we call
the IAdim, which reverses certain quantifiers. Specifically, letIAdim(f, V,U) = inf{n|∃Q ⊆
QU s.t. |Q| ≤ n and∀T ∈ T f , |V [U ] ∩ T (Q)| ≤ 1}. Then defineIAdim(f, V,m, δ) = inf{n :
PU∼Dm(IAdim(f, V,U) ≥ n) ≤ δ}, and finallyIAdim(V,m, δ) = supf IAdim(f, V,m, δ).

In words,IAdim(f, V,U) is the smallest number of queries such that any valid answers consis-
tent with f will leave at most one equivalence class inV [U ] consistent with the answers: that is,
there will be at most one labeling ofU consistent with a classifier inV that is itself consistent with
the answers to the queries. This contrasts withAIdim(f, V,U), in which we allow the choice of
queries to adapt based on the oracle’s choice of answers.

Examples In the special case whereQ corresponds tolabel requests, we haveIAdim(f, V,U) =
AIdim(f, V,U), and both are equal to theextended teaching dimensionquantity fromHanneke
(2007b). For instance, whenV is a set of threshold classifiers, we haveIAdim(f, V,U) = 2,
simply taking any two adjacent examples inU for which f has opposite labels. In fact, for several
families of queries mentioned in various contexts above (class conditional queries, mistake queries,
label requests, close examples labeled differently), the notions ofAIdim andIAdim are actually
identical. Indeed, one can show they will be equal in binary classification whenever the queries
QU have a certainprojectiveproperty (where any query whose answer only constrains the labels of
U ′ ⊆ U has a query inQU ′ that allows this same answer).

Focusing queries Formally, whenk = 2, we say the familyQ of queries isfocusingif, for any
finite setU ⊆ X , any queryq ∈ QU , any classifierf , and anya ∈ q(f), lettingU ′ = {x ∈ U :
{h(x) : h ∈ a} 6= {1, 2}}, there existsq′ ∈ QU such thata ∈ q′(f) ⊆ {a′ ∈ q(f) : ∀x ∈
U \ U ′, {h(x) : h ∈ a′} = {1, 2}}. That is, by restricting the unlabeled sample to just those where
the answer is informative, there is a query for that subsample such that theanswer is still valid, and
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furthermore there are no answers for the query on the subset that were not valid for the original set.
For instance, ifq is a label request query for the label of a pointx ∈ U , thenq ∈ QU , but also
q ∈ Q{x}, so label requests are a focusing query (whereq′ = q in this case). As another example,
if q requests a mistake for some classifierg from the sampleU , then for any pointx ∈ U that the
query could possibly indicate as a mistake, this remains a valid response to a mistake queryq′ for
g from the subset{x}; thus, mistake queries are also focusing. We can show that, whenk = 2 and
Q is focusing,AIdim(f, V,U) = IAdim(f, V,U) for all f , V , andU . Specifically, letT ∈ T f be
a maximizer ofmin{|Q| : Q ⊆ QU s.t. |V [U ] ∩ T (Q)| ≤ 1}, and without loss, we can suppose
that for eachq ∈ QU , there is noT ′ ∈ T f with T (q) ⊂ T ′(q) (since changingT (q) to T ′(q)
would still result in a maximizer). LetQ ⊆ QU be of minimal|Q| such that|V [U ] ∩ T (Q)| ≤ 1.
Then letQ′ ⊆ QU denote the set of queriesq′ guaranteed to exist by the definition of focusing,
corresponding to the queries inQ. Now, for the purpose of obtaining a contradiction, suppose there
existsT ′ ∈ T f such that|V [U ] ∩ T ′(Q′)| > 1. Then by the definition of focusing, there exists
T ′′ ∈ T f such thatT ′′(q) = T ′(q′) for each pair of correspondingq ∈ Q andq′ ∈ Q′, and for each
suchq ∈ Q, {x ∈ U : {h(x) : h ∈ T ′′(q)} = {1, 2}} ⊇ {x ∈ U : {h(x) : h ∈ T (q)} = {1, 2}},
with the inclusion beingstrict for at least oneq ∈ Q, so thatT ′′(q) ⊃ T (q); but this contradicts the
assumption that no suchT ′′ exists. Thus, we must have|V [U ] ∩ T ′(Q′)| ≤ 1 for everyT ′ ∈ T f ,
so thatQ′ satisfies the criterion in the definition ofIAdim(f, V,U), with |Q| = AIdim(f, V,U), so
that IAdim(f, V,U) ≤ AIdim(f, V,U); the reverse inequality is obvious from the definitions, so
thatIAdim(f, V,U) = AIdim(f, V,U).

E.2. A bound on query complexity based onIAdim.

We present here a result a bound on query complexity in terms ofIAdim. Specifically, using a
technique essentially analogous to those used for class-conditional queries above, except with some
additional work required in Phase 2 (analogous to the method ofHanneke(2007b)), we are able to
prove the following results.

Theorem 19 In the case ofk = 2, for anyC of VC dimensiond, for η ≤ 1/64, there are valuess =

Θ
(

1
η+ǫ

)

andq = O
((

η2

ǫ2
+ 1
)

(

d log 1
ǫ + log 1

δ

) (

log d
ǫδ

)

)

such that, forIA = IAdim (C, s, δ/q),

QCQ(ǫ, δ,C,Agnostic(C, η)) ≤ IAq = O
(

IA
(

η2

ǫ2
+ 1
)

(

d log 1
ǫ + log 1

δ

) (

log d
ǫδ

)

)

.

Moreover, this result also holds fork > 2 (with additionalk-dependent constant factors) ifǫ ≥ ckη,
for an appropriate constantc > 0.

A similar result should also hold for the bounded noise case, analogous to Theorems8 and14.
We conjecture that these results remain valid in general when we replaceIAdim by AIdim, even
for non-focusing types of queries. However, a proof of such a result would require a somewhat new
line of reasoning compared with that used here.

E.2.1. PROOF OFTHEOREM 19

Intuition The primary tool used to obtain these results is a replacement for the Find-Mistake
subroutine above, now based on queries fromQ. Our goal in constructing this new subroutine
(which we call Simulated-Find-Mistake) is the following behavior: given a classifierh, a set of
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classifiersV , and a set of unlabeled examplesS, if there exists a classifierg ∈ V that correctly
labels the points inS (in agreement with their trueyi labels),thenthe procedure either identifies a
point inS whereh makes a mistake, or if no such point exists it identifies the complete true labeling
of S. Based on the definition ofIAdim, for a given setS of unlabeled examples, a classifierh, and
a set of classifiersV , we can findIAdim(h, V, S) queriesM ⊆ QS such that, ifh happens to be
consistent with the oracle’s responses to those queries (based on the true labels of points inS), then
all of the classifiers inV that are consistent with the oracle’s responses agree on the labels of all
points inS: that is, there is at most one equivalence class inV [S] consistent with the answers.4 Note
that this is not always the same as getting back thetrue labels ofS whenh is consistent with the
answers, since some of the labels may be noisy (hence, it is possible that nog ∈ V haserrS(g) = 0).
However, wecanguarantee thatif there is a classifierg ∈ V that correctly labels all of the points in
S, andh happens to be consistent with all of the answers given by the oracle (corresponding to the
true labels) for the queries inM , thenall of the classifiers inV consistent with the oracle’s answers
will correctly label all of the points inS.

For example, ifQ corresponds to label request queries, andV is a set ofthresholdclassifiers
x 7→ 2I[t,∞)(x)−1 onR, then for anyS and anyh, the queries could be for any two adjacent points
in S thath labels differently (or the extremal points inS if h is homogeneous onS). If those two
points happen to actually be labeled as inh, then there will be at most one labeling corresponding to
a threshold classifier consistent with these labels. However, if one of these two labels corresponded
to a noisy point, thenh∗ will not agree with this one consistent labeling.

Summarizing, for a given setS of random unlabeled samples, at a given time in the algorithm
when the set of surviving classifiers so far is denotedV , there existIAdim(plur(V ), V, S) queries
such that, if any of the responses are not consistent withplur(V ), we receive a label constraint
contradicting at least a1/k fraction ofV , and if the responses are all consistent withplur(V ), then
there is at most one labeling ofS by a classifier consistent with the answers.

Thus, in Phase 1, we can proceed as before, taking samples of sizeΘ( 1
η+ǫ), so that most of them

do not contain a point contradictingh∗, but for whichplur(V ) makes mistakes on a significantly
larger fraction of them. By using the above tool to elicit responses that eitehr contradictplur(V )
or contradict the vast majority ofV , we can proceed as in Phase 1 by keeping a tally of how many
contradicting answers each classifier inV suffers, and removing it if that tally exceeds the number
of such contradictions we expect forh∗.

As before, Phase 1 will only work up to a certain point, at which the error rate ofplur(V ) is
within a constant factor of the error rate ofh∗. At this point, we would like something analogous to
Phase 2 above. However, things are not quite as simple as they were for class-conditional queries,
since our tool for finding contradictions does not necessarily give us the true labels but rather the
labels of some classifier inV consistent with the responses. However, as long ash∗ does not make
any mistakes on that sample, those will be precisely theh∗ labels. Since the error rates of bothh∗

andplur(V ) are∝ η + ǫ, taking a large enough number of random subsets of sizeΘ( 1
η+ǫ) should

guarantee that for most of those sets (a constant fraction greater than1/2), h∗ andplur(V ) are
both correct (with respect to the true labels), so that the answers to our queries will be consistent
with both plur(V ) andh∗, and thus we can reliablyinfer the labels of the points in such sets.
However, some fraction of such setswill have points inconsistent withplur(V ) or h∗, and we may

4. Recall that, in this context, the classifiers consistent with each answer might have disagreements on the labels of
points inS (possibly even all of the labels). But when combining all the answers, only (at most) one equivalence
class will be consistent withall of the answers to theseIAdim(h, V, S) queries.
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have no way to tell which ones. To resolve this, we make use of a trick fromHanneke(2007b):
namely, we sample the sets of sizeΘ( 1

η+ǫ) from a fixed poolU with replacement, and take enough
of these sets so that, for eachx ∈ U , x appears in a large enough number of these small subsamples
that we are guaranteed with high probability that most of them do not have any (other) points for
whichh∗ or plur(V ) make mistakes. Thus, assuming the answers to the queries do not reveal any
information about the label ofx itself, the answers to the queries will be consistent withplur(V ),
and theh∗ labeling will be the one consistent with the answers, so that we get an accurate inference
of h∗(x) for themajority of the sets containingx: that is, the majority vote over the inferred labels
for x will be h∗(x) with high probability. On the other hand, if the answers to the queries directly
reveal information about the label ofx, then we can simply use that revealed label itself, rather than
inferring theh∗ label. Thus, in the end, we produce a label for eachx ∈ U , some the actualy labels,
the others theh∗(x) labels. All that remains is to show that a labeled data set of this type, in the
contexts the labeled sample was used above for class-conditional queries, will serve the same (or
better) purpose, so that the required guarantees remain valid.

Formal Description The formal details are analogous toHanneke(2007b), and are specified as
follows. Define the following methods, intended to replace their respective counterparts in the
General Agnostic Interactive Algorithm above.

Subroutine 2 Simulated-Find-Mistake
Input : The sequenceS = (x1, x2, . . . , xm); classifierh; set of classifiersV

1. LetQ be the minimal set of queries from the definition ofIAdim(h, V, S)

2. Make the queries inQ, and letT (Q) denote the oracle’s answers

Output : T (Q)

Algorithm 5 General Queries Agnostic Interactive Algorithm

Input : The sequence(x1, x2, ..., ); valuesu, s1, s2, δ;

1. LetV be a (minimal)ǫ-cover of the space of classifiersC with respect toDX . LetU be{x1, ..., xu}.

2. Run the General Queries Halving Algorithm (Subroutine3) with inputU ; V , s1, c ln 4 log2 |V |
δ , and geth.

3. Run the General Queries Refining Algorithm (Subroutine4) with inputU , V , h, s2,
⌈

c u
s2
ln u

δ

⌉

, and get

labeled sampleL returned.

4. Find an hypothesish′ ∈ V of minimumerrL(h
′).

Output Hypothesish′ (andL).

The only major changes compared to Algorithm1 are in Find-Mistake and the Refining Algo-
rithm. We have the following lemmas.

Lemma 20 Suppose that somêh ∈ V haserrU (ĥ) ≤ β, for β ∈ [0, 1/(32k)]. With probability

≥ 1− δ/4, running Subroutine3 with U , V , and valuess =
⌊

1
16kβ

⌋

andN = c ln 4 log2 |V |
δ (for an

appropriate constantc ∈ (0,∞)), we have that for every round of the loop of Step 2, the following
hold.
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Subroutine 3 General Queries Halving Algorithm

Input : The sequenceU = (x1, x2, ..., xps); set of classifiersV ; valuess, N

1. Setb = true, t = 0.

2. whileb

(a) DrawS1, S2, ...,SN of sizes uniformly without replacement fromU .

(b) For eachi, call Simulated-Find-Mistake with argumentsSi, plur(V ), andV . Let Ti be the return
value.

(c) If more thanN/(3k) of the sets haveplur(V ) /∈ Ti, remove fromV everyh ∈ V with |{i : h /∈
Ti}| > N/(9k)

(d) Elseb← 0

Output Hypothesisplur(V ).

Subroutine 4 General Queries Refining Algorithm

Input : The sequenceU = (x1, x2, ..., xps); set of classifiersV ; classifierh; valuess,M ;

2. DrawS1, S2, . . . , SM for sizes uniformly without replacement fromU

3. For eachi, call Simulated-Find-Mistake with argumentsSi, h, andV , and letTi denote the returned value

4. For eachj ≤ ps, let Îj = {i : xj ∈ Si, h ∈ Ti, andTi ∩ V 6= ∅}

5. For eachi ∈
⋃

j Îj , lethi ∈ Ti ∩ V

6. For eachj ≤ ps, let ŷj be the plurality value of{hi(xj) : i ∈ Îj}

7. LetL = {(x1, ŷ1), . . . , (xps, ŷps)}

Output Labeled sampleL

• There are at mostN/(9k) samplesSi containing a pointxj for which ĥ(xj) 6= yj ; in particular,
ĥ /∈ Ti for at mostN/(9k) of the returnedTi values.

• If errU (plur(V )) ≥ 11kβ, thenplur(V ) /∈ Ti for > (2/3− 1/(9k))N of the returned values.

• If plur(V ) /∈ Ti for > (2/3 − 1/(9k))N of the returned values, then the number ofh in V with

h /∈ Ti for > N/(9k) of the returned valuesTi in Step3(c) is at least(1−1/k)(1−1/(6k))
(1−1/(3k)) |V | < |V |.

Proof As before, a Chernoff bound implies the first claim holds with probability at least 1 −
δ/(c′ log2 |V |). Similarly for the second claim, as before, a Chernoff bound implies that with
probability at least1 − δ/(c′ log2 |V |), at least(2/3)N of the setsSi contain a pointxj such that
plur(V )(xj) 6= yj . In particular, any such setSi for which the labels are consistent withĥ neces-
sarily has|V ∩ Ti| ≥ |V |/k. This happens for at least(2/3 − 1/(9k))N of the sets. Following
the combinatorial argument as before, now consider a bipartite graph where the left side has all the
classifiers inV , while the right side has the returnedTi sets for thosei with plur(V ) /∈ Ti, and an
edge connects a left vertex to a right vertex if the associated hypothesis isnot in the associatedTi

set. LetM be the number of right vertices. The total number of edges is at leastM |V |/k. Letα|V |
be the number of classifiers inV missing from at mostN/(9k) of theTi sets. The total number of
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edges is then upper bounded byα|V |N/(9k) + (1− α)|V |M . Therefore,

M |V |/k ≤ α|V |N/(9k) + (1− α)|V |M,

which implies
|V |M(α− 1 + 1/k) ≤ α|V |N/(9k).

Applying the lower boundM ≥ (2/3− 1/(9k))N , we get

(2/3− 1/(9k))(α− 1 + 1/k) ≤ α/(9k),

so thatα ≤ (2/3−1/(9k))(1−1/k)
(2/3−2/(9k)) = (1−1/(6k))(1−1/k)

(1−1/(3k)) . This establishes the third claim. Note that
α < 1, since(1− 1/k) < (1− 1/(3k)).

The full result then follows by a union bound, as before, where now theconstantc′ will depend
onk due to a change in the base of the logarithm to be(1−1/(3k))

(1−1/k)(1−1/(6k)) .

Lemma 21 For this result, we supposek = 2. Suppose somêh ∈ V has errU (ĥ) ≤ β, for
β ∈ [0, 1/64], and thath haserrU (h) ≤ 22β. Consider running Subroutine4 with U , V , h, and

valuess =
⌊

1
64β

⌋

andM =
⌈

cus ln
u
δ

⌉

(for an appropriate constantc > 1), whereu = |U |, and let

L be the returned sample. Then|L| = |U |, and for everyj with xj ∈ U , there is exactly oney ∈ Y
with (xj , y) ∈ L; also, with probability at least1 − δ/4, every(xj , y) ∈ L has eithery = yj or
y = ĥ(xj).

Proof This argument runs similar to that of Lemma 2 inHanneke(2007b). First note that, for any
xj ∈ U with yj 6= ĥ(xj), the (xj , y) ∈ L trivially satisfies the requirement, regardless of which
valuey takes.

Let A = {i : ĥ /∈ Ti} andB = {i : h /∈ Ti}. A (respectivelyB) represent the indices
of subsamplesSi for which ĥ (respectively,h) is contradicted by the answers. SinceA ⊆ {i :
errSi

(ĥ) > 0} andB ⊆ {i : errSi
(h) > 0}, we haveE[|A| + |B|] ≤ 23

64M . By a Chernoff bound,
P
(

|A ∪B| > 3
8M
)

< e−c′M , for an appropriate constantc′ ∈ (0, 1).

For eachxj ∈ U with yj = ĥ(xj), letIxj
= {i : xj ∈ Si}. Note that if|Ixj

∩(A∪B)c| > 1
2 |Ixj

|,

then ŷj = ĥ(xj). The remainder of the proof bounds the probability this fails to happen. Toward
this end, we note (by a union bound)

P

(

|Ixj
∩ (A ∪B)| ≥

1

2
|Ixj
|

)

≤ P

(

|Ixj
| <

sM

2u

)

+ P

(

|A ∪B| >
3

8
M

)

+ P

(

|Ixj
∩ (A ∪B)| ≥

1

2
|Ixj
| ∧ |Ixj

| ≥
sM

2u
∧ |A ∪B| ≤

3

8
M

)

.

As shown above, the second term is at moste−c′M . By a Chernoff bound, the first term is at most
e−

sM
8u . Finally, by a Chernoff bound, the last term is at moste−

sM
144u . By setting the constantc in

M appropriately, we havee−c′M + e−
sM
8u + e−

sM
144u ≤ δ/(4u). A union bound overxj ∈ U with
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yj = ĥ(xj) then implies this holds for all suchxj , with probability at least1− δ/4.

The difficulty in extending this tok > 2 is that, for the noisy points, every set they appear in will
contain a noisy point (trivially). But that means there might not be a classifier in V that correctly
labels that set, so that we do not predictably infer a correct label for that point. In fact, the behavior
in these cases might be somewhat unpredictable, so that we may even infer alabel that is neither
the trueyj nor theĥ(xj) label. But then there could potentially be a classifierg ∈ V with errU (g)
slightly smaller than2β such that, for theL output by this proceedure,errL(g) < β and in particular
errL(g) < errL(ĥ), whereĥ = argminh′∈V errU (h

′).
Note that this issue is not present if we are only interested in identifying a classifierh of err(h) =

O(η), since then it suffices to use Subroutine 3, so that we can achieve this result even fork > 2.

Proof [Proof of Theorem19 (Sketch)] Theorem19 now follows from the above two lemmas, in
the same way that Theorem5 followed from Lemmas3 and4. The only two twists are that now
some of the labels in the set labeled setL aredenoised, in the sense that(xj , y) ∈ L hasyj 6=
y = h′(xj), which does not change the fact thath′ is still the minimizer oferrL(h) overh ∈ V ;
so the above two lemmas, combined with the reasoning from the proof of Theorem5 regarding the
sufficiency of takingu = O

((η+ǫ
ǫ2

) (

d log 1
ǫ + log 1

δ

))

random unlabeled examplesU to guarantee
errU (h

∗) ≤ η + ǫ and that the empirical risk minimizerh′ haserr(h′) ≤ η + ǫ, with probability
at least1 − δ/4, the above two lemmas (withβ = η + ǫ in each) imply that Algorithm5 (with
u as above,s1 = ⌊1/(32β)⌋, ands2 = ⌊1/(64β)⌋) returns a classifier witherr(h′) ≤ η + ǫ with
probability at least1− 3δ/4.

Additionally, the total number of calls to Simulated-Find-Mistake isc ln 4 log2 |V |
δ +

⌈

c u
s2
ln u

δ

⌉

=

O
((

η2

ǫ2
+ 1
)

(

d log 1
ǫ + log 1

δ

) (

log d
ǫδ

)

)

; in the theorem, supposen is 4 times this value. Since

each call to Simulated-Find-Mistake uses at mostIA(C, s, δ/n) queries with probability at least
1− δ/n (wheres is either⌊1/(32β)⌋ or ⌊1/(64β)⌋, which ever gives the largerIA), a union bound
implies that every call to Simulated-Find-Mistake will use at mostIA queries, with probability at
least1− δ/4. Composing this with the results from above via a union bound gives the result.
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