
manuscript No.
(will be inserted by the editor)

An upper bound on the Hausdorff distance between a Pareto
set and its discretization in bi-objective convex quadratic
optimization

Burla E. Ondes · Susan R. Hunter

Received: May 17, 2021 / Compiled: Tuesday September 20, 2022 5:09pm

Abstract We provide upper bounds on the Hausdorff distances between the efficient
set and its discretization in the decision space, and between the Pareto set (also called
the Pareto front) and its discretization in the objective space, in the context of bi-
objective convex quadratic optimization on a compact feasible set. Our results imply
that if t is the dispersion of the sampled points in the discretized feasible set, then the
Hausdorff distances in both the decision space and the objective space are O(

√
t) as

t decreases to zero.

Keywords multi-objective optimization · convex quadratic · Pareto set approxima-
tion · Pareto front approximation

1 Introduction

Our aim is to find an upper bound on the Hausdorff distance between a Pareto set
(also called the Pareto front) and its discretization, as a function of the dispersion
of sampled points in the compact feasible set, in the context of bi-objective convex
quadratic optimization. Consider the bi-objective optimization problem

minimize { f (x) = ( f1(x), f2(x))} s.t. x ∈ X, (Q)

where f : Rq →R2 is a vector-valued function comprised of convex quadratic func-
tions f1, f2 : Rq → R; and X ⊆ Rq,q ≥ 2 is a known, convex, compact feasible set.
The solution to (Q) is the efficient set E ⊂ X, which the set of all feasible points
whose images are non-dominated. Henceforth, we refer to the image of the efficient
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set as the Pareto set, P. (We refer the reader to §1.3 for notation and terminology; we
formalize our assumptions in §1.4.)

We approximate the solution to (Q) by observing the objective value at m ≥ 1 dis-
tinct points and constructing a discretized Pareto set. Let the chosen set of m distinct
points be denoted Xm := {x̃1, . . . , x̃m} ⊂ X, where x̃i ̸= x̃i′ for each i, i′ ∈ {1, . . . ,m}.
Then, solve the discretized problem

minimize f (x̃) s.t. x̃ ∈ Xm ⊂ X. (Qm)

Let Em ⊆Xm be the solution to (Qm) and let Pm be its image, where |Pm|= |Em|= m∗.
We measure the quality of the discretization Xm in terms of its dispersion [23]

t := dist(X,Xm) = sup
x∈X

min
1≤i≤m

∥x− x̃i∥> 0. (1)

Letting B(x, t) be a closed q-dimensional ball of radius t centered at x ∈X, (1) is also
the smallest value of t such that the q-balls B(x̃1, t), . . . ,B(x̃m, t) cover the feasible set
X [23,35]. One can choose the points Xm in many ways, such as randomly or on a
grid. We present a grid example from [35] and refer to [23] for other examples.

Example 1 ([35, p. 942]) Let X = [0,1]q be the q-dimensional unit hypercube and
set ν = ⌊m1/q⌋. Choose Xm as {(x1, . . . ,xq) : x j ∈ { 1

2ν ,
3

2ν , . . . ,
2ν−1

2ν } for each j}∪Ψ ,
where Ψ is an arbitrary set of m− νq points in X. Then under the Euclidean norm,
the dispersion of the grid Xm is dist(X,Xm) = t =

√
q/(2⌊m1/q⌋).

In what follows, any quantity that depends on the dispersion t also depends on m, in
the sense that t → 0 implies m → ∞. For appropriately space-filling choices of {Xm},
such as a sequence based on the gridding in Example 1, then m → ∞ implies t → 0.

1.1 Problem Statement

Let Xm be any configuration of m ≥ 1 distinct points in the compact feasible set X
such that dist(X,Xm) = t > 0 under the Euclidean norm; thus, t is given. Find least
upper bounds on the Hausdorff distances H(E,Em) = max{dist(E,Em), dist(Em,E)}
and H(P,Pm) = max{dist(P,Pm),dist(Pm,P)} as a function of t.

1.2 Related Literature and Our Contributions

Many metrics exist for measuring the performance of discrete representations of
Pareto sets [2,8,10,12,20], and a rich body of literature exists on Pareto set approxi-
mations [16,26]. Also, a variety of methods for designing the observed point set Xm
have been investigated numerically [29], and [33] shows that a worst-case optimal al-
gorithm for a multi-objective problem with Lipshitz objective functions corresponds
to a uniform covering of the feasible region. In the context of convex vector optimiza-
tion, [19] study well-posedness and Hausdorff convergence of solution sets. Despite
this related work, to the best of our knowledge, a general upper bound on the Haus-
dorff distance as a function of the dispersion t has not yet appeared in the literature.
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Perhaps most related to the present work are the bounds on the one-way distances
dist(E,Em) and dist(P,Pm) as a function of the dispersion t in [25], where the one-
way distance dist(P,Pm) is the coverage error [10,27]. The proofs hold for two or
more Lipschitz objectives with distances measured under an Lp-norm for p ≥ 1. The
results in [25, Ch. 6] imply the following Lemma 1. First, define

h(t) := sup
z∈E

sup
x∈B(z,t)∩X

dist( f (x),P) = sup
x∈B(E,t)∩X

dist( f (x),P)

as the farthest point from the Pareto set across the images of all points in the t-
expansion of E. Then, Lemma 1 provides the one-way distances for our context.

Lemma 1 (See [25].) For (Q) and (Qm), dist(E,Em)≤ t and dist(P,Pm)≤ h(t).

In light of Lemma 1, our main contribution is to provide upper bounds on the
distances dist(Em,E) and dist(Pm,P) as a function of t for two convex quadratic ob-
jectives. That is, we answer the question, Given the dispersion of the sampled points
t, how far away from the efficient set can a point be and still be included in the dis-
cretized efficient set? As we show, these distances determine the maximum in the ex-
pression for the Hausdorff distance and imply the main result in the decision space,
that H(E,Em) = O(

√
t); our results also imply H(P,Pm) = O(

√
t) in the objective

space. In the special case of spherical level sets and given a fixed t, we find a least
upper bound on the distance in the decision space, H(E,Em), calculated across all
possible discretization choices Xm.

Our results quantify the convergence rate discrepancy between the coverage error
and the Hausdorff distance in the bi-objective convex quadratic context: the coverage
error converges as O(t), while the Hausdorff distance converges at the slower rate
of O(

√
t). This rate discrepancy is consistent with the general preference for metrics

other than the Hausdorff distance in the multi-objective optimization community, as
the Hausdorff distance is sometimes considered overly conservative [8,28].

1.3 Notation and Terminology

The q-by-q identity matrix is Iq; the origin is 0q ∈ Rq. A matrix H ⪰ 0 is positive
semidefinite. The Euclidean norm is ∥x∥ := (x2

1 + . . .+ x2
q)

1/2. For a square matrix
H, ∥H∥ := sup{∥Hx∥/∥x∥ : x ̸= 0q}. For x ∈Rq, let B(x, t) := {x′ ∈Rq : ∥x′− x∥ ≤
t}. Let A ⊆ Rq be a set. Its t-expansion is B(A, t) := ∪x∈AB(x, t). Its complement
is Ac, convex hull is conv(A), boundary is bd(A), interior is int(A), and diameter
is diam(A) = supx,y∈A∥x− y∥. A is bounded if ∃c < ∞ such that ∀x,y ∈ A, ∥x−
y∥ ≤ c. Let A ⊂ Rq,B ⊂ Rq be nonempty, bounded sets. For x ∈ Rq, dist(x,B) :=
infy∈B ∥x− y∥; dist(A,B) := supx∈A dist(x,B). Let f : X ⊆ Rq → Rd be a vector-
valued function. For a set S⊆X, f (S) := { f (x) : x∈ S}. For y, ỹ∈Rd , y≦ ỹ (y weakly
dominates ỹ) if yk ≤ ỹk for all k = 1,2; y≤ ỹ (y dominates ỹ) if y≦ ỹ and y ̸= ỹ; y< ỹ (y
strictly dominates ỹ) if yk < ỹk for all k = 1,2. For sequences of reals {an} and {bn},
an = O(1) if there exists c ∈ (0,∞) with |an| < c for large enough n. For positive-
valued sequences of reals {an} and {bn}, we say an = O(bn) if an/bn = O(1) as
n→∞. See [17, p. 7] for commentary on our conventions regarding the terms efficient
and Pareto. We use Pareto set instead of Pareto front for mathematical clarity.
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1.4 Standing Assumptions and Preliminaries

Assumption 1 We assume the following about the problem in (Q):
1. For k ∈ {1,2}, fk : Rq →R is a convex quadratic function with minimizer x∗k ,

fk(x) = (1/2)(x− x∗k)
⊺Hk(x− x∗k)+bk = (1/2)∥Ak(x− x∗k)∥2 +bk

where Hk = A⊺
k Ak is symmetric and positive definite, bk ∈R, and x∗1 ̸= x∗2.

2. The feasible set X⊆Rq, q ≥ 2 is compact, convex, and E⊂ int(X).
3. The t-expansion of E is feasible, that is, B(E, t)⊂ X.

Assumption 1 Part 2 ensures that there exists a t such that the t-expansion of E be-
comes feasible as t → 0, and Assumption 1 Part 3 is for convenience.

Consider implications of Assumption 1; see also [3,4,14,22,32]. First, the KKT
conditions for the linear weighted sum scalarization of (Q) imply the efficient set is

E= {z ∈X : z(β ) = (βH1+(1−β )H2)
−1(βH1x∗1+(1−β )H2x∗2), 0 ≤ β ≤ 1}. (2)

The Pareto set is P= { f (z) : z ∈ E}. If f1 and f2 have proportional Hessians a1Iq and
a2Iq, respectively, then E is the line segment conv({x∗1,x

∗
2}) [32]. Henceforth, without

loss of generality, let x∗2 = 0q, although often, we explicitly write x∗2 when it aids
intuition. Let ℓ := ∥x∗1 − x∗2∥= ∥x∗1∥, and let ℓa ∈ [ℓ,∞) be the arc length of E.

For each k ∈ {1,2}, by the spectral theorem, decompose the symmetric positive
definite matrix Hk = QkΛkQ⊺

k , and label the eigenvalues on the diagonal of Λk so that
0< λ1(Hk)≤ λ2(Hk)≤ . . .≤ λq(Hk)<∞. Let κk := κ(Hk) = λq(Hk)/λ1(Hk)∈ [1,∞)
be the condition number for objective k ∈ {1,2}, and let κ∗ := max{κ1,κ2}.

For a q-by-q Hermitian matrix H, the Rayleigh quotient is R(H,x) where

λ1(H)≤ R(H,x) :=
x⊺Hx
x⊺x

≤ λq(H) for all x ∈Rq, x ̸= 0q. (3)

Then for each k ∈ {1,2},
λ1(Hk)∥x− x∗k∥2 ≤ 2( fk(x)−bk) = 2(∥Ak(x− x∗k)∥2 −bk)≤ λq(Hk)∥x− x∗k∥2; (4)

see, e.g., [30]. These results lead to the following Lemma 2 regarding h(t).

Lemma 2 Under Assumption 1, h(t) = O(t).

Proof Let z ∈ E,x ∈ X, and d := z− x. The mean value theorem [24, p. 629] implies
that for each k ∈ {1,2}, fk(x+d)− fk(x) = ∇ fk(x)⊺d + 1

2 d⊺Hkd. Thus,

| fk(z)− fk(x)|= |(Hk(x− x∗k))
⊺d + 1

2 d⊺Hkd| ≤ |⟨(x− x∗k)
⊺A⊺

k ,Akd⟩|+ 1
2∥Akd∥2

≤ ∥Ak(x− x∗k)∥∥Akd∥+ 1
2∥Akd∥2 ≤ λq(Hk)

(
∥x− x∗k∥∥d∥+ 1

2∥d∥2
)
, (5)

where we apply the Cauchy-Schwarz inequality in line (5). Then we have

h(t) = sup
x∈B(E,t)

inf
z∈E

∥ f (x)− f (z)∥ ≤ sup
x∈B(E,t)

inf
z∈E

(
2 max

k∈{1,2}
{| fk(x)− fk(z)|}

)
≤ sup

x∈B(E,t)
inf
z∈E

(
2 max

k∈{1,2}

{
λq(Hk)

(
∥x− x∗k∥∥z− x∥+ 1

2∥z− x∥2)})
≤ 2max

{
λq(H1),λq(H2)

}(
(ℓa + t)t + t2/2

)
= O(t).
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2 The Main Result

In this section, we provide a statement of the main theorem and its corollaries. We
also discuss an overview of the proof technique and paper organization.

2.1 Statement of the Theorem and Corollaries

Theorem 1 provides an upper bound on the Hausdorff distance between the efficient
set and its discretization for hyper-spherical (κ∗ = 1) and hyper-ellipsoidal (κ∗ ≥ 1)
(henceforth, spherical and ellipsoidal) level sets for the objectives under Assump-
tion 1. When κ∗ = 1, the bound is a least upper bound. Corollary 1 provides a corre-
sponding result in the objective space.

Theorem 1 Let Assumption 1 hold, and let Xm be any configuration of m ≥ 1 distinct
points in X such that dist(X,Xm) = t > 0. Then for (Q) and (Qm):
1. If κ∗ = 1, then H(E,Em) ≤

√
tℓ+ t2 is a least upper bound across all possible

discretizations specified by Xm having dispersion t;
2. If κ∗ ≥ 1, then H(E,Em) = O

(√
t
)

as t → 0.

Corollary 1 Under the postulates of Theorem 1, H(P,Pm) = O
(√

t
)

as t → 0.

Proof Lemma 1 implies H(P,Pm)≤ max{h(t),dist( f (Em), f (E))} where if κ∗ = 1,

dist( f (Em), f (E)) = sup
x̃∗∈Em

inf
z∈E

∥ f (x̃∗)− f (z)∥ ≤ sup
x ∈ B(E,

√
tℓ+ t2)

inf
z∈E

∥ f (x)− f (z)∥

= h(
√

tℓ+ t2) = O(
√

tℓ+ t2) = O(
√

t). (6)

Line (6) follows from Theorem 1 and Lemma 2. Similar logic holds when κ∗ ≥ 1.

In Theorem 1 Part 1, we do not usually know the length of the efficient set ℓ. The
following corollary presents a translation of this result into an upper bound based only
on observable quantities t and |Em| = |Pm| = m∗; it follows because dist(X,Xm) = t
implies ℓ≤ 2tm∗ in §4.

Corollary 2 Under the postulates of Theorem 1, if κ∗ = 1, H(E,Em)≤ t
√

2m∗+1.

2.2 Overview of the Proof Technique and Paper Organization

In the remainder of the paper, we provide a proof for the upper bounds on H(E,Em)
in Theorem 1. Broadly, given fixed t > 0, our strategy is to find an upper bound on
the optimal value of the following optimization problem in m and Xm = {x̃1, . . . , x̃m}:

maximize H(E,Em) s.t. m ≥ 1, Xm ⊂ X, dist(X,Xm) = t. (H)

That is, given a fixed value of t, we wish to choose a feasible number of points m ≥ 1
and their locations x̃1, . . . , x̃m so that the dispersion is still t, but we create a maximal
value for the Hausdorff distance H(E,Em). In what follows, we consider a sequence
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of relaxations to (H) culminating in tractable upper bounds for the cases of spherical
(κ∗ = 1) and ellipsoidal (κ∗ ≥ 1) level sets.

We divide the proof of Theorem 1 into three parts: In Part 1 (§3), we relax the
problem (H) and determine a strategy for finding a tractable formulation whose so-
lution provides an upper bound. The results in Part 1 hold for all quadratics under
Assumption 1. In Part 2 (§4), we solve the relaxed problem for the special case of
spherical level sets and provide an example that demonstrates our bound is a least up-
per bound. In Part 3 (§5), we derive the general big O result for ellipsoidal level sets;
supporting results for Part 3 appear in §A. Finally, §6 contains concluding remarks.

3 Proof Part 1: Relaxing and Simplifying the Optimization Problem (H)

In this section, we formulate a sequence of relaxations to the optimization problem
(H) and determine a strategy for deriving the desired upper bound. To begin, in §3.1,
we formulate the first relaxation of (H) based on a set we call the good set. Then, in
§3.2, we reformulate the good set for better tractability. In §3.3, we provide an upper
bound on the reformulated objective function that depends on finding the center and
radius of a ball enclosing the intersection of two ellipsoids, which is a version of the
Chebyshev center problem [5,6,7,11,34]. Finally, in §3.4, we outline a strategy for
obtaining a closed-form upper bound by either solving or approximating the solution
to the Chebyshev center problem, depending on whether the level sets are spherical
(κ∗ = 1) or ellipsoidal (κ∗ ≥ 1).

3.1 A Relaxation to Problem (H) Based on The Good Set

Our first relaxation of (H) involves both an upper bound on the objective function
and a relaxation of the feasible set; the new feasible set removes variables that do not
appear in the new objective function. To find an upper bound on the objective function
of (H), first, notice that H(E,Em)≤ max{t,dist(Em,E)} by Lemma 1. In this section,
we seek an upper bound on dist(Em,E) that holds for each fixed m≥ 1,Em ⊂Xm. That
is, we ask how far away from the efficient set can a point be and still be included in
the discretized efficient set?

To answer this question, we want to find regions of X where points in Xm can be
members of Em, but are not within distance t of E. To this end, first, fix a feasible
value of m ≥ 1,Em ⊆ Xm and define

Em,t := Em ∩B(E, t)

as the set of points in the discretized efficient set within distance t of E. Let |Em,t |=
m∗

t ≤ m be the cardinality; since m ≥ 1, we also have m∗ ≥ 1, m∗
t ≥ 1. Denote the

points in Em,t as {x̃∗1, . . . , x̃
∗
m∗

t
}. This set is important for the remainder of the paper;

Lemma 3 provides a series of results relevant to Em,t .

Lemma 3 If m ≥ 1, Xm ⊂ X, and dist(Xm,X) = t, then:
1. The distance dist(E,Em,t) = supz∈E infx̃∗i ∈Em,t∥z− x̃∗i ∥ ≤ t;



An upper bound on the Hausdorff distance in bi-objective convex quadratic optimization 7

2. E is contained in the union of t-radius balls, E⊂ ∪x̃∗i ∈Em,t B(x̃
∗
i , t);

3. For each x̃∗i ∈ Em,t , its t-radius ball intersects E, that is, E∩B(x̃∗i , t) ̸= /0;
4. The set ∪x̃∗i ∈Em,t B(x̃

∗
i , t) is a connected set.

Proof (Sketches) Part 1: By Lemma 1, dist(X,Xm) = t implies dist(E,Em)≤ t. Then
dist(E,Em,t) = dist(E,Em ∩B(E, t))≤ t. Part 2: Let z ∈ E. By Part 1, ∃ x̃∗i ∈ Em,t such
that z∈B(x̃∗i , t). Part 3: The result follows because Em,t ⊂B(E, t). Part 4: By equation
(2), E is a connected set. If ∪iB(x̃∗i , t) is not connected, there exists a partition of Em,t
into two nonempty sets, indexed by j and n respectively, such that E ⊂ ∪ jB(x̃∗j , t)
or E ⊂ ∪nB(x̃∗n, t) but not both. Without loss of generality, let E ⊂ ∪nB(x̃∗n, t). Then
E∩∪ jB(x̃∗j , t) = /0, contradicting Part 3.

Each point x̃∗i ∈ Em,t , i ∈ {1, . . . ,m∗
t } is within distance t of E and disqualifies all

points outside the union of its sublevel sets from entering Em. Under Assumption 1,
the sublevel sets for each objective are q-dimensional ellipsoids; for k = 1,2, define

Lk(x̃) := {x ∈Rq : fk(x)≤ fk(x̃)}= {x ∈Rq : ∥Ak(x− x∗k)∥2 ≤ ∥Ak(x̃− x∗k)∥2}.

Then any point that belongs to Em must also belong to the good set,

Gt := ∩x̃∗i ∈Em,t L1(x̃∗i )∪L2(x̃∗i ). (7)

Since Em ⊂ Gt , we have dist(Em,E) ≤ dist(Gt ,E), which implies an upper bound on
the objective function of (H), H(E,Em)≤ max{t,dist(Gt ,E)}.

We now formulate our first relaxation to (H) by replacing the objective with its up-
per bound and removing extra decision variables. First, define the feasible set Em,t( j)
as a function of the total number of points j = 1,2, . . . in Em,t ,

Em,t( j) := {(m∗
t , x̃

∗
1, . . . , x̃

∗
m∗

t
) : m∗

t ≥ j,Em,t = {x̃∗1, . . . , x̃
∗
m∗

t
} ⊆ Em, dist(E,Em,t)≤ t}.

Then for fixed t > 0, we pose the following relaxed problem in (m∗
t , x̃

∗
1, . . . , x̃

∗
m∗

t
),

maximize max{t,dist(Gt ,E)} s.t. (m∗
t , x̃

∗
1, . . . , x̃

∗
m∗

t
) ∈ Em,t(1). (H.1)

To see that the feasible set in (H.1) is larger than the feasible set in (H), first, notice
that any feasible value of m and arrangement of Xm implies a value of m∗

t and an
arrangement of Em,t . Therefore, for each value of m∗

t ≥ 1, we let points in Xm \Em,t
be free variables. Finally, dist(X,Xm) = t implies dist(E,Em,t)≤ t by Lemma 3.

3.2 A Reformulation of the Good Set and the Objective Function of (H.1)

The good set expression in equation (7) is not tractable, since we first take a union
over the level sets and then take an intersection across the points in Em,t . To make
this expression tractable and facilitate an upper bound on the objective of (H.1), we
reformulate Gt using the so-called brute force (bf) decomposition method of [1,13].
That is, we decompose the good set using all possible ways a new point can enter the
good set. Then, we re-write our optimization problem under this reformulation.
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To reformulate Gt , suppose we want to add a point xnew ∈X to the good set. Then
for every x̃∗i ∈ Em,t , there would need to be an objective k(x̃∗i ) such that fk(x̃∗i )(xnew)≤
fk(x̃∗i )(x̃

∗
i ) in (7). To simplify notation, first, define the objective index vi := k(x̃∗i ).

Then let v = (v1, . . . ,vm∗
t
) be a vector assigning the relevant objectives for each one

of the m∗
t points in Em,t . Since we have two objectives, then vi ∈ {1,2} for each

i ∈ {1, . . . ,m∗
t }. Let V := {v : v ∈ {1,2}m∗

t } be the set containing all possible ways to
assign the points in Em,t an objective on which xnew must achieve a lower objective
value. Now given v ∈ V, we have specified sets of concentric level sets (ellipsoids)
around one or both minimizers such that xnew must be a member of all the sublevel
sets to enter the good set under this v; define

Gt(v) :=
{∩x̃∗i ∈Em,t Lk(x̃∗i ) if v = (k, . . . ,k) for some k ∈ {1,2}(

∩{x̃∗i ∈Em,t : vi=1}L1(x̃∗i )
)
∩
(
∩{x̃∗i ∈Em,t : vi=2}L2(x̃∗i )

)
otherwise. (8)

Using this enumeration technique, construct the set

Gbf
t := ∪v∈VGt(v) = Gt . (9)

Proving the right-side equivalence in (9) follows the same steps as the reformulation
result in [13, p. 116]. Figure 1 shows regions of Gt(v) for a simple example.

Since the expression for Gt(v) in (8) is unwieldy, we define special notation for
the points whose level sets determine the intersection in (8). To begin, given v ∈ V,
for each k ∈ {1,2} such that there exists vi = k for some i ∈ {1, . . . ,m∗

t }, define

Sk(v) :=
{ argmin{diam(Lk(x̃∗i )) : x̃∗i ∈ Em,t} if v = (k, . . . ,k) for some k ∈ {1,2}

argmin{diam(Lk(x̃∗i )) : x̃∗i ∈ Em,t ,vi = k} otherwise

as the set of closest points, whose cardinality may be greater than one if two or more
points share a level set. Then, select a closest point as the one closest to E,

yk(v) :=argmin{dist(x̃∗i ,E) : x̃∗i ∈ Sk(v)} (10)

where ties are broken arbitrarily, and we say yk(ν) does not exist if no points are
assigned to objective k through v. Finally, with this notation, re-write (8) as

Gt(v) =
{
Lk(yk(v)) if v = (k, . . . ,k) for some k ∈ {1,2},
L1(y1(v))∩L2(y2(v))otherwise. (11)

X

x1

x2

x∗2 x∗1

x̃∗1

x̃∗2 = y1

(a) v = (1,1)

X

x1

x2

x∗2 x∗1

y2 = x̃∗1

x̃∗2

(b) v = (2,2)

X

x1

x2

x∗2 x∗1

y1 = x̃∗1

x̃∗2 = y2

(c) v = (1,2)

Figure 1 Let κ∗ = 1,m∗
t = 2, and let the light gray region represent B(E, t). The dark gray regions show

the sets Gt(v) for three different values of v ∈ V, where V = {(1,1),(1,2),(2,1),(2,2)} and v = (2,1)
corresponds to Gt(v) = /0. The union of the dark gray sets across the v values equals Gbf

t = Gt . When they
exist, y1(ν) and y2(ν) from (10) are shown. Vt , defined in (14), equals {(1,2)}.
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Often, we suppress the dependence of y1,y2 on v unless it is helpful for clarity. From
(11), depending on v, Gt(v) is either an ellipsoidal sublevel set (henceforth, an ellip-
soid), the intersection of two ellipsoidal sublevel sets (henceforth, the intersection of
two ellipsoids), or the empty set; see Figure 1.

The definition of yk ∈ Em,t ,k ∈ {1,2} in (10) and the requirement of feasibility in
(H.1) directly imply the conditions in Lemma 4 on the remainder of the points in Em,t
which are relevant to later sections. (For an example of the conditions in Lemma 4,
increase m∗

t to 3 in Figure 1(c) and add x̃∗3 to Em,t without moving y1 or y2.).

Lemma 4 If (m∗
t , x̃

∗
1, . . . , x̃

∗
m∗

t
) ∈ Em,t(3), v ∈ V, y1 and y2 exist, and the intersection

of sublevel sets L1(y1)∩L2(y2) ̸= /0, then
1. no other points in Em,t lie on the interior of the intersection of sublevel sets, that

is, (Em,t \{y1,y2})∩ int(L1(y1)∩L2(y2)) = /0; and,
2. if a point in Em,t lies on the boundary of the intersection of sublevel sets and

shares a level set with yk, then it must be assigned to objective k through v ∈ V

and yk must be closer to E; that is, if ∃ x̃∗j ∈ Em,t \{y1,y2} such that x̃∗j ∈Lk(yk)∩
bd(L1(y1)∩L2(y2)), then v j = k and dist(yk,E)< dist(x̃∗j ,E).

Finally, using the reformulated good set from equation (9) in the objective of
(H.1), the definitions of union, distance, and the definition of Gt(v) (in particular, that
Gt(v) is bounded for each v ∈ V), imply

max{t,dist(∪v∈VGt(v),E)}= max{t,maxv∈V dist(Gt(v),E)}

where, under the convention that max /0 = −∞, we have dist( /0,E) = −∞. Then we
re-write the problem (H.1) to yield its equivalent,

maximize max{t,maxv∈V dist(Gt(v),E)} s.t. (m∗
t , x̃

∗
1, . . . , x̃

∗
m∗

t
) ∈ Em,t(1). (H.2)

3.3 An Upper Bound on the Objective Function of (H.2) Based on Enclosing Balls

In this section, we simplify the objective of problem (H.2) by categorizing the dif-
ferent possible types of sets Gt(v) across the values of v ∈ V. If Gt(v) is an ellipsoid,
we find a closed-form upper bound. If Gt(v) is an intersection of two nonempty ellip-
soids, we enclose it in a ball whose center is a member of the efficient set.

First, Lemma 5 presents an upper bound when Gt(v) is an ellipsoid.

Lemma 5 Let (m∗
t , x̃

∗
1, . . . , x̃

∗
m∗

t
) ∈ Em,t(1) and k ∈ {1,2}. If v = (k, . . . ,k) so that all

points in Em,t are assigned to x∗k , then dist(Gt(v),E)≤ (1/2)diam(Lk(yk)) ≤ t
√

κ∗.

Proof We only show k = 2; k = 1 follows by a similar process. Recall H2 = Q2Λ2Q2
and let λ2i := λi(H2), i = 1, . . . ,q. By Lemma 3, y2 ∈ B(x∗2, t) = B(0q, t). Consider

maxy2∈B(0q,t) diam(L2(y2)) = maxy2∈B(0q,t) diam(
{

x : x⊺Q2Λ2Q⊺
2x ≤ y⊺2Q2Λ2Q⊺

2y2
}

)

= maxa∈B(0q,t) diam({w : w⊺Λ2w = a⊺Λ2a}) (12)

where w = Q⊺
2x and a = Q⊺

2y2 rotate the axes in (12); since y2 ∈ B(0q, t) is a ball, then
a ∈ B(0q, t) also holds. The max in (12) occurs when ∥a∥ = t and a = (0, . . . ,0, t),
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making the minor axis of the ellipsoid as large as possible. Then we have (12) =
diam({w : λ21w2

1 + . . .+ λ2qw2
q = λ2qt2}), so the largest value of w1 is t

√
λ2q/λ21.

Thus, the length of the semi-major axis is at most t
√

κ2 [30, p. 358].

Now, consider the case that y1,y2 exist and Gt(v) is a nonempty intersection of
two ellipsoids with separated centers. Then Gt(v) = L1(y1)∩L2(y2), which implies
that we seek an upper bound on dist(L1(y1)∩L2(y2),E). We find an upper bound by
enclosing L1(y1)∩L2(y2) in the smallest ball B(z∗,ρ(v)) such that the center is an
efficient point, z∗ ∈ E. Then the squared radius of this enclosing ball is

ρ2(v) = min
z∈E

max
x∈L1(y1)∩L2(y2)

∥z− x∥2, (C.1)

where the solution z∗ ∈ E is the optimal center. By the max-min inequality [9, p. 238],

dist2(Gt(v),E)≤ dist2(L1(y1)∩L2(y2),E)

= max
x∈L1(y1)∩L2(y2)

min
z∈E

∥z− x∥2 ≤ ρ2(v) (13)

for each v ∈ V such that Gt(v) is a nonempty intersection of two ellipsoids with sepa-
rated centers. (Here again, both z∗ and ρ depend on v, although we usually suppress
this notational dependence unless it is helpful for clarity.)

Using Lemma 5 and (13), we formulate a problem whose optimal value is an
upper bound on that of (H.2). Define the set of all assignments of points in Em,t to
minimizers that yields a distance larger than t

√
κ∗ (from Lemma 5) as

Vt := {v ∈ V : dist(Gt(v),E)> t
√

κ∗}, (14)

where v ∈ Vt implies m∗
t ≥ 2 and Gt(v) is a nonempty intersection of ellipsoids. Then

henceforth, we consider some version of the problem

maximize max
{

t
√

κ∗,maxv∈Vt ρ(v)
}

s.t. (m∗
t , x̃

∗
1, . . . , x̃

∗
m∗

t
) ∈ Em,t(2) (H.3)

where the m∗
t = 1 case is encompassed by the t

√
κ∗ term via Lemma 5. In Figure 1,

notice that Vt = {v ∈ V : v = (1,2)}.

3.4 Closed-Form Upper Bounds from the Chebyshev Center Problem

To solve the optimization problem (H.3), ideally, we would find a closed-form so-
lution for the enclosing ball problem in (C.1) that holds for each fixed value of
(m∗

t , x̃
∗
1, . . . , x̃

∗
m∗

t
) ∈ Em,t(2), v ∈ Vt . Toward this end, we note the similarity of the

problem in (C.1) to the Chebyshev center problem, which is the problem of finding
the minimum-radius ball enclosing the intersection of two q-balls [5,6,34] or two
q-ellipsoids [7,11]. We write the Chebyshev center problem as

ρ2
C = min

xC
max

x∈L1(y1)∩L2(y2)
∥xC − x∥2, (C.2)
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where x∗C is the optimal center and ρ2
C is the squared radius. Our (C.1) differs from

(C.2) only in the requirement that our center must be an efficient point. Thus, (C.2)
is a relaxation of (C.1), and ρ2

C ≤ ρ2.
Despite (C.2) being a relaxation to our (C.1), the solution to (C.2) nevertheless

provides significant insight into solving (C.1). If the level sets are spherical, x∗C ∈ E,
which implies that x∗C also solves (C.1). If the level sets are ellipsoidal, we can ap-
proximate the optimal center and radius using a center point in the efficient set, which
provides the desired upper bound. Since the two cases of spherical and ellipsoidal
level sets require different approaches, we address them separately in parts two and
three of the proof, §4 and §5, respectively.

4 Proof Part 2: Spherical Level Sets, κ∗ = 1

In the special case of spherical level sets, we build upon the results in §3 to provide a
proof for the least upper bound for κ∗ = 1 stated in Theorem 1.

Restricting ourselves to κ∗ = 1 allows us to simplify our notation and the opti-
mization problem (H.3). First, since the intersection of the sublevel sets can be written
as the intersection of q-balls, define the radii

r1(v) := ∥y1(v)− x∗1∥, r2(v) := ∥y2(v)− x∗2∥,
where r(v) = (r1(v),r2(v)) depends on v ∈ Vt . Then the intersection of sublevel sets
can be rewritten as the intersection of two q-balls whose centers are the minimizers,

L1(y1)∩L2(y2) = B(x∗1,r1)∩B(x∗2,r2).

Using this notation, in this section, we consider a simplified version of the prob-
lem in (H.3), which we write as

maximize max

{
t, max

v∈Vt

{
ρ(r(v)) =

√
min
z∈E

max
x∈B(x∗1,r1)∩B(x∗2,r2)

∥z− x∥2
}}

s.t. (m∗
t , x̃

∗
1, . . . , x̃

∗
m∗

t
) ∈ Em,t(2), (H.4)

where the inner problem of finding ρ(r) is problem (C.1), written for κ∗ = 1. In
§4.1, we find a closed-form expression for ρ(r) that holds for each (m∗

t , x̃
∗
1, . . . , x̃

∗
m∗

t
)∈

Em,t(2) and v ∈ Vt by solving the Chebychev center problem in (C.2). Then, in §4.2,
we demonstrate that no feasible decision variable values in (H.4) can improve upon
the upper bound

√
tℓ+ t2, which implies the bound in Theorem 1 Part 1. Finally, in

§4.3, we provide a feasible example that achieves H(E,Em) arbitrarily close to the
bound

√
tℓ+ t2, which implies that our bound is a least upper bound.

4.1 A Solution to the Chebyshev Center Problem for κ∗ = 1

The results in [5,6] imply the smallest-radius ball enclosing B(x∗1,r1)∩B(x∗2,r2) in
(C.2) has center x∗C = β ∗x∗1 +(1−β ∗)x∗2 and squared radius

ρ2
C = ∥x∗C∥2 −β ∗(∥x∗1∥2 − r2

1
)
− (1−β ∗)

(
∥x∗2∥2 − r2

2
)
, (15)
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where β ∗ solves the convex quadratic minimization problem

min
{
∥βx∗1+(1−β )x∗2∥2−β

(
∥x∗1∥2−r2

1
)
−(1−β )

(
∥x∗2∥2−r2

2
)

: 0 ≤ β ≤ 1
}
. (16)

Since x∗C ∈ E by (2), the solution to (C.2) also solves (C.1). Therefore, the smallest
enclosing ball with its center in E has center z∗ = x∗C and squared radius ρ2(r) = ρ2

C.
To simplify these expressions for use in our optimization problem, recall that the

second minimizer is the origin, x∗2 = 0q and ∥x∗1∥ = ℓ. Then we can write (16) as
min

{
β 2ℓ2 −β

(
ℓ2 + r2

2 − r2
1
)
+ r2

2 : 0 ≤ β ≤ 1
}
, and solving for β ∗ yields

β ∗ = (ℓ2 + r2
2 − r2

1)/(2ℓ
2), β ∗ ∈ [0,1] if ℓ2 + r2

2 ≥ r2
1 and ℓ2 + r2

1 ≥ r2
2. (17)

Using β ∗ in (15), algebraic simplifications yield ρ2(r) = r2
2 − (ℓβ ∗)2. Thus, we use

the following expression in the objective function of (H.4):

ρ2(r) = r2
2 −

(
ℓ2 + r2

2 − r2
1

2ℓ

)2

= ∥y2∥2 −
(
ℓ2 +∥y2∥2 −∥y1 − x∗1∥2

2ℓ

)2

. (18)

4.2 An Upper Bound Across All Possible Discretizations, κ∗ = 1

We now demonstrate H(E,Em) ≤
√

tℓ+ t2 by showing that
√

tℓ+ t2 is an upper
bound on the objective function of (H.4) for all feasible decision variable values;
that is, for all (m∗

t , x̃
∗
1, . . . , x̃

∗
m∗

t
) ∈ Em,t(2) and all v ∈ Vt . To begin, suppose that in

(H.4), we magically configure the points in Em,t and their assignments to minimizers
through the selection of v∈Vt so that r∗ = (r∗1,r

∗
2) := (ℓ/2+t, ℓ/2+t), which implies

ρ(r∗) =
√

tℓ+ t2 from (18). Figures 2(a) and 2(c) demonstrate such configurations
of points when t = ℓ/(2m∗

t ); notice ℓ ≤ 2tm∗
t is necessary for dist(E,Em,t) ≤ t (thus,

yielding Corollary 2). Figure 2(b) does not achieve the proposed bound.
For a contradiction to the upper bound in Theorem 1 Part 1, suppose that there

exists a feasible number and configuration of points in Em,t and an assignment to

(a) m∗
t = 2, t = ℓ/4

ρ(
r)

x∗2 x∗1

r 2
=
ℓ

2
+

t r1 =
ℓ

2 +
t

√
tℓ
+

t2

y1 ℓ
2

y2

(b) m∗
t = 3, t = ℓ/6

ρ(
r)

x∗2 x∗1

r1 =
ℓ2r2

=
ℓ
2
+2t

x̃∗3 y1 y2

(c) m∗
t = 4, t = ℓ/8

ρ(
r)

x∗2 ℓ
2

x∗1

r2
=
ℓ

2
+

t r1 =
ℓ

2 + t

x̃∗3 y1 y2 x̃∗4

Figure 2 The figure shows example configurations for points in Em,t when t = ℓ/(2m∗
t ) and the origin is

x∗2 = 0. The gray t-radius balls around each y1,y2, x̃∗3, and x̃∗4 should appear as intervals but are shown in
two dimensions for greater visibility. Only (a) and (c) demonstrate the bound; ρ(r) in (b) is smaller.
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the minimizers through v ∈ Vt such that H(E,Em) >
√

tℓ+ t2. Since v ∈ Vt , then
r1 + r2 > ℓ. Further, for β ∗ ∈ [0,1] from (17), we have

∇ρ(r) = (∂ρ(r)/∂ r1,∂ρ(r)/∂ r2)
⊺ = (r1β ∗/ρ(r),r2(1−β ∗)/ρ(r))⊺ ≥ (0,0)⊺

with strict inequality holding for ℓ2 + r2
2 > r2

1, ℓ2 + r2
1 > r2

2. Since we know ρ2(r∗) =
tℓ+ t2 and, based on the gradient information, ρ2(r) is elementwise nondecreasing
for all feasible r, then at least one radius must be larger than ℓ/2+ t. Without loss of
generality, let it be r2. Then there exists ε > 0 such that r2 = ℓ/2+ε+t, which implies
∥y2∥ = ℓ/2+ ε + t. To be feasible, there must exist x̃∗j ∈ Em,t with ∥x̃∗j∥ < ∥y2∥ and
such that B(x̃∗j , t) covers the point z0 ∈ E where ∥z0∥ = ℓ/2+ ε . Since ∥x̃∗j∥ < ∥y2∥,
x̃∗j must be assigned to x∗1 through v. To make r1 as large as possible, set ∥x̃∗j∥ =

ℓ/2+ε−t, so that r1 = ℓ/2+t−ε . However, algebraic simplification implies ρ(r)2 =
t(t + ℓ)− (2ε)2(t/ℓ)(t/ℓ+1)< t(t + ℓ), which is a contradiction.

4.3 An Example that Demonstrates the κ∗ = 1 Bound is a Least Upper Bound

From §4.2, no feasible configuration can achieve H(E,Em)>
√

tℓ+ t2; in this section,
we provide an example such that H(E,Em) is arbitrarily close to the bound.

Let q = 2 and X be a square, with minimizers x∗1,x
∗
2 and efficient set E shown in

Figure 3. In most of X, we choose Xm on the grid in Example 1; this grid determines
t. But, we do not grid for points near E. First, we place points x̃∗1, x̃

∗
2 ∈ E symmetri-

cally around the center of E as in Figure 2(a), except we reduce the distance between
them to ∥x̃∗1 − x̃∗2∥ < 2(t − ε) for ε ∈

(
0,(tℓ)/(2t + ℓ)

)
. Thus, r1 = r2 = ℓ/2+ t − ε

and ρ2 = (ℓ/2+ t − ε)2 − (ℓ/2)2 = (t − ε)ℓ+(t − ε)2 > t2. Second, we introduce
non-grid points to preserve t. In particular, we place five dominated points just out-
side L1(x̃∗1)∩L2(x̃∗2) to ensure its interior is covered. These two steps are key: since
B(x̃∗1, t)∩B(x̃∗2, t) has positive Lebesgue measure in q dimensions, we can place points
on or near bd(L1(x̃∗1)∩L2(x̃∗2)) so that L1(x̃∗1)∩L2(x̃∗2) is covered by the union of the

x∗2

x∗1

X

x1

x2

2(t − ε)

ℓ/2+ t − ε

ℓ/2+ t − ε

x̃∗1

x̃∗2
x̃∗m∗

E

Figure 3 The figure shows a feasible example with H(E,Em) arbitrarily close to the bound: for small
ε,δ > 0, H(E,Em) = dist(x̃∗m∗ ,E) =

√
(t − ε)ℓ+(t − ε)2 − δ . B(E, t) is shaded in gray. The minimizers

are represented by solid black dots. Points in Xm that do not necessarily lie on the grid are represented by
dots with a black outline and white center.
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points’ t-radius balls, satisfying Lemma 4. (The example in Figure 2(a), for which
∥y1 − y2∥= 2t, is infeasible for q ≥ 2 by this reasoning.)

Now given δ ∈ (0,ρ − t), place x̃∗m∗ ∈ int(L1(x̃∗1)∩L2(x̃∗2)) so that dist(x̃∗m∗ ,E) =
ρ −δ > t. As shown in Figure 3, the image of x̃∗m∗ is non-dominated; thus, x̃∗m∗ ∈ Em.
(Recall m∗ = |Em| ≤ m∗

t .) Now the Hausdorff distance is H(E,Em) = dist(Em,E) =

dist(x̃∗m∗ ,E) =
√

(t − ε)ℓ+(t − ε)2 −δ , which is arbitrarily close to the bound.

5 Proof Part 3: Ellipsoidal Level Sets, κ∗ ≥ 1

In this section, we build on the results in §3 and the intuition from the example in §4.3
to provide a proof for the general big O result in the second part of Theorem 1. Recall
that our goal is to solve the optimization problem (H.3) from §3.3, where ρ is the
radius of the smallest ball enclosing the intersection of ellipsoidal sublevel sets whose
center is an efficient point. Unfortunately, when κ∗ > 1, we cannot write a closed-
form expression for the Chebyshev center x∗C or the radius ρC in (C.2), as we did for
κ∗ = 1 in §4.1. Instead, we use the results in [7,11] to formulate an approximation to
the Chebyshev center that lies in the efficient set. This approximate Chebyshev center
yields a radius ρA which is an upper bound on the desired radius ρ from (C.1). Then,
we consider the problem

maximize {t
√

κ∗, maxv∈Vt ρA(v)} s.t. (m∗
t , x̃

∗
1, . . . , x̃

∗
m∗

t
) ∈ Em,t(2) (H.5)

where the optimal value of (H.5) is an upper bound on the optimal value of (H.3).
We derive an expression for ρA(v) in §5.1. Then, in §5.2 we provide a sequence

of lemmas that culminate in the proof of the big O result. Throughout this section,
we require notation for the location where the level sets of y1 and y2 intersect E. To
define these points, for k = 1,2, define the boundary of the sublevel set

Jk(yk) := bd(Lk(yk)),

and let Ek be the set of intersection points, Ek := Jk(yk)∩ E. If Ek ̸= /0, then the
structure of E implies Ek must be a singleton [4]. In this case, we say ỹk exists and
define ỹk as the point in Ek. Otherwise, if Ek = /0, then ỹk does not exist.

5.1 An Approximate Solution to the Chebyshev Center Problem for κ∗ ≥ 1

Given feasible decision variable values in (H.5), that is, (m∗
t , x̃

∗
1, . . . , x̃

∗
m∗

t
) ∈ Em,t(2)

and v ∈ Vt , in this section, we use the relaxed Chebyshev center (RCC) formulation
from [7,11] to determine an approximate Chebyshev center and an upper bound on
ρ . The RCC, which we denote as zR, is an efficient point for which the inequality
ρ2

C ≤ ρ2
R := maxx∈L1(y1)∩L2(y2) ∥zR − x∥2 holds. Since zR ∈ E, we also have

ρ2 = min
z∈E

max
x∈L1(y1)∩L2(y2)

∥z− x∥2 ≤ max
x∈L1(y1)∩L2(y2)

∥zR − x∥2 = ρ2
R. (19)

However, we cannot calculate zR in closed form; it is characterized as the solution to
a semidefinite program [7,11]. Thus, in the following sections, we find a closed-form
upper bound on ρ2

R which we use as the upper bound ρ2
A in (H.5).
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5.1.1 A Characterization of the RCC

First, we present the characterization of zR and ρ2
R from [11]. For consistency with

the notation in [11], recall that x∗2 = 0q and write the sublevel sets as

L1(y1) =
{

x : x⊺H1x+2(−H1x∗1)
⊺x+

(
x∗⊺1 H1x∗1 − (y1 − x∗1)

⊺H1(y1 − x∗1)
)
≤ 0

}
,

L2(y2) =
{

x : x⊺H2x− y⊺2H2y2 ≤ 0
}
.

Then [11, Theorem III.1, p. 1390] implies that zR = (β ∗
1 H1 +β ∗

2 H2)
−1β ∗

1 H1x∗1 where
(β ∗

1 ,β
∗
2 ) is the solution to

minimize {g(β1,β2) := β1(H1x∗1)
⊺(β1H1 +β2H2)

−1β1H1x∗1 +β2y⊺2H2y2

−β1(x
∗⊺
1 H1x∗1 − (y1 − x∗1)

⊺H1(y1 − x∗1))}
s.t. β1H1 +β2H2 − Iq ⪰ 0, β1 ≥ 0, β2 ≥ 0.

(20)

Further, ρ2
R = g(β ∗

1 ,β
∗
2 ), see [7, §3, pp. 611–614]. From (2), we see that zR ∈ E.

5.1.2 An Approximation to the RCC

Since (19) implies ρ2 ≤ ρ2
R = g(β ∗

1 ,β
∗
2 ) ≤ g(β1,β2) for suboptimal and feasible

(β1,β2), we seek a closed-form upper bound ρ2
A by finding feasible values of (β1,β2).

To find such values, we modify (20). First, reduce the feasible set to consider only
β1 > 0 and set α := β2/β1 ≥ 0. Let zA(α) = (H1 + (β2/β1)H2)

−1H1x∗1 = (H1 +
αH2)

−1H1x∗1, and define g̃(α) := g(β1,β2)/β1 so that

g̃(α) = αy⊺2H2y2 − x∗⊺1 H1(x∗1 − zA(α))+(y1 − x∗1)
⊺H1(y1 − x∗1).

Then consider the new problem

minimize β1g̃(α) s.t. H1 +αH2 − Iq/β1 ⪰ 0, α ≥ 0, β1 > 0. (21)

We use (21) to find our upper bound ρ2
A as follows. First, we find a feasible α

by setting zA(α) equal to a convenient point in the efficient set. We call our selected
value αA. Then, plugging αA into (21), we find a value of β1 > 0 for which the
positive semidefinite constraint in (21) holds; call this value βA. Then we obtain a
bound ρ2

A such that

ρ2 ≤ ρ2
R = g(β ∗

1 ,β
∗
2 )≤ βAg̃(αA)≤ ρ2

A. (22)

We now solve for αA by setting zA(α) = z0 for some z0 ∈E,z0 ̸= 0q. Re-arranging
terms yields αH2z0 = H1x∗1 −H1z0. To get α alone, pre-multiply both sides by z⊺0 ,

α =
z⊺0H1x∗1 − z⊺0H1x∗

z⊺0H2z0
=

z⊺0H1(x∗1 − z0)

z⊺0H2z0
.

If the level set of y2 on objective 2 intersects with E (as it does in Figure 1(c)), we
select the intersection point ỹ2 as z0. Then, for indicator variable I, select

αA :=
ỹ⊺2H1(x∗1 − ỹ2)I{E2 ̸= /0}

ỹ⊺2H2ỹ2
=

⟨ỹ2,−∇ f1(ỹ2)⟩I{E2 ̸= /0}
2( f2(ỹ2)−b2)

.
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By the definition of ỹ2, we have ỹ⊺2H2ỹ2 = y⊺2H2y2. Plugging into g̃(α), if E2 ̸= /0,

g̃(αA) = αAy⊺2H2y2 − x∗⊺1 H1(x∗1 − zA(αA))+(y1 − x∗1)
⊺H1(y1 − x∗1)

= ỹ⊺2H1(x∗1 − ỹ2)− x∗⊺1 H1(x∗1 − ỹ2)+(y1 − x∗1)
⊺H1(y1 − x∗1)

=−(ỹ2 − x∗1)
⊺H1(ỹ2 − x∗1)+(y1 − x∗1)

⊺H1(y1 − x∗1) = 2( f1(y1)− f1(ỹ2)).

Then since E2 = /0 implies αA = 0 and z0 = x∗1, it follows that

g̃(αA) = 2( f1(y1)− f1(ỹ2))I{E2 ̸= /0}+2( f1(y1)−b1)I{E2 = /0}. (23)

Now, we use αA in the constraint of (21) to find βA. First, we seek β1 > 0 such
that H1+αAH2− Iq/β1 ⪰ 0. Equivalently, we seek β1 > 0 such that w⊺(H1+αAH2−
Iq/β1)w ≥ 0 for all w ̸= 0q, which implies

1/β1 ≤ R(H1,w)+αAR(H2,w)≤ max{λq(H1),λq(H2)}(1+αA)

by (3), (4). Therefore, β1 ≥ (max{λq(H1),λq(H2)}(1+αA))
−1, and we select

βA := (max{λq(H1),λq(H2)})−1 ≥ (max{λq(H1),λq(H2)}(1+αA))
−1. (24)

Combining the results in (22), (23), and (24), let

ρ2
A :=

2| f1(y1)− f1(ỹ2)|I{E2 ̸= /0}+2( f1(y1)−b1)I{E2 = /0}
max{λq(H1),λq(H2)}

. (25)

We remark here that if ỹ1 ∈ E and ỹ2 ∈ E exist, since f1(y1) = f1(ỹ1), then we can
determine an upper bound on (25) by working only with these efficient points.

5.2 An Upper Bound Across All Possible Discretizations, κ∗ ≥ 1

We now demonstrate that H(E,Em) = O(
√

t) by finding an upper bound on ρA from
(25) that holds for all (m∗

t , x̃
∗
1, . . . , x̃

∗
m∗

t
) ∈ Em,t(2) and all v ∈ Vt . There are three key

steps to obtaining such an upper bound: First, in §5.2.1, we determine conditions on
the placement of y1 and y2 that imply infeasibility via Lemma 4. That is, we determine
conditions on y1 and y2 such that there exists x0 ∈ X with B(x0, t) ⊂ int(L1(y1)∩
L2(y2)). In this case, x0 cannot be covered by the t-radius balls of other points in
Em,t without violating the conditions in Lemma 4, which implies the arrangement is
infeasible. (Intuition for these conditions comes from the example in §4.3.) Second,
in §5.2.2, we determine the conditions for the existence of ỹ1 ∈ E and ỹ2 ∈ E and
provide several implications of their non-existence. Third, in §5.2.3, we derive upper
bounds on the terms in the numerator of ρ2

A in (25). After completing these three key
steps, we combine the results to show H(E,Em) = O(

√
t) in §5.2.4.

Finally, we remark here that this section relies on supporting Lemmas 12–16,
which we include in §A. Also, for points in the efficient set z = z(β ),β ∈ [0,1], define
zk := z(βk) for any subscript k. From (2), recall that z(0) = x∗2 = 0q and z(1) = x∗1.
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5.2.1 Conditions that Imply Infeasible Decision Variables for (H.5)

First, in Lemma 6, we determine conditions on y1 and y2 such that the resulting
arrangement of points is infeasible in (H.5). Simply stated, arrangements that allow
y1 and y2 to be too far apart from each other are infeasible.

Lemma 6 Let v ∈Vt , and let η0 ∈ [1,∞) be a constant that depends on κ∗. If y1,y2 ∈
Em,t are placed such that there exist z1,z2 ∈ E with β1 < β2, L1(z1)∩L2(z2) ⊆
L1(y1)∩L2(y2), and ∥z1 − z2∥> 2tκ∗η0, then (m∗

t , x̃
∗
1, . . . , x̃

∗
m∗

t
) /∈ Em,t(2).

Proof For a contradiction, suppose the postulates hold and (m∗
t , x̃

∗
1, . . . , x̃

∗
m∗

t
)∈Em,t(2).

Lemma 12 gives conditions on the positions of efficient points such that their level
sets intersect; since β1 < β2, Lemma 12 implies L1(z1)∩L2(z2) ̸= /0. Then since z1
and z2 are too far apart, that is, ∥z1 − z2∥ > 2tκ∗η0, then Lemma 15 implies that
there exists a point x0 ∈ conv({z1,z2}) such that B(x0, t) ⊂ int(L1(z1)∩L2(z2)). (In
Lemma 15, κ∗ = 1 implies η0 = 1.) Then x0 /∈ B(y1, t)∪B(y2, t), thus, Lemma 3 im-
plies m∗

t ≥ 3. To cover x0 with the t-radius ball of some point x̃∗i ∈ Em,t \{y1,y2}, we
require x̃∗i ∈ int(L1(y1)∩L2(y2)), which contradicts Lemma 4.

5.2.2 On the Existence of ỹ1 and ỹ2

Recall that if they exist, ỹ1, ỹ2 ∈ E are the locations where the level sets of y1,y2
intersect E. The expression for ρA depends on the existence of ỹ2; further, if ỹ1 exists,
we can use it in place of y1 in ρA. Therefore in this section, we state a sequence of
lemmas that provide conditions for the existence of ỹ1 and ỹ2, as well as some key
implications of their existence and nonexistence.

Lemma 7 Let (m∗
t , x̃

∗
1, . . . , x̃

∗
m∗

t
) ∈ Em,t(2), v ∈ Vt . If t < ℓ/(2κ∗η0), then at least one

of ỹ1 or ỹ2 exists.

Proof For a contradiction, suppose the postulates hold and ỹ1 and ỹ2 do not exist.
Since v ∈ Vt , it must be the case that E ⊂ int(L1(y1)∩L2(y2)) (see also [4]). Then
L1(x∗2) ⊂ L1(y1) and L2(x∗1) ⊂ L2(y2), hence L1(x∗2)∩L2(x∗1) ⊂ L1(y1)∩L2(y2).
Then letting z1 = x∗2 and z2 = x∗1 in the postulates of Lemma 6, we have ℓ = ∥x∗2 −
x∗1∥> 2tκ∗η0. Thus, the postulates of Lemma 6 hold, which contradicts feasibility.

Lemma 8 Let (m∗
t , x̃

∗
1, . . . , x̃

∗
m∗

t
) ∈ Em,t(2), v ∈ Vt , and k,k′ ∈ {1,2}, k ̸= k′.

1. If ỹk exists and ∥ỹk − x∗k∥> 2tκ∗η0, then ỹk′ exists.
2. If ỹk′ does not exist and ỹk exists, then ∥ỹk − x∗k∥ ≤ 2tκ∗η0.

Proof For a contradiction to Part 1, suppose the postulates hold and ỹk′ does not ex-
ist, hence Lk′(x∗k) ⊂ Lk′(yk′). Since ỹk ∈ E exists, Lk(ỹk) = Lk(yk). Thus, Lk(ỹk)∩
Lk′(x∗k) ⊂ Lk(yk)∩Lk′(yk′). Then letting zk = ỹk and zk′ = x∗k in the postulates of
Lemma 6, v∈Vt implies β1 < β2. Since ∥ỹk−x∗k∥> 2tκ∗η0, the postulates of Lemma 6
hold, which contradicts feasibility. Part 2 follows from the contrapositive of Part 1.

Lemma 9 Let (m∗
t , x̃

∗
1, . . . , x̃

∗
m∗

t
) ∈ Em,t(2), v ∈ Vt , and let k,k′ ∈ {1,2}, k ̸= k′. If ỹk′

does not exist, then ∃ t ′ > 0 and a constant η1 ∈ [1,∞), both dependent on κ∗, such
that for all t ≤ t ′, ∥yk′ − x∗k∥ ≤ tη1.



18 Burla E. Ondes, Susan R. Hunter

Proof Suppose the postulates hold. Since ỹk′ does not exist, E ⊂ Lk′(x∗k) ⊂ Lk′(yk′).
Let zk′ := arginf{z ∈ E : ∥yk′ − z∥ ≤ t} be the nearest efficient point to yk′ , which is
within distance t by Lemma 3. Thus, zk′ ∈ E∩Lk′(x∗k), while yk′ ∈ B(E, t)∩Lc

k′(x
∗
k).

Since ∥yk′ − zk′∥ ≤ t, then as t → 0, yk′ → zk′ implies yk′ → x∗k and zk′ → x∗k .
Now, we find an upper bound on ∥yk′ − x∗k∥. Let τ(x∗k) be a vector tangent to

the efficient set at x∗k , defined as τ(x∗k) := −H−1
k ∇ fk′(x∗k)/∥H−1

k ∇ fk′(x∗k)∥. Figure 4
depicts an example efficient set and its tangent vectors; see §A.2 for more details. The
hyperplane for which τ(x∗k) is the normal, called TE(x∗k), creates two half spaces; let
N(x∗k) ⊃ E be the closed half-space containing E, and let Nc(x∗k) be its complement.
Then by the definitions of τ(x∗k) and N(x∗k), for all x ∈ B(E, t)∩Nc(x∗k), dist(x,E) =
∥x− x∗k∥ ≤ t. Therefore if yk′ ∈ B(E, t)∩Nc(x∗k), then ∥yk′ − x∗k∥ ≤ t.

Next, let yk′ ∈ N(x∗k), and consider whether ỹk′ is in the set of descent directions
on objective k′ at x∗k , Hk′(x∗k) = {x ∈ Rq : ⟨x,∇ fk′(x∗k)⟩ < 0}, where E ⊂ Lk′(x∗k) ⊂
Hk′(x∗k). In what follows, we consider two cases: first, when yk′ ∈Hc

k′(x
∗
k), and sec-

ond, when yk′ ∈Hk′(x∗k). In both cases, since zk′ ∈ E∩Lk′(x∗k), then zk′ ∈Hk′(x∗k).
First, let yk′ ∈B(E, t)∩Lc

k′(x
∗
k)∩Hc

k′(x
∗
k), and let TL(x∗k) = {x : ⟨x,∇ fk′(x∗k)⟩= 0}

be the hyperplane normal to the gradient of objective k′ at x∗k , which is tangent to
Lk′(x∗k) at x∗k . Let xL(zk′) be the orthogonal projection of zk′ onto the plane TL(x∗k),
and let θt be the angle between zk′ − x∗k and −∇ fk′(x∗k). Then

∥zk′ −x∗k∥sin(π/2−θt) = ∥zk′ −x∗k∥cosθt = ∥zk′ −xL(zk′)∥ ≤ ∥yk′ − zk′∥ ≤ t. (26)

By Lemma 13, ∃c0 ∈ [1,∞), dependent on κ∗, such that cosθt ≥ c−1
0 > 0 for all t.

Intuitively, this result holds because under Assumption 1, zk′ −x∗k is strictly a descent
direction on objective k′ (κ∗ = 1 implies c0 = 1). Then using (26),

∥yk′ − x∗k∥ ≤ ∥yk′ − zk′∥+∥zk′ − x∗k∥ ≤ t(1+1/cosθt)≤ t(c0 +1). (27)

x∗2 x∗1

E

− ∇ f1(x∗2)
∥∇ f1(x∗2)∥

TL(x∗2)

− ∇ f2(x∗1)
∥∇ f2(x∗1)∥

TL(x∗1)

τ(x∗2)

TE(x∗2)

τ(x∗1)

TE(x∗1)

θ1 θ2

x1

x 2

Figure 4 For X ⊂ R2, the figure shows the efficient set E = {z(β ),β ∈ [0,1]}, the set B(E, t) in light
gray, contour plots of the objective functions f1(x) and f2(x) in dark gray, the unit tangent vectors τ at the
minimizers, and the unit negative gradient vectors −∇ f1,−∇ f2 at the minimizers. The figure also shows
the planes TL and TE. Using notation from §A, the angle θ1 is between τ(x∗2) and −∇ f1(x∗2), and the angle
θ2 is between τ(x∗1) and −∇ f2(x∗1).
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Finally, let yk′ ∈ B(E, t)∩Lc
k′(x

∗
k)∩Hk′(x∗k); to achieve a maximum distance,

it is sufficient to consider yk′ ∈ B(E, t)∩ Jk′(x∗k). Since zk′ − xL(zk′) is parallel to
−∇ fk′(x∗k), the angle between x∗k −zk′ and xL(zk′)−zk′ is θt , and ∥zk′−xL(zk′)∥sinθt =
∥xL(zk′)− x∗k∥cosθt . (If κ∗ = 1, then θt = 0.) Then by Lemma 13,

∥yk′ − x∗k∥ ≤ ∥yk′ − zk′∥+∥zk′ + xL(zk′)∥+∥xL(zk′)− x∗k∥
≤ t +∥zk′ − xL(zk′)∥(1+ sinθt/cosθt)≤ t +(c0 +1)∥zk′ − xL(zk′)∥. (28)

Let γt denote the angle between yk′ −xL(zk′) and the tangent plane TL(x∗k). Using the
law of cosines and the triangle inequality,

∥zk′ − xL(zk′)∥2 ≤ ∥zk′ − xL(zk′)∥2 +∥yk′ − xL(zk′)∥2

= ∥yk′ − zk′∥2 +2∥zk′ − xL(zk′)∥∥yk′ − xL(zk′)∥cos(π/2− γt)

≤ t2 +2∥zk′ − xL(zk′)∥(∥zk′ − xL(zk′)∥+ t)cos(π/2− γt)

≤ t2 +2∥zk′ − xL(zk′)∥2 sinγt +2t(t +∥yk′ − xL(zk′)∥)sinγt

≤ 3t2 +2∥zk′ − xL(zk′)∥2 sinγt +2tdist(yk′ ,TL(x
∗
k)). (29)

By Lemma 16, ∃ t ′1 > 0 and constant c1 ∈ [1,∞), dependent on κ∗, such that if t ≤
t ′1, dist(yk′ ,TL(x∗k)) ≤ tc1. Intuitively, this result holds because TL(x∗k) is a linear
approximation to the ellipsoid Lk′(x∗k) at x∗k . Using this result in (29), since γt → 0,
then for t small enough we have

∥zk′ − xL(zk′)∥ ≤ 3t
√

1+ c1. (30)

Using (30) in (28) and ensuring (27) holds, for all t small enough and constant η1 :=
(1+(c0 +1)3

√
1+ c1), then ∥yk′ − x∗k∥ ≤ t(1+(c0 +1)3

√
1+ c1)≤ tη1.

5.2.3 Upper Bounds on the Terms in the Numerator of ρ2
A

Given the conditions for feasibility and the lemmas regarding ỹ1 and ỹ2 in the previous
sections, we are now ready to provide upper bounds on the terms in the numerator
of ρ2

A in (25). We begin with Lemma 10, which provides a bound when ỹ2 does not
exist. Then, Lemma 11 provides a bound when ỹ2 exists.

Lemma 10 Let (m∗
t , x̃

∗
1, . . . , x̃

∗
m∗

t
) ∈ Em,t(2), v ∈ Vt . If t < ℓ/(2κ∗η0) and ỹ2 does not

exist, then 2( f1(y1)−b1)I{E2 = /0} ≤ λq(H1)(2tκ∗η0)
2.

Proof Since t < ℓ/(2κ∗η0) and ỹ2 does not exist, I{E2 = /0} = 1 in (25) and by
Lemma 7, ỹ1 exists. Since f1(y1) = f1(ỹ1), henceforth, we use ỹ1 ∈ E. From (4),

2( f1(ỹ1)−b1)≤ λq(H1)∥ỹ1 − x∗1∥2, (31)

thus, we seek an upper bound on ∥ỹ1 − x∗1∥. Since ỹ1 exists and ỹ2 does not exist,
Lemma 8 implies ∥ỹ1 − x∗1∥ ≤ 2tκ∗η0. Using this bound in (31) yields the result.

Lemma 11 Let (m∗
t , x̃

∗
1, . . . , x̃

∗
m∗

t
)∈Em,t(2), v ∈Vt , and let η2 := 2κ∗η0+η1. If t < t ′

and ỹ2 exists, then 2| f1(y1)− f1(ỹ2)|I{E2 ̸= /0} ≤ λq(H1)
(
2ℓatη2 +(tη2)

2
)
.
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Proof Suppose ỹ2 exists. Thus, I{E2 ̸= /0}= 1 in (25). Then use (4) and (5) to obtain

2| f1(y1)− f1(ỹ2)| ≤ 2λq(H1)
(
∥ỹ2 − x∗1∥∥ỹ2 − y1∥+(1/2)∥ỹ2 − y1∥2)

≤ λq(H1)
(
2ℓa∥ỹ2 − y1∥+∥ỹ2 − y1∥2) . (32)

Since ỹ2 exists, we use Lemma 8 to prove the lemma in two parts: first when ỹ1 does
not exist, and second when ∥ỹ2 − x∗2∥> 2tκ∗η0, which implies ỹ1 exists.

First, suppose ỹ1 does not exist, so that we seek an upper bound on ∥ỹ2 − y1∥ in
(32). Since ỹ1 does not exist, Lemma 8 implies ∥ỹ2 − x∗2∥ ≤ 2tκ∗η0, and Lemma 9
implies that if t ≤ t ′, then ∥y1 − x∗2∥ ≤ tη1. Therefore, for all t ≤ t ′,

∥ỹ2 − y1∥ ≤ ∥ỹ2 − x∗2∥+∥y1 − x∗2∥ ≤ 2tκ∗η0 + tη1 = t(2κ∗η0 +η1) = tη2. (33)

Now suppose ∥ỹ2−x∗2∥> 2tκ∗η0, so that ỹ1 exists. Then f1(y1) = f1(ỹ1). Updat-
ing (32), we seek an upper bound on ∥ỹ2− ỹ1∥. Since feasibility holds, letting z1 = ỹ1
and z2 = ỹ2, the contrapositive of Lemma 6 implies ∥ỹ1 − ỹ2∥ ≤ 2tκ∗η0. Since this
bound is smaller than (33), the result follows by using (33) in (32).

5.2.4 An Upper Bound on the Optimal Value of (H.5)

We now demonstrate H(E,Em) = O(
√

t). From (25) and using Lemmas 10 and 11,
for all (m∗

t , x̃
∗
1, . . . , x̃

∗
m∗

t
) ∈ Em,t(2), v ∈ Vt , and all t < min{t ′, ℓ/(2κ∗η0)},

ρ2
A(v) =

2| f1(y1)− f1(ỹ2)|I{E2 ̸= /0}+2( f1(y1)−b1)I{E2 = /0}
max{λq(H1),λq(H2)}

≤ λq(H1)
(
2ℓatη2 +(tη2)

2
)
I{E2 ̸= /0}+λq(H1)(2tκ∗η0)

2I{E2 = /0}
max{λq(H1),λq(H2)}

≤ 2ℓatη2 +(tη2)
2 = t(2ℓaη2)+ t2η2

2 .

Thus, for all choices of feasible decision variables in (H.5), if t <min{t ′, ℓ/(2κ∗η0)},

then H(E,Em)≤ max
{

t
√

κ∗,
√

t(2ℓaη2)+ t2η2
2

}
, and H(E,Em) = O(

√
t) as t → 0.

6 Concluding Remarks

We show that for convex quadratic bi-objective optimization, the Hausdorff distances
between the efficient set and its discretization in the decision space, and between
the Pareto set and its discretization in the objective space, are O(

√
t) as t → 0. Our

results quantify the convergence rate discrepancy between the coverage error and the
Hausdorff distance in this context: the coverage error converges as O(t), while the
Hausdorff distance converges at the slower rate of O(

√
t).
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A Supporting Results: Gradients, Tangents, and Inscribed q-Balls, κ∗ ≥ 1

In this section, we provide several supporting results regarding the geometry of Prob-
lem (Q) under Assumption 1. These results involve viewing the efficient set as a
differentiable curve (§A.1); determining bounds on the angles between tangent vec-
tors, gradients, and efficient points (§A.2); and whether a q-ball of certain radius fits
inside an ellipsoid (§A.3).

A.1 The Efficient Set as a Differentiable Curve

To begin, from (2), the efficient set can be traced as the curve (see also [32])

z(β ) := (βH1 +(1−β )H2)
−1(βH1x∗1 +(1−β )H2x∗2), β ∈ [0,1], (34)

where z(0) = x∗2 = 0q, z(1) = x∗1, and for simplicity, define the shorthand notation
zn := z(βn) for any subscript n.

By definition, for any efficient point, there exists no direction in which we can
improve both objectives at the same time. For each k,k′ ∈ {1,2},k ̸= k′, let the set of
descent directions on objective k at z(β ) ∈ E be denoted by

Hk(z(β )) := {x ∈Rq : ⟨x,∇ fk(z(β ))⟩< 0}= {x ∈Rq : ⟨x,Hk(z(β )− x∗k)⟩< 0},

where Lk(z(β )) ⊂ Hk(z(β )); the lack of common descent directions for efficient
points implies Hk(z(β ))∩Hk′(z(β )) = /0. This fact leads to the following Lemma 12
regarding the relative positions of the points in the efficient set and whether or not
their level sets intersect.

Lemma 12 For β1,β2 ∈ [0,1], L1(z(β1))∩L2(z(β2)) = /0 if and only if β2 < β1.

Proof First, we prove that L1(z(β1))∩L2(z(β2)) = /0 implies β2 < β1 by contrapos-
itive. Suppose β2 ≥ β1. If β1 = β2, then z1 = z2 ∈ L1(z1)∩L2(z1). If β2 > β1, then
f2(z1)< f2(z2) and f1(z1)> f1(z2). Then for β3 ∈ (β1,β2), f2(z1)< f2(z3)< f2(z2)
and f1(z2) < f1(z3) < f1(z1), hence z3 ∈ L1(z1)∩L2(z2). For the other direction,
suppose β2 < β1. Then for β3 ∈ (β2,β1), f2(z2) < f2(z3) < f2(z1) and f1(z2) >
f1(z3) > f1(z1). Since z3 ∈ E, H1(z3)∩H2(z3) = /0. Since L2(z2) ⊂ H2(z3) and
L1(z1)⊂H1(z3), then L1(z1)∩L2(z2) = /0.

Further, for each k ∈ {1,2},k ̸= k′, [32] and the parameterization in (34) imply
that for any β ∈ [0,1],

−β∇ f1(z(β )) =−βH1(z(β )− x∗1)

= (1−β )H2(z(β )− x∗2) = (1−β )∇ f2(z(β )), (35)

and, for Hβ := βH1 +(1−β )H2, the curve z(β ) is a differentiable curve in Rq with
tangent vector (defined with respect to β )

z′(β ) := lim
δ→0

z(β +δ )− z(β )
δ

=

(
∂ z1(β )

∂β
, . . . ,

∂ zq(β )
∂β

)⊺
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= H−1
β (H1x∗1 −H2x∗2)−H−1

β (H1 −H2)H−1
β (βH1x∗1 +(1−β )H2x∗2)

= H−1
β [H2(z(β )− x∗2)−H1(z(β )− x∗1)]

= H−1
β [∇ f2(z(β ))−∇ f1(z(β ))] for β ∈ [0,1], (36)

= β−1H−1
β ∇ f2(z(β )) =−(1−β )−1H−1

β ∇ f1(z(β )) for β ∈ (0,1). (37)

Importantly, from (36) and (37), it follows that ∥z′(β )∥> 0 for all β ∈ [0,1].

A.2 Angles: Tangent Vectors and Gradients

In this section, we provide results on the angles between points in the efficient set,
tangent vectors, and gradients. For k,k′ ∈ {1,2},k ̸= k′, consider a point in the effi-
cient set, zk = z(βk) ∈ E, βk ∈ [0,1] and any sequence of efficient points

{zk′,n = z(βk′,n),n ≥ 0} (38)

such that zk′,n → zk as n → ∞, zk′,n ̸= zk for all n, βk′,n ∈ [0,1] for all n, and zk′,n
approaches zk exclusively from one side; that is, β1 < β2,n or β1,n > β2 for all n.
Define the tangent vector at zk with respect to the direction of approach as

τ(zk) := lim
n→∞

zk′,n − zk

∥zk′n − zk∥
, (39)

and notice that ∥τ(zk)∥= 1. Then from (36) and (37),

τ(z1) =
z′(β1)

∥z′(β1)∥
and τ(z2) =

−z′(β2)

∥z′(β2)∥
. (40)

Therefore if βk ∈ (0,1), −∇ fk(zk)/∥∇ fk(zk)∥ = ∇ fk′(zk)/∥∇ fk′(zk)∥ and from (37)
and (40), we have

τ(zk) =
−H−1

β ∇ fk(zk)

∥H−1
β ∇ fk(zk)∥

=
H−1

β ∇ fk′(zk)

∥H−1
β ∇ fk′(zk)∥

, βk ∈ (0,1). (41)

If βk ∈ {0,1}, so that z1 = x∗2 or z2 = x∗1, then from (40) and using β = 0 and β = 1
in (36), we have

τ(zk) = τ(x∗k′) =
−H−1

k′ ∇ fk(x∗k′)

∥H−1
k′ ∇ fk(x∗k′)∥

, βk ∈ {0,1}. (42)

Figure 4 demonstrates the relative positions of the gradient and tangent vectors at the
minimizers for an example in which q = 2. For general decision space dimension q,
[4, Theorem 3.2, p. 369] asserts that E = {z(β ) : β ∈ [0,1]} forms a finite arc of a
hyperbola whose extreme points are the minimizers x∗1 and x∗2.

Next, we present Lemma 13 which provides results on the angles between the
efficient points, gradients, and tangent vectors at the minimizers.
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Lemma 13 Let k,k′ ∈ {1,2},k ̸= k′ and let {zk′,n = z(βk′,n),n ≥ 0} be the sequence
of efficient points converging to zk = z(βk) defined in (38). The following hold:
1. If θk,n is the angle between zk′,n − zk and −∇ fk(zk), then cosθk,n > 0 for all n.
2. If θk is the angle between τ(zk) and −∇ fk(zk), then cosθk ≥ (κ(Hβ ))

−1.
3. There exists a constant c0 ∈ [1,∞) such that cosθk,n ≥ c−1

0 > 0 for all n.

Proof Part 1: First, by the definition of {zk′,n,n ≥ 0} in (38), we have zk′,n /∈ {zk,x∗k}
for all n and zk ̸= x∗k . Then this result holds because under Assumption 1, for k,k′ ∈
{1,2},k′ ̸= k, zk′ − zk is strictly a descent direction on objective k by (34). Therefore,
it must make an acute angle with the steepest descent direction. More formally,

cosθk,n =
⟨zk′,n − zk,−∇ fk(zk)⟩
∥zk′,n − zk∥∥∇ fk(zk)∥

=
(zk − zk′,n)

⊺Hk(zk − x∗k)
∥zk′,n − zk∥∥∇ fk(zk)∥

> 0 for all n. (43)

Part 2: From (43), by continuity of the relevant functions, (41), (42), and the
facts that for a square positive definite matrix H = A⊺A, ∥Hx∥≤ ∥H∥∥x∥ for vector x,
∥H∥= ∥A∥2 = ∥QΛQ⊺∥= λq(H), and ∥H−1∥= ∥QΛ−1Q⊺∥= λq(H−1) = 1/λ1(H),

cosθk = lim
n→∞

cosθk,n =
⟨τ(zk),−∇ fk(zk)⟩

∥∇ fk(zk)∥
=

∥∇ fk(zk)∥
∥H−1

β ∇ fk(zk)∥
⟨H−1

β ∇ fk(zk),∇ fk(zk)⟩
∥∇ fk(zk)∥2

=
∥∇ fk(zk)∥

∥H−1
β ∇ fk(zk)∥

R(H−1
β ,∇ fk(zk))≥

1
∥H−1

β ∥
R(H−1

β ,∇ fk(zk))

≥ λ1(Hβ )/λq(Hβ )≥ 1/κ(Hβ )> 0.

Part 3: This part follows from the first two.

A.3 Osculating Spheres and Inscribed q-Balls

Finally, we complete the supporting results with Lemmas 14–16. First, Lemma 14
gives conditions on the lengths of the major axes of the sublevel sets for a t-radius ball
touching the boundary to fit inside the sublevel set. Then, Lemma 15 gives conditions
on the required distance between two efficient points for a t-radius ball to fit inside the
intersection of the relevant sublevel sets. Finally, Lemma 16 uses several inscribed
balls to determine the distance between a point in B(E, t)∩ Jk′(x∗k) and the tangent
vector TL(x∗k) for small enough t.

Lemma 14 Let k ∈ {1,2} and x0 ∈ X. If diam(Lk(x0)) ≥ 2κ∗t and x1 ∈ Lk(x0) is
such that x1 = x0 − t(∇ fk(x0)/∥∇ fk(x0)∥), then B(x1, t)⊂ Lk(x0).

Proof (Sketch) We show only k = 2; k = 1 holds by a similar process. Let x0 ∈ X,
λ2i := λi(H2), i = 1, . . . ,q, and notice x1 = x0 − t(H2x0/∥H2x0∥) is a step of length
t from x0 in the direction of steepest descent on objective 2. Thus, x0 ∈ bd(B(x1, t)).
To simplify calculations, for L2(x0), apply the rotation w = Q⊺

2x,a0 = Q⊺
2x0 from the

proof of Lemma 5. Define L2r(a0) := {w : w⊺Λ2w≤ a⊺0Λ2a0}, J2r(a0) := bd(L2r(a0)).
Now, we consider a1 = a0 − t(Λ2a0)/∥Λ2a0∥, where a0 ∈ bd(B(a1, t)).
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To ensure B(a1, t) ⊂ L2r(a0), the maximum curvature at any point on J2r(a0)
must be less than or equal to that at any point on a t-radius sphere. The maximum
curvature on an ellipse is achieved at a vertex along the major axis; see, e.g., [31].
To determine the maximum curvature at a point on J2r(a0), it is sufficient to consider
the intersection of J2r(a0) with the w1-wq plane (see [18, p. 43], [15, p. 33]) and let
a0 = (a01,0, . . . ,0), resulting in the ellipse {(w1,wq) : λ21w2

1 + λ2qw2
q = λ21a2

01} =

{(w1,wq) : w2
1/a2

01 +w2
q/(a

2
01/κ2) = 1}. Write this ellipse as the plane curve g(s) =

(a01 cos(s),(a01/
√

κ2)sin(s)). The length of the semi-major axis is a01, the length
of the semi-minor axis is (a01/

√
κ2), and the maximum curvature is a01/(a2

01/κ2) =
κ2/a01 at s = 0 [31, p. 77]. Then for an osculating circle at (a11,a1q) = (a01 − t,0)
having radius t, curvature 1/t, and passing through (a01,0) to fit inside the ellipse,
we require (1/t) ≥ κ2/a01, hence a01 ≥ tκ2. Now since a01 = diam(L2r(a0))/2 =
diam(L2(x0))/2 ≥ tκ2, then B(a1, t)⊂ L2r(a0) and B(x1, t)⊂ L2(x0).

Lemma 15 Let z1,z2 ∈ E,β1,β2 ∈ [0,1],β1 < β2 be efficient points. There exists a
constant η0 ∈ [1,∞), dependent on κ∗, such that if ∥z1 − z2∥ > 2tκ∗η0, then there
exists x0 ∈ conv({z1,z2}) such that B(x0, t)⊂ int(L1(z1)∩L2(z2)).

Proof The main idea for the proof is that for each level set Lk(zk), k ∈ {1,2}, we can
use Lemma 14 to fit a (relatively large) osculating ball at zk. Then we fit a smaller
t-radius ball, centered at a point wk along conv({z1,z2}), inside this larger osculating
ball. As long as ∥z1 − z2∥ is sufficiently large and the respective centers w1 and w2 of
the t-radius balls are appropriately spaced along conv({z1,z2}), the lemma holds.

To begin, let the postulates hold. Since β1 < β2, L1(z1)∩L2(z2) ̸= /0 by Lemma 12.
To fit the osculating balls inside the level sets, first, for each k ∈ {1,2}, let xk be the
point resulting from a step of size uk(t) from zk in the direction of steepest descent
on objective k, so that

xk = zk −uk(t)(∇ fk(zk)/∥∇ fk(zk)∥),

and ∥xk − zk∥= uk(t). By Lemma 14, if

diam(Lk(zk)) ≥ 2κ∗uk(t) (44)

then B(xk,uk(t)) ⊂ Lk(zk). Let wk be the orthogonal projection of xk onto the line
segment conv({z1,z2}), and let ζk be the angle between wk − zk,xk − zk. Since ζ1,ζ2
are also the angles between z2−z1,−∇ f1(z1) and between z1−z2,−∇ f2(z2), respec-
tively, the results in Lemma 13 apply. Thus, cosζk = sin(π/2−ζk)≥ c−1

0 > 0 implies
ζk ∈ [0,π/2), and hence there exists c̃0 ∈ [1,∞) such that 1− sinζk ≥ (c̃0)

−1 > 0 re-
gardless of t and the choice of z1,z2. To ensure B(wk, t)⊂ B(xk,uk(t)), we require

uk(t)−∥wk − xk∥= uk(t)−∥xk − zk∥sinζk = uk(t)(1− sinζk)≥ t. (45)

Finally, for each k,k′ ∈ {1,2},k′ ̸= k, by the definition of wk, we have ∥zk −wk∥+
∥wk − zk′∥= ∥z1 − z2∥. Then to ensure ∥zk −wk∥ ≤ ∥wk − zk′∥, we require

2∥zk −wk∥= 2∥xk − zk∥cosζk = 2uk(t)cosζk ≤ ∥z1 − z2∥. (46)
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Combining the requirements of (44), (45), and (46), it follows that

t
1− sinζk

≤ uk(t)≤ min
{

diam(Lk(zk))
2κ∗ ,

∥z1 − z2∥
2cosζk

}
. (47)

If we can find values of u1(t),u2(t), and a requirement on the distance ∥z1 − z2∥
such that (47) is satisfied, then for each k,k′ ∈ {1,2},k′ ̸= k, we have B(wk, t) ⊆
B(xk,uk(t)) ⊂ Lk(zk) and ∥z1 − z2∥ = ∥z1 − w1∥+ ∥w1 − w2∥+ ∥w2 − z2∥, which
implies that B(wk, t)⊂Lk′(zk′). Since L1(z1)∩L2(z2) is convex, then conv(B(w1, t)∪
B(w2, t)) ⊂ L1(z1)∩L2(z2). Thus, ∃x0 ∈ conv({w1,w2}) such that the result holds.

Finally, we find u1(t),u2(t), and a requirement on ∥z1 − z2∥ such that (47) is
satisfied. First, for each k ∈ {1,2}, β1 < β2 and the triangle inequality imply

∥z1 − z2∥ ≤ ∥z1 − x∗k∥+∥z2 − x∗k∥ ≤ 2∥zk − x∗k∥ ≤ diam(Lk(zk)).

Since κ∗ ≥ 1 while cosζk ≤ 1, and since 1− sinζk ≥ (c̃0)
−1, we satisfy (47) if

t
1− sinζk

≤ tc̃0 ≤ uk(t)≤
∥z1 − z2∥

2κ∗ . (48)

Now select uk(t) = tc̃0 for each k ∈ {1,2} and let η0 := c̃0. Since ∥z1−z2∥> 2tκ∗η0,
the result holds.

Lemma 16 Let k ∈ {1,2}, and let y be a point in the intersection of the t-expansion
of E with the boundary of the sublevel set Lk′(x∗k); that is, y ∈ B(E, t)∩Jk′(x∗k). Then
there exists t ′1 > 0 and a constant c1 ∈ [1,∞), both dependent on κ∗, such that for all
t ≤ t ′1, dist(y,TL(x∗k))≤ tc1.

Proof We find an upper bound on dist(y,TL(x∗k)) by fitting a series of three balls
inside the sublevel set Lk′(x∗k). The first ball is the largest ball, constructed as follows.
Take a step of size ℓ/κk′ from x∗k in the steepest descent direction,

x1 = x∗k − (ℓ/κk′)∇ fk′(x
∗
k)/∥∇ fk′(x

∗
k)∥.

Then Lemma 14 implies B(x1, ℓ/κk′) ⊂ Lk′(x∗k). Next, we construct the second ball
by taking a step sk(t)< ∥x1 − x∗k∥= ℓ/κk′ from x∗k in the steepest descent direction,

x2 = x∗k − sk(t)∇ fk′(x
∗
k)/∥∇ fk′(x

∗
k)∥.

Let z3(x2) be the efficient point such that x2 is its orthogonal projection onto the line
conv({x1,x∗k}); such a point exists for small enough sk(t). We choose sk(t) so that
the third ball, B(z3(x2), t), is a subset of the first ball. That is, we find sk(t) such that
B(z3(x2), t)⊂ B(x1, ℓ/κk′)⊂ Lk′(x∗k). To find sk(t), first, notice that if we ensure

ℓ/κk′ −∥z3(x2)− x1∥ ≥ t, (49)

it follows that B(z3(x2), t) ⊂ B(x1, ℓ/κk′). Let θ3,t be the angle between z3(x2)− x∗k
and x2−x∗k . By Lemma 13, cosθ3,t ≥ c−1

0 for all t. Then to ensure (49) holds, we need
sk(t)> t such that ∥z3(x2)− x1∥2 = (ℓ/κk′ − sk(t))2 +(sk(t) tanθ3,t)

2 ≤ (ℓ/κk′ − t)2;
re-arranging terms implies

sk(t)2(1+ tan2 θ3,t)− t2

sk(t)− t
=

sk(t)2/cos2 θ3,t − t2

sk(t)− t
≤ 2ℓ/κk′ . (50)
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Choose sk(t) = t(κk′ +1) and plug into (50) to see that (49) holds for all

t ≤ 2ℓc−2
0

(κ∗+1)2 −1
≤ 2ℓcos2 θ3,t

(κk′ +1)2 − cos2 θ3,t
.

Now for t small enough and sk(t) = t(κk′+1), we have B(z3(x2), t)⊂ B(x1, ℓ/κk′)
⊂ Lk′(x∗k). Let y3 be any point in B(z3(x2), t) ⊂ B(E, t) such that dist(y3,TL(x∗k)) ≥
dist(y,TL(x∗k)); such a point exists by construction. Now, the result holds since for all
t small enough and c1 := (1+ c0(κ∗+1)), we have

dist(y,TL(x∗k))≤ dist(y3,TL(x∗k))≤ t +∥z3(x2)− x∗k∥
≤ t + sk(t)/cosθ3,t ≤ t + c0(κk′ +1)t ≤ tc1.

References

1. Applegate, E.A., Feldman, G., Hunter, S.R., Pasupathy, R.: Multi-objective ranking and selection:
Optimal sampling laws and tractable approximations via SCORE. Journal of Simulation 14(1), 21–40
(2020). doi:10.1080/17477778.2019.1633891

2. Audet, C., Bigeon, J., Cartier, D., Le Digabel, S., Salomon, L.: Performance indicators in
multiobjective optimization. European Journal of Operational Research 292, 397–422 (2021).
doi:10.1016/j.ejor.2020.11.016

3. Augusto, O.B., Bennis, F., Caro, S.: Multiobjective optimization involving quadratic functions. Jour-
nal of Optimization (2014). doi:10.1155/2014/406092
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18. Jägersküpper, J.: How the (1+1) ES using isotropic mutations minimizes positive definite quadratic
forms. Theoretical Computer Science 361, 38–56 (2006). doi:10.1016/j.tcs.2006.04.004

19. Kettner, L.J., Deng, S.: On well-posedness and Hausdorff convergence of solution sets of vector opti-
mization problems. J Optim Theory Appl 153, 619–632 (2012). doi:10.1007/s10957-011-9947-7

20. Li, M., Yao, X.: Quality evaluation of solution sets in multiobjective optimisation: A survey. ACM
Computing Surveys 52(2) (2019). doi:10.1145/3300148
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