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1. Introduction

2. Classical strings

2.1 Action and equations of motion

A convenient method to describe a physical system is through a principle of minimal
action. Given an initial and final state for the system, a number, the action, is assigned
to every possible trajectory. The classical trajectory that the system follows is the one
which has minimal (or extremal) action. For example Newton’s equation for a particle
in an external potential follows from the action:

S = /dt %m (%f) V@) (2.1)



and the equations of motion for a relativistic particle in an external electromagnetic

field A, from the action:
S = m/ds+q/ x)dz" (2.2)

Exercise Verify that extremizing eq.(2.1) gives Newton’s equation

— = —-VV(2) (2.3)

and that extremization of eq.(2.2) gives the (relativistic) equation of motion for a
particle (see appendix for notation) in an electromagnetic field

d mv -, -
%?_UQZq@juuxB), (2.4)
where R
0A - o

= —Vqﬁ 4+ — e B=V x A. (2.5)
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Figure 1: From all possible trajectories, the particle follows the one with minimal action.

Now we would like to find a principle of minimal action for a string. Given an initial
and final shape for the string, all possible trajectories are surfaces that describe the
motion of the initial shape into the final one. Topologically these surfaces are cylinders.
To each of them we want to assign a number. A natural suggestion that generalizes



the action of a particle is to assign to each trajectory, the area of the corresponding
surface. A way to understand the physical meaning of this is to divide the string in
portions of fixed length and consider each portion as a particle of mass proportional to
the length. Using eq.(2.2) (with no external field) we would get the total action as the
area of the surface.

Figure 2: A string also follows the path of minimal action.

We should now get a concrete formula for the area. The surface is parameterized
by two coordinates that are usually called (o, 7). The surface is given by functions
X*(o,7). The coordinate o runs between 0 and 27 and the functions X* are periodic
in 0. The parameter 7 runs between and initial 7; and a final 74 value. The functions
XH(o, ) satisfy:

XM(o,m) = X' (0), XM(o,17) =Xf(0), XM(o+2m,71)=X!(0,7) (2.6)

where X} (o) and X (o) are the (arbitrary) initial and final shape of the string.

To compute the area of the surface determined by the functions X* (o, 7) we use
standard analysis with the caveat that the space time metric is Minkowski. To do
that consider first the standard Euclidean case, where we embed a surface in R". In
that case, we compute the area by making a grid in o, 7, sum the areas of all the
small rectangles and then taking the limit of the size of the grid going to zero. If we
are at a given point X*(o,7) and change o by do, the position is going to change by
dX{ = 9,X"do and if we move in 7 by dX} = 9, X*dr. The area of the corresponding



parallelogram (see fig.3) is
dA = ‘XmudXﬂSiIlng (27)

where 6,5 is the angle between the two vectors dX; and dX,. The simplest way to
compute the angle is to use the scalar product:

Xm.dXQ = ’XmHdXQ‘ COS@H (28)

which then gives
(dA)? = |dX12|dXs]* — (dX1.dX5)? (2.9)

The area can then be computed as

A= / do dr+/(0,X)2(0:X)? — (0,X.0.X)? (2.10)

Exercise Verify that for a sphere parameterized as:

X1 = Rsinfcos¢ (2.11)
Xy = Rsinfsin ¢ (2.12)
X3 = Rcosf (2.13)

the previous formula gives the standard result for the area.
The generalization to Minkowski space is simply to consider the scalar products
with the Minkowski metric, namely

@UXﬁTX - —&,XO@.,XO -+ &,Xlanl -+ &,XQ@TXQ -+ &,Xg@TXg (214)

and the same with the other ones. The string action is then

S

/ do dr+/(0,X.0,X)2 — (0,X)2(0,X)? (2.15)

2mal

where we changed signs inside the square root because otherwise, in Minkowski space,
the area would be imaginary. Also we included a constant o’ with units of length
squared to make the action adimensional. Anticipating that we are going to quantize
the string, we take h = 1. Usually the action has the same units as A and since h =1
now is adimensional. The physical interpretation of 1/a/, as we see later, is the tension
of the string. Namely, a string of length L has a mass L/alphd’.

After having obtained the action we have to find the equations of motion that
describe the trajectory that minimizes it. Let us derive those equations in general.
Suppose we have an action

S = / dodrL(X",0,X", 0. X" (2.16)
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Figure 3: Computation of area element.

where £, the Lagrangian is an arbitrary function of X* and its first derivatives. Let
us say now that X*(o,7) are the, as yet undetermined functions, that minimize the
action. The statement means that, if we perform a first order variation X — X +6X
then, at first order the action remains stationary. This assumes that the variations
respect the boundary conditions, namely:

0XH(o,1) =0, 6XH*(o,77) =0, 0X"(0o+2m,7)=0X"(0,T) (2.17)

Formally, we have

- 6S
— - 1
S S—I—/dadT X T)ch (0,7) (2.18)
+1/d d /d d 5 SXP (01, m1)0X" (09, 73) +
g | 714N 20T dXH(o1,m)0X" (02, T2) onn OB T2

If Bifu is not zero then performing different variations 6 X* we can get the action to

increase or decrease at will, namely we cannot be at a minimum. The first variation is

computed from

5S = / dodrL(X"+6X", 0, X" +0,0X", 0, X" +0,0X") — / dodrL(X",0,X",8,X")
(2.19)



where only first order terms in the variation are to be kept. A little algebra leads to

oL oL oL
= Xt ———— 0,0 X"+ ————=0,0 X" 2.2
58S /dngﬁX“(s + 0(80X“)806 + 8(8TX“)676 (2.20)

In the last two terms it is convenient to integrate by parts. This gives rise to a boundary
term in the integral in 7 (not in o since that coordinate is periodic). In total we get

oL oL oL oL
= - — X X
08 /dadT{ﬁXﬂ 800(00)(“) 378(872(“)}5 + {8(072(“)6 ]

!

(2.21)

%

Since the position of the string at the initial and final times is fixed we consider, as
mentioned, only variations such that X*(o,7; r) = 0 which eliminates the boundary
term. We get in the end:

6S oL oL oL
SXr T OXK a”@(&,X“) - aTa(aTXu) =0 (2.22)
with
L(X,, 0, X" 0, X" = \/(0,X.0,X)% — (0,X)2(9,X)? (2.23)

These gives the equations of motion:

(0,X.0,X)0, X" — (0, X)%0, X" (0,X.0.X)0, X" — (0,X)%0, X"
" V00, X.0,X)2 — (8,X)2(0,X)? " V(0 X.0,X)2 - (8,X)%(8,X)?
(2.24)
one for each value of p.
These equations determine the surface of minimal area. Consider now an example
of a solution to these equations. Consider a string moving in a plane (z,y) and propose
a solution!:

t = KT (2.25)
x = KsinocosT (2.26)
y = KksinosinT (2.27)

To understand the shape of the string it is convenient to consider the complex coor-
dinate z + iy = ksinoe’” which shows that the string extends in the radial direction
to a distance x of the center and is folded over itself (remember 0 < ¢ < 27). The

'Here we give the solution, later we are going to learn how to find such solutions



dependence in 7 (which is identified with time up to a constant ) is simply a rotation
in the (z,y) plane. We can compute now:

X* = (t,z,y) (2.28)
0. X" = (k,—Ksinosin T, Kk sin o cos T) (2.29)
0, X" = (0,Kco80 COST, KCososinT) (2.30)
(0.X)? = —k* + K*sin’ 0 = —k*cos’ o (2.31)
(0,X)* = K*cos’ o (2.32)
(0, X.0,X) = 0 (2.33)
which implies

V(0,X.0,X)? — (0,X)%(0,X)? = k*cos’ o (2.34)

The equations of motion (2.24) reduce to
(97 —32)X* =0 (2.35)

for « = 0,1,2. This is just the usual wave equation and it can easily be seen that the
functions in (2.27) satisfy it.
Another example appears when we consider one coordinate to be periodic:

r=x+21R (2.36)

for some radius R. This is an example of compactification of a spatial dimension,
something that we are going to use later. Here we can see it as a trick to get a simple
solution. In that case we can take

t = kT (2.37)
r=0R (2.38)

and is easy to verify that all equations are satisfied. Note that we have to take the
coordinate = to be periodic to respect the periodicity in o.

To finalize let us mention that one possible but unrelated application is to find
the shape of a film of soap attached to a given contour. In that case, in a static
configuration, the film of soap minimizes the energy which is the area times the tension
of the film (as opposed to the string where the surface is in space-time and we minimize
the action).

Exercise Consider two circles 22 + y?> = R*, 2 = —a and 2> +¢y> = R®>,2z = a
and suppose they represent two rings which are the boundary of a film of soap. Find
the shape of the film assuming it is the surface of minimal area. Hint: by rotational
symmetry parameterize the surface as: x = f(7)coso, y = f(7)sino, z = 7 and use
the equations of motion that we derived to obtain f(7).



2.2 Noether’s theorem and conserved quantities

For a free string, we expect that the total energy and momentum are conserved. We
can now derive this by using a general procedure due to E. Noether. We start first by
noticing that, although we consider £ to be a generic function, in reality, from (2.15)
we see that it is independent of X*#, namely it only depends on the derivatives. This
means that the equations of motion are:

oL oL
agm + 8Tm =0 (239)

Integrating in ¢ and dropping the boundary terms we get that

oL
namely
P, = / do—25 (2.41)
e (0, X~) ‘

are conserved quantities: 0P, = 0. The component F, is naturally identified with the
energy and the spatial component P; with the total center of mass momentum. Using
the action (2.15) we get

1 / 10 (0 X0 X )0 0 X — (05 X) 10 0- X
V(0:X.0,X)? — (0. X)%(0,X)?

(2.42)

¥ %

Example Consider the solution (2.27) we checked in the previous section. Using
formula (2.42) we can compute its energy and momentum resulting in

1 2m
P,=—-n a—/ do 0. X*“ (2.43)
a "omal
The only non-vanishing integral is for 4 = 0 (energy) and gives:
K
E=P=— (2.44)

That the momentum (F;) is zero, is not surprising since the center of mass is at rest.
The second example (2.38) gives

1 2
P, = / dod, X° (2.45)
0

2ma!

Again, only F, is non-zero and its value is

Py = (2.46)

| =



That means that the energy of a stretched string is proportional to the length. The
proportionality constant is the tension 1/a/.
The action is also invariant under Lorentz transformations, namely linear transfor-

mations of the form
XHP =AM, XY (2.47)

that leave the scalar product invariant. Consider an infinitesimal Lorentz transforma-
tion given by
AF, = 0F, + ent wey,. (2.48)

where w is antisymmetric (see appendix). Since the Lagrangian is written in terms of
scalar products it is invariant under these transformations, namely:

L(X,, 0, X" 0.X") = L(X,,0,X", 0. X") (2.49)

At first order in € we have:
XM= X" 4+ enwe, X (2.50)

and the same for 0, . X* since w is independent of o and 7. The fact that the Lagrangian
is invariant implies

oL oL L
o W X+ et XV b XV = 2.51
axnl Wov +8(&,X“)n Waw 0o +8(8TX“)17 Waw Or 0 (2.51)
Using the equations of motion we obtain
oL oL
T Mo auXV 7' Ry 1 1e] auXV — 2 2
o (g “eneX”) + 0 (gt e X?) =0 @3

which, as before, implies the conservation of:

oL
po v
M, = /da (7( ) M)n WarX ) (2.53)

This is true for any antisymmetric omega. Looking at each independent component of
w we obtain the conserved quantities:

1 oL oL
M* = = EE—"Ta nee— el 2.54
> / do (a@xov)” 2(0,x)" ) (2:34)

which is the angular momentum of the string.
Example Going back to our example of the rotating string, we get, after all the
simplifications due to the form of the solution:

1

4o/

MM / do (X", X" — X", X") (2.55)

— 10 —



The integral is zero for M°" and MY since the integrands are proportional to sin o or
coso. The only non-zero one is

2 27 2
Mp=J=— / sin? odo = 4“— (2.56)
0

2ra! %

which is conventionally denoted as J. Using the result we already have for the energy
(2.44) we obtain the important relation

Py=F= \/25\/5 (2.57)

that is, a linear relation between the energy squared and the angular momentum . It

turns out that mesons obey, to a certain approximation, such relation between their
mass squared and their spin (a law known as Regge trajectories). This was one of the
origins of string theory as a model for hadrons.

We can obtain other two conservation laws from the fact that the Lagrangian does
not depend explicitly on ¢ and 7. Namely, given a solution of the equations of motion
X*(o,T), after replacing in the Lagrangian we get £ as a function of (o, 7). We have:

ac oL  IL oL oL

o X4+ — X4 — 9, X 2.58
do 00 axr T e xm e T g xn (2.58)
The first term is zero % = 0 and the others can be simplified using the equations of
motion to give:
arc oL oL
= =9, [ ——a, X" 0 | =—=———0,X* 2.59
i = (") + o (g ) (259
Integrating in o we obtain the conservation law:
oL
0,P,=0; | do | =——=0,X" | =0 2.60
[ 4o (o) 200
Doing the same for 7 we obtain:
arc oL oL
— =0, | =—=—=0, X" Oy | ==——=0. X" 2.61
=0 (o) o (o) 200
Integrating in ¢ we get now
oL
PT — Ur d YT TX“ - - 2.62
0, 3/ U(@(&X“)a E) 0 (2.62)

— 11 —



Since we already obtained the conservation of energy, momentum and angular momen-
tum, it is not clear what these new conserved quantities P, ; could be. To find out we
replace the Lagrangian (2.15) that we had and actually find that

oL
=~ 9. XM= 2.
6(&,Xﬂ)a" 0 (2.63)
and o7
— 0. X' - L = 2.64
8(87Xu)(9 £=0 (2:64)

so P, = 0 and no new conservation laws appear. This is actually very important and
is related to the fact that the action is invariant under reparameterizations of ¢ and .
That is, the area of the surface does not depend on how we parameterize it.

2.3 Static, conformal and light-cone gauges

The equation of motion as they stand are rather complicated. However, as we men-
tioned, the action is invariant under reparameterizations of (¢, 7). A judicious choice of
coordinates can simplify the equations. Now we are going to see several such choices.
In string theory, a choice of coordinates on the world-sheet is usually called a gauge
choice and hence the name of this section.

The first choice is static gauge. In this gauge we identify two space time coordinates
with o and 7. For example we can choose:

X'=7 X'=o0¢ (2.65)

This reduces the number of equations that we need to solve. However, we notice that
the solutions are not general, for example already, to choose such a gauge we need
to have that X! is a periodic coordinate, otherwise the string will not be closed. A
more generic choice is to use other space-time coordinates, for example spherical or
cylindrical and then identify one of those coordinates with 0. We will see examples of
that below.

Let us consider another common choice called conformal gauge. First compute the
distance between two points on the world-sheet which are very close to each other. Let
us say we have point X (o, 7) and X (o + do, 7 + dr). The distance between those two
points is:

ds® = dX"dX"1,, = (0,X"do + 0, X"dr)(0,X"do + 0. X" dT)n,,  (2.66)
= (0,X)%do? + (0. X)%dr* + 2(0,X.0. X )dodr (2.67)

This distance is called the induced metric on the world sheet. It can be written in the
generic form:
ds* = h,pdo? + h..dm* + 2h,.dodr (2.68)

- 12 —



where

hoo = (0, X)), her = (0:X)%,  hor = (0,X.0.X) (2.69)

If we redefine (o,7) then, although the distance is the same, the components of the
metric h, o, h,;r and h,, change. Since we have two functions to choose, namely the two
new coordinates as a function of the old ones, we can put the metric in a form which
contains only one arbitrary function. In fact it is possible to prove that the metric can
always be put in the form:

ds* = €? (do® — dr?) (2.70)

In such gauge we have
hor = (0,X.0,X) =0 (2.71)
hoo + hrr = (0,X)* 4+ (0, X)* =0 (2.72)

This simplifies the equations of motion enormously because, from (2.24) they reduce

to:
(02 - ) X' =0 (2.73)

The most generic solution to these equations is
Xt =Xp(o+7)+ Xg(oc—71) (2.74)

with X r two arbitrary functions describing left and right moving waves. It appears
that we have solved the problem completely but that is not the case. For our purpose
these functions are not arbitrary, they have to satisfy the constraints (2.72). This
makes the problem complicated again but in a different way. Which gauge, static or
conformal is more convenient depends on which problem we have to solve.

There is a further refinement of conformal gauge which is the light-cone gauge.
Notice that we can introduce world-sheet coordinates o4 defined as

or=0+T (2.75)
in terms of which the reference metric can be written as
ds? = e do, do_ (2.76)

It is obvious now that if we make a coordinate change

G4 =04(04), 6-=0(0-) (2.77)
the metric transforms as don d
ds? = e* "7 0= 45 di (2.78)
doy do_

— 13 —



which has the same form. This means that our choice of gauge does not fix the coordi-
nates completely. However we are now allowed to choose two functions of one variable
(as opposed to two functions of two variables as we had before). It is convenient at this
point to also choose light-cone coordinates in space time by defining:

XE =X+ X! (2.79)

In the world-sheet there is only one spacial coordinate to do this, but in space time we
need to single out one particular coordinate (in this case X') making Lorentz invariance
less explicit. The equations of motion for these coordinates is the same as before:

(02 - ) XF =0 (2.80)

Consider X*. The generic solution of the equation of motion is

Xt =X/ (o) + X}(0o) (2.81)
We can define now new coordinates 6, = X/ (0,), 6_ = —X}(0,) such that
Xt =6, —5_=2F (2.82)

This means that we can fix the last ambiguity by choosing
Xt =2r (2.83)

This gauge is called light cone gauge. It is usually more convenient when studying the
quantum theory as we will see later.

2.4 Strings in curved space

We saw that the metric on the world-sheet is determined by its embedding in space
time. Suppose now that space time itself has a non-trivial metric. For example we can
consider that the string is constrained so stay in the surface of a two-sphere parame-
terized by polar angles (0, ¢) as:

x = Rsinfcos ¢ (2.84)
y = Rsinfsin ¢ (2.85)
z = Rcosf (2.86)

The distance between two points at (0, ¢) and (6 + db, ¢ + do) is

dz® + dy* + dz* = R*(df? + sin® 0d¢?) (2.87)

— 14 —



If we include time the total space time metric is given by:
ds* = —dt* + R*(d6” + sin® 0d¢?) (2.88)
Generically we can have a space time metric given by
ds® = G, (X)dX"dX" (2.89)

where G, are given functions of the coordinates. If we embed a string in this space we
can again compute the action as the area of the surface that the string describes when
it moves. Suppose we are in the case we mentioned before, namely that the string is
moving on the surface of a sphere. What we can do is consider the world-sheet of the
string as embedded on ordinary space time and compute the area there which gives
the result we already know (2.15). Now we can compute the same scalar products in
coordinates (#, ¢). For example:

(0,X)% = =(051)* + (05)? + (05y)* + (052)? (2.90)
= —(0,t)* + R*[(0,0)* + sin® 6(9,¢)°] (2.91)
= G0, X", X" (2.92)

So, we see that the action is the same, we only need to replace 7,, by G, in all scalar
products. The only difference is that, since GG, are functions of the coordinates then
it is no longer true that 9L£/0X* = 0. In particular this implies that momentum and
energy are not necessarily conserved. The equations of motion are now

(0,X.0,X)0- X" — (8, X )G 100, X (0,X.0,X)0, X" — (0,X)20,G e X
{ V{0, X.0.X)% = (9,X)2(0,X)? } { V0, X.0,X)% = (0,X)2(0,X )2 }
| 20,Gap0: X0, XP(0,X.0:X) — 0,Gapdr X0, X%(0,X)? — 0,Capdy X0, X% (0, X )?
N 2v/(0,X.0,X )% — (8,X)2(0, X )?

A final comment is that one can also use the formalism of curved space to study strings

in flat space when using non-cartesian coordinates. For example in spherical coordinates
we have that the metric is:

ds® = —dt* + dr* + r*df® + r* sin® 0dp* (2.93)
and therefore
-100 0
010 0
O — 2.94
0 0r? 0 ( )

0 00 r%sin®6
For some string configurations it is useful to work with a metric like this one instead
of the Cartesian one.

— 15 —



3. Quantum strings and string spectrum

Now we are going to consider the quantum mechanics of a string. Before going into
details let us describe the results that we are going to obtain since their general features
can be easily understood. First, we expect the string to have a continuous value of the
center of mass momentum. On the other hand the internal motion of the string is
bounded so, for that part, we expect a discrete spectrum. As we discuss below, the
discrete set of internal states is labeled by two infinite sets of non-negative integers
which are usually denoted as (N? _, ., N’ | _). A generic state of the string is then
given by:

) = [, N3, N2 ) (3.1)

where, as we said p* is the space time momentum, and {N! N,ﬁl} are non-negative
integers describing the internal motion of the string. The index i in N!, refers to the
transverse directions in light-cone gauge and runs from 1 to (D — 2) where D is the
number of space time dimensions. For reasons that will become apparent later we leave
the number of dimensions D arbitrary. The total energy is a function of the momentum
and internal energy. It turns out that we find:

2 ~
MZ:p(Z)—p”Z:J<N+N—2) (3.2)
where
D-2 o~ ~ D—-2 oo ~
N=>Y ) mN, N=> > mN,, (3.3)
i=1 m=1 i=1 m=1

This means that the internal motion leads to a discrete spectrum of mass. We can
therefore think a string as an infinite set of particles, each with a mass given by the
formula (3.3)%. In the rest of the section we show how to derive the spectrum and
the physical meaning of the quantum numbers N’ . In order to do that, we have to
quantize the string, namely we have to replace the classical quantities by operators
obeying canonical commutation relations. In the case of strings, a straight-forward
quantization is possible in light-cone gauge since there the variables X* are independent
and their equations of motion are linear. All quantum states are physical states of
the string. This is not that case if we do not fix completely the reparameterization
symmetry. For example in conformal gauge, many states describe the same physical
state of the string. In light-cone gauge, the only problem we face is when studying
Lorentz invariance. Since we single out a spacial coordinate, the operators that mix
X* with the transverse coordinates X* have complicated expressions and it is not

2As we see later there is a constraint N = N on the states

— 16 —



straight-forward to verify that they behave as they should. In particular, it turns out
that Lorentz symmetry is preserved only if the string moves in 26 dimensions!. This is
a rather peculiar and fundamental property of strings, namely that they determine the
dimension of space-time. Of course it is a bit odd that the result is 26 but nevertheless
quite remarkable that only a certain dimension is allowed.

Having discussed the general results, let us now concentrate on their detailed deriva-
tion.

3.1 Quantization in light-cone gauge and free string spectrum

As mentioned, quantization is straight-forward in light-cone gauge, so let us revise some
formulas. If the space-time dimension is D we have coordinates X°, X' ..., XP~1L
First we introduce two new space-time coordinates:

X+ =X04 xP! (3.4)

The metric becomes
ds® = 0, dX"dX" = —dXtdX~ +dX'dX', i=1...(D—2) (3.5)
From here we see that, in these coordinates, n,_ =n_, = —%, 1 = 1 and the inverse
nt=,m T = =2, n" = 1. We now consider conformal gauge. In this gauge there is a

residual symmetry that allows us to choose:
Xt =at +aptr (3.6)

where we introduced the constant p™. From the conformal constraints we obtain

2 . .
X =—0, X0, X" .
0, 0. X0 (3.7)
1 . ) ) .
0. X" = 0,X'0,X" + 0, X0, X' 3.8
it | + ] (38)

From here we derive a constraint on the X

2 ) ) Oé/p+ 2
/ do 0,X'0, X" = 5 / do0, X =0 (3.9)
0 0

Otherwise, the X are independent and determine completely the dynamics, since X
is fixed and X~ is derived from (3.8). Now we use the formulas in conformal gauge to
find the momenta:

1 21
Pt = /'m@xt (3.10)
0

2ma!
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Of particular interest are

1 2m
Pt = 27?0// do 0, Xt =p* (3.11)
0
1 2 1 2 ] ) ) )
P = do 0. X = — do |0, X'0, X"+ 0, X0, X" 3.12
27ro//0 7 27T(a/)2/0 g [ + } ( )

We should remember that P~ is the conjugate of X*. Since X+ and 7 are proportional
we can also think P~ as the world-sheet Hamiltonian that generates translations in 7.
We should also note that

Pt =p '+ p! (3.13)

which implies that they are both positive. Finally, we can compute the mass of the
string as:

o 1 m , . . . .
M? =P*pP~ —P'P' = o / do [0,X'0, X"+ 0, X'0.X'] — P'P"  (3.14)
0

27 (v

Since P* are conserved, so is M?2. Not only that, it is also Lorentz invariant and
therefore an important quantity to characterize the motion of the string.

Before discussing the quantization we are going to write the dynamic in terms of
normal modes which are then easy to quantize.

3.1.1 Normal modes

The X? satisfy the equations of motion
(02 —0H)X'=0 (3.15)

which are solved by
X' =Xj(o+7)+ Xp(o—7) (3.16)

Taking into account the periodicity in o we can write X* as;

X' =a"+p'ra 414/ % ; (Ea;em("”) + Ed;em(”ﬂ) (3.17)

The periodicity in o rules out a term linear in o and the rest is simply Fourier analysis in
0. The coefficients follow some peculiar conventions that are standard in string theory
and facilitate some of the calculations. The factors of o/ are necessary for dimensional
reasons. Since X' is real we should have

o', = (ab)* (3.18)
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The interpretation of the expansion is that z?, p’ are the center of mass position and
momentum. The rest simply describes oscillations of the string around its center of mass
and the af,, &, are the normal coordinates, corresponding to independent oscillations.
We can now write everything in terms of them. Using

8% — \/72 § gmin(oT) _ g gintr—)) (3.19)

n#0
0. X —pOé + [ Z —in(o+7) +Oél in(o— T)) (320)
n7£0
(3.21)
we compute
2m
0— / 40 0,X'0, X" = 7' 3" (akal, — i) (3.22)
0 n#0
which gives the only constraint among the of, @,. The momenta follow as
i 1 o i i
P = 5o dop'a =p (3.23)
- p P’ ~i o~
P p ap+ > (ool +ahat,) (3.24)
n#0
which justifies calling p’ the center of mass momentum. The mass follows as:
1 i
M2 — ~ > (ahal, +aka',) (3.25)
n#0

Finally we would like to obtain the coordinate X ~. In conformal gauge, X~ satisfies
the same equation as the X* so we can also write

1
X =z +p1d+iy/—= Z( e~ Mot 4 g el T)) (3.26)
n

However the o, are not independent variables nor is p~. On the other hand z~ is
independent, since the constraints involve derivatives of X ™. In fact, 2~ is conjugate
to the other independent variable p*. To find the «, we use that:

9 ) ,
0 X~ = ——0,X'0, X" (3:27)
pta
_ \/—p Z( i 77,TL(U+T) Oél 6m(U 7')) (328)
n#0
+— Y (ahal,eT MO _ Gia) eftrimoTr)) (3.29)
p n#0,m=#0
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Introducing the expansion of X~ and identifying coefficients we obtain

2 i /21 i i
Oén = er O{n —+ ap—Jr Z an—mam (330)

m#0,m#n

and the same formula replacing the a’s by a’s. From here we see that it is convenient
to define:

ol =/ =1’ (3.31)

_ 21 & &
a, = e Z a,, Q. (3.32)

m=—00

and write

What we have just done is reproduce the usual result that the Fourier components of
the product are given by the convolution (defined by the sum over m) between the
Fourier components of the terms.

The last calculation is to compute the angular momentum:

1 27
MH* = // do (X"0, X" — XV0. X*") (3.33)
2o 0
:x“p”—x”p"—éz:l (o/‘ al —a¥ oz“) —Ezl (07“ al —a” d“)

which can be interpreted as the sum of an orbital angular momentum plus an internal
spin. Note that we can use this formula for components such as M~ but we should
remember then to replace «,, by its value (3.30). It should be noted that in the
calculation of P* and M" the dependence on 7 canceled as it should since they are
conserved quantities.

This concludes our discussion of the classical dynamics in terms of normal modes.
We are ready to go to the quantum theory.

3.1.2 Quantization

We managed to write the dynamics of the string in terms of simple variables z*, p*,
z', p', ol ) &t . Formally, quantizing means that we replace these variables by operators
with some particular commutation relations. The operators are then represented as
linear operators acting on a Hilbert space, the space of all possible states of the string.

The canonical commutation relations are that [p,z] = —i for canonically conju-
gated variables. The momentum p is defined as the derivative of the Lagrangian with
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respect to the velocity: p = -2=. In our case we have as coordinates X;(o, 7), and the

Lagrangian is L = fo do L. The derivative gives, in conformal gauge,

oL
0(0.X) 2ma

(0, 7) = 0-X"(o,7) (3.34)

where we denote with II;(o, 7) the momentum conjugate to X*(o,7). Note that we
have

2
Pi:/ do I1;(o, 7) (3.35)
0

namely, the zero mode of II; is the center of mass momentum. The canonical commu-
tation relations read now:

(0, 7), X (0, 7)] = —i676(0 — o) (3.36)

and all other commutators vanish. Notice that the commutator is taken between fields
evaluated at the same value of 7. The function d(c — ¢”) is the Dirac delta function?.
The commutation relations should be considered as a definition of the quantum theory
but they are natural since they express the fact that II;(o) is canonically conjugated
to X'(o), namely at the same value of o and with the same index i. If 0 # ¢’ or i # j
the commutator vanishes.

We can now use that, from (3.17), we have

2m
a;, \/ / doe™ (—inX'+ 0, X") (3.37)

Using (3.36) we can compute
[od, 0] =19 6,4n (3.38)

where dp = 1 and 6,0 = 0. Similarly, from

~1 1 2 inT o —ino : i 1
G, = 1\ / e /o doe (—inX" 4+ 0,X") (3.39)

(&, al)] = ndY6psn (3.40)

[od,al] =0 (3.41)

we obtain

3Technically it is called a distribution and is defined by the equation fo% do f(0)d(c — ') = f(o')
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That means that the only non-zero commutators are

(3.42)
(3.43)

and we can consider n > 0 (since n < 0 is the same commutator). Moreover, since the
relation (3.18) becomes
ol = (a)t (3.44)

we see that the commutation relations are the standard commutation relations of the
harmonic oscillator up to a rescaling. In fact

1 : 1

obey the usual relations:
[al, (a})T] =1, (3.46)

and the same for a’. That is, o, with positive index is understood as a lowering or
annihilation operator and ! with negative subindex as raising or creation operator.
We can then represent each a’ on a space of states labeled by occupation numbers N?
such that

GIND = VRN, (@) = VELTAIND, n=l..co,  (347)
and the same with a’. In fact, N is the eigenvalue of the number operator:
Ni = (ai)lal = —a' o (3.48)

The space of states of the string is the product of all the possible states of the oscillators
and therefore is labeled by the set of non-negative integers N ' N! . An important state

is the vacuum state |0) where all N! = N/, = 0 which satisfies
a0y =0, foralln > 0. (3.49)
We still have to consider the zero modes:

e , 2 4 : o :
at = —/ dUXZ—T/ do 0, X', p' :/ do 0 X" (3.50)
2T 0 0 0

Again from (3.36) we obtain
(o, 7] = i6" (3.51)
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as expected. They can be represented on the space of wave functions ¢ (z") where z*

—1 821-. Of particular importance are the eigenstates of

ixtpt

acts by multiplication and p* =

momentum [p) with wave-function 1, = ¢*'?". We complement this by defining

(27, pt] =int™ = —2i (3.52)

to be consistent with Lorentz invariance (namely [z#,p”] = in*"). A generic state of
the string is then determined as

W) = |p*,p', N, N,) (3.53)

where pt, p’ are real numbers and N!, N7, non-zero integers.

Now we have to extend this to all operators which, generically, are sums of terms,
each of which is a product of o, &'. When doing that one has to face the problem
that the o, do not commute. For that reason it is important to define normal ordered
operators. Those are operators such that all annihilation operators appear to the right
of the creation operators. Since creation operators commute among themselves and so
do the annihilation ones, that defines uniquely the order in which to multiply them.
The important property of normal ordered operators is that their expectation value in
the vacuum is finite. In fact it is given by whatever c-number term one has since all
terms containing operators have zero expectation value in the vacuum. For example,
for the operator

A= Z alal (3.54)

we have
(0]A]0) = O]Za a', |0) = Zn = divergent (3.55)

n>0 n>0

On the other hand, the normal ordered operator that we denote as : A : is

=) ahal,=2) o o (3.56)

n#0 n>0

and satisfies
(0] : A:]0)=0 (3.57)

Of course A and : A : are not the same, they differ in commutators which in this case
is an infinite constant. We should always work with normal ordered operators which
are well defined (as opposed to for example A in the previous example).

After this digression we are in position of writing all momenta and angular momenta
in terms of the oscillators. The momenta p* and p’ are trivial but P~ is precisely of

— 923 —



the form of the operator A we discussed in our example. We define it to be equal to

PP 2 (N N
P = + Py (Z afn@njtZafnan —2a> (3.58)

p+

When going from the classical to the quantum expression there is an order ambiguity
that we resolved by writing the operators in normal ordered form. However one can
think of other orderings that differ by a commutator which in this case is just a number.
For that reason we introduce the (for now) arbitrary constant a. If we introduce the

notation
D—-2 oo ~ o0 D—-2 oo _
N= Za_n o =3"5S"mNi, N=Nala =3 mAa, (3.59)
i=1 n=1 n=1 i=1 n=1
we have o
p- =7 (N+N—2a) (3.60)
opt  alpt :

and the condition (3.22) upon quantization becomes

N=N (3.61)

which is usually called the level matching condition (since N is sometimes called the
level). That means that the total contribution to P~ from left and right moving
oscillators is the same but the states can be different.

With all this in mind we find the mass spectrum to be
2

¥ (N + & —2) (3.62)

M? =

The degeneracy of each mass level is determined by different ways in which we can
choose the N/ and N/, such that N = N is fixed.
The lowest levels are:

vacuum: N = N = 0. Mass: M? = —42_ One state: |0).

a/

first level: N = N = 1. Mass M2 = 4-9) (D — 2)? states: o/_ldil|0).

o

second level: N = N = 2. Magss M2 = 2&9) 1(D —2)*(D + 1)? states:

0%

(D — 2)? states: o L& ,|0),
(D —2)*(D — 1) states: al ol @k ,|0), (3.63)
3(D —2)%(D — 1) states: al &l ak o), '
1(D —2)*(D —1)? states: o' a;—1a",a" |0).
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To understand the spectrum we should remember that massive particles transform in
representations of SO(D — 1) and massless ones in representations of SO(D — 2). At
level two we have (3(D —2)(D +1))? states. Since the number of states in the traceless
symmetric representation of SO(D — 1) is precisely 3(D — 2)(D + 1) we seem to have
two copies of such representation. In fact such representation splits into the singlet,
traceless symmetric and vector representations of SO(D — 2) which is what we have in
the left and right moving sides.

However, at level one we have a representation of SO(D — 2) which cannot be
lifted to a representation of SO(D — 1). We expect then this level to be massless and
therefore a = 1. In that case we have massless particles in the symmetric traceless,
antisymmetric and singlet representations of SO(D —1). These states are the graviton,

the B-field and the dilaton. From here is where the idea of string theory as a theory
4
a/
which means that there is a tachyon. The potential for such field is an upside down

of quantum gravity arose. However, if @ = 1 we have that the vacuum has M? = —

quadratic potential and the theory is unstable. In later section we find a solution to this
problem but for the moment we are going to study the bosonic string a little further.

3.2 Massive and massless particles in D dimensions

In this subsection we briefly recall some facts about massive and massless particles in
arbitrary dimension D.

3.2.1 Massive particles

The different states of a particle are labeled by their momentum and polarization. The
momentum p is such that p?> = —m? where m is the mass of the particle. For a fixed
momentum, there is always a frame where the momentum is of the form:

p=(m,0,0,...,0) (3.64)

that is where the particle is at rest. After fixing the momentum, a particle still has a
discrete set of possible states which are its different polarization states. If we perform
an SO(D — 1) rotation in the spacial directions, the momentum does not change, i.e.
the particle is still at rest. However the different polarization states of the particle
transform into each other filling some representation of SO(D — 1). Examples are:

Scalar particle Corresponds to the identity representation, namely a single state in-
variant under rotations.

Vector particle The states transform in the vector representation of SO(D — 1),
therefore there are D — 1 states.
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Two index antisymmetric representation The states are organized into an anti-

D—1)(D—2)
2

symmetric tensor of two indices. Therefore it has ( components.

Two index traceless symmetric The states transform as a two index traceless sym-

D(D—1)
2

metric tensor. Therefore it has — 1 states.

3.2.2 Massless particles

A massless particle moves at the speed of light and there is no frame of reference where
it is at rest. However we can always choose our axis such that one of them is parallel
to the direction of motion. Namely, we can take the momentum to be of the form

p=(kk0,0,...,0), = p*=0 (3.65)

for some k. Now, we can perform an SO(D — 2) rotation that leaves the momentum
invariant and therefore only transform the different polarization states among them-
selves. Thus, the polarizations of a massless particle fit in representations of SO(D —2).
Examples are:

Scalar particle Corresponds to the identity representation, namely a single state in-
variant under rotations. It is the same as in the massive case.

Vector particle (gauge boson, e.g. photon) The states transform in the vector rep-
resentation of SO(D — 2), therefore there are D — 2 states.

Two index antisymmetric representation (B-field) The states are organized into

(D—2)(D-3)
2

an antisymmetric tensor of two indices. Therefore it has components.

Two index traceless symmetric (graviton) The states transform as a two index

D=DD=2) _ | gtates.

traceless symmetric tensor. Therefore it has 5

Notice that, in four dimensions, both, the photon and the graviton have two polariza-
tions but in higher dimensions that is not the case any more.

To write a Lorentz invariant equation of motion for a massless field we need to
add unphysical components to fill a finite dimensional representation of the Lorentz
group. For example a photon is represented by a vector field A, with D components
of which only D — 2 should be physical. The fact that there are extra components
which are not physical means that there is a large symmetry because changing the
value of the non-physical components at any point of space time should not change the
physics. The symmetries that arise are local, namely depending on parameters which
are arbitrary functions of space-time, and are called gauge symmetries. We proceed
in the next subsection to see how the equation of motion and the gauge symmetry
eliminate the unwanted components reducing the field to its physical components.
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3.3 Massless vectors

A massless vector field is represented by a field A,. We have to impose a gauge invari-
ance, compatible with the Lorentz symmetry, to eliminate the unwanted components.
The only possibility is:

A, = A, + 0, (3.66)
where A is an arbitrary function of the position and the statement is that A, and A”
describe the same physical situation. Consider now an equation of motion for A, which
we are going to take to be up to second order in partial derivatives. Since we need D
equations for D variables, we need to construct a vector out of A,, 0,4, and J.54,.

The most general possibility is:
@0pa Ay + 00,0 An +cA, =0 (3.67)

where repeated indices are contracted with the Minkowski metric n** and a, b, ¢ are
arbitrary constant coefficients. If we write the equation in terms of flu = A, + 0.\, we
get

a0na Ay + V00 Aa + €A, — aDnap ) — bOyaa) — cON =0 (3.68)

If we impose gauge invariance, namely that, for any A, the equation for A were the
same as for A, we need to have

a=-b c¢=0 (3.69)
and the equation of motion is then
OnaAy — OpaAa =0 (3.70)

which is the Maxwell equation for the vector potential.

Now we want to see that the equation of motion and gauge invariance determine
that, for a wave with given momentum p there are only D — 2 physical polarizations.
We start by noticing that we can always do a gauge transformation to an flu such that
3af~la = 0. Indeed we just need to choose A such that

Onah = —OnAn (3.71)

which can always be done. In fact this is just a wave equation with a source that can
be solved for example by the method of Green functions. In this gauge, known as the
Lorentz gauge, the equations of motion simplify to

Onad, =0,  04Aq =0 (3.72)
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The solutions are plane waves. For a given momentum p = (k, k,0...,0) we have
A, = a,e?” (3.73)

which solve 9,,A4, = 0 if p* = 0 as we have. The vector a,, is a constant vector called
the polarization. It has D components but they are not independent since the gauge
condition d,A, = 0 implies

n“”p“al, =0, = —kag + ka; =0, = ap = a1 (374)

So it has only D — 1 independent components, still one more than the expected D — 2.
Now we notice that we have not fixed the gauge completely with the condition d,A, = 0
since a gauge transformation

A, =A,+ 0, (3.75)
leaves this condition invariant if

Ona A =0 (3.76)

So we still have a freedom that can allow us to eliminate one more component. Consider
then a gauge transformation generated by

A = X (3.77)

where A is a constant. The vector A, = G,e* has components

4, = a, +ip A, de ay=a =ag+ik)\, @ =a; i=2,...(D—1) (3.78)

If we choose \ as
p—— (3.79)
1k
then the only non-vanishing components of A are A; with i = 2...(D — 1), namely
D — 2 independent components as expected.

In summary, we can impose a gauge symmetry and write an equation of motion
in a Lorentz invariant way for a vector field A, such that only D — 2 components are
physical. The same number we obtained by group theory considerations for a massless
vector representation.

Finally, if we want to put a source to the equation, namely couple the photon to
charged matter we can do so by constructing, out of the matter fields, a vector j,, the

current, and inserting it in the right hand side of eq.(3.70):
OaaAy = OpaAa = Ju (3.80)
Taking the derivative d, on both sides we obtain
0udp = Op (OaaAy — OpaAa) =0 (3.81)

namely j, has to be a conserved current.
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3.4 Graviton: massless two index traceless symmetric representation

In general relativity the gravitational interaction is described by variations in the space
time metric. Thus, the (square) distance between two points whose coordinates differ
by dx* is given by

ds® = g,,(x) dz"dx” (3.82)

where g, is a symmetric tensor function of the position. For our purpose here we only
need to consider small fluctuations around the Minkowski metric, namely:

Guv = N + h;w(x) (383)

where the components of h are much smaller than 1. Since gravity is a long range
force the fluctuations h,, should describe a massless particle. An obvious candidate is

(D—-1)(D—-2)
2

the traceless symmetric representation which has — 1 components. On the

other hand h,, has w components so the equation of motion together with a local

symmetry should eliminate some of them. The correct equation of motion follows from
general relativity and is the linearized Einstein equation. We can derive it here doing
the same procedure than in the previous section for the photon. The most general local
symmetry we can impose is generated by a vector §,:

h;w - h,uzz + aﬂgl/ + 81/5# (384)

If the equation has up to two partial derivatives, it has to be a combination of O,sh,.,
Oahyw, and hy,. It has to be a two index tensor, so the most general equation is

aOna by + 00 haa + cOaphay + dOayhay + €hyy = 0 (3.85)
Imposing gauge invariance as before determines:
a=b=—-c=—-d, e=0, (3.86)
and the equation becomes
Onalyy + Ouhaa — Oaphar — Oavhay =0 (3.87)

Now we have to use the equation of motion and the gauge symmetry to determine how
many physical components we have. First notice that we can rewrite the equation of
motion as:

1 1
Oaalyw — 0, (c%ha,, - E&,hw) -0, (c%hw — éﬁﬂhw) =0 (3.88)
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Thus, it seems natural to choose the gauge condition

aozhfozz/ - 1al/h/ozoz =0
2

(3.89)

To see if that is possible consider an A which does not satisfy that and perform a gauge
transformation of parameters &, to h,, = hy + 0,8 + 0,&,. It is easy to see that h

satisfies the gauge condition if

aaaf,u = - |:aahow - %auhaa:|

(3.90)

which is again a wave equation with source for the £, and which can be solved. In fact,

we can do still slightly more since we have

hoza = hoza + aafa
we can always choose &, such that

aafa = _haa

(3.91)

(3.92)

which implies hae = 0. Putting everything together, we find that the equation of

motion is reduced to

Bachy = 0
Doy = 0
hoo = 0

The solutions of the wave equation with given momentum p = (k, k,0 .

form
1 ipx
hyw = hye?

where ﬁuy are constants related by

Onhoy = 0 —kho, + khy, =0

-1

hii =0

= naﬂpaﬁﬂu = 07

)

_77/00 —‘l_ 77/11 +

1=

hoza = Oa =

[\

(3.93)
(3.94)
(3.95)

..,0) are of the

(3.96)

(3.97)

(3.98)

From the first equation we get, taking ;1 = 0 and p = 1, that hoy = ho; = hi; and
taking p = 4 that hg; = hy;. We conclude that, in this gauge the matrix l_zw, is of the

form: B - - B
]_100 ]_100 ]_102 l_lo(D—1)
]_100 ]_100 ]_102 ]_lo(Dq)
B = hoa hoa haa hap-1)
ho(p—1) ho(p—1) hap—1) *** R(p—1)(D-1)
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and we have to impose —hgg + hi1 + ZZZ_QI hy; = Zf):_zl h; = 0. As before, we still have

a gauge invariance generated by §,’s that satisfy
00l =0, 0.6a =0 (3.100)
This means that they are of the form
§u =87, pE=0, = —k&+kG=0, = &H=¢& (3.101)

The gauge transformation that they generate is

By = by +ip,E0 + i€, (3.102)

It is clear that such gauge transformation with &, = &; preserves the form (3.99) of the
matrix h which had to be the case since they preserve the gauge conditions. The new
independent components are:

hoo = hoo + 2k, (3.103)
hoi = hos +ik&, i=2...(D—1) (3.104)
hij=hy i,j=2...(D—1) (3.105)
Taking B B
hOO hOi
=——, §{=-—— 3.106
50 2/Lk’ 5 /Lk ( )

we get that the new matrix h is of the form:

oo 0 .- 0
oo o0 .- 0

huv = | 00 hoy -+ hap-1) (3.107)

00 hap—1y -+ h(p—1y(p-1)

and we still have Zi;l hi; = 0. Therefore we see that the physical degrees of freedom
are precisely those of a traceless symmetric matrix of (D —2) x (D —2) as we expected.

Summarizing we were able to write a gauge and Lorentz invariant wave equation
for the graviton that left only (Dfléﬁ
is in fact a non-linear theory and the equations we got are valid only for small fluctu-

— 1 physical components. General relativity

ations. However these small fluctuations are the gravitational waves whose number of
independent polarizations we wanted to count.
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Finally, if we want to put a source to equation (3.87) we need a two index symmetric
tensor S, to write

Onalyy + Owhaa — Oaphar — Oavhay = S (3.108)
Taking the derivative 9, on both sides we get:
0uSw = Opwhaa — Owaliay = 0u (Ouphaa — Oaphan) (3.109)

At first sight, it seems that S, does not need to satisfy any equation, but, if we compute
Sae from (3.108) we get

1
éSaa = Ouphaa — Oaplap (3.110)
so that S, in fact has to satisfy the equation:
1
0uSuw — 5&,5&& =0 (3.111)
If we define the tensor ]
T =Suw— énuySaa (3.112)
we have
0T, =0 (3.113)

namely 7}, is a conserved tensor which can be identified with the energy momentum
tensor. From the definition of 7),, in terms of S, and from (3.108) we can write and
equation for h,, with T}, as a source:

[aaah,uu + a;whaa - aauhau - aauha,u] — Nuw [aaah,@ﬁ - aa,ﬁ’haﬁ] - T,uzz (3114)

If there is no source 7, = 0 we get an equation for h,, that is exactly equivalent to
(3.87).

3.5 Lorentz symmetry and the critical dimension

To see if the theory is Lorentz invariant we have to consider the Lorentz generators
which are the components of the angular momentum:

M™ — ghp? — 2Vph — Z % (a0l —a”ak) — ZZ % (a",ar —a”,ak) (3.115)
n=1 n=1

We should now check the commutation relations:

(M, M*P) = —in”* M™ + int* M" + in"® M — in® M** (3.116)
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A particular case is

(M=, M7"] =0 (3.117)
If the commutator does not vanish, it is problematic since it implies that the Lorentz
group is not a symmetry of the string. It turns out that quantum mechanically the
commutator vanishes only if the number of dimensions is 26 and a = 1. To see that let
us write:

, 2 21
M~ =x'p —a27p —2@\/ EZ—2 ——JFEZ (3.118)
ap
where
E' = — (o' Ly — L o 3.119
S ) 3119
with
Ly = )% pran (3.120)

and the same for £ and L,,.
Before continuing it is instructive to compute the commutator of the operators £,,.
Using the value of «,, that we found in (3.30) we get:

o0

1 ) )
L, = 5 Z Lay a0 (3.121)

n=-—00

Since n # 0, [a!,_,, a!] = 0. Therefore we can drop the normal order and compute

(L, L] = Zan - n,za ok (3.122)

-5 Z n n n+m (n - ﬁ)gifﬁ+m04%) (3123)

= (n—m)Lpim (3.124)

where in the first step we used [AB,CD] = AC|B,D] + A[B,C|D + C[A,D]B +
[A,C]DB and in the last step we shifted 7 — 7 — m in the first sum. We see from
here that, if n +m = 0 we get Ly which we have actually not defined. In fact, £
is related to p~ and has normal ordering ambiguities. Let us compute that special
commutator. When doing so we have to be extremely careful and always use normal
ordered expressions. Consider now n > 0. We have

n—1
o .. 1
En =1/ 5]7204; + 5 Za *04 + ngn SR ) (3125)
n=1
o 1n_1 ) ) . ;
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For example in £, the first term is an annihilation operators, the second term has
two annihilations ops. and the third, one creation and one annihilation. We can now

compute:
a 1n7172 i 1 N i i
L., L] = S 5 ) Mo, g (n—n)a’ o (3.127)
n=1 n=1
e} o¢]
+ Z(ﬁ +n)a’ ol — Z na', ok, (3.128)
n=1 A=1
o oo 1n71
= S'p' + 2nm21 ol + 5 ﬁzl(n —7) [ak,a ] (3.129)

where the commutator appears when we normal order the terms and the rest is similar
to the calculation of [£,,, £,,]. We can now compute:

[y

n— n—1

1 o 1 . D—=2
3 ﬁ:1(n —n) [af, 0] = 5 ﬁ:1(n —n)nd" = T (n® —n) (3.130)
If we now define .
Lo = %pipi +N—a (3.131)
we obtain
(L, L] = 2nLy + ——=—(n® —n) + 2na (3.132)

12
If we do the same for the left moving modes we see that the definition of L is chosen
so that we can write

2 ~
P = (£o+ £o) (3.133)
In total, it turns out that the £, obey an algebra:

D -2
12

(L., L] = (n—m)Lpym + ( (n® —n)+ 2na) Smin (3.134)
which is called a Virasoro algebra (with central extension). Classically one can see that
the second term is absent. This phenomenon is called an anomaly and means that a
classical symmetry is not present quantum mechanically.

This lengthy calculation is a preliminary step to understand the computation of
the commutator [M*~, M7~]. As a first stage of that calculation we use [z, pT] = —2i
and the definition of p~ to obtain

[z".p ]=p—+p ;[ ]=p—+p (3.135)
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from where we find
[2'p” — 2 p,alp —2 Pl =0 (3.136)

The second stage requires computing

(2", L,] = W (3.137)
[, B'] = \/7 BV = — \/7 Za,na,ﬁ o al) (3.138)

and using again [x7, pT] = —2i to get

i— Al — 4 2 J 'i_iij*_ 8 N 5
(M=, M) = — ToE \/7(pE —pEY) p+Ep a/(p+)2[E,E](3.139)

—ﬁ\/g <pZEJ —p7EZ) - %E”p_ - ﬁ[ﬂ, £9](3.140)
At this stage we could use the same techniques than when we computed [L,, L,,].
However we can reason in the following way: after evaluating the commutator [E*, E7]
the right hand side will be a sum of terms at most quartic in creation and annihilation
operators. As we saw in the previous computation, a quantum mechanical anomaly
can appear from normal ordering the terms. The anomaly can therefore have at most
two oscillators. One can easily see that the indices of the oscillators should add up
to zero which leaves only quadratic or constant terms. By rotational invariance any
constant term should be of the form §% which is impossible since the result should
by antisymmetric in ij. In fact we can take ¢ # j since for ¢ = j the commutator is
obviously zero.

We conclude that, quantum mechanically, we can have contributions quadratic in
oscillators, namely

(M=, M7 = Z em(at, al —a al) (3.141)
m=1

and a similar contribution from the right moving modes. We can obtain such contri-
bution from evaluating

(Olak &k (M=, MI7] ol &, |0) (3.142)

where we put the same oscillator number in the left and right moving modes as required
by the level matching condition. We can also concentrate on the left moving modes
since the other terms in the commutator give the same result. We start by computing

(0| Lmcd,,|0) = ,/%mpj, (Olal £_]0) = ,/%mpi (3.143)
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which helps us to find that

(Oed E7al,,|0) = my % (677ph — 67p%) (3.144)

It is also simple to see that

i — p'p 2 O ik i ik i
Ok E9p=al |0) = (p+ + o (N+N—2a)) m (667" — §7%6™) (3.145)

where N = N = m (although we are ignoring the right moving modes we have to
remember that they contribute to V). Finally we can use that

(0], Z —L_pal = (0] [,/ —pFal, +Z—a,’; ., ;] (3.146)
to simplify

; m—1
(0l [, BVl Hzm«Wuﬁ = pai, - aﬁmﬁ (3.147)

o m—1 m '
Flat! + Y —al o, = 8Ly | [0) (3.148)
n=1

We can now compute

! D -2
(0L o1 |0) = %mp P+ T (m® —m)  (3.149)
m—lm ' 1
(0| L Z —a’ ol 10) = §m2(m — 1) (3.150)
n
1 ,
m§j—umn71 nl0) = Sm¥(m = 1) (3.151)
m—1m—1
m ZZM (Olag,ponalzag ,|0) = m?(m —1)§"5",  (i#j) (3.152)
n=1 n=1
Using this we find
i g _mO/ ik g1 Gl ik ki 1 il gk
(Ol B, Elal,,0) = == (6"p'p' + 8”'p'p" — 7"p'p' — 6"p"p") (3.153)
- . ! D—2
+ (677" — 57%6™) (_m2 P+ 2m? —2m? — T(m?’ - m))
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We can now put everything together and compute:

(Olakak, (M=, M7 ol a6l J0) =
m(;ici{ _ 4m <5jk'pipl — gk — ki +5ilpjpk)
(pt)?
4m 2 | 2 Y ik cjl ik sil
“%7y pl+a<N—|—N—2a) (5767 — g7 (3.154)
8 mao’ . o o o
_WT (5ka]pl + 5glpzpk . 5]]€p2pl . 5zlp]pk)
8 ik sl ik sil ma’ 3 s, D=2 4
_ T2 9 9 _
+O/(p+)2 (67670 — 57%5") 5Pl 2m +2m* + 3 (m* —m)

plus a similar contribution from the right moving modes. Although many terms cancel,
after we use N = N = m we get
&k [M M) ol Gl |o) = (3.155)
8 PT i o 0o |26 — D D —2—24a
— SR (67§t — §TRGT) | =——m? — | (3.156
()2 ( TR (3-156)

This can only vanish for all m if D = 26 and a = 1. We managed to quantize the

(O

theory but at the price of obtaining a tachyon and living in 26 dimensions.
We conclude this section by studying the dependence between mass and spin which

classically was found to be M = ,/%ﬁ . To do that define the operator:

o’ =al, +ia?, (3.157)
We can easily compute
[M*2,02,] = —i [(041—104% —aZay), OfiJ =aZ, (3.158)
which implies that
M*"(a?)7]0) = J(aZ,)”0) (3.159)

Therefore the state |J) = (a?;)”7|0) has angular momentum J = 0...o00. Its level is
clearly J since we have J oscillators each of wave-number one. We can put the same
state in the right moving part which then gives angular momentum 2.J. The mass is

2 . 2
M= = <N+ N - 2a> = =(27-2) (3.160)

and then

/2
M? = J\/2J -2 (3.161)
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which is equal to the classical one for large J except that the total angular momentum
is quantized. More generically, we see that

!/
%MQ +2 = integer (3.162)

For a given spectrum of particles one can in principle observe this behavior even if the
integer is not associated with angular momentum.
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4. Superstrings

The superstring generalizes the bosonic string by incorporating fermions propagating
on the world-sheet. The first important difference is that the superstring does not
have a tachyon thus avoiding a severe problem of the bosonic case. Besides that, the
critical dimension is now 10 and the theory has space-time fermions. These fermions,
together with the bosonic states form, at each mass level, representations of supersym-
metry, a larger symmetry than the Lorentz symmetry. Whereas the different states
making up a representation of the Lorentz symmetry are associated with polarizations
of the same particle, supersymmetry relates the states of different particles with the
same mass (although of course they can be interpreted as different states of the same
“superparticle”).

To understand the space-time symmetry, the first thing to do is to generalize spinor
representations to higher dimensions. Since superstrings live in 10 dimensions, the
appropriate Lorentz group is SO(9,1). The different polarization states of massive
particles fill representations of SO(9) and those of massless ones fill representations
of SO(8). Moreover, since we are going to work exclusively in light-cone gauge, the
only manifest symmetry of the theory will actually be SO(8), although, of course, one
can construct all the Lorentz generators as in the bosonic case. For that reason it
seems appropriate to start our study by considering the rotational group in arbitrary
dimension.

4.1 Spinor representations of SO(n)

The group of rotations in n dimensions can be represented by orthogonal matrices A
of n x n, namely satisfying
AtA =1 (4.1)

These matrices act on an n-dimensional space of vectors v by multiplication:
v— Av (4.2)

and the representation is irreducible, namely there is no subspace invariant under all
rotations. We can always write A as

A=eM (4.3)
where, if A is orthogonal, M is antisymmetric, 7.e.

M=-M = A'=A (4.4)
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as can be easily seen. An n X n antisymmetric matrix is determined by %n(n —1)
parameters. For example defining the matrices M as

(MY) =551 — 860 (4.5)

Pq P q q-p

we can write a generic matrix M as
M == QZJMZ] = A == €9ijMij (46)

where ¢, j are summed from 1 to n. In the previous expression, 6;; are numbers with
0;; = —0;;. Notice that the indices 7j in M* indicate which matrix we are dealing with.
For example M'? is the matrix

010...0

L, | -100...0

ME=1 (4.7)
000...0

and the same for all the M%. The matrix M% represents an infinitesimal rotation in
the (i, j) plane and commutes with another M* as

(M9, MM] = 68 MI* 4 575 Mt — 5% Mt — 57 (4.8)

as can be found by explicitly computing the matrix elements of both sides using the
definition (4.5). Sometimes it is convenient to define hermitian operators as

JU = iM" (4.9)
which commute according to;
[Jij, Jkl] =1 (6”ij + g7k gt — 5tk gt — 5ﬂJik) (4.10)

The representation we discussed is the fundamental or defining representation of SO(n)
and of its Lie algebra so(n). In the following we try to find other representations
of the Lie algebra, namely of the generators J%. This simply means finding a set
of $n(n — 1) matrices obeying (4.10). If the matrices are of, say, m x m then the
representation is m-dimensional, namely, the generators act on m-dimensional vectors.
After that, by exponentiation as in (4.3) we get an m-dimensional representation of
the full rotational group. In previous sections we saw some examples. Indeed, given
the fundamental representation we saw that one can construct tensor representations
by direct product. Although reducible, these representations can be easily decomposed
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into irreducible ones. For example, the two-index representation splits into the two-
index antisymmetric representation, the two-index traceless symmetric and the singlet
or identity representation given by the trace. However, now we want to look for other
representations called spinor representations which can be found by generalizing the
well known construction of SO(3) spinors.

As we mentioned, after obtaining a representation of the Lie algebra we get a
representation of the group by exponentiation as in (4.3). Formally, a representation
of dimension m is a function p from a group G into the space of invertible matrices of
m X m such that

p(g1-92) = p(g1)-p(g2), YV g2 €G (4.11)
where the dot on the left-hand side represents the product in the group and on the
right hand side the usual matrix product. Notice that given a representation p we can
write four representations pj 23 4:

pi(g)=p9). p(0) =[] . ps(9) =p"(9), pale)=[o'(0)] . (412
which are the original representation, the inverse transpose, and their conjugates. In
principle they can be equivalent to the original one, namely they can be the same
representation in a different basis. If there is a fixed matrix S such that

plg) = Sp*(9)S™", V geG (4.13)

then the representation is self-conjugate and the same in the other cases. For example
the fundamental representation does not give any new representation in this way since
A = A* = [A""Y. In terms of the Lie algebra what this means is that, if we find
matrices J¥ satisfying (4.10) then the following matrices all satisfy the same algebra:

J (Y =)y, () (4.14)

If we look at unitary representations then (J%)' = J% and the only possible new
representation is the inverse transpose (or conjugate) one. The bottom line is that, if
we find a representation, we should look at the other ones that can be constructed in
this way to see if they are the same or not.

With all this in mind we try now to generalize the spinor representations. In the
case of SO(3) the spinor representations are constructed by using the Pauli matrices
that obey:

(04, 0b] = 2i€ape0e, {0, 0p} = 204 (4.15)

where a = 1,2,3, {A, B} = AB + BA and

01 00— 10
pr— p— p— 4‘1
01 (10)’ 02 (/L O)a g3 (O_l)a ( 6)
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The Pauli matrices obey the SO(3) algebra if we take J'? = S35, J*¥ = —20y, J? =
%01 and, for that reason, define a two dimensional complex representatlon of SO(3).
Technically it is not a representation of SO(3) since to each rotation correspond two
matrices, for example, the identity is represented by 1 and —1. However, physically
this is actually correct since a 27 rotation does not restore an electron to its original
state, but to minus the state, a physically relevant effect.

We should note at this point that another way to construct spinors is to use that
SO(3) ~ SU(2) in which case the fundamental representation of SU(2) are the spinors.
In higher dimension this only works for SO(4) ~ SU(2) x SU(2) and SO(6) ~ SU(4).
so we need to generalize the Pauli matrices to higher dimension. As shown by Dirac, it
turns out that it is convenient to generalize the anticommutation relations of the Pauli

matrices and find n matrices 7* such that
(VA=A Ay =207 (4.17)

Later we are going to see a concrete construction of these matrices and which dimension
the have but, for the moment, let us just assume that we have the 4 which square to
one and anticommute with each other. Consider now the commutator

VY A = YA — A (4.18)
iyt 4 257kt — Ayl (4.19)

= Yrrindyt — 26 qInt 4 257Knint — Ealaind (4.20)

= = 4+ 26798 — 26% 94 + 2670y — ARl (4.21)

= —20UAknTd 4 289ty k~E _ 95kATAL 4 95Tk A (4.22)

where we used (4.17) repeatedly. This has a similar flavor to the commutation relations
of the J% but since the J¥ are antisymmetric in the indices 7j we should antisymmetrize
the product v%+7. After doing that one can see that a normalization constant is needed
and that

2V =105 (4.23)

obey the same algebra as the J% and therefore provide a new representation of so(n).
This representation is the spinor representation we were looking for. With slightly more

algebra we can find that
[S9,94 = i (67" — 6%7) (4.24)

which has a very nice interpretation. Expanding in indices we find that the last equality
can be understood as

(Zij)aﬁ Vs — (59)sa7hs + (J7)uvhs = 0 (4.25)
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which is interpreted as saying that Vfw is a symbol with three indices such that, if we
rotate the index « in the spinor representation, the index (8 in the inverse transpose
of the spinor representation (which we later see to be the same as the spinor repre-
sentation) and the index £ in the fundamental or vector representation, the symbol
yﬁﬁ is invariant. In that sense it is completely analogous to the Clebsch-Gordan co-
efficients or the 3j-symbols and they determine the appropriate way to compose two
spinor representations into a vector representation.

Now we should find a concrete representation of the gamma matrices whose proper-
ties, as we will see, depend on the particular dimension n in which we are working. We
start by considering so(n) for the case where n is an even number. In that case it turns
out to be convenient to define an auxiliary space of 5 fermions created an annihilated
by anticommuting operators c,, c!

a’

a=1...5. For the moment we are going to work
toward finding a concrete representation for these operators and later see their relation
to gamma matrices. The anticommutation relations we want to represent are:

(e} =0m, {caat=0, {c d}=0 (4.26)

The operators ¢, and ¢! act on a 22 dimensional space, since each fermionic state can
be empty or full. A basis on this space is given by

W) = ‘mla cee 7m%>7 me = 0, 1 (427)

On this basis the operators act as

and zero otherwise, namely if we want to create a fermion on a site which is occupied
or destroy one that is empty. Note that there is a sign given by the number of fermions
occupying states to the left of the one we create or destroy. This is crucial for the
operators at different sites to anticommute and reflects the fact that, for fermions, there
is an overall sign on the state depending in which particular order they are created. If,
in each site a we define a two dimensional space with basis |m, = 0), |m, = 1), then
the operators can be written as direct product of two by two matrices acting on each

site:
10 10 00
b= 1®..01 4.
a=(10)eo(P0) e (Mot et G

——

a

(4.31)
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10 10 01
L= . 19..01 4.32
w=(30)ea () )e()h)ere. 0 (4.3

. . . 1 0. .
where 1 represents the identity matrix, <O 1) is the operator (—1)™ at each site

: 00 01 . . .
and the matrices ( ) , ( ) represent the act of creating or destroying a fermion.

10 00
Now we can proceed to define the following hermitian operators:
Y = c,+cl (4.33)
yETe = (el — ¢,) (4.34)

They obey the anticommutation relations
{’Ya,’}/b} — 26ab
{2 =0
{y2te, 43} = 25

as can be derived by simple application of the relations (4.26). This shows that such
operators provide a concrete representation for the gamma matrices of so(n). Using
(4.32) we can write them explicitly as:

V=1®..0nB0NRly...01 (4.39)
YV =10...90ne1le...01 (4.40)

() (00 (M) "

are the Pauli matrices. For example, in the case of so(8) that will interest us later, we

where

have

'=ne1lelel
=30 e1I®l
=3R®MBAOT 1

)

w

W

=3RRI

(4.42)
(4.43)
(4.44)
(4.45)
—Kelelel (4.46)
(4.47)
(4.48)
(4.49)

ot

=]

:7'3®7'2®1®1
=RMBRITLRI

7'3@7'3@7'3@7’2

BN |

o

R R L L S I
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knowing that 7,7, = i€.p.Tc + 0o and multiplying the matrices at each site it is easy to
verify that they obey the commutation relations (4.17).

An important property of the gamma matrices defined in this way is that they
create or destroy one fermion, therefore if we have a state with an even total number
of fermions then, applying the gamma matrices we get a state with an odd number of
fermions and vice versa. The generators of rotations are given by the product of two
gamma matrices:

i

YU =
4

7] (4.50)
and therefore preserve the parity (odd of even) of the total number of fermions in the
state. So, the 22 states in the basis split in two sets which transform among themselves
under rotations. We should remember that these fermions are an auxiliary concept. We
are always dealing with one particle with 27 polarizations. Going back to the example
of so(8) the states can be written as

1) = @1]0000) + ar2[1100) + r3]1010) + rg|1001) + v5[0110) + |0101) + r7[0011) + vg|1111)
+51]1000) + 35]0100) 4 B5]0010) + 5,]0001) + Bs5|1110) + F6|1011) + B7]1101) + Bs|1110)

and the statement is that, under rotations, the upper row transform separate from the
lower row. The reader can check this statement by finding explicitly the matrices X%
using (4.49) and (4.50) although another example such as so(6) might be simple to deal
with.

The two representations into which the spinor representation splits are called left
and right spinor representations. The corresponding 22~ dimensional spinors are called
Weyl spinors. The operator that distinguishes the two representations is the total
fermionic parity :

Y= (-D)FM =T ... QT (4.51)

It is obvious that this operators squares to one and is easy to see that anticommutes
with all gamma matrices since they increase or decrease the number of fermions by one.
So we have

V¥=1, {,9}=0,j=1...n (4.52)

meaning that v is the extra matrix that we need if we want to represent the gamma

matrices of so(n + 1). In that case, since vy does not change the number of fermions,

infinitesimal rotations such as /"1 change the fermionic parity of the states and mix

left and right spinors. For that reason, in odd dimension n, the spinor representation
. . n—-1 ., . . . .

of dimension 272 is irreducible and there are no left and right spinors.

— 45 —



After constructing the gamma matrices and, by commutation, the ¥ matrices, we
can obtain a representation for a generic rotation by exponentiation:

Since the v’s are hermitian, so are the X% and therefore the representation is unitary,
namely RR' = 1. This means that, out of the possible three new representations we
can get, only one could be different: R* = (R')~!. This representation is actually the
same as we can prove by finding a matrix C' such that

CyCt=[T =N (4.54)
If that is the case, then
CYVC™ = -[Z"]" =[] = CRC'=R=[R]" (4.55)
We still need to find C. Looking at the expressions (4.34) or (4.40) we see that
=90 ET = E (4.56)

So we need a matrix that produces that sign change. For example in the case of so(8)
one can see that a rotation in planes (56) and (78) will do the job. A perhaps simpler
way to do this is to observe that, from (4.17) we deduce that
YAy == i i (4.57)
Yy =, i = (4.58)

Therefore if we multiply all gamma matrices which should change sign:

C =~2tlyat2 | 4m (4.59)
C~! =4yt 45Tl (4.60)
we have
OO~ = (=1)24° (4.61)
Cr2te0™t = (—1)2q27a (4.62)

which has the desired effect up to the overall sign (—1)2. This sign does not affect
the matrices ¥% so we have just proved that the spinor representation is equal to its
conjugate and found the matrix that relates the two. Since C is the product of 3
matrices, it will convert a left spinor into a right spinor if 7 is odd or a left into a left is
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5 is even. So, if n = 4k, (k integer) the conjugate of a left(right) spinor is a left(right)
spinor and if n = 4k + 2 the conjugate of a left spinor is a right spinor and vice versa.
If n = 2k + 1 then the spinor representation is irreducible and self-conjugate (since also
CrCt = (=1)).

Since a spinor and its conjugate transform in the same way we can ask ourselves
if we could take the spinor to be real. This is not necessarily the case, for example, in
s0(3), the spin % representation is complex even if it is conjugate to itself. The second
caveat is that we cannot impose ( = (* since that is not Lorentz invariant but, in
principle we can impose

¢ =0C¢ (4.63)

since both transform equally under rotations as we just found out. The problem is that
we need

(= (¢)=C*C¢, namely, C*C =1 (4.64)

which is not always true. In fact, from the definition of C' and of the gamma matrices
we get, if n = 2k:

= (—1)kC, 2= (—1)"F (4.65)
The last one follows from the fact that
p(p—1)
Yo = (1) (4.66)

as can be seen by commuting the gamma matrices so that we can use (7")? = 1 and
keeping track of all the minus signs. All in all we need

C*C = (—1)w =1, = £evenor & even (4.67)

In terms of n this means that n = 8p or n = 8p — 2 for some integer p. If that is not
the case however, we can still do something. If a representation is irreducible then the
only matrix commuting with all rotations is the identity but the spinor representation
is not, so there is another matrix, namely v commuting with all rotations. We can then
impose a reality condition

¢ =~C¢ (4.68)

In this case, since 7 is real and vyCv = (—1)¥C we need (—1)k(k2_1) = 1 so we can still

impose a reality condition if n = 8p + 2.
Now that we understand how to impose a reality condition, we would like to know
if that means that the representation is real, namely if, for any rotation given by:
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we can have, in some basis, that the matrix R has all real elements. That is equivalent
to say that we have, in that basis, ¥% to be purely imaginary. A way to ensure that, is
to have all gamma matrices real or all purely imaginary since ¥ = %[ 4]. Suppose
that such a change of basis is given by a matrix S for which we propose, for reasons
that become clearer later, the form

B 14+ aC
V2

for some constant « (and in dimension n = 8p + 2 we replace C' — yC'). This matrix

has to be invertible. The inverse is:

_1-aC
V2

where k = 3. Now we compute the gamma matrices in this new basis:

S

(4.70)

St if a2 = (—1)¥*! since C2? = (—1)* (4.71)

7' = Sy'S7! (4.72)

and see that

(3)" = (8y's7")" = (=1)*¥ (4.73)
after a short calculation where we use that C* = (=1)*C and o® = (—1)*"'. That
means that if k is even, the gamma matrices are real and if k£ is odd, they are purely
imaginary. In both cases, the matrix R for any rotation is real so we have a real
representation. It is easy to see also, that, if ( satisfies the reality condition then we
can find a real spinor 7 through:

n = psg, (4.74)

Exercise: Find /3 in the previous equation such that n is real whenever (* = C(.
Now we can study an example. In the case of SO(8) we wrote the gamma matrices
explicitly but they are not real. Let us compute C' in that case:

C=7"Y"V¥=-1e@nenemn (4.75)
which is real since k = § = 4 is even. If we want to transform the gamma matrices we
have to do:

5 = §yigt = L J:/;Cvil ?/;O = % (V' +0N) -~ %WQ C] (4.76)
Now, 7% for i = 1,2, 3,4 are real and also:
Cy'C=+" = [,C]=0, i=1,2,34 (4.77)
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So, =234 stay the same which is satisfying since they are already real. For =678
We have instead
Y+ () =0, C=-Cy, = F=iCy, i=5,61,8 (4.78)

By explicit computation we find then:

—

v =nelelel (4.79)
V=renelel (4.80)
V=rnenenel (4.81)
V=meBeHBen (4.82)
P =-TQeRT Qe (4.83)
VP =eR1n ®c¢ (4.84)
7 = —€RN T3¢ (4.85)
P =e®ne®1 (4.86)
where we replaced 7 by € = (_1 O) using 7, = —ie to emphasize that all matrices

are real.

Exercise: Show, by direct computation, that these new matrices obey the com-
mutation relations of the gamma matrices (4.17).

We have seen before that, if the dimension is a multiple of 4, the left and right
representations are conjugate to themselves. This means that, when the dimension is
a multiple of 8, the spinors can be Weyl and Majorana at the same time. Namely
the left and right spinors transform by themselves in real representations. In that case
the number of independent real components is one fourth of the Dirac representation.
Namely, spinors in n = 8 have 8 real components and can be left or right.

We can summarize our findings for the spinor representations of SO(n) as follows:

Weyl spinors: In even dimension, n = 2k, the spinor representation is reducible and
splits into left and right spinors.

Conjugate of Weyl spinors: In dimension n = 4k the left and right representations
are self-conjugate, namely the conjugate of a left spinor is a left spinor and the
same with right spinors. In dimension n = 4k + 2 the conjugate of a left spinor
is a right spinor and vice versa.

Majorana spinors: In dimension n = 8p, n = 8p + 2 we can do a change of basis so
that the matrices of rotations are real. The gamma matrices are real if n = 8p
and imaginary if n = 8p + 2.
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Majorana-Weyl spinors: If n = 8p then, the left and right spinor representations
are real. Spinors have one fourth the number of real components as the Dirac
spinors of that dimension.

Now that we understand thoroughly the spinor representations we are interested
in composing two of them. In the case of SO(3) we know that two representations of
spin % compose to spin 1 or 0. Now, we should obtain the analogous result for SO(n).

Suppose we have a rotation given by some angles 8;;. We know that we can repre-
sent such rotation by an n X n matrix given by

A = it (4.87)
or by an 2% x 22 matrix given by

or by many others, given by tensor products, etc. But let us concentrate on these two.
To emphasize the meaning of different representations, what we have is that

o) 7i5 9(2) ij 0(3) 1ij 0D svig 9(2) sij :0(3) yig

0 Jﬂezeij JU 0.7 J = ezeij % Jezeij o _ ezeij u (489)

e i = e

that is, the product of two rotations of angles 92(31 ) and Hg) is another rotation of angles

05’) and these last angles can be found using any of the representations.
Consider now the following matrix

~ _ 40 . T4 103 — it
A= <e it0;;J ) o102 b =ity (4.90)
1k

where t is a real parameter. Compute now

07 = —ith {(awiﬂ”)lk (J17),, €t qre it (4.91)
I <eit0ijJij> e~ 1] K] it B } (4.92)

Ik
_ 0 (4.93)

where we used the identity (4.24). This means that 4' is independent of ¢. On the
other hand we have 3'(t = 0) = 4! so 4! = 4! for any t. In particular if t = 1 we get
the rotation matrices A and R, so we just derived:

R_lka = Akl’}/l (494)

which shows that, if we rotate the indices of the gamma matrix in the spinor rep-
resentation, the index k rotates as a vector. Again, we see that the gamma matrix
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is a Clebsch-Gordan coefficient that composes the two spinor representations into the
vector representation.

We are ready now to compose two spinor representations. If we have two spinors
of 22 components, 7, ¢ that rotate as

n— Rn, ¢— R¢ (4.95)

when we multiply them we get 22 x 22 = 2" components out of which we want to
extract linear combinations transforming by themselves under rotations. For example

we can form a scalar by doing:
s =n'C¢ (4.96)

To see it is a scalar we have to use (see eq.(4.55)) that:
CRC'=(RY"', = C'RC=R"! (4.97)
Indeed, the scalar s transforms as:

s = 5=n'"RICRC =n'CC'R'ICR¢ =n'CR'R¢ = s (4.98)
namely is invariant. We can also form a vector:

v* = n'C~*¢ (4.99)
Again, we check, using eq.(4.94) :

P = n'RICY*RC = n'CR™W*R¢ = Aun'CH¢ = Ay (4.100)
which is the usual rotations for vectors. In fact now we can form several antisymmetric
tensors by doing:

vfiRe = CrylkiyRelg (4.101)
vl = gt Onhabanfulg (4.102)
pfikeky — ptOnykiake o ksl (4.103)
,Ukle...kn —_ ,r]tc,_y[kl,ykz o ,ykn]C ( )
(4.105)

The square brackets mean that we antisymmetrize the corresponding indices. We need
to do so because the symmetric part can be extracted using the anticommutation rules

n
) ) components,
J

1+n+<g)+(g)+...<g):2” (4.106)
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independent components (as follow from using Newton’s binomial formula to expand
(1+1)"). Therefore we exhausted all independent products. This gives the product of
two spinor representations in any dimension. Now there are some particulars in even
dimension. We can ask what happens if we compose two left representations or a left
and a right for example. The answer follows simply from the fact that a gamma matrix
times a left spinor gives a right spinor and vice versa. The only caveat is the matrix C'
that converts a left representation into a right one if n = 4k + 2 or the left into a left
(and right into a right) if n = 4k. For example the vector representation is obtained
out of a left and a right representation if n = 4k and from two lefts or two rights if
n =4k + 2. In general we have:

n = 4k:
LL and RR give: scalar, two index tensor ,etc. Namely, antisymmetric tensors
with an even number of indices.
LR or RL give: antisymmetric tensors with odd number of indices (including
vector rep.)

n =4k + 2:
LL and RR give: antisymmetric tensors with odd number of indices (including
vector rep.)
LR or RL give: scalar, two index tensor ,etc. Namely, antisymmetric tensor with
even number of indices.

4.2 More on the case of SO(8)

We have found that, for SO(8) we can write the gamma matrices in a real representa-

tion:
V= nelelel YP=-"TRcRN Q¢
= 1®1 6 — 1
’73 T3R0T®1L& 77 ERIRXT Qe (4'107)
Y :7_3®7_3®7'1®1 Y = —€eRT XT3V €
8

V=TRBRQmOnN Y= eRm el

Since the representation is real, the charge conjugation matrix is the identity, namely
we do not need any matrix to map the representation to its conjugate. We also know
that the 16 dimensional space of states on which these matrices act can be divided into
two eight dimensional spaces corresponding to the left and right spinors. This amounts
to a reordering of the states of the basis and therefore the gamma matrices in that

; 0 p'
L 4.108
7 (ﬁz O) ( )

basis are still real and of the form:
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where p’ and p' are eight dimensional matrices. The fact that the diagonal blocks are
zero is a reflection of the fact that a gamma matrix maps a left spinor into a right
spinor and vice versa as we saw before. Moreover, the matrices are symmetric which
implies:

p=(p) (4.109)
namely we only need to know the matrices p’ to reconstruct all the gamma matrices.
At this point it is useful to divide the spinor index o = 1...16 in two: a = (a,a),
where a,a = 1...8 and they correspond to left and right spinors respectively. With
that convention the indices of the matrices p* are:

piab7 F® with  piab = piba, (4.110)
From the properties of the gamma matrices we derive:

o)+ (0) =207 (4.111)

or
platibe 4 piat jibe _ o 5iigab (4.112)

From the matrices (4.107) we can extract the rho matrices as:

pl=mnolel P=-10n Qe

2 — 1 6 —

P3 T30 T & /)7 T QT3 € (4.113)
PP =T3RT3R T pr=—TRexl

Pr=T3RTRTs = e@m®e

which can be seen to satisfy (4.111) by direct computation.

Exercise Check the last statement, namely, by direct computation verify that the
rho matrices defined in (4.113) satisfy the properties (4.111).

In eq.(4.112), there is an intriguing symmetry between the indices (i, j) and (a,b)
since both run from 1 to 8 and enter equivalently in the relation. In fact we can define
a new set of 8 x 8 matrices labeled by a as:

a

5, with peib = piad (4.114)
We can then rewrite the relation (4.112) as:
ﬁaiéﬁbjé 4 ﬁajéﬁbié — 261]501) (4115)

or, equivalently: .
~q [~ ~b ( ~a\t a
P (") + 0" ()" =267 (4.116)
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Thus, we can define also new gamma matrices labeled by a:
- 0 ﬁa)
S 4.117)
(e (

{3%,3"} = 20 (4.118)

which satisfy

Exercise Verify this last statement.

The 4* are 16 x 16 matrices labeled by an index in the left spinor representation and
which act on a space of states sum of the vector representation and the right spinor
representation. Essentially, the gamma matrices compose the vector representation
together with left and right spinor representations to the identity. In the case of SO(8)
the three representations are real and eight-dimensional and one can think of gamma
matrices labeled by ¢ or a or a. Each set rotating according to the corresponding
representation, vector, left or right spinor, with their corresponding indices rotating
according to the representation they belong to:

T A Vi (4.119)

At this stage this seems to be just a curiosity but will become very important in the
next subsection.

4.3 Green-Schwarz superstring: spectrum

The superstring lives in ten dimensions and therefore, in light cone gauge, the relevant
group of transverse rotations is SO(8), namely, all expressions are manifestly invari-
ant under SO(8). There are eight bosonic variables corresponding to the transverse
coordinates X*='%  They obey the wave equation whose general solution is of the
form:

Xioyr) = Xi(0+7)+ Xg(o—7) (4.120)

Therefore, the bosonic sector works as in the bosonic string. To that, in the light-cone
Green-Schwarz formulation of the superstring one adds, on the world-sheet, a set of
right moving and left moving fermionic variables.

The fermionic variables are taken to transform in one of the eight-dimensional
spinor real representations?. If both, the left and right moving variables transform
in the same spinor representation, the theory is called type IIB superstring, whereas
if they transform in opposite representations the theory is called type IIA. For that

4One should not confuse the idea of right and left moving variables on the world-sheet with the
idea of left and right spinors which are unrelated.
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reason, ITA strings are non-chiral, namely the theory is invariant under interchange of
left and right spinors. Type IIB on the other hand is a chiral theory. Massive states
transform in representations of SO(9) and therefore they have no chirality. In fact the
massive spectrum of type ITA and type IIB are exactly the same, only the massless
states are different as we are going to see. To be concrete, introduce the world sheet
variable

SYo,7)=8S%o+71), S o+2m,71)=95%0,T) (4.121)

The index a = 1...8 transforms in the left spinor representation. Spinors transforming
in the right spinor representation we denote with a dotted index a. These variables are
real which is expressed as:

(8" = g@ (4.122)

We have to impose equal time anticommutation relations similar to the ones we imposed
for bosons. We have to respect rotational invariance so we naturally impose:

{80, 7),5%(c’, 1)} = 6°6(0 — o) (4.123)

For rotational invariance the matrix on the right hand side of the equation should be
the charge conjugation matrix, but for SO(8) in the basis where the gamma matrices
are real, the charge conjugation matrix is the identity. We now expand in modes as

1 <
SYo, 1) = Ner: Z einlotm) ga (4.124)

where we took into account that S® is a function of ¢ + 7 only. The fact that S%(o, 7)
is hermitian translates into

(St =52, (4.125)

The Fourier modes can be obtained through:
1 ] 2 ]
Sy =—= e“”/ "5 o,T)do 4.126
= st (4.126)
Using the anti-commutation relations (4.123) we obtain
{8252} = 5,4 (4.127)
In the mode expansion (4.124) we notice that modes with positive n multiply a wave

with negative frequency e~™7. This means that those modes carry negative energy and
therefore S should be an annihilation operator, namely it decreases the energy of the
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system. For the same reason S? with negative n is a creation operator. The vacuum is
therefore defined as:
Sp<0/0) =0 (4.128)

From (4.125) and (4.127), the operators S% obey:
{(S)", sp} =6 (4.129)

which means that they are standard fermionic creation and annihilation operators. The
space of states is labeled by the occupation number of each mode which can only be
zero or one since we cannot put more than one fermion in each state. We should also
introduce right moving fermions given by

N 1 = . -
S o, 1) = — gimlo=T) e 4.130
0= X S (4.130)
for type IIB or
.. 1 < . -
4o 7)=—= Y eIGE (4.131)

n=—oo

for type ITA. Notice that we put the sign in the exponent so that §3>o is still an
annihilation operator. In fact everything is the same for the right moving modes so the
total oscillator space of states is given by:

) = |Ni, Ni Na,N@), N. N >0, N N:=0,1 (4.132)

where we added the bosonic sector. We labeled the right moving fermions with a as
corresponds to type IIB. In type IIA we should label them with a. The fermionic
occupation numbers NN are the operators

N = (S9T Se (n>0). (4.133)

with no sum over a or n. As we know, increasing the occupation number in the bosonic
sector increases the mass of the string. Including the contribution from the fermionic
oscillators, the mass of the string is given by

8 0o 8 [e'e)
F IR EED » RACEE IS » i CEES)]

i=1 m=1 a=1m=1

(4.134)
In terms of the variables S%(o, 7) we can write the fermionic contribution also as
: 2
M= / do (5°9,8" - §°9,5%) (4.135)
@ Jo

— 56 —



This is rather straight-forward but there is a crucial point we ignored. The fermions
have zero modes S§ which, from (4.127), obey

{Sg, 80} = 6 (4.136)
and which do not appear in the expression for the mass. We also have, from (4.125):
(st =S¢ (4.137)

Therefore, we have to represent the operators S as hermitian matrices acting on a
space of states. The anticommutation relations are actually exactly the same as those
of the gamma matrices 4* that we found in (4.118). Therefore we can represent these
operators as symmetric and real matrices acting on a sixteen dimensional space of states
sum of the vector and right spinor representation:

St = %ﬁf (4.138)
These sixteen states all have the same energy. Therefore the vacuum is degenerate.
This is a crucial difference with the bosonic string where the vacuum is unique and
corresponds to a scalar, the tachyon. We have to consider also the right moving fermions
which have another sixteen states in the vector times right spinor representation for type
IIB or vector times left spinor representation for ITA. In total we have 256 states. To
know how they transform under rotations we have to remember the rules of composition
derived in the previous subsection. What we obtain is:

ITA

iy @ lay| @ |7y @|b)| =(1+28+35+8+56)p+ (8+56+8+56)f

I1B

iY@ la)| @ [|j) @ b)) = (1+28+35+1+28+35)5+ (8456 + 8+ 56)

) - ] (4.139)
Let us analyze this result. From composing the two vector representations in the left and

right sectors we get a scalar, 7.e. the trace, a two-index antisymmetric tensor which has
28 components and a two-index traceless symmetric tensor which has 35 components.
This is the same in type IIA and IIB and gives the dilaton, B-field and graviton. In
type I1B, composing two left spinors gives a scalar, a two-index antisymmetric tensor
and a four-index self dual antisymmetric tensor which has 35 independent components.
In type ITA, composing a left and a right spinor gives a vector, eight components, and a
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three index antisymmetric tensor, 56 components. Composing the vector representation
with the right spinors give a left spinor, eight components and a spin % representation
that has 56 components. Similarly with a vector and a left spinor. We can therefore
rewrite the result as:

IIA
i) @ la)| @ |15) ® b)| = (¢, Byj, Gijy AL, AL ) 5 + (0 + Wig + s + Wi p
IIB
i)y @la)| @ [15) & 1b)| = (&, Bij, Gij, X, Byj, AELZ)B + (Yo + Via + Yo + Via)p
) - ] (4.140)
where we have .
4
Ay = IeijklmnOpAgb]nop (4.141)
and
P, =0, PP, =0 (4.142)

We then have 256 ground states, half of which are bosonic and the other half fermionic.
The 64 bosons that come from multiplying the two vector representations are called
Neveau-Schwarz-Neveau-Schwarz (NS-NS) bosons and the 64 that come from multi-
plying the two spinor representations are called Ramond-Ramond (RR) bosons. These
names come from the Neveau-Schwarz-Ramond representation of the superstring which
we do not describe in this notes. The NS-NS sector consists of the dilaton, graviton and
B-field. The fields in the RR sector are p-forms AE ]Zp In fact one can also construct
higher order forms, for example in type IIA we can construct a 5-form and a 7-form
by using the antisymmetric products of the gamma matrices as we saw in the previous
subsection. They cannot be independent however since there are only 64 states in the
product of the left and right representations. By studying the gamma matrices one in
fact finds that:

1

5 3
Agl}...% = 562'1---i5j1~--j3A£'1}...j3 (4.143)
7 1
AT = i ALY (4.144)
In type IIB we have a 6-form and an 8-form:
11...16 11.-.28717J2°71)2 .
Aﬁ...ig = €i.igX (4.146)
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We know that a string is a source for the B-field since it couples to it through the
world-sheet action:

Simt = / dodrd, X" 0. X" B, (4.147)

Higher order forms can couple to p-branes which are p dimensional branes that prop-
agate in time. Their trajectory is given by the coordinates X* as a function of p + 1

parameters: X*(oy,...,0,,7). The world-volume action contains a term:
Sint / drdoy ... do, g, XM ... 0, X0, X 1wt AlPH (4.148)

We can then anticipate that type IIA contains O-branes (which are particles), 2-branes,
4-branes, 6-branes and 8-branes. On the other hand type IIB contains (-1)-branes
(instantons), 1-branes (string objects different from the fundamental string), 3-branes,
5-branes, and 7-branes. The fact that the corresponding forms are not independent but
dual to each other will imply that the branes are also dual to each other. The A-fields
are dual when their number of indices add up to eight so the branes are dual when
their spacial dimensions add up to 6. For example 0 and 6-branes are dual, and so are
2 and 4-branes, (-1) and 7-branes and 1 and 5-branes. The 3-brane is self-dual because
the 4-form is self-dual. We are going to study these objects in the next section. Here
we go back to the superstring spectrum.

The particles that we saw, namely those corresponding to the world-sheet vacuum,
are massless and there is no tachyon which is a significant improvement over the bosonic
string. The massive spectrum is constructed as we saw before, by applying the creation
operators of the different modes. The only point is that we have to take into account
that the vacuum is degenerate. Since in the vacuum sector we have that half the states
are bosonic and half fermionic, we are going to get always half and half at each level.
For example at level one the states are

ai—l&j—l‘o% O‘i—1§31|0>7 Sgl&i—l‘0>7 Silgil|0> (4149)

which are 256 x 256 = 216 states, half bosonic and half fermionic. When doing this
calculation we should take into account that there are 256 vacua. We also imposed the
level matching condition which is the same as in the bosonic string, the total energy of
left and right movers should be the same. The fact that, at each level, the number of
bosons and fermions is always the same is a manifestation of a symmetry generated by
the zero modes of S® and S*. When applied to a state they change it from bosonic to
fermionic and vice versa without changing the mass. We analyze this symmetry called
supersymmetry in the next subsection.
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4.4 Space-time supersymmetry of the superstring

A symmetry is an operator that commutes with the Hamiltonian or, in this case, the
mass squared operator. When applied to a state it gives another state with the same
mass. We found already sixteen such operators:

— V2t Sg, @t = /2 S (4.150)

where the factors y/2p* are introduced for later convenience. It is interesting that one
can construct another sixteen hermitian operators:

. 1
Q= 2a W/dapwasb (2ma/II" + 0, X") (4.151)
Q4 = 20/ \/_+ / dop®S® (2ra/TI* — 0, X") (4.152)
T

which are constructed so that they contain only left and right moving modes respec-
tively. This is clearly seen in their mode expansion:

QF = —+ phab Z ol (4.153)
ap m=—00
Q" = —+ P Z Shal, (4.154)
ap m=—0oQ
where we used the convention of = &) = {/%p'. Using the known commutation

relations between the modes we can readily compute the commutation relations of the

Q’s:

{Q",Q"} = 2p" 0" (4.155)
{Q", Q" = pp' (4.156)

Q. Q" = o [Epi + a,% (Z nN,+ nN,tj)] =p- (4.157)

where, in the last line, we get the contribution to the energy from the right moving
oscillators alone. However, we should remember that, from the level matching condi-
tion, the total contribution to p~ from the left and right movers is the same. A similar
result is valid for the charges Q In total we have 32 real supercharges, as the (0’s are
called. They all commute with the mass squared operator. Among themselves they
anticommute to a translation and for that reason sometimes they are described as the
square root of the translations.
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5. Open strings and D-branes

In the previous section we saw that, if the RR fields have sources, those should be
extended objects. These objects are called D-branes and appear in the study of open
strings. In this section we start by considering bosonic open strings and then open
superstrings. After that we study D-branes.

5.1 Bosonic open strings

As its name suggests, open strings are strings with two end points. The world-sheet
is now a strip instead of a cylinder but the action is still the area of the world-sheet.
If we parameterize the world-sheet by o with 0 < ¢ < 7 and 7 with 7; < 7 < 74, the
action is

S:

27?10/ /;dg /T :de V(0:X.0:X)? = (0,X)*(0,X)? (5.1)

as before. The difference is that now we do not impose periodicity in o. If we try to
minimize the action, the first order variation of S is:

oL oL oL
0S = | dod — — oX* 2
5 / oar [am O B, X+ aT@(&X#)} (5:2)
o oL = T oL =
dr ———— 0 X* do ———— 6 X+ )
+ /7-1 T 8(80)(#) e +/0 o 8(87-)(“) s (5 3)
The variation should be zero for arbitrary values of 0 X#. This imposes the equation of
motion or or or
- - = 4
{8XN KR aTa(aTXu)} ! (54)

However we still have to cancel the boundary terms. If we fix the initial and final shape
of the string we should have

XH(o,1=7)=0, dX"(o,T1=1)=0 (5.5)

which cancels the last term. For closed strings the other boundary term was zero
because of the periodicity of the string. In fact there was no boundary in sigma. Now
we have to impose some boundary condition at ¢ = 0, 7 such that the boundary term
vanishes. We see two possibilities:

oL
W = 0, or 5XM = 0, at o = 0, m (56)

More insight into the boundary conditions follows if we remember how we derived the
conservation of energy-momentum in the closed string. In flat space the Lagrangian
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in eq.(5.1) is actually independent of X* it depends only on its derivatives. Therefore
the equation of motion reduces to:

oL oL
8078(80)@) + 8T78(87X#) =0 (5.7)
We can now integrate in o and obtain:
oL oL o=
0, P =0, [ d = 5.8
/ 00.Xn) 90, X7 |, o

In the closed string the right hand side is zero because of periodicity and we conclude
that the energy-momentum defined as P* = [ da% is conserved. For the open
string it is only conserved if we impose the boundary condition

_OL =0 (5.9)

(0, XH)
at both ends of the string. Since conservation of energy momentum seems like a good
thing, the other boundary condition d X* = 0 was ignored for a long time. The first
to completely understand what it meant was Polchinski. What he argued is that
such boundary condition fixes the end point of the string to live in some subspace.
Such subspace however should be thought as a dynamical object. The presence of this
object breaks translational invariance in the same way as, for example, an ordinary wall
does. The momentum perpendicular to the wall is not conserved whereas the parallel
one does. These objects are precisely the D-branes and their study is an extremely
interesting subject within string theory. However we are anticipating things a bit, we
continue now with the study of open strings but considering both types of boundary
conditions.

As in the case of the closed string we can take conformal gauge. In order to do so

we redefine (o, 7) in such a way that the conditions

N 0s X190, X" = (0,X0.X) =0 (5.10)
N (0, X10, X" + 0, X190, XY) = (0,X) + (0:X)> =0 (5.11)

are satisfied. As we know, this largely simplifies the equations of motion, in fact, they
reduce to the wave equation:
(02 —92) X" =0 (5.12)

It also simplifies the boundary conditions. They can be written as:

Neumann: 9,X" =0 (5.13)
Dirichlet: 0, X* =0 (5.14)
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where we used the standard names that they are given. Notice that we wrote 9, X* = 0
which implies § X# = 0, namely the u coordinate of the end point of the string is fixed
and independent of 7. We should remember that we can impose different boundary
conditions for each coordinate and at each end point. Notice also that now we have
a standard problem in analysis, we have to solve the wave equation with Neumann
or Dirichlet boundary conditions, namely with the normal or parallel derivatives to
the boundary equal to zero. A simple way to solve the problem is by Fourier analysis.
Suppose first that we have Neumann boundary conditions at both ends, namely 0, X* =
0 for 0 = 0, . A solution of the wave equation is a linear combination of left and right
moving waves. We can take

Xt = e " cosar (5.15)

which satisfies 0X* = 0 at ¢ = 0. We now want 0, X* = 0 also at ¢ = w. This requires
a = integer. With that in mind we write the most generic solution as:

Xt =al +pi'r + Z zne” " cos(no) (5.16)
n#0

where we x,, are the amplitudes of each oscillator and we also included a linear and a
constant term that satisfy the wave equation and the boundary conditions. Notice that
a term X* = Lo satisfies the wave equation but not the Neumann boundary condition.
A similar result we can obtain by considering the expansion we had for the closed string

! 1 . 1 .
Xt =gt + phtra’ + 14/ @ Z —alte o) L _GHein(o=T) (5.17)
2 o n n

and imposing 0, X" =0, o0 = 0, 7. This gives o/ = a#, namely we have only one set of
oscillators. The expansion is:

/ 1 . .
Xt = ot +pl'rd + iy a Z —ak (e_m(””) + em("_T)) (5.18)
2 o n

1 )
= 2" + p'rd + V20 E —ake ™ cosno (5.19)
n
n#0

Doing the same for the case of Dirichlet boundary conditions we find that the condition
is o = —a! we basically have to replace cosno — sinno. Also, now we admit a term
L*o but not p*7. The case in which it is Neumann at ¢ = 0 and Dirichlet at ¢ = 7
requires a similar analysis. We propose a solution

Xt = e " cosar (5.20)
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but now we need cos ar = 0 namely a = (n + %)7? So we have a generic expansion:

» 1
Xt =atl+ E e )T cos(n + 5)0 (5.21)
n

Summarizing we have the expansions:

1 .
NN : X# =)+ p'ra’ +iv20/ Z —abe™"" cosno
n
n#0

LH 1 ,
DD: Xt =uy+—0+V 20/2 —abe " sinno
T n
n#0
' (5.22)
ND: X* = zf +iv2 Z - ake™" cosno

neZ+3

1 i
DN: X" = zy+ V2 E —ake™" sinno
n
neZ+3

Notice that for the cases ND and DN there are no zero modes since n € Z + 1. i.e.

27
_ 3 113 : e
n=...—3% —3 5 5 .- The functions X*(o,7) satisfy:

NN: 0,X*0,7)=0, 0, X"(m,7) =0
DD: X*(0,7) =z} XH(m,7) =af + L*
(5.23)
ND: 0,X*0,7) =0, X, 1) = xf
DN: X#(0,7) =z} 0, X" (0,7) =0,

where x4 is a constant which, for Dirichlet boundary conditions is interpreted as the
position of the D-brane. Now we should also impose the constraints. As we know, a
simple way to impose the constraints and identify the physical degrees of freedom is
to go to light-cone gauge as we did in the closed string. This means that we redefine
(o, 7) keeping the conformal gauge conditions in such a way that:

Xt =zt +pr (5.24)

Note that we have 9, X" = 0 but not 9, X+ = 0 so we can take light-cone gauge only if
there is at least one spacial direction with Neumann boundary conditions. Time always
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is Neumann otherwise the string cannot move in time. In this gauge, the physical modes

are the transverse ones which can have any boundary condition and can be expanded

1=1...D—-2

.- with n integer or half-integer

as in (5.22). Thus, the physical variables are a
for each ¢ according to the boundary conditions in that direction.

Before discussing the quantization we are going to consider an example of a solution
and also a symmetry called T-duality. The example is, in fact, the same rotating string

we saw in the closed string case and given by:

t = KT (5.25)
T = Ksino cosT (5.26)
y = KksinosinT (5.27)

We can easily check that the solution satisfies the conformal constraints and the wave
equation. The Neumann boundary condition 0,X* = 0 is satisfied for ¢ since t is
independent of o, and for z,y is satisfied if we take —5 < o < 7. As shown in fig.4 the
solution looks like the closed string rotating string solution but, if we recall that the
closed string was folded on itself, we see that it is only half of it. For that reason the
energy and angular momentum are also half, thus the Regge relation E ~ /.J is still
valid but with a different coefficient.

5.2 T-duality

At the classical level, T-duality is a symmetry that, given a solution to the equations of
motion of the string, allows us to construct new solutions. Consider conformal gauge
and the world-sheet coordinates 0, = 0 + 7 and 0_ = 0 — 7. The equation of motion
and conformal constraints read:

05,0, X" =0 (5.28)
(0,,X)* =0 (5.29)
(0,_X)>=0 (5.30)

Excercise Verify that indeed these are the same as (5.12) and (5.11).
The general solution to the equations of motion is:

XMoo, 1) = X (o) + Xi(oo) (5.31)

It is simple to verify that, if we do the sign change Xi(0_) — —Xp(o_) for one or
more of the X#, then the new solution satisfies all constraints and equations of motion.
This procedure is call T-duality in the direction in which we flipped the sign of X%.
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For the case of the open string solution we describe in (5.27) we can do T-duality in «
to obtain:

. K. K. K. K. .
IEZHSIHJCOSTI—Sln0'+—|—§SIIlO'_—>§Sln0'+—§SIHJ_=IiCOSO'SlnT (5.32)

On the other hand, ¢ and y remain the same so the new solution reads:

t = KT (5.33)
x = KcososinT (5.34)
y = ksinosinT (5.35)

We notice that x now satisfies Dirichlet boundary conditions at o = +7. The solution
is shown in fig.4. If we do a further T-duality in direction y we get the solution

t =kt (5.36)
r = KcososinT (5.37)
Yy = —KCOSO COST (5.38)

Now both, x and y satisfy Dirichlet boundary conditions and the solution looks like
half the closed string solution as shown also in fig.4.

A

/

(@ (b) (©)

Figure 4: Rotating open string and its T-duals. The cases (b) and (c) correspond to a
string attached to a 1-brane and a 0-brane respectively. In case (a) we can say that there is
a 2-brane filling the space (z,y). Note that case (b) is a semi-circular string that pulsates
whereas (a) and (c) are rotating strings.

We see that in the case where we have Dirichlet boundary conditions, the momen-
tum is not conserved in the correspoding direction, because in that direction the motion
of the center of mass of the string is oscillatory. It seems as if the string is attached to
an object of infinite mass which absorbs the momentum. In case (b) the object is a line
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along the y axis, in case (¢) it is a point at the origin. These objects are precisely the
D-branes. What we see is that if we take into account T-duality as an important sym-
metry, this gives another motivation to consider both boundary conditions, Dirichlet
and Neumann.

5.3 Open string spectrum

To quantize the open strings we proceed as for closed stirngs. We take light cone gauge
and quantize the amplitudes o, replacing them by a quantum operator. The difference
is that we have now only one set. The commutation relations are

[l & ] = 166 in (5.39)

and the mass of the string is given by

M? = % < > ) aN, - a> (5.40)

i=1...D—-2n>1

where N,, > 0 is the occupation number of the corresponding oscillator. If we have
a direction with half integer modes then we should sum over half-integer n for that
direction. In the case of all Neumann boundary conditions we have that the spectrum
is given by:

level 0: |0)

level 1:  a'4|0) (5.41)

level 2: a’,|0), a o’ ]0)

At level 0 we have one state which should correspond to a scalar particle. At level 1 we
have a vector of SO(D —2) which can only be a massless vector particle of SO(D—1,1).
At level 2 we have states that fill the two-index traceless symmetric represetation of
SO(D — 1) and therefore it should be a massive two-index traceless symmetric tensor.
To obtain this result we should take the normal order constant a = 1 and therefore the

M? = % ( > ) aN; - 1) (5.42)

i=1..D—-2n>1

mass 1S

Therefore, the bosonic open string has a tachyon, same as the bosonic closed string.
For that reason we consider next the open superstring.
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5.4 Open superstrings

When we include fermionic modes we have to find the correct boundary condition for
them. In the bosonic sector we found that the number of modes is reduced by half since
we do not have independent left and right moving modes. The same is the case with the
fermions. The key point in finding the fermionic boundary conditions is that we want to
obtain a supersymmetric theory, namely some supersymmetry should be preserved. For
that to be the case we should have that the boundary conditions commute with some
of the supercharges. Each type of boundary condition should be treated separately so
we start by considering the case were the boundary conditions are all Neumann.

5.4.1 NN boundary conditions in all directions

The supercharges are

b= dop'®S* (2ma/ Tl + 0, X pre § - Spat,, (5.43
Q' = 5y [ 4™ Cralll +0.) = o 2 )
Na 1 1 iab ob 17T 7 zab ab ~i
Q = 2—0/ W /dap S (27TOé 1" — &,X ) Ter m_goo S 5 44)

Q" = \/2p* S8 (5.45)
0 = /2p+ 58 (5.46)

We compute first:

[Q%,0,X] \/7,)7“%9 /doSb (I ("), X'(o \/7“”’8 S° (5.47)
Q% 0,X] \/7p]ab8 daSb( N [IF(o'), X (o \/pTW’@ St (5.48)

We see that none of these supersymmetries commute with the boundary condition
0,X" = 0. However we have that

a_ Aa i T iab b Gb
Q= @40, X = —iy [ 0, (5"~ 5") (5.49)
a a T iab b, &b
Q" + Q% 0,X1] = 1/p—+p 9, (s +s) (5.50)
(5.51)
So if we impose
a, (Sb—é*b)zo at  o=0,7 (5.52)
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half of the supersymmetry will be preserved. And if we, instead, impose 0, (S by S b) =
0 at 0 = 0,7 then the other half is preserved. So, we have a choice, but in both cases
only eight of the 16 supersymmetries Q%, Q% are preserved. If we look at the mode
expansion

1 ,

S0, 7) = Ner: zn: e g (5.53)
1 ) ~

(o) = sy (554

The condition
8, (Sb . Sb) —0 at 0=0,7, implies S°=—3° (5.55)

namely an identification between left and right modes similar to o/, = & for the bosonic
sector. It is natural to identify also the zero modes:

Se+85¢=0 (5.56)
In fact this is necessary since

[Q* — Q% Sh + SY = ——p'® (a}) — a}) =0 (5.57)

a'pt

because oy = &} = /% p' for Neumann directions. So (5.56) is an invariant condition.
If we also notice that

(Q° — Q% S5+ S¢] = /2p*[S§ — 55,55 + 53] =0 (5.58)
but
Q" +Q7, Sy + Sg] = V/2p*[S§ + S, Sg + Sgl = 24/2p76 # 0 (5.59)
then we see that there are 16 preserved supersymmetries in total:
Q=@ -Q" Q=@ -Q° (5.60)

Before continuing we can repeat the calculation in terms of modes to perhaps better
understand the result. We saw that the Neumann boundary condition is

ol —al =0 (5.61)
Using the mode expansion (5.46) we find
AN Y L G
QY = Q% oy, — ] = T b (S}; + S};) (5.62)

- 69 —



so the correct boundary condition is S + S? = 0 as we already found. It is easier to
work with modes but that can obscure the fact that we are imposing the conditions at
the boundary. In fact we can see that S° + S° = 0 implies

S(c=0,7) = —5'(0 =0,7),
S' pr—

Slo—m) = (5.63)

Now we are ready to describe the string spectrum. The zero modes are S® so again
they can be represented by the matrices 3}"; of eq.(4.118) which act on a space of states
sum of the vector representation and right spinor representation. Therefore the open
superstring has 16 vacua, eight bosonic in a vector representation and eight fermionic
in a right spinor representation. The rest of the spectrum is constructed by applying
creation operators to the vacua:

level 0: 16 states: |0) — |k) & |b)
level 1: 28 states: ' 4|0), S, 10)
level 2: 9 x 28 states: a',|0), o o’ (|0), S%,]0), S%,5%,10), of,S%|0)

(5.64)
where in computing the number of states we took into account the degeneracy of the
ground state. Since we have a massless vector particle, the theory is a gauge theory
instead of a gravitational theory. In fact, the massless content is that of N =1, d = 10
super Yang-Mills theory. Such theory is anomalous meaning that it has a problem at
the quantum level. However we can use it to determine the world-volume theories of
lower dimensional branes as we see later. The theory that we are considering should
be understood as a theory on a D9-brane, since the ends of the string can move in
any direction. We see, at the same time that we can only have Neumann boundary
conditions in all directions if we are in IIB string theory because, in type IIA we have
Se and S% and we can never identify them. We can now consider lower dimensional
branes. For that we have to understand Dirichlet boundary conditions.

5.4.2 NN + DD boundary conditions

Suppose we have a D5 brane that spans the directions 0 — 5. It is usually convenient
to write it as

01 2 3 4 5 6 7 8 9
D5l X X X X X X

(5.65)

The coordinates 0 and 1 we use to define X* for light-cone gauge. From the transverse
coordinates we have to impose Neumann boundary conditions in directions 2,3,4,5 and
Dirichlet for directions 6,7,8,9. This means that the end points of the string are free
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to move along the brane, namely directions 0 to 5 but are fixed at some value in the
other directions, e.g. X57%9 =0 (at ¢ = 0, 7). We can now compute:

0% 0, X7] = \/pzpidb@(, / do'SH(0") [0,X7(0"), ITi(0)] = —z\/;pmbaasb(a%)
Q% 0. X = \/pzpj %40y / do'Sb(o") [0, X7 (), T (0)] = i\/pzpmb&,gb (5.67)

where we used 9, X? = 2ra/II*. There is a crucial minus sign in [Q%, 8, X’] with respect
to the Neumann case, so, at first sight we should impose S = S;g instead of S¢ = —5’,‘1.
However, that is not possible since we have to preserve 9,X* = 0 for i = 2,3,4,5 and
0, X" =0fori=6,7,8,9. We have to find then another boundary condition. For that
we can try to preserve the following supersymmetries:

Q" = Q" — QP (5.68)

for some matrix I' that we still have to find. At this stage it is convenient to consider
Dirac spinors which allows us to treat IIA and IIB together. Given the spinor S we
construct a Dirac spinor that we denote S* by putting the left part S*=* = S* and the
right part zero: S*=% = 0. The same with the Q’s and all other Weyl spinors. We then
write

Q=Q-TIQ (5.69)

where @ is a left spinor for type IIB and a right spinor for ITA whereas () is a left
spinor for both. The commutation relations can now be written:

Q,0,X] = —i,|—8, ( ig - w‘é) (5.70)

ot
Q,0,X7] = —i\/pir@a (v‘s + w‘é) (5.71)
Therefore, we need then to impose
8, (#S - w‘é) —0 for i=23,45 (NN) (5.72)
8, (fs + w’é) —0 for i=6,7,89 (DD) (5.73)
Mutliplying both sides by +* and using (v*)* = 1, we obtain:

9,8 = v'Ty'9,5 for i=2,3,4,5 (NN) (5.74)
9,8 = —'I'v'0,S for i=6,7,8,9 (DD) (5.75)
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Since the left hand side is the same in both cases we should have
7Ty = 4T (5.76)
YTy = FI (5.77)

where we allow for a sign ambiguity. The important point is that the signs have to be
opposite to each other in the two lines. We solved a similar problem when we needed
to find the charge conjugation matrix. The solution is

r=J] + (5.78)

i=2,3,4,5

If we consider a p-brane along directions 0, 1,...,p then we have (taking into account
one direction for the light-cone gauge):

r= ][~ (5.79)

1=2,...p
which, using the anticommutation relations {7%, 7/} = 2§% results in

YTy = (=T, i=2...p (NN) (5.80)
YTy = —(=)’T, i=p+1...9 (DD) (5.81)

Therefore we should impose the boundary conditions
0,8 = (—)PT9, S (5.82)

which implies
S, =—(=)PTS, (5.83)

If we impose the same for the zero modes, namely

So=—(=)"T S (5.84)
we obtain ]
= (=) —
Sommry = PTH (5.85)
and the preserved supersymmetry is
@a _ Qa . Fab Qb (5.86)
Q=@ - (5.87)
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for type 1IB or

Qd _ Qa . de@b (588)
Q" = Q* — QP (5.89)

for type ITA. At this point however we notice a crucial point. In type 1IB both @ and
@ have the same chirality, so we need T' to have indices ' and I, In type IIA we
need the components I and T%. But we already have I' = HizZ’...p'y . Since 7' has
iab ab we need p =odd for type IIB and p =even for type IIA. So we can

indices v**” and -y

have the following supersymmetric branes:

Type IIA: DO D2 D4 D6 DS

5.90
Type IIB: D(—1) D1 D3 D5 D7 D9 (5.90)

With the light-cone gauge formalism we are using here we cannot describe D0 and
D(—1) branes because we do not have one Neumann spacial direction to combine with
time. Nevertheless they can be described in conformal gauge and so we included them
here. The nice thing is that this precisely fits with the ideas of the previous section
where we needed exactly these same branes to source the RR fields. It is natural to
identify both but we still have to show that these D-branes actually couple to the RR
fields. Let us now ellaborate more on the condition (5.84). As before we can see that
this condition is preserved by the supersymmetries in eq. (5.87) or (5.89). To check
that we should remmeber the mode expansion for the Dirichlet modes (5.23) which
determines the zero mode part of the supercharges:

Q \/szzabpz_i_ \/2_+ Z I zabsb ~ + zabZSb i 591)

i p+1 m##0

\/2_+szab 2_7T = Z I zabsb /+ zaszb 592)

i=p+1 m#£0

where we work on type IIB and we used that of = @) = {/%p". If we now commute

Q — I'Q with the condition (5.84) we find that it is preserved precisely because, for the
DD directions, the term Lic contributes with opposite sign to the left and right moving
supercharges.

We are interested now in computing the spectrum. The zero modes are still the S§
so the vacuum is degenerate with 16 states transforming as the vector plus the right
spinor representation. The momenta p’ that label the states can only have components
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parallel to the brane. If the two D-branes between which the string stretches are sepa-
rated, namely L # 0 we expect the mass of the string to be non-zero and proportional
to 5 even in the ground state. To check that we recall that the mass is given by

1 2 , , , , R A .

2 _ 1 1 ) i _ pipi a a __ Qa a
M 27r(0/)2/0 do [0,X19, X" + 0, X0, X] +O//o do (s 9,5 — $°9,3 )
(5.93)

which gives: o

Lr 2 ~ ~
2 _

M~ = (ra)? + o <N+N+Nf —|—Nf> (5.94)

Besides the usual contribution from the oscillators, the mass has a contribution %
from the fact that the string is stretched. Therefore, we have massless particles only if
L? = 'L’ = 0, namely the D-branes are on top of each other. In that case, we have
that the massless modes are still 16 but they propagate only in a subspace. The field
theory describing the massless modes is the dimensional reduction of N =1 in d = 10
to the corresponding dimension of the brane. For example for a D3-brane the world-
volume theory is the dimensionl reduction of N' =1, d = 10 to 3 4+ 1 dimensions which
is N = 4 Super Yang-Mills theory. The vector field A* has four componenets parallel
to hte brane that behave as a vector in the world-volume theory and six perpendicular
components that behave as scalar under rotations parallel to the brane. In fact, from
the Lorentz group SO(9,1) only SO(3,1) x SO(6) survives under the presence of the
D3-brane because we split the coordinates into NN and DD boundary conditions. From
the transverse group SO(8) only SO(2) x SO(6) survives. The fact that there is a gauge
field, namely a massless vector field A*, implies that there is a gauge symmetry which
eliminates the extra component of A*. For what we said we seem to have an abelian
theory with group U(1) since there is only one gauge field. However when we have
N branes on top of each other, the vector field A* carries two indices: Af where
p,q = 1...N label the D-branes between which the string is stretching. These are new
quantum numbers that do not exist for closed strings. A* becomes an N x N matrix
and the theory is non Abelian, we need a larger symmetry to get rid of all the extra
components. In fact the gauge group is U(N) with N? parameters, as needed to get rid
of the extra components of N? massless fields. If the D-branes are not on top of each
other then there are only N massless vectors from the open strings on each D-brane
and the gauge group is U(1)".
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5.4.3 NN + DD + DN boundary conditions
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A. Lorentz group

Special relativity is based on the fact that the laws of physics are the same in all inertial
frames. The transformation between inertial frames moving with respect to each other
at velocity v are the Lorentz transformations or boosts given by:

~ t—ovx
— vt
T = ot (1.2)

where we set ¢ = 1 by an adequate choice of unit to measure time. They can also be

written as:

t =coshf3t—sinh 3 z
Z=coshf x—sinhfgt (1.4)

where v = tanh 3. In this way they look similar to rotations on a plane:

T =cosf x+sinfy (1.5)
cosf y —sinf x (1.6)

<
I

where the rotation is by an angle 6. Since space and time are related, it is convenient to
introduce a notation of cuadrivectors, where the position is given in terms of a vector
of four components:

r=(t,x,y,z2) (1.7)

The components of x we denote with a greek index z*, u = 0,1,2,3. The spacial
components are denoted with a latin index: 2%, i = 1,2, 3.

This notation is convenient to describe the group that includes all rotations and
boosts which is called the Lorentz group. It can be represented as the group of 4 x 4

matrices A*, that define a transformation: °

=N 2 (1.8)
such that they leave the interval invariant:

(AS)Q — —(At)Q + AxZA$Z — A%“AZEVUMV (19)

“We use the convention that repeated indices are summed (e.g. in this case there is an implicit sum

over f1).
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where the matrix 7, is given by

—1000
0 100
= 1.10
1 oo10 (1.10)
0 001
To leave the interval invariant, the matrix A™"*, has to satisfy:
N = NagA* A, (1.11)
or in matrix notation:
n = AfnA (1.12)
For a boost in direction = and a rotation in the plane (z,y) the matrix A is:
coshf —sinh 300
Aboost _ —sinh 3 cosh 00 (1.13)
0 0 00 ‘
0 0 00
0 0 0 0
0 cosf sinf 0
ATOL — 1.14
0 —siné cosf 0 (1.14)
0 0 0 0

It is important to consider also infinitesimal Lorentz transformations. In that case we

can take:
A, =60, +enwa + ... (1.15)

where € is an infinitesimal parameter and w,, is a four by four matrix. If A satisfies
(1.12), then we have, in matrix notation

n=(1+en)n(1+enw) ~n+ew+w)+... (1.16)
Therefore, we need to have:

w is an antisymmetric matrix: w,, = —w,, (1.17)
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B. Problems

B.1 Classical strings

Consider a string moving in flat space. The metric is
ds® = —dt* + dz* + dy* + d2* (2.1)

Suppose we have a solution of the form

t(o,7) = KT (2.2)
z(o,7) = Acos|[(n —1)(7+ 0)] + Bcos(t — o) (2.3)
y(o,7) = Asin[(n — 1)(7 + 0)] + Bsin(r — o) (2.4)
z(o,7) =0 (2.5)

where A, B, k are constants and n is an integer number.

1) Find a condition on the constants A, B and « for the conformal constraints (2.72)
to be satisfied.

2) Assuming the conditions on 1) show that the equations of motion are satisfied.

3) Compute the energy E and angular momentum J of the string. Eliminate the
constants to obtain a relation £(.J) similar to the Regge trajectory (i.e. E ~ v/J).

4) Use a computer porgram to plot the shape of the string for different values of n and
understand its motion.

As a guide for the computation notice that the case n = 2 is the rotating string
described in the text.

B.2 Quantum string and string spectrum

In the text we analyze the equation of motion for a massless vector particle and for
a graviton. We show that the number of physical components is given by D — 2 and
(D=1)(D—2)
2
analysis for the B-field. That is, take an antisymmetric tensor B, and impose a gauge

— 1 respectively as appropriate to representations of SO(D —2). Repeat the
invariance. Find the equation of motion compatible with such gauge invariance and

by adequate gauge choices find the number of physical components of the B-field. The
calculations should be similar to the ones for the graviton in the main text.
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