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Abstract 
rsey, 

Perturbation methods for rays and beams for small changes in medium parameters are discussed j in this paper. These techniques are applicable to seismic modeling where a simpler nearby medium 
can be used to approximately calculate wavefields in more complicated media. This can also 
be used to compute wavefields in slightly anisotropic media, where calculations can be done in a 
nearby isotropic structure. For S-wave anisotropy and shear wave splitting, degenerate perturbation 
theory must be used. An extension to perturbed Gaussian beams is given where Gaussian beam 
seismograms are more complete near caustics and other critical regions. Also, since Gaussian 
beam seismograms don't require two-point ray tracing, this requires one less approximation for the 
perturbation analysis. Finally, perturbation methods can be used to compute functional derivatives 
and sensitivity operators for seismic inversion. 

1. Introduction 

In this paper, perturbation methods for rays and beams in heterogeneous media are discussed. 
Perturbation methods are applied to both isotropic and anisotropic media. An important appli
cation of perturbation theory is to seismic modeling where simpler models can be used to approx
imately compute wavefields in more complicated media. This type of analysis is also useful in 
checking more complete seismic synthesis techniques. Further investigations are needed in order to 
construct higher order perturbation formulations as well as to quantify regions of validity for the 
perturbation analysis. 

For anisotropic media, perturbation methods are discussed which use ray calculations in a nearby 
isotropic medium (see also Nowack and Psencik, 1988). For shear waves, degenerate perturbation 
theory is required. The calculation of perturbed amplitudes in anisotropic media still involves 
extensive developmental work. 

An extension to perturbed Gaussian beam seismograms is implemented. Gaussian beam theory 
gives more complete results at caustics and other singular regions than ray methods. Gaussian 
beams have the additional advantage of not using two-point ray tracing. For perturbed Gaussian 
beams, this requires one less approximation ill the perturbation analysis. 

A final application of seismic perturbation theory is to seismic inversion. Perturbation theory 
can be used to construct functional derivatives which are required for linear inversion. Preliminary 
test inversions using ray amplitude and travel-time have been conducted for velocity and interface 
parameters by Nowack and Lyslo (1988). However, further work is required to quantify the accuracy 
of the resulting functional derivatives as applied to seismic inversion. 
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2. Perturbation Methods in Isotropic Media 

Seismic calculations in perturbed isotropic media are important in both forward modeling and 
seismic inversion. In the first part of this paper, perturbation theory for travel-times and ray 
theoretical amplitudes in heterogeneous media with curved interfaces is investigated. 

The travel-time along a ray can be written 

T 1, L(u(';d,.:!:.,~) ds (2.1) 
'0 

where L = U(.:!:.)(XiXi)~ and u(~) is the slowness. The first variation of the travel-time can be 
written 

8L l' {8L d 8L} l' (2.2)fJT ::::; -{}'. fJXi 1:0 + _ -8. - -ds -{}. fJx. ds + _ fJu(.:!:.) ds
~ ~ ~ 

Assuming no slowness perturbations and fixed end points, then for a geometric ray, fJ T = O. Using 

Eq. (2.2), this results in the isotropic ray equations, # - 4- [8~] = O. 
QX, as 8:&. 

For a geometric ray with fixed endpoints, the perturbation of the travel-time due to a variation in 
the material slowness, u(x), is given by the third term in Eq. (2.2). Thus, fJT ::::; J:. fJu(.:!:.) ds, where 
to first order this is computed along the original unperturbed ray path. Using the unperturbed ray 
path for the calculation of the travel-time perturbation is a major simplification which is utilized 
in most travel-time tomography algorithms (see, for example, Aki et. al., 1977). 

For a geometric ray which is reflected or transmited from a curved boundary, then the first term 
ill Eq. (2.2) is nonzero and can be written 

8LfJT ::::; <_.
-{}' U~t 

Xi 

where s;;: is for the incident ray and st is for the reflected/transmitted ray. If the boundary shape 
is perturbed from LO to L", then the perturbation in the travel-time can be written 

pt}fJh 

where Ph is the normal component of the slowness vector and fJh is the normal component of 
the boundary perturbation at the point of incidence. This is a first order approximation only 
since it assumes slowly varying material slowness or velocity near the boundary. A more complete 
formulation includes the effects of velocity near the boundary (see Farra et.al, 1988). 

The above formula can be related to a node perturbation of an interpolated boundary, where 
a splined boundary is assumed. The spline coefficients for a perturbation of an interface node are 
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computed and from this the values of ~ can be found. The first variation of travel-time with 
respect to a perturbation of a boundary ~~('fe of an interace can then be written 

For the special case of a piecewise linear boundary and an incident reflected ray, this reduces to 
the results given by Bishop et al. (1985). 

In the ray theoretical approximation, the seismic amplitude of a multiple reflected and trans
mitted ray can be written (see Cerveny, 1985a) 

1 

il(o.) A(O.) C(O.) II [li(o;) CL(O;)] q, (2.3) 
;=1 

where C is the complete receiver matrix, li is the reflection/transmission matrix, q, is the source 
matrix, and CL is the rotation matrix at each interface. A(O.) can be written 

A(O.) 1 IT V'(O;) pl(O;) detQ'(O;) .1 (2.4) 
= [v(O.) p(O,) detQ(O.)]! .=) [ V(Oi) p(O;) detQ(Oi) ). 

where Os is the at the receiver and OJ is the itk reflection/transmission point. v(O;) is the velocity 
and p(O;) is the density. The unprimed values are on the incident ray side of the boundary and 
the primed values are on the reflected/transmitted side. Q(O.) is a 2 x 2 matrix derived from 

1Q(O.) 1
X(O.) :: 

[ 
1I"(0.,ON) II [F(Oi)1I"(0;,0;_dJ X(Oo) 

P(O.) ;==N 

where 11"(0;, Oi-d are the component ray propagator solutions to the dynamic ray equations for 
each layer with 1I"(Oi,0.) :: I (see Cerveny, 1985a). F(O.) is the transformation matrix at each 
interface. With appropriate initial conditions, detQ( 0.) is the geometric spreading. 

The problem is now to find the approximate amplitude perturbation, oil(0.), for a perturbation 
of either a smooth velocity or an interface node. The resulting perturbation of the ray amplitude is 
made up of two parts, the variation of the amplitude along the original ray path and the variation 
due to the shift of the ray. Farra and Madarriaga (1987) and Nowack and Lutter (1988) give results 
for the perturbation in the geometric spreading part of the amplitude from a smooth variation in 
velocity or slowness. Nowack and Lysio (1988) give a strategy for the perturbation of the complete 
ray amplitude of a reflected/transmitted ray. 

The first step in the amplitude perturbation for a direct ray is the calculation of the ray shift 
due to a smooth material slowness perturbation. The change in the transverse ray position, op" in 
ray centered coordinates can be derived using the dynamic ray equations by introducing an effective 
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Figure 1: Ray shift for a direct ray due to a smoothly splined velocity node perturbation at (-2.,15.) 
increased in velocity by 2% above the background. 

source term (see Farra and Madariaga, 1987, and Nowack and Lutter 1988). The solution for the ray 
shift can be written in terms of an integration of the ray propagator, 1I"0(s, s'), of the unperturbed 
medium as 

[ 
liq,] 
lip, I. "1I"0(8,S') IiB(s') ds' 

·0 

where the effective source term, liB, is given by 

where u is the slowness and uq = I)u/I)q. 

An important aspect of the equations for IiXr ( s) is that the approximately shifted ray trajectory 
will not in general hit the receiver. The ray propagator can be used once again to derive an 
approximate two-point ray, 
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Figure 2: Ray diagram with source at (20., 0.) and 24 rays reflected from a 30 km interface with 
a .5 km corrugation. 

However, this requires an additional approximation for the ray propagator in the perturbed medium. 

As an example, the reference ray shift for a direct ray is shown in Figure 1. The model is from ° 
to 30 km in depth and -1 to +1 km laterally. The initial unperturbed ray starts at 30 km and goes 
vertically up to the surface in a homogeneous 6 km/sec medium. A smoothly splined velocity node 
centered at 15 km depth and -2 km in x is now increased by 2% above the background velocity. 
The solid line in Figure 1 marked the "perturbed ray" is the exact ray in this new medium with 
the same initial takeoff angle as the unperturbed ray. This ray bends away from the high velocity 
node and no longer hits the receiver at (0,0). The dashed line is the approximate perturbed ray. 
The solid line in Figure 1 marked as the "two-point ray" is the exact ray trajectory from source 
to receiver. The dot-dash line is the approximate two-point ray by utilizing the unperturbed ray 
propagator. Note that there is an additional error involved in the two-point perturbed ray than in 
the perturbed ray. 

In order to compare with observed amplitudes, the complete perturbed amplitude must be 
derived. This includes attenuation, reflection/transmission coefficients, geometric spreading, and 
receiver functions along the perturbed two-point ray. The approach followed here is to first obtain 
the approximate two-point ray trajector and then compute the perturbed amplitude directly along 
this new trajectory. 

As an example, a simple test inversion is performed for interface corrugation using travel-time 
and amplitude. Rays for a single interface corrugation are shown in Figure 2. The initial model 
has a fiat interface and the true model has small interface corrugation. The functional derivatives 
used in the test inversion are derived using the above travel-time and amplitude perturbations. 
The travel-time inverted result is shown in Figure 3a and the result using log-amplitude is shown 
in Figure 3b. 
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Figure 3: Inversion for 8 splined interface nodes. Exact model has one interface node perturbed by 
.1 km and is noted by the solid lines. 

Work is just beginning in quantifying how large medium variations can be when using perturbation 
methods for travel-time and amplitude. The existence of singular regions, such as caustics, may 
also affect the regions of validity for perturbation techniques. For this reason Gaussian beam 
seismograms, which are a bettef approximation near caustics, may be an important extension 
when using perturbation methods. 

3. Peturbation Methods in Anisotropic Media 

Anisotropy can have significant effects on seismic waves and has been detected in the Earth's 
crust and mantle (Stephen, 1981, Fuchs, 1977). Laboratory measurements imply anisotropy must 
be widespread in both crystalline and sedimentary rocks (Babuska, 1981; Christensen and Salisbury, 
1979). A recent review is given Crampin et. al. (1984). 

There are fundamental differences in propagation of seismic waves in isotropic and anisotropic 
media. In an anisotropic media, the P·wave need not have particle motion normal to the wavefront 
and propagation velocity is in general different in different directions. In addition, there are two 
quasi S-waves which can propagate at different velocities giving rise to shear wave splitting as well 
as polarization anomalies. Phase and group velocities in anisotropic media also diverge resulting 

.. 


.. 


.. 

-.' 

... 

.... .... 

Figure 4: a) Exact 
to the quasi-P ana 
diagram. c) The 51 
case. 



i 

100 

173 Perturbation Methods for Rays and Beams 

b) 

Iel1ion 

100 

node perturbed by 

,using perturbation 
~ as caustics, may 
pn Gaussian beam 
p.portant extension 

t 

Icted in the Earth's 
,ly anisotropy must 
~nsen and Salisbury, 
I 

ic and anisotropic 
al to the wavefront 
tion, there are two 
ve splitting as well 
diverge resulting 

I).. 
.. 
• f 

-.1 .1........'..,... 


... -.. .. ..• 1 

... 

c)..... 
..... 

-.. .. .1 

.................. 
 - •
II).. 

-.1 

.. ... 

.. ... 
... .1~I .. .. 

'.1 

... 
·oO 

Figure 4: a) Exact anisotropic slowness diagram in the x-z plane. The three branches correspond 
to the quasi-P and the two quasi-S waves. The units are in sec/km. b) Initial isotropic slowness 
diagram. c) The slowness diagram found using degenerate perturbation theory from the isotropic 
case. 
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potentially in rays that leave the sagittal plane (see Musgrave, 1970; Auld, 1973, Crampin, 1984). 

The theory of rays in heterogeneous anisotropic media is well known (see, for example, Cerveny, 
1972), but only recently have complete seismic algorithms been described (see Gajewski and 
Psencik, 1987). The approach for travel-time perturbation theory follows the formulation of Firbas 
(1984) and Cerveny and Firbas (1984). An advantage of this approach is that standard isotropic 
ray algorithms can be used to perform the ray tracing. The perturbation approach is justified 
for small anisotropy which has most commonly been observed in situ. The elastic parameters are 
assumed to be of the form 

where a?jkl are isotropic elastic constants and a~jkl are small anisotropic perturbations. If the 
ray theoretical travel-times have been computed in the nearby isotropic heterogeneous model, the 
perturbed travel-times in the corresponding anisotropic medium can be approximately found by 
perturbation. 

Recent work by Jech and Psencik (1988) has shown that for S-waves, degenerate perturbation 
theory must be used. This is required to properly separate the combined S-waves in the initial 
isotropic medium to form two quasi S-waves in the perturbed anisotropic medium. As an example, 
Figure 4a shows the exact slowness diagram for an orthorhombic material in the x-z plane. The 
three branches correspond to the quasi P and two quasi S-waves. The units are in sec/km. Figure 
4b shows the slowness diagram for a nearby isotropic medium with coalesced S-waves. Figure 4c 
shows the slowness diagram derived using degenerate perturbation theory (see Nowack and Psencik, 
1988),. Figure 5 shows the resulting shear wave splitting in travel-times found by perturbation for 
a linear gradient in a medium with an orthorhombic symmetry. The rays shown below are for 
a nearby isotropic linear gradient. The approximate shear wave travel-times shown in Figure 5 
compare within 5% with travel-times from an exact anisotropic ray calculation. 

The calculation of ray theoretical amplitude in a laterally heterogeneous anisotropic media is 
more difficult. Preliminary results using the perturbation approach have been given by Firbas 
(1982), but more work on this aspect of the problem is required. In particular, anisotropic dy. 
namic ray equations must be used within amplitude and ray shift perturbation equations. Finally, 
interfaces need to be incorporated which result in reflected and transmitted anisotropic rays from 
curved interfaces. 

4. Gaussian Beam Seismograms in Perturbed Media 

In this section, perturbation of Gaussian beam seismograms to changes in the medium is 
investigated. The advantage of Gaussian beams over ray theoretical methods is that the results are 
more complete in singUlar regions such as caustics and other critical regions (see Cerveny et al., 
1982, Nowack and Aki, 1984, Cerveny, 1985a, 1985b). 
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Figure 5: Approximate shear wave splitting found using degenerate perturbation theory for a linear 
orthorhombic velocity gradient. The rays shown below are for the initial isotropic gradient. 

The 2-D Gaussian beam superposition can be written as 

(4.1) 

where I is the ray parameter of integration. For a line -source in a smoothly heterogeneous medium 

I 1 

~ [p(SO)V(SO)]' [ f ]' 

411' p(s)v(s) q2(S) + f ql(S) 

res) + ~ P2(s) + (PI(S) n2 

2 q2(S) + (ql(S) 

where q(s) = q2(S)+f ql(S) is the complex spreading. (ql,PI) and (q2,P2) are independent solutions 
of the ray centered paraxial ray equations (see Cerveny, 1985a, 1985b), £ is a complex free parameter 
to be specified in order to give bounded beams as well as reduce discretization error (see Klimes, 
1985, 1986). As f --> 00, a plane wave expansion of the visible spectrum for a line source results. 
The beam parameter can be equivalently specified at the source or receiver (see Cerveny, 1985b, 
Nowack, 1986). If the beam waist is moved to the receiver and in the limit shrunk to zero, the 
standard ray method results. In terms of a specification at the source this gives 
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Figure 6: a) Ray diagram for a flat interface. b) Ray diagram for an interface with a .2 km 
corrugation. 
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q} 

This choice avoids coalescence of critical points in the integral expansion (see White et.al., 1987). 
This is also equivalent to certain beam parameter choices specified at the receiver by Cerney (1985b). 
The effects of curved interfaces can be included in Eq. (5) by using analogous expressions to Eq. 
(3) and Eq. (4) (see Cerney, 1985a, 1985b). 

Since the Gaussian beam results are made up of individually traced beams in a perturbed 
medium, each beam can be perturbed independently using results similar to those given in the 
section on ray perturbations. The individually perturbed beams can then be superposed to give 
the total perturbed wavefield. The advantage in using Gaussian beams is that two-point ray tracing 
is not required in either the perturbed or unperturbed case. For the perturbed case, an extra order 
of approximation in performing the approximate two-point ray tracing is avoided. Also, potential 
problems in using perturbation theory in the vicinity of caustics are reduced using Gaussian beam 
theory. 

As a preliminary calculation, the reflected wave from a 30 km interface is computed. The ray 
diagram for a flat Moho is shown in Figure 6a. The 2-D Gaussian beam seismograms are shown in 
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Figure 7: a) Gaussian beam seismograms for a fiat interface. b) Gaussian beam seismograms for 
corrugated interface. c) Approximate Gaussian beams from perturbation theory for corrugated 
interface. 

Figure 7a. The beam parameter, t, has been chosen to suppress the head wave and concentrate on 
the reflected wave. The critical distance is at 68 km. In Figure 6b, the two-point ray diagram for 
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a Moho with a .2 km corrugation is shown. The computed Gaussian beam seismograms are shown 
in Figure 7b. The character of the reflected wavefield has been significantly altered even by this 
small interface corrugation. 

A preliminary perturbation calculation is performed using the unperturbed rays in Figure 6a. 
to approximately compute the reflected wavefield from the Moho corrugation. Each component 
beam is perturbed and the results are superposed giving the approximate wavefield in Figure 7c. 
The same beam parameter as for the unperturbed case has been used. The approximate result is 
seen to be very similar to the direct Gaussian beam calculation using the exact ray trajectories. 
Further work is required in quantifying the regions of validity of the Gaussian beam perturbation 
theory, in particular in the vicinity of caustics and critical regions. Perturbed Gaussian beams will 
have important high-frequency wavefield synthesis applications. In addition, this approach can be 
used, as ill ray theory, to calculate functional derivatives for travel-time, amplitude and waveforms 
in seismic inversion. 

5. Conclusion 

Perturbation methods for rays and beams for perturbed heterogeneous media have been dis
cussed in this paper. Perturbation methods are applied to both isotropic and anisotropic media. 
An important application of perturbation methods is to seismic modelillg where simpler nearby 
models can be used to approximately compute wavefields in more complicated media. This type 
of analysis is also useful in comparing with more complete seismic synthesis calculations. Further 
work is still required in constructing higher order perturbation formulations as well as quantifiying 
regions of validity for the perturbations. 

For anisotropic media, perturbation methods have been described which use ray calculatiolls a 
nearby isotropic medium. For shear waves and shear wave splitting, degenerate perturbation theory 
is required. The calculation of perturbed amplitudes in anisotropic media still involves extensive 
developmental work. 

An extension to perturbed Gaussian beam seismograms has been implemented. Gaussian beam 
theory gives more complete results at caustics and other singular regions than ray methods. Gaus
sian beams have an additional advantage of not using two-point ray tracing, and for perturbed 
Gaussian beams this requires one less approximation in the perturbation analysis. 
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