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Tomography and the Herglotz-Wiechert Inverse Formulation 

ROBERT L. NOWACK' 

Abstract-In this paper, linearized tomography and the Herglotz-Wiechert inverse formulation are 
compared. Tomographic inversions for 2-D or 3-D velocity structure use line integrals along rays and 
can be written in terms of Radon transforms. For radially concentric structures, Radon transforms are 
shown to reduce to Abel transforms. Therefore, for straight ray paths, the Abel transform of travel-time 
is a tomographic algorithm specialized to a one-dimensional radially concentric medium. The Herglotz
Wiechert formulation uses seismic travel-time data to invert for one-dimensional earth structure and is 
derived using exact ray trajectories by applying an Abel transform. This is of historical interest since it 
would imply that a specialized tomographic-like algorithm has been used in seismology since the early 
part of the century (see HERGLOTZ, 1907; WIECHERT, 1910). Numerical examples are performed 
comparing the Herglotz-Wiechert algorithm and linearized tomography along straight rays. Since the 
Herglotz-Wiechert algorithm is applicable under specific conditions, (the absence of low velocity zones) 
to non-straight ray paths, the association with tomography may prove to be useful in assessing the 
uniqueness of tomographic results generalized to curved ray geometries. 
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Introduction 

In this paper, linearized tomography is compared with the Herglotz-Wiechert 

inverse formulation. Tomography algorithms invert for 2-D or 3-D structure from 

line integrals along rays. For straight ray paths, tomography can be written in terms 

of Radon transforms (see DEANS, 1983). For radially concentric structures, Radon 

transforms are shown to reduce to Abel transforms. Thus for straight ray paths, the 

Abel transform is a tomographic algorithm specialized to a radially concentric 

earth. The Herglotz-Wiechert formulation uses seismic travel-time data to invert for 

one-dimensional earth structure and is derived using exact ray trajectories by 

applying an Abel transform. This is of historical interest since it implies that a 

specialized tomographic-like algorithm has been used in seismology since the early 

part of the century (see HERGLOTZ, 1907; WIECHERT, 1910). Several numerical 

examples are performed comparing the Herglotz-Wiechert algorithm and linearized 
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tomography along straight rays. Conditions of applicability of the Herglotz
Wiechert formula (for example, the absence of low velocity zones) may prove to be 
useful in assessing the non uniqueness of more generalized tomographic algorithms 
along curved rays. 

Theoretical Formulation 

In this section the tomographic algorithm using the Radon transform is intro
duced. For a radially concentric structure, the Radon transform can be specialized 
to an Abel transform. The Herglotz-Wiechert formulation for the inversion of 
seismic travel-time data is then given. This is compared with the tomographic 
formulation for straight ray as well as curved ray line integrals. 

Tomographic algorithms along straight rays can be written in terms of Radon 
transforms. A forward Radon transform is a point to line transformation of the 
form (see DEANS, 1985, Eq. 3-1) 

Rf =l(p, ¢) 1:fdx dy f(x, y) tJ(p - x cos ¢ - y sin ¢) (1) 

where p x cos ¢ + y sin ¢ defines a straight line L for the integration (see 
Figure I). 

The inverse Radon transform takes a complete set of line integrals and recon
structs the object function,J(x, y). This forms the classical straight line tomographic 

x 

Figure I 

A straight line or ray integral through a structure represented by f (x, y), This ray is specified by the 


closest distance p to the origin and the angle <p. 
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algorithm. The inverse Radon transform can be written (see DEANS, 1985, Eq. 
3~28) 

f(x, y) = -A r" d4>[;J (p, 4» * (P)(!)] . 
n Jo P P p ~ x cos <b + Y sm <b 

where (P) denotes the principle value. This can also be written as (see DEANS, 1985, 
Eq. 3-33) 

R-' = _ I BH 0 
2n op 

where H is a Hilbert transform and B is a backprojection operator 

BifJ(x, y) = rd4> f(x cos 4> +y sin 4>, 4». 

A history of the Radon transform and its applications would include the work 
of RADON (1917; for English translation see DEANS, 1983), BRACEWELL (1956) and 
CORMACK ( 1963). An early application of tomography to seismology is the work of 
AKI et al. (1976) who inverted for local receiver structure using teleseismic 
travel-times (see also AKI, 1977). A least squares formulation was used due to the 
irregular station spacing and incomplete ray aperture. McMECHAN and OrroLINI 
(1980) applied directly Radon transforms to the velocity stack (slant stack) of 
seismogram wavefields. Recently, CHAPMAN (1987) reviewed the uses of the Radon 
transform to seismic tomography. 

For functionf(x, y) with circular symmetry, all angles 4> give the same value of 
the Radon transform, thus J(p,4» = J(p, 0). Also, f(x, y) only depends on 
r = As a function of p, independent of 4>, the Radon transform can be 
written 

J(p) = f~oo Jcooo dx dy f( J x 2+ y2) J(p - x) 

J(p) = f~oo dyf(Jp 2+ y2) 

J(p) = 21"" dy f(r) 

where r2 p2 + y2. This can be changed to an integration in r as 

J(p) = 2 flO dr -r=:;:===:c (2) 

where p r sin i (see Figure 2). Equation (2) is an Abel transform (see 
BRACEWELL, 1978, p. 262; DEANS, 1985). Thus, the 2-D Radon transform applied 
to a radially concentric object function reduces to an Abel transform (see also 
VEST, 1974, 1979). 
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ray 

x 

Figure 2 

A straight ray through a structure represented by a radially concentric function. '6 is the maximum 

radius of the structure. The ray is now specified by one parameter, p, the closest distance of the ray to 


the origin. 
 • 
The Abel transform pair can be written 

2100 


!(p) dr ----r=::====::: (3a) 


1 1 I'(p)f(r) 
00 

dp --'===== (3b) 
:It r Jp 2 - r2 

where I' = d!ldp. 
This can also be written as a modified Abel transform pair by using the 

transformation 

!(p) F(p2) = F(e) 

fer) F(r2) = F(p) 

where e= p2 and p r2. Equations (3a) and (3b) are then written 

(4a) 

F(p) = ] roo de-=== (4b) 
:It Jp 

This is in a more convenient convolutional form. For the case of finite upper limits, 
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the modified Abel transform pair can be written (see AKI and RICHARDS, 1980, pp. 
647-648) 

Pm = fa dp F(p) (5a) 
~ ~ 

F(p) =~~ ra 

de Pm . (5b) 
1t dpJp ~ 

AKI and RICHARDS (1980), following B6cHER (1909), give necessary and sufficient 
conditions that the Abel integral Eqn. (5a) has a continuous inverse, Eqn. (5b). 
These conditions are: i) Pm must be continuous, ii) P(a) = 0, iii) Pm has a finite 
derivative with at most a finite number of discontinuities. The most serious 
restriction is the first which excludes discontinuities of p(e). 

Applying this to seismology, for radially concentric earth, the seismic travel-time 
can be written as (see AKI and RICHARDS, 1980, p. 645) 

_ Ire dr (r /v(r)) 2 
n~)-2 . (6a) 

rp r J(r/v(r))2 - p; 
The angular distance can be written as (see Figure 3) 

re dr p
A(p) = 2 _ r (6b) 

r Irp r J(r/v(r)) 2 _ p; 

/

(...............•.......... 

Figure 3 

For a radially concentric, inhomogeneous earth, rays are in general curved. The ray is specified by the 


closest distance to the origin or the bottoming depth, 'p' 'e is the earth's radius . 


..------------------~.~~------.~..~.~~... 
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where v(r) is the radially varying velocity, r is the radius from the center of the 
sphere, re is the earth's radius and rp is the bottoming point of the ray. Pr is known 
as the ray parameter since it is a constant for a given ray in a radially concentric 
earth, with Pr = r sin i/v(r). In terms of the travel-time, Pr = dT/dA. The subscript r 
is used to distinguish between Pr and the P used previously. 

Assuming that v(r) is a constant Vo, then straight ray paths will result. Using 
Fermat's principle and small variations in v(r) from a constant, then the travel-times 
can be approximately computed along these straight rays. The variable P = r sin i is 
now the radial distance of the straight ray from the center of the sphere (see Figure 
2). Equation (6a) can then be written 

"'re rv l(r)
T(p = r sin i) ~ 2 dr ~ Jp v' r2 - p2 

where 

1 (1 i5v(r»)v (r) ~ vo- - v~ . 

In terms of the travel-time perturbation, i5T, from a homogeneous sphere, then 

~T( ..) 21re d r(-i5v(r)/v~)
u p=rsllli ~ r ~. (7a) 

p v' r2 _ p2 

This is an Abel transform as in Eq. (3a). Equation (7a) can be exactly inverted 
using the modified inverse Abel transform in Eq. (5b) to give 

1 dIre i5T(p2)
(-i5v(r)/vs) = d( 2) d(p2) r::2--:::i' (7b) 

n r r2 v' p2 - r2 

Equation (7a) can also be directly related to the straight ray path Radon transform 
in Eq. (1) which can be written 

RJ = i5T(p, rp) = f+: fooG<:) dx dye i5v(x, y)/v~)i5(p - x cos rp - y sin rp). 

Therefore, for straight ray paths the Abel transform applied to travel-time is a 
linearized tomographic algorithm specialized to a radially concentric earth. By using 
an earth flattening transformation, this can also be related to special curved ray 
geometries (see AKI and RICHARDS, 1980). 

The general curved ray case in a radially concentric earth is now described (see 
AKI and RICHARDS, 1980). For this case it is more direct to use the integral 
expression for A(Pr) in Eq. (6b). Recalling that Pr = r sin j/v(r) is a constant along 
a ray in a radially concentric earth, then Eq. (6b) can be written 

A(Pr} re dr/r 
(Sa) 

2Pr I rp J(r /v(r» 2 
- P; 

r 
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This can be rewritten using dr/r = - d(ln ra/r), then Eq. (8a) is 

A(Pr) 1° d(ln ralr) 

2Pr = - Jln(re/rp) J(r/v(rW - P; 

and 

d(ln ra/r) 2 

A(Pr) = _fd«r/v(r»2) d«r/v(r» ) 
(8b) 

2pr J(r/v(r»2 - P; 

This is equivalent to Eq. (5a) if F(p} -d(ln ra/r)/d«r/v(rW), p (r/v(r» 2, 

e= P; and a (ra/v(ra»2. The inverse Abel transform is then given by Eq. (5b) as 

and finally 

1 lre/v(re ) A(p ) dp
In(ra/r(v)) = _ r r . (8c)

2
11: rlv(r) J P; - (r /v(r» 

Equation (8c) is the radially concentric Herglotz-Wiechert inverse formulation. It is 

based on the Abel transform of Eq. (8b). It is valid for generally curved ray 

trajectories provided that the appropriately applied Bocher conditions are satisfied, .. 

where condition i) above requires A(Pr} be continuous. A discontinuous A(Pr} 

would result when v(r}/r decreases with decreasing r. Therefore, the Herglotz

Wiechert inverse using curved rays cannot be used directly in situations involving 

low velocity zones. Equivalent flat earth formulas to Eqs. (8a), (8b) or (8c) can be 

derived using an earth flattening transformation (see AKI and RICHARDS, 1980; 

CHAPMAN, 1987). 


Since for a radially concentric earth, Pr is a constant along each ray, then so is 
P' =v(ra)Pr (see Figure 3). Equations (6a) and (6b) can be related back to line 
integrals along curved rays in the general form 

l(p', </J) = f:: ff(x, y) 6('P(x, y,p', </J» 

where 'P(x, y, p', </J) = 0 defines the ray trajectory in the radially heterogeneous 
earth and p' and </J are one choice of the ray parameters generalized to a curved ray. 
Using Eq. (6a), the integrated parameter is travel-time and using Eq. (6b), the 
integrated parameter is the angular distance, A(Pr). 

Generalized Radon transforms along curved rays have been investigated by 
BEYLKIN (1983, 1984) (see also CHAPMAN, 1987). Any generalized inverse Radon 
transform along curved rays, when specialized to a radially concentric structure, 
would be subject to similar restrictions as the Herglotz-Wiechert inverse algorithm 
which uses exact ray trajectories. Therefore, the association between the Radon 
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transform, the Abel transform and the Herglotz-Wiechert formulation may prove to 
be useful in assessing the nonuniqueness of more general Radon transform based 
linearized tomographic algorithms. From a generalized inverse framework, this 
would indicate when regularization or stabilization is required to form a stable 
tomographic inverse. 

Examples 

In this section, several numerical examples using Herglotz-Wiechert algorithm 
and linearized tomography along straight rays are given. A radially concentric 
velocity model is assumed which is smoothly interpolated using splines. The exact 
travel-times and angular distances in the variable velocity model are then numeri
cally calculated using Eqs. (6a) and (6b). For each example, 400 rays are used which 

B.ISO 

a 

R 100 

V1 

"
L' 

oJ 
'-' 

::> 0.050 

9.000 
0 2!>O 500 7!>0 1000 

RADIUS 

9.500 

b 

RADIUS 

Figure 4a,b 

~--------------------~-~~.~.~~.~~.~~~~. 

?ooo 
V1 
"
E 

--< 
'-' 

::> o 500 

B.OOO +-----,-----...-------.----==---j 
o 2:10 500 7!>0 1000 



313Vol. 133, 1990 Tomography and the Herglotz-Wiechert Formulation 

9.500 
C 

')000 

VI 
"
f' 0.500 

:> 

0.000 

7.500 I I , II 
0 <'~o 500 7~0 1000 

RADIUS 
0.150 

d 

R.100 
VI 
"
G 
c. 
~ 

:> 9.050 

0.000 
0 2~0 500 750 lUOO 

RADIUS 
Figure 4 

Numerical examples comparing the Herglotz-Wiechert algorithm and linearized tomography using 
straight rays. For each case, the solid line is the exact velocity function, a dash-dot line is the 
Herglotz-Wiechert result, and a dotted line is the linearized tomography result. For case d) only the 

exact and tomography results are shown. 

sample the concentric model and are equally spaced in ray parameter, Pro Using the 
Herglotz-Wiechert algorithm, the angular distance, A(Pr), is used in Eq. (8c) to 
calculate the depth to which a given velocity occurs. This is then inverted to find 
velocity with depth. Using linearized tomography, the difference between the exact 
travel-time and the travel-time in a homogeneous sphere is used in Eq. (7b) to 
obtain the velocity perturbations with depth, av(r), and from this the velocity 
function. 

In the first example, the exact velocity model varies from 8.1 km/sec at the center 
of the sphere to 8.0 at the outer radius. This gives a 1.25% velocity contrast and is 
shown by the solid line in Figure 4a. The Herglotz-Wiechert inverted result is shown 
by a dash-dot line and almost overlays the exact velocity function. For the 
linearized tomography result, an initial homogeneous velocity of 8.05 kmjs was 
used. The resulting velocity function is shown by the dotted line in Figure 4a. 

• 
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Except for some small numerical noise for the small radius velocities, the linearized 
tomography result is in good agreement with the Herglotz-Wiechert result and the 
exact solution. 

In the next example, the exact velocity model varies from 9.0 km/s at the center 
of the sphere to 8.0 km/s at the outer radius. This gives a velocity contrast of 12.5% 
and is shown by the solid line in Figure 4b. The Herglotz-Wiechert inverted result 
once again almost overlays the exact solution. Using linearized tomography and an 
initial homogeneous velocity of 8.0 km/s, the inverted velocity model is shown by 
the dotted line in Figure 4b. This gives approximately a 16% error from the exact 
velocity function. A somewhat better result is obtained from linearized tomography 
by using an initial homogeneous velocity of 8.5 km/s. This result is shown by the 
dotted line in Figure 4c. 

In the final example, the exact velocity function is no longer monotonically 
increasing with depth. The velocity ranges from 8.1 km/s at the center to 8.0 at the 
outer radius with a velocity low at a radius of 550. This is shown by the solid line 
in Figure 4d. The simple Herglotz-Wiechert expression given by Eqn. (8c) is not 
strictly valid for models with low velocity zones and the inversion is ambiguous for 
depths below these zones (see AKI and RICHARDS, 1980; CHAPMAN, 1987). The 
linearized tomography results using straight ray paths nonetheless still samples the 
entire sphere and for a small velocity contrast should give a reasonable result. The 
straight ray tomography result using an initial homogeneous velocity of 8.0 km/s is 
shown by the dotted line in Figure 4d. Except for a small deviation near the center 
of the sphere, the comparison with the exact velocity function is quite good. For 
larger velocity contrasts, the linearized tomography algorithm would require itera
tion. Since for higher iterations the initial linearized rays would be curved, in the 
presence of low velocity zones similar ambiguities would result as with the Herglotz
Wiechert algorithm. 

Conclusions 

The Radon transform as used in linearized tomography has been compared with 
the Abel transform and the Herglotz-Wiechert formulation. Tomography al
gorithms invert for 2-D and 3-D structure from line integrals along rays. For 
straight rays, tomography can be written in terms of Radon transforms. For 
radially concentric structure, Radon transforms are shown to reduce to Abel 
transforms. The Herglotz-Wiechert formulation uses seismic travel-time data to 
invert for radial earth structure and is derived using Abel transforms. This is 
historically of interest since it would mean that a specialized tomographic-like 
algorithm has been used in seismology since the early part of the century (see 
HERGLOTZ, 1907, WIECHERT, 1910). Several numerical examples are performed 
comparing the Herglotz-Wiechert algorithm and linearized tomography. Conditions 

> 
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of applicability of the Herglotz-Wiechert formula to non-straight rays (for example, 
the absence of low velocity zones) may prove to be useful in assessing the 
nonuniqueness of more generalized tomographic algorithms along curved rays. 
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