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Abstract. The refraction inverse problem was initially investigated by Herglotz 
(1907), Bateman (1910), and Wiechert and Geiger (1910) who applied Abel transforms 
for the inversion of seismic travel-times in radially varying media. For smoothly varying 
media in the absence of low velocity zones, this formulation provides an inverse solution 
which includes ray bending. In the presence of low velocity zones, bounds on the solu
tion can be obtained from discontinuities in the travel-time data. As an illustration of 
the inversion of refraction data in radially varying media, slant-stacked wavefield data 
are used to invert for velocity in the earth's upper mantle. The inversion of wavefield 
data avoids the picking of travel-times, but requires good quality refraction data which 
is well sampled in offset. In laterally varying media, an inversion formulation using 
seismic attributes has been developed. Examples of seismic attributes include envelope 
amplitudes, instantaneous frequencies, and phase times of selected arrivals. Ray per
turbation theory is used to compute the sensitivity of different attributes to variations 
in the model. To illustrate the inversion of seismic attributes in laterally varying me
dia, attributes extracted from observed refraction data are used to invert for shallow 
crustal structure. Iterative inversions from smooth to less smooth models are used to 
progressively incorporate the longer wavelength features of the model. 

Key words. Seismic Inversion, Seismic Refraction Analysis 

1. Introduction. The inversion of seismic refraction data goes back 
to the work of Herglotz (1907), Bateman (1910)' and Wiechert and Geiger 
(1910) in which Abel transforms were used to invert for radially varying 
structure. For smoothly varying media and in the absence of low velocity 
zones, this approach provides an inverse solution which includes ray bend
ing. When low velocity zones are present, bounds on the solution can be 
obtained from discontinuities in the travel-time data. 

As an illustration of the inversion of refraction data, observed wavefield 
data is used to invert for velocity in the earth's upper mantle. Slant
stacking and downward continuation of the wavefield data are used to invert 
for radially varying velocity. The inversion of wavefield data avoids the 
picking of travel-times, but requires good quality seismic data which is 
densely sampled in offset. 

In laterally varying media, an inversion formulation using seismic at
tributes has been developed. This incorporates more of the seismic data 
than just travel-times, but with less sensitivity to noise than complete 
wavefield inversions. Examples of seismic attributes include envelope am
plitudes, instantaneous frequencies, as well as the phase times of selected 
arrivals. Ray perturbation theory is used to compute the sensitivity of dif
ferent attributes to variations in the model. When using seismic amplitude 
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as an attribute for inversion, attenuation as well as velocity structure of 
the medium needs to be included. To illustrate the inversion of seismic at
tributes for laterally varying structure, attributes extracted from observed 
refraction data are inverted for shallow crustal structure. An iterative in
version from smooth to less smooth models progressively incorporates the 
longer wavelength features of the model without additional smoothing. 

2. Travel-time inversion of refraction data. The inversion of seis
mic refraction data for radially varying media was initially investigated by 
Herglotz (1907), Bateman (1910) and Wiechert and Geiger (1910).1 In 
these papers, refraction travel-times measured on the earth's surface are 
utilized to invert for velocity structure using Abel transforms. The result
ing formulation is referred to here as the HWB solution. 

The travel-time of seismic waves can be written as T(x) f v-Ids, 
where v is the wave speed and s is distance along the ray. In radially varying 
media, the parameter, PIJ. rvsl~/! ,is conserved along the ray and is used to 
index the ray, where () is the angle from the radial and r is the distance from 
the earth's center. For vertically varying media, the horizontal slowness, 
p ~t,,), is conserved along the ray and is used as the ray parameter. The 
travel-time calculations in radially and vertically varying media are related 
to each other by an earth flattening transformation (Aki and Richards, 
1980). 

The ray parameter in vertically varying media can be measured at the 
surface as the slope of the travel-time curve with range, or p =dT/ dX. In 
smoothly varying media, a ray will be horizontal at its bottoming depth, 
ZB, for rays returning to the surface. At the ray bottoming depth, p = 
V- 1(ZB). Thus, by determining p from the slope of the travel-time curve, 
a portion of the inverse problem is solved providing the velocity at the 
ray bottoming point. The final step of the refraction inverse problem is to 
determine the depths of the ray bottoming points. 

Instead of using the travel-time integral, Herglotz (1907) used the range 
integral of the travel-times for inversion. In a vertically varying medium, 
the range integral can be written 

ZB 
X(p) = l 2pdz , 

a y'v-2 _ p2 

where the source and receiver are at the surface, and ZB is the ray bot
toming depth. Using Abel transforms, the inverse solution can be written 

-1 

Z(v) =_~ iV 

X(p)dp , 
11' V;;-1 y'p2 _ v- 2 

1 English translations of the papers by Herglotz (1907) and Wiechert and Geiger 
(1910), originally in German, have been made and are available on request. 
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where Vo is the velocity at .the surface. In a smoothly varying medium and 
in the absence of low velocity zones, this is a complete solution with ray 
bending included. The radially and vertically varying formulations of these 
results are given by Aki and Richards (1980). 

After the initial work of Herglotz (1907) and Bateman (1910), Wiechert 
and Geiger (1910) presented a theoretical development, as well as an ap
plication using observed data, for the refraction inverse problem. Wiechert 
and Geiger (1910) gave primary credit for the solution of the inverse re
fraction problem using Abel transforms to Herglotz(1907). Wiechert and 
Geiger were interested in applying the theory to resolve the structure of 
the earth's interior. However, at this time there were only a few seis
mic measurements from distant earthquakes. One of the teleseismically 
recorded earthquakes used by Wiechert and Geiger was the 1906 San Fran
cisco earthquake. The inverse solution they obtained for the earth's upper 
mantle structure had a linear gradient in velocity down to 1500 km depth, 
with a less steep gradient below. Wiechert and Geiger interpreted their re
sults by identifying the 1500 km depth as the core-mantle boundary, which 
is now known to be at a depth near 2885 km. Because of the insufficient 
data used, their inversion results were not very accurate compared with cur
rent earth models. Nonetheless, the theoretical formulation by Wiechert 
and Geiger, as well as the numerical solution of the inverse problem, was 
correct. 

For straight rays in a spherical earth, the laterally varying tomographic 
inverse problem can be written in terms of Radon transforms (Chapman, 
1987; Nowack, 1991). Early scientific applications of the Radon transform 
include that of Bracewell (1956) and Cormack (1963) (see also, Deans, 1983; 
Bracewell, 1995). An English translation of the work by Radon (1917) is 
given by Deans (1983). In seismology, early tomographic inversions using 
generalized inversion methods were performed by Aki et aL (1976) (see 
also, Aki and Richards, 1980). The HWB solution is an inverse algorithm 
using Abel transforms and specialized to radially varying media. The HWB 
results predate the work of Radon (1917) and provide an early seismolog
ical implementation of seismic inversion (Nowack, 1991). Since the HWB 
inverse solution uses exact ray trajectories, it is more general than straight 
ray linearizations for media with radial velocity variations. 

When low velocity zones are present in the medium, inversion results 
using refraction data are non-unique. Because refracted rays cannot bottom 
in low velocity zones, or LVZ's, a tradeoff occurs between the thickness of 
an LVZ and the velocity distribution within the LVZ and below. However, 
from surface measurements of travel-time curve discontinuities, t1T and 
t1X, bounds on the thickness of an LVZ structure can be obtained (Slichter, 
1932). A more complete description of non-uniqueness in the presence of 
LVZ's when using refraction data is given by Gerver and Markuskevitch 
(1966). A priori constraints on the velocity distribution in an LVZ are 
usually used to reduce the non-uniqueness. The analysis of surface waves 
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is commonly assumed to resolve the ambiguity of LVZ structure, but recent 
numerical experiments by van Reijst et aL (1994) suggest that a practical 
ambiguity may still exist when using observed surface wave data. 

Recently rep), the intercept of the tangent to the travel-time curve as 
a function of slope p, has been used for seismic inversion. Geometrically, 
the travel-time can be decomposed as T(p) = rep) + pX(p), where pX(p) 
is the part of the travel-time associated with the horizontal propagation of 
the ray and rep) is the part ofthe travel time associated with the vertical 
two-way time ofthe ray (Bessonova et aL, 1974). The function rep) is more 
appropriate than X(p) for inversion since it is more directly related to a 
depth-like variable. The conversion of r(p) to depth for a given bottoming 
velocity v = p-l completes the inverse problem in smooth and vertically 
varying media. In the presence of LVZ's, bounds on the resulting velocity 
depth function are obtained from observed discontinuities Ar in the rep) 
curve. 

In laterally varying media, one approach for travel-time inversion is to 
separate the data into common midpoint gathers with Xmid = (Xr + x s )/2 
and xol/set = (xr - x s )/2, where Xa and Xr are the source and receiver 
locations. For seismic data densely sampled in midpoint and offset, the 
velocity can be estimated at each midpoint and depth in a layer stripping 
or downward continuing fashion. This is conceptually similar to the RWB 
formulation, but with the laterally varying velocities above accounted for 
by ray tracing. 

With more variable source and receiver spacings, generalized inver
sion of the travel-time data is usually performed using least squares (Aki 
et al., 1976; Aki and Richards, 1980). This has been termed the inverse 
kinematic problem, and more recently seismic tomography. Refraction to
mography was applied to Soviet deep seismic sounding data beginning in 
the 1960's. In these studies both conventional and nuclear explosions were 
used as sources to study upper mantle structure. An early application of 
seismic tomography using refraction data was conducted by Alekseev et 
al. (1971). A survey of Soviet work on seismic tomography is given by 
Alekseev et aL (1990). A recent tomographic study of mantle structure 
using earthquake travel-times is given by Dziewonski (1984). A survey of 
refraction tomography applied to crustal structure is given by Nowack and 
Braile (1993). 

3. Wavefield inversion of refraction data for radial structure. 
In order to use more of the seismic data and avoid the picking of travel
times, wavefield data can be used to invert for vertically and radially vary
ing velocity structure. One approach to the inversion of wavefield data 
is to use slant-stacking and downward continuation to image the velocity 
structure. A slant-stack, or Radon transform, of wavefield data with offset 
transforms the data to slope p and intercept r coordinates. The slant-stack 
of a wavefield gather yet, x) with a sufficient sampling in offset can written 

as 
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(see McMechan and Ottolini, 1980). 
In vertically varying media, a slant-stacked wavefield can be downward 

continued to convert the r variable to depth, and thus solve for velocity 
with depth. The downward continued wavefield can be written 

s(z,p) Js(w,p)e-iwtP(z,p)dw, 

where s(w,p) is the Fourier transform of s(r,p), and 

t(p) 
'!j;(z,p) 2 Jo vv-2 

- p2dz 

(Clayton and McMechan, 1981). Downward continuation can then be used 
in an iterative procedure in which the velocity function v(z) is updated at 
each iteration. Convergence is obtained when the velocity function coin
cides with the locus of large amplitudes of the geometric arrivals on the 
downward continued wavefield. 

To illustrate the use of refraction data to invert for radially varying 
structure, an inversion of observed wavefield data for upper mantle struc
ture from Erdogan and Nowack (1993) is described. To obtain the long off
sets required to study the earth's upper mantle, a common receiver gather 
was constructed using short period data recorded at the global digital seis
mic network station, MAJO, in Japan. Shallow earthquakes in the western 
Pacific were used to construct a common receiver seismic gather for dis
tances up to 4000 km. A map of the area is shown in Figure 1. Earthquakes 
are noted by small dots. The central circle indicates an angular range of 
35 degrees from the station MAJ O. 

Figure 2A shows the constructed common receiver gather from earth
quakes recorded at various distances from the seismic station MAJO. In 
order to construct this seismic gather, static time corrections were applied 
to align the first arrivals in order to correct for variable crustal structure. In 
addition, deconvolution of the first arrival pulses was performed to equal
ize the pulses shapes from the different earthquakes (Erdogan and Nowack, 
1993). 

The downward continuation and slant-stack of the wavefield in Figure 
2A is shown in Figure 2B. The slant-stack analysis is similar to that per
formed by Walck and Clayton (1984) except that only a single station was 
used to construct the wavefield gather rather than a regional seismic array . 
The final velocity function is shown by the solid line in Figure 2B. This 
velocity model includes several zones of rapid velocity increases, as well 
as an upper mantle low velocity zone. An earth flattening transformation 
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was applied to the velocity model prior to downward continuation (Aki and 
Richards, 1980). This velocity model predicts the travel-times shown by 
the solid lines in Figure 2A. 

Figure 3A shows a ray theoretical synthetic gather using the velocity 
model in Figure 2B. The slant-stack and downward continuation of the 
synthetic wavefield data using the velocity model from Figure 2B is shown 
in Figure 3B. 

The observed and predicted wavefield data in Figures 2A and 3A illus
trate several features of seismic refraction data which can occur for both 
vertically and laterally varying media. These features include rapid in
creases in the velocity structure resulting in triplications of the geometric 
arrivals. In vertically varying media, these triplications are unwrapped 
by the slant-stacking process performed on the wavefield data. However, 
slant-stacking requires a sufficient sampling in range in order to avoid spa
tial aliasing. In this example, the variable receiver spacing in the data 
resulted in some noise in the slant-stacked wavefield. However, there were 
adequate traces to reconstruct the major locus of energy in the transformed 
data. 

A second feature of refraction wavefield refraction data is the possible 
occurrence of discontinuities of the geometric arrivals resulting from low 
velocity zones. A discontinuous pull-back in the predicted travel-times is 
shown by the solid line in Figure 2A near a range of 1500 km and is asso
ciated with the upper mantle low velocity zone. Using ray methods, geo
metric arrivals from an LVZ are delayed and offset. However, diffractions 
can also be generated from the top of an LVZ resulting in weak arrivals in 
front of the geometric arrivals. In laterally varying media, the possibility of 
leading diffractions has been described by Wielandt (1987). Slant-stacking 
of good quality wavefield data can be used to isolate the larger amplitude 
geometric arrivals. 

4. Ray perturbation analysis. For the inversion of seismic data in 
laterally varying media, perturbation or sensitivity analysis giving changes 
in the data to variations in the model needs to be performed. For initially 
homogeneous media, ray perturbation results were given by Keller (1962), 
Moore (1980, 1991) and Norton and Linzer (1982). Farra and Madariaga 
(1987) utilized ray perturbation theory to compute travel-times and am
plitudes in slightly perturbed media from ray calculations in a nearby het
erogeneous reference medium. Applications of ray perturbation theory 
to numerical inversions using travel-times and amplitudes were given by 
Nowack and Lutter (1988). Interfaces were incorporated by Nowack and 
Lyslo (1989) and Farra et al. (1989). Nowack and Psencik (1991) used 
the degenerate perturbation theory of Jech and Psencik (1989) to derive 
perturbed ray equations for general, 3-D anisotropic media based on results 
in a reference 2-D isotropic medium. 

Snieder and Sambridge (1992) investigated higher order travel-time 
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perturbations using a Lagrangian approach. This work showed that for 
fixed endpoints, the complete second order travel-time perturbation could 
be obtained from a first order ray perturbation analysis. The second order 
perturbation analysis was extended by Snieder and Spencer (1993) and 
Snieder and Sambridge (1993) to general ray coordinates. 

The ray equations for the propagation of high frequency seismic energy 
can be written as 

dXi oH 
dr - OPi' 

where i ranges from 1 to 3 and l' is here the ray sampling parameter along 
the ray. One choice for H from Farra et al. (1994) is 

where u(x) refers to slowness, or the inverse wave speed, and hex) is a 
variable stretch of the ray. With this choice of H, the ray equations become 

dx; -1 dPi
dr = U hPi, dT 

The relation between l' and path length s is 

ds r;:-;:- h(-)dT =V XiXi = x. 

The linearized ray equations can then be written 

where Iiu is the slowness perturbation, Rl = ~~~, RJ~ = ~u d(udxi) is the 
UX t vX. S 

ray bending term and h (1 + Iih) is the ray stretch factor term. This 
form of the equations builds in the linearized eikonal equation, and also 
xilixi O. The solution can be written as 

liX;(T)] = peT 0) [liX;(O)] + r peT T')B(T')dT'[ IiPi(T) 'liPi(O) 10' , 
where B(1') includes the source terms from the linearized ray equations 
above and P( 1', 1") is the linearized ray propagator in the initial medium. 
The values Iix;(O), IiPi(O) and Iih are determined to satisfy the boundary 
conditions on the ray (Farra et al., 1994). 

The first order phase perturbation can be written as 
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where the slowness change is integrated along the initial ray, with the addi
tion of a boundary term related to change in the endpoint positions. This 
result can be obtained using Fermat's principle (Aki and Richards, 1980). 
The first order phase perturbation allows for a significant computational 
savings compared to more direct calculations of first order sensitivity of 
travel-times to model parameters. As a result, most recent tomographic 
inversion methods use this first order approach, where higher order terms 
are included in the inversion by iteration. 

The second order travel-time term as given by Snieder and Sambridge 
(1993) can be written 

6T2 1/218°6x; (R!S + Rf) dso + B.T. 

where B .T. refers to the ray endpoint boundary terms (given in Eqn. (45) 
of Snieder and Sambridge, 1993). Also, 

R}S = a6u _ .!!...[6ux;1 
aXi dso 

is the slowness perturbation term transverse to the ray, and 

auo d . 
RI} - - -[UOXiJ , ax; dso 

is the ray bending term used when the initial trajectory is not a true ray. 
For the calculation of ray theoretical amplitudes, the dynamic or parax

ial ray equations have been developed in ray centered coordinates (Popov 
and Psencik, 1978; Cerveny and Hron, 1980). The dynamic ray equations 
have also been applied to more general wavefield calculations, such as Gaus
sian beam summation and Maslov methods ( Cerveny, et al., 1982; Nowack 
and Aki, 1984; Cerveny, 1985; Chapman and Drummond, 1982). 

To include ray amplitudes within an inversion, the sensitivity of geo
metric amplitudes to changes in the model must be developed. Nowack and 
Lyslo (1989) used ray perturbation methods to obtain perturbed geometric 
amplitudes by first obtaining perturbed coordinates for the rays. Because 
of the different factors included in the geometric amplitudes, the perturbed 
amplitudes were then computed directly along the perturbed rays. 

For realistic earth models, observed seismic amplitudes are also affected 
by the attenuation structure. Anelastic calculations for slightly attenuative 
media can be obtained by a continuation of elastic wave solutions with the 
slowness He replaced by 
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in which Wr is the reference frequency at which the slowness model refers. 
This results in a first order, casual q operator (Aki and Richards, 1980). 
An attenuated pulse is then of the form 

p(x, w) = S(w )eiw(T-ln(w/wr )t" /,If) e-wt" /2, 

where T = JU(x,wr)ds is the time along the ray, t* = Ju(x,wr)q-l(x)ds 
is the attenuation factor along the ray, and S(w) is the initial pulse spec
trum. In first order attenuation models, T and t* are often approximately 
computed along the nearby real rays instead of the true complex rays. 

As an alternative, a complex slowness perturbation from a slightly 
anelastic medium can be written 

where a = -In(w/wr )/7r+i/2. The linearized ray equations above can then 
be used to compute the ray perturbations from forcing terms B(r, 8ue ) that 
depend on the complex slowness perturbation. The resulting perturbed 
rays in the anelastic medium will in general be complex. Complex phase 
time perturbations are then computed as in the real case but with a com
plex ray perturbation, as well as a complex slowness perturbation. For 
amplitudes, complex reflection coefficients and complex geometric spread
ing also need to be included. As an example, Zhu and Chun (1994) used 
complex rays to include finite ray effects by introducing a perturbed com
plex slowness. 

In the approach followed here, attenuation is incorporated by comput
ing t* and the geometric spreading along a nearby real elastic ray. For this 
case, the first order t* perturbation to changes in the medium is written 

where only the Juo8q- 1dso term is nonzero if the starting model is elastic 
with qi) 1 =O. When qi) 1 is not equal to zero, all terms contribute. For this 
case the initial and final real trajectories are not valid rays in the anelastic 
media. In the terminology of Snieder and Sambridge (1993), the last term 
on the right is actually a second order term. However, this term is first 
order in the slowness perturbation through the term (jXi, and needs to be 
included in a first order analysis of t* . 

5. Tomographic inversion of seismic attributes in laterally 
varying media. In laterally varying media, a formulation using the in
version of seismic attributes has been developed. This approach includes 
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more of the seismic data than just travel-times, but is less sensitive to noise 
than complete wavefield inversions. Examples of seismic attributes are en
velope amplitudes, instantaneous frequencies, and phase times of selected 
arrivals. 

Procedures for the extraction of seismic attributes include complex 
trace analysis, as well as more general wavelet analysis. An early appli
cation of transient signal analysis was described by Gabor (1964). More 
recently in geophysics, wavelet analysis has had a resurgence (Goupillard 
et al., 1984). Using wavelet analysis, transient signals can be analyzed by 
translation and dilation operations on selected basis wavelets (Daubechies, 
1992). This is in contrast with the use of short-time Fou~ier analysis. 

In order to extract seismic attributes from seismic data, the approach 
followed here is to perform complex trace analysis in which the analytic 
signal is constructed from a seismic trace. From the analytic signal, the 
envelope and instantaneous frequency can be determined. Applications of 
complex trace analysis to seismic data have been described by Taner et al. 
(1979). It's important to note that the resulting instantaneous frequency 
is, in general, not equivalent to a spectral frequency. However, when an 
appropriate weighted average of the instantaneous frequency is performed, 
the estimate converges to an average of the positive spectral frequencies. 

The analytic signal can be written 

z(t) y(t) + ijj(t) , 

where a Hilbert transform is used to obtain y(t) from y(t). Alternatively, 
z(t) can be obtained from the positive frequencies of the spectrum of y(t). 
The signal envelope is then 

and the instantaneous frequency can be written 

h(t) = ~ y(t)dy(t)jdt jj(t)dy(t)jdt 
271" a2(t) + t 2 

where 1'2 is a small damping factor which is used to stabilize the instanta
neous frequency when the envelope becomes small. A weighted average of 
the instantaneous frequency using the squared envelope is also performed 
to provide added smoothing of the estimate. Figure 4 shows an example 
of the determination of the complex envelope and instantaneous frequency 
from an observed seismic trace. For selected seismic phases, the envelope 
amplitudes, phase times and weighted instantaneous frequencies can be 
extracted. 

In order to obtain values of the attenuation factor t* a method based on 
the matching of instantaneous frequencies between observed and attenuated 
reference pulses was performed by Matheney and Nowack (1995). In this 
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where p(xre /, t) is a near offset reference pulse, T is the travel time, and t* =: 

Juq-1ds is the attenuation factor. The 1FT indicates an inverse Fourier 
transform, the * indicates convolution, and a =: In(w/wr )/lI' + i/2. In 
order to estimate the attenuation factor, t*, between the observed trace and 
the reference pulse, the instantaneous frequencies fr s are first determined. 
The reference pulse is attenuated using a trial estimate of t*calc to obtain 
Hale. An inverse problem is then formulated for t* as 

afcalc 
fIbs - fyalc Ri d"t.. (t* - t*calc). 

This equation is iteratively solved to find the relative attenuation factors 
t* between the observed traces and the near offset reference pulse using the 
instantaneous frequency values. The procedure approximately removes the 
effects of the reference pulse spectrum and was found to be more stable 
than the use of spectral ratios (Matheney and Nowack, 1995). 

An example of an observed crustal seismic gather is shown in Figure 
5. Although the amplitudes are normalized to unit strength for plotting 
purposes, estimates of amplitudes as well as instantaneous frequencies can 
be obtained for the first arrival pulses on the refraction gather. l.From the 
values of the instantaneous frequency, estimates of t* can be obtained using 
the matching procedure above. 

Assuming that seismic attributes, including pulse amplitudes, atten
uation factors t*, and phase times, have been extracted from the seismic 
wavefield data, then an inversion of these attributes for velocity and atten
uation structure can be performed. A linearized relation between changes 
in the model parameters, flu and flq-l) and data residuals can be written 
as 

fiT 1 [aT/au
6t* =: at" / au 

[ flln A aIn A/au 

where T is the travel time, t* is the attenuation factor, and In A is the 
log-amplitude. 

All amplitudes are normalized to a reference pulse amplitude for a 
near offset receiver. The attenuation factor can be incorporated either as 
a relative or an absolute t*. The amplitude partials can be written as 

aIn A aIn A at* 
aq-l ~ aq-l 

where In Ag is the geometric spreading component of the log-amplitude 
related to the velocity, or real slowness model. 
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A damped inversion is then used to solve the above system of equations, 
which at the n-th iteration can be written 

where d is the data vector, g(xn) is the solution to the forward problem 
using the n-th iteration model X n , and the sensitivity or partial matrix is 
G n = og(xn)/ox. The data and model residuals can be normalized as 
d' = Cd1/\d - g(xn)) and x' = C;;,2(X - x n ), where C~/2 and C;~2 
represent the data and model weight matrices. The inverse problem can 
then be written as d' = Gn'x' with G n' Cdl/2GnC;~2. The solution 

is obtained by minimizing (d' - Gn'x'f(d' - Gn'x') + X 
ITx', where T 

represents the conjugate transpose. The solution is of the form 

where the (n+1 )-th solution can be written as Xn+1 Xn + C;~2X'. This 
is termed a damped inversion to distinquish it from a more formal stochas
tic inversion in which the a priori model and model uncertainties remain 
fixed at each iteration. In the approach here, the model parameterization 
may change at each iteration. This allows for a small number of model pa
rameters, representing a smooth model, during the initial iterations of the 
inversion, and then an increasing number of model parameters at higher 
iterations. The iterative procedure is terminated when the RMS data resid
uals are within the data errors. 

As an illustration, a combined inversion of seismic attributes for later
ally varying crustal structure is presented for shallow structure along the 
northern end of the 1986 Ouachita PASSCAL seismic experiment. An it
erative sequence of inversions was performed from smooth to less smooth 
models. This was done by increasing the number of vertical speed lines 
in the model at each iteration step. A vertically varying starting model 
derived from a I-D inversion was used to start the iterative process. There 
were 5 nodes with depth down to 3.25 km with 2, 3, 5, and then finally 9 
equally-spaced vertical speed lines from 0 to 80 km in range. The resulting 
model with 9 vertical speed lines had 45 velocity nodes and 45 attenuation 
nodes. The iterative process was terminated when the RMS data residuals 
were less than the observed data uncertainties. This type of iterative pro
cedure has the advantage of freezing in the longer wavelength features of 
the model based on fitting of the data. Although damping was used, more 
elaborate model smoothing was not used. This iterative procedure was 
found to be important when performing a simultaneous inversion of differ
ent seismic attributes, since attributes, such as amplitudes, were found to 
be very sensitive to model roughness. 

The final inverted velocity model with 9 vertical speed lines is shown 
in Figure 6A and includes a shallow basin deepening with distance to the 
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south. This is also imaged in the attenuation, or inverse-q model shown 
in Figure 6B. The attenuation model has q values as low as 20 near the 
surface, increasing to values greater than 100 for depths near 3 km. Figure 
7 A shows the ray diagram for the crustal model shown in Figure 6. Figure 
7B shows a comparison between the observed and computed travel-times, 
and Figures 7C and 7D show the observed and predicted In-amplitudes 
and t* values. Approximately half of the predicted log-amplitudes from 
this model resulted from the velocity model and half from the attenuation 
model. 

The seismic amplitudes were found to be very sensitive to the model 
roughness. The sensitivity of ray amplitudes was noted previously by 
Nowack and Lutter (1988) who suggested that geometric amplitudes could 
be used to provide smaller scale structure than from the use travel-times 
alone. This was also concluded by Neele et al. (1993). However, from the 
observed crustal data ultilized here, the inverted models were required by 
the observed amplitudes to maintain a relatively smooth character. The 
ray amplitudes predicted by a large parameter travel-time inversion alone 
would have fit the travel-time data, but would have predicted ray ampli
tudes that were too rough compared to the observed amplitudes. This 
suggested that an iterative procedure from smooth to less smooth models 
be performed, including amplitudes and t* values from the beginning of 
the inversion procedure. 

6. Conclusions. The HWB formulation of Herglotz (1907), Bateman 
(1910) and Wiechert and Geiger (1910) utilizes Abel transforms and con
structs the inverse solution in smoothly varying 1-D media using exact ray 
trajectories. This inverse formulation is more general than straight ray lin
earizations when applied to radially varying media. In the presence of low 
velocity zones, bounds on the HWB inverse solution can be obtained from 
discontinuities of the travel-time curve. 

As an illustration of the inversion of refraction data in radially varying 
media, observed wavefield data has been used to invert for the earth's upper 
mantle velocity structure. Slant-stacking and downward continuation are 
used to invert the wavefield data for radially varying velocity structure. The 
inversion of seismic wavefield data avoids the picking of travel-times and 
incorporates more of the· seismic data, but requires good quality refraction 
data which is well sampled in offset. 

In laterally varying media, an inversion formulation using seismic at
tributes has been developed. This approach includes more of the seismic 
data than travel-times, but with less sensitivity to noise than complete 
wavefield inversions. Seismic attributes include envelope amplitudes, in
stantaneous frequencies, and phase times ofselected arrivals. Instantaneous 
frequencies are converted to attenuation factors, t* , using a matching pro
cedure between the data traces and near offset reference pulses. This com
pensates for the effects of the reference pulse spectrum in the estimation 
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of the attenuation factors. 
o IN0..,..-__To illustrate the inversion of seismic attributes in laterally varying 
~ 

media, observed crustal refraction data have been used to invert for shallow 
ocrustal structure. An iterative inversion procedure was performed starting 
<; .. 

with smooth models and progressing to less smooth models. This type 
o 
o ..of inversion procedure was found to be important when simultaneously 
o

inverting different seismic attributes. Only first order perturbations of the o 
r-

different seismic attributes were used so that the order of perturbation for 
the different seismic attributes at each iteration would be kept the same. 
Higher order perturbations of the seismic attributes were then incorporated 
by the use of multiple iterations. 
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BP FILTERED SEISMOGRAMS FROM 0.1 TO 1.0 HZ 
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Figure 2. A) Observed seismic wavefield gather with offset from 

station M in which static corrections and deconvolution have been 

applied. The solid line is the t predicted from the velocity model 

shown by the line in B). B) Slant-stacked and downward continued 

wavefield of the observed wavefield in A). The solid line is the result 

ing velocity model with an earth flattening transformation applied 

(modified from Erdogan and Nowack, 1993). 
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velocity mode in Figure 2B. B) Slant-stacked and downward continu

ation of the synthetic data A) (modified from Erdogan and Nowack, 

1993). 
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Figure 4. A) An observed seismic trace and its complex enve
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Figure 6. Combined tomographic inversion for velocity and 

attenuation usi observed crustal seismic attributes. A) Final velocity 

model using 9 vertical speed lines. B) Final inverse-q model using 9 

vertical speed lines. 
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in Figure 6. B) and computed travel-times for the crustal model 
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