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Abstract—To investigate the nature of Pn propagation, we

have implemented the spectral-element method (SEM) for verti-

cally and laterally varying media with and without attenuation. As

a practical measure, essential features of the Pn waves are distilled

into seismic attributes including arrival times, amplitudes and pulse

frequencies. To validate the SEM simulations, we first compare the

SEM results with reflectivity calculations of BRAILE and SMITH

(Geophys. J.R. Astr. Soc. 40, 145–176, 1975) and then to the

asymptotic results of ČERVENÝ and RAVINDRA (Theory of Seismic

Headwaves, University of Toronto Press, pp. 235–250, 1971).

Models with random, laterally varying Moho structures are then

simulated, where the amplitude and pulse frequency characteristics

are found to be stable to small Moho interface perturbations. SEM

calculations for models with different upper-mantle velocity gra-

dients are next performed where it is found that interference effects

can strongly influence the Pn amplitudes and pulses frequencies.

For larger-scale, laterally varying structures, SEM models similar

to that found along the Hi-CLIMB array in Tibet are then per-

formed. It is observed that large-scale structures, along with small-

scale structures, upper-mantle velocity gradients and attenuation,

can all significantly affect the Pn attributes. Ambiguities between

upper-mantle velocity gradients and attenuation are also found

when using Pn amplitudes and pulse frequency attributes. These

ambiguities may be resolved, to some degree, by using the cur-

vature of the travel times at longer regional distance, however, this

would also be complicated by lateral variability.

Key words: Seismic Pn Waves, seismic attributes, spectral-

element method.

1. Introduction

Head-waves are important seismic phases since

they are the first arriving phases at long offsets. When

a positive upper-mantle velocity gradient occurs, the

head-wave or Pn phase is composed of a complex set

of interfering waves (ČERVENÝ and RAVINDRA (1971;

HILL, 1971; MENKE and RICHARDS, 1980). These

interfering waves can also simply result from the

spherical nature of the Earth (HILL, 1973; SERENO and

GIVEN, 1990, YANG et al., 2007), which gives an

effect equivalent to a velocity gradient in a corre-

sponding flattened earth model. Amplitude variations

of refracted waves with distance support the inter-

pretation that these arrivals are composed of diving

and interference waves, in contrast to pure head-

waves (BRAILE and SMITH, 1975).

To account for the intricate nature of Pn propa-

gation, we have implemented the spectral-element

method (SEM) (KOMATITSCH and VILOTTE, 1998; KO-

MATITSCH et al., 2005). The SEM approach can be

applied in 2D or 3D and implemented in parallel

using a message passing interface (MPI) library on

large-cluster computing. Here we have applied a

parallel 2D viscoelastic SEM code. As a practical

measure, essential features of Pn waveforms are

distilled into seismic attributes, including arrival

times, envelopes of wave amplitudes, and pulse fre-

quencies for modeling using the approach of

MATHENEY and NOWACK (1995).

In order to validate the spectral-element method,

wide-angle seismic results obtained using SEM are

compared with the reflectivity results of BRAILE and

SMITH (1975), and with the asymptotic results of

ČERVENÝ and RAVINDRA (1971). For these compari-

sons, in addition to synthetic seismograms, various

seismic attributes of the Pn are derived, including

envelope amplitudes and pulse frequencies.

There has been a recent debate on the effects of

geometric spreading from structural effects of the

medium and intrinsic and scattering attenuation

(MOROZOV, 2008, 2010; XIE, 2010). Here we investi-

gate the effects of structural models on the amplitude

and frequency characteristics of Pn waves. We first

use the SEM approach to investigate models with

randomly varying Moho structures to test the stability
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of the results to small Moho changes in the model.

SEM simulations for models with different upper-

mantle velocity gradients are then performed, and

results of the runs show that the Pn seismic attributes

are strongly affected by the velocity gradients in the

upper mantle. For larger-scale, laterally varying

structures, we perform SEM simulations for struc-

tures similar to those found along the Hi-CLIMB

array in Tibet with a ramp structure at the Moho by

GRIFFIN et al. (2011), NÁBĚLEK et al. (2009), NOWACK

et al. (2010) and TSENG et al. (2009). It is found that

the large-scale structure can also significantly affect

the Pn seismic attributes. However, ambiguities

between upper-mantle velocity gradients and attenu-

ation are found when using Pn amplitudes and pulse

frequencies, which can possibly be resolved using the

curvature of the travel times at longer regional

distances.

2. Validation of the Spectral-Element Method

for Pn Waves

In order to validate the spectral-element method,

comparisons are made between wide-angle SEM

results and the reflectivity calculations of BRAILE and

SMITH (1975), as well as between the SEM results and

the asymptotic results of ČERVENÝ and RAVINDRA

(1971). For these comparisons, in addition to the

synthetic seismograms, various seismic attributes of

the Pn are derived, including travel times, pulse

amplitudes and pulse frequencies. The SEM calcu-

lations are implemented using the parallel code

SPECFEM2D (KOMATITSCH and VILOTTE, 1998;

KOMATITSCH et al., 2005).

We first compare the SEM with the reflectivity

calculations. For various wide-angle applications, the

reflectivity method has been extensively used to

compute synthetic seismograms in vertically varying

media. For example, BRAILE and SMITH (1975) com-

puted synthetic seismograms using the reflectivity

method and examined the effects of various velocity-

depth models on the calculated seismic waves. The

first comparison is for a model with a constant

velocity 30 km crust over a constant velocity mantle,

and is called Moho-1 by BRAILE and SMITH (1975).

The P-wave velocity in the crust is 6.4 km/s and in

the mantle is 8.0 km/s. The S-wave velocities are

computed assuming a Poisson solid, and the densities

are computed from the P-wave velocities using

Birch’s law (BRAILE and SMITH, 1975). As described

in the Appendix A, the initial pulses used in the two

modeling techniques first need to be matched, and

also an approximate 2D to 3D correction needs to be

applied to the SEM calculations. In Fig. 1a, the

results of BRAILE and SMITH (1975) for model Moho-1

(solid line) are shown and the results of the SEM

(dashed line) are superposed. Both results are multi-

plied by distance for plotting purposes. As can be

seen from the comparison, a good agreement is

found. Since there is no upper-mantle velocity gra-

dient for this case, the amplitudes of the Pn arrivals

are small compared to the PmP arrivals.

The second comparison with reflectivity results is

performed using a constant velocity 30 km crust over

a positive velocity gradient in the top 5 km of the

mantle, and is called Moho-5 by BRAILE and SMITH

(1975). The P-wave velocity of the crust is 6.4 km/s.

A velocity gradient in the upper-mantle for 5 km

below the Moho is given by a2ðzÞ ¼ atop
2 þ bz, where

atop
2 is the top velocity of the mantle of 8 km/s, b is

the velocity gradient of 0:08 s�1, and z is the depth

below the Moho. At the depth of 35 km, the velocity

of the mantle is 8.4 km/s down to the bottom of the

model at 60 km in depth. The computation of the

S-wave velocities and densities is done in a similar

manner as the first case given above. The compari-

sons between the reflectivity the SEM results are

shown in Fig. 1b and are in a good agreement. For

the zone around the critical distance at 80 km, larger

amplitude arrivals occur resulting from the onset of

the wide-angle reflected waves and the initiation of

the head-waves. The size of this zone depends on the

frequency content of the source where lower fre-

quencies will cause a larger interference zone (BRAILE

and SMITH, 1975).

Comparing Fig. 1a and b, the Pn amplitudes for

the second model are much larger than those of the

first model. This is due to the presence of a positive

velocity gradient below the Moho for the second

model (HILL, 1971). The resulting interference head-

waves have a similar initial travel time onset as the

pure head-waves, but then begin to curve for

increasing distance due to the upper-mantle velocity
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gradient. The amplitude characteristics of interfer-

ence head-waves are also very different from the pure

head-waves (BRAILE and SMITH, 1975).

SEM results are next compared with the asymptotic

results of ČERVENÝ and RAVINDRA (1971). The pure

head-wave case has a constant velocity 30 km crust

over a constant velocity mantle model, where the P-

wave velocity in the crust is 6.4 km/s and in the mantle

is 8 km/s. ČERVENÝ and RAVINDRA (1971) specify the

densities of the crust and mantle to be the same with

q1=q2 ¼ 1. The interference head-wave case of ČER-

VENÝ and RAVINDRA (1971) has a constant velocity

30 km crust over a positive velocity gradient mantle.

The velocity in the lower medium is given by a2ðzÞ ¼
atop

2 þ bz where atop
2 is the top velocity of the mantle

equal to 8 km/s, b is the velocity gradient equal to

0.02264 1/s and z is the depth below the Moho.

Figure 2a shows a comparison between the

amplitudes for the pure and interference head-waves

for the asymptotic results of ČERVENÝ and RAVINDRA

(1971) (background plot) and the SEM results

(crosses) superposed. For the background plot of

ČERVENÝ and RAVINDRA (1971), C? is the interference

head wave amplitude, 131 is the pure head wave, II is
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Figure 1
a A comparison between the SEM calculations (dashed) and the reflectivity results (solid) of BRAILE and SMITH (1975) for a model with a

constant velocity 30 km crust over a constant velocity mantle. The amplitudes of the reflectivity results and the 3D corrected SEM results are

both multiplied by distance in the plot. b A comparison between the results from the SEM calculations (dashed) and the reflectivity results

(solid) of BRAILE and SMITH (1975) for a constant velocity 30 km crust over a mantle with a velocity gradient in the top 5 km. Amplitudes of

the reflectivity results and the corrected SEM results are both multiplied by distance in the plot
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the reflected wave amplitude, and r�131 is the critical

distance for the pure head-wave. Because the

amplitude variations with distance are different for

the 3D asymptotics and 2D SEM (CHEW, 1990),

approximate 2D to 3D corrections given in Appendix

A have been applied to the SEM calculations. As seen

in Fig. 2a, there is a good agreement between the

asymptotic calculations of ČERVENÝ and RAVINDRA

(1971) and the SEM results for the pure and inter-

ference head-wave cases. Again, the existence of a

positive upper-mantle velocity gradient drastically

increases the head-wave amplitudes (ČERVENÝ and

RAVINDRA, 1971).

The incident and Pn pulse amplitude spectra as a

function of distance are given in Fig. 2b, where the

initial pulse has a dominant frequency of 6.4 Hz. At

the onset distance of the Pn wave, the centroid fre-

quency of the Pn pulse spectra at 140 km is lower

than that of the incident wave. The centroid fre-

quency then starts increasing and becoming larger

than that of the incident wave at 180 km resulting

from tuning effects between the different interference

waves. For greater distances, the diving waves begin

to dominate, and this causes a lowering of the cen-

troid frequency approaching that of the incident

wave. This behavior is consistent with the reflectivity

and asymptotic Gaussian beam calculations of

NOWACK and STACY (2002).

3. SEM Simulations for Laterally Varying Moho

Depths

Several SEM simulations are next performed for

models with randomly varying Moho depths. For

each random Moho depth model, a Gaussian pseudo-
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Figure 2
a A comparison between the SEM amplitude calculations (crosses) and the asymptotic results (background plot modified from ČERVENÝ and

RAVINDRA, 1971) for the pure and interference head-waves. For the background plot, C? is the interference head-wave amplitude, the C0 is the

diving wave amplitude, the 131 wave is the pure head-wave case, II is the reflected wave amplitude, and r�131 is the critical distance for the

pure head-wave. The SEM simulations are corrected from 2D to 3D as in Appendix A. b This shows the amplitude spectra as a function of

distance for the interference head-wave. The thin black curves are from ČERVENÝ and RAVINDRA (1971) and the thick black curves are from the

SEM calculations
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random number generator is used to generate Moho

depths with the parameters given by the standard

deviation, a mean depth of 30 km, and a 1 km hori-

zontal sampling. A smoothing window is then applied

to the results. The first model has a standard deviation

of 0.1 km in depth and a horizontal smoothing length

of 20 km, and second model has a standard deviation

of 0.25 km in depth and a horizontal smoothing

length of 40 km. Figure 3 (top) shows two randomly

generated Moho depths for the first model, where two

different realizations are labeled as ‘‘A’’ and ‘‘B’’.

The bottom plot in Fig. 3 is shown to illustrate how

the variations of the interfaces would look at a more

geologic scale. Except for the interface parameters

(standard deviation and smoothing length), the other

model parameters, including the upper mantle

velocity gradient, are the same as that used for

interference head-wave case shown in Fig. 2.

The SEM amplitudes for the first randomly

varying Moho models are given in Fig. 4a, and are

compared with the interference head-wave results for

the reference model from ČERVENÝ and RAVINDRA

(1971). The SEM simulations are corrected from 2D

to 3D as in Appendix A. It can be seen that the

amplitudes of the two realizations for the first random

Moho depth models vary about the background

amplitude curves indicating that small interface per-

turbations affect the amplitudes in a stable fashion.

For the same standard deviation and horizontal

smoothing length, the A and B realizations for the

first random Moho model have a very similar range

of amplitudes about the background amplitude curve.

Figure 4b displays the pulse spectra for the A real-

izations for the first model showing that the pulse

frequencies are stable compared to the background

model results for small perturbations in Moho depth.

Figure 5 (top) shows two randomly generated

Moho depths for the second model which has a

standard deviation of 0.25 km in depth and a hori-

zontal smoothing length of 40 km. Two different

realizations for the same parameters are again labeled

as ‘‘A’’ and ‘‘B’’. The bottom plot in Fig. 5 is shown

to illustrate how the variations of the interfaces would

look at a more geologic scale. Except for the interface
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Figure 3
This shows two realizations of random Moho depths A and B for models with a standard deviation of 0.1 km in depth and a horizontal

smoothing length of 20 km in distance. The upper mantle velocity gradient is the same as that used in Fig. 2. Both realizations are centered at

30 km and slightly shifted for plotting purposes. The top plot shows a zoomed view of the interfaces, and the bottom plot is less magnified
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parameters (standard deviation and smoothing

length), the other model parameters, including the

upper mantle velocity gradient, are the same as that

used for interference head-wave case shown in Fig. 2.

The SEM amplitudes for the second of the ran-

domly varying Moho models are given in Fig. 6a, and

are compared with the interference head-wave results

for the reference model from ČERVENÝ and RAVINDRA

(1971. The SEM seismic attributes are corrected from

2D to 3D as in Appendix A. It can be seen that the

amplitudes of the two realizations for the second

random Moho depth models vary about the back-

ground amplitude curves indicating that small

interface perturbations affect the amplitudes in a

stable fashion. For the same standard deviation and

smooth length parameters, the A and B realizations

for the second random Moho model have a very

similar range of amplitudes about the background

amplitude curve. However, the amplitudes for the

second random Moho model in Fig. 6 with a standard

deviation of 0.25 km and a horizontal smoothing

length of 40 km have amplitudes that vary more

strongly but still fluctuate about the background curve

than the first model. Figure 6b displays the pulse

spectra for the A realizations for the second model

showing that the pulse frequencies are stable com-

pared to the background model results for small but

somewhat larger perturbations in Moho depth.

4. Effects of Upper-Mantle Velocity Gradients on Pn

Attributes

To test the effects of upper-mantle velocity gra-

dients on the Pn attributes, several models with

different velocity gradients are simulated using SEM.
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Figure 4
a This shows a comparison between the SEM calculations (crosses and squares) for the random depth models in Fig. 3 and the reference

asymptotic results for the interference head-wave (see Fig. 2 for more details of the background plot modified from ČERVENÝ and RAVINDRA,

1971). Crosses are for realization A, and squares are the realization B in Fig. 3. The SEM simulations are corrected from 2D to 3D as in

Appendix A. b This shows the Pn spectra as a function of distance. The thin black curves are from ČERVENÝ and RAVINDRA (1971) for the

reference case, and the thin gray lines show the spectra for the SEM calculations for realization A in Fig. 3
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Figure 7a shows the P-wave velocity model for a

laterally homogeneous model with an upper-mantle

velocity gradient of 0.004 1/s and a Moho depth of

65 km. The crust is laterally homogeneous and has a

P-wave velocity of 6 km/s at the surface. Also, a

source depth of 10 km was used. Figure 8 shows the

SEM Pn attributes for several models with different

upper-mantle velocity gradients of 0, 0.002, 0.004,

and 0.006 1/s with and without attenuation included.

The incident pulse is a Ricker wavelet with a center

frequency of 2 Hz. The SEM simulations are cor-

rected from 2D to 3D as in Appendix A. For positive

upper-mantle velocity gradients, it can be seen in

Fig. 8a that the travel times as a function of distance

curve, with the curvature being most pronounced for

the higher velocity gradients. As shown in Fig. 8b,

when there is no upper-mantle velocity gradient, the

Pn pulse amplitudes strongly decrease with distance.

For the Pn amplitudes shown in Fig. 8b for the

positive upper-mantle velocity gradients in the no

attenuation case, the amplitudes even increase for

certain distance ranges. In Fig. 8c, the pulse ampli-

tudes are shown with attenuation included for a Qp of

150 in the crust and 400 in the mantle, where the

attenuation has the effect of bringing down all the

amplitude curves in Fig. 8c. Nonetheless, the ampli-

tude patterns are still preserved.

The pulse centroid frequencies shown in Fig. 8d

for the no attenuation case initially go down at the

intersection of the Pg and Pn branches, but then

increase higher and even oscillate somewhat with

distance for the higher upper-mantle velocity gradi-

ents. The pulse centroid frequencies when attenuation

is included are shown in Fig. 8e and are now reduced

with distance as a result of the attenuation.

5. Effects of Large-Scale Lateral Variations on Pn

Attributes

SEM simulations are next performed for several

models with large-scale, laterally varying structures.

Figure 7b shows Ramp Model 1 which is derived

from a simplified 2D slice of an earth flattened model

derived from the 3D travel time modeling, using

regional data from the Hi-CLIMB array from GRIFFIN
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This shows two realizations of random Moho depths A and B for models with a standard deviation of 0.25 km in depth and a horizontal

smoothing length of 40 km in distance. The upper mantle velocity gradient is that the same as the used in Fig. 2. Both realizations are centered

at 30 km and slightly shifted for plotting purposes. The top plot shows a zoomed view of the interfaces, and the bottom plot is less magnified
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et al. (2011) and using teleseismic waves recorded by

the Hi-CLIMB array by NÁBĚLEK et al. (2009),

NOWACK et al. (2010) and TSENG et al. (2009). The

laterally homogeneous crust has a velocity of 6 km/s

at the surface. The upper-mantle has velocity gradi-

ents with depth and also velocities that can change

laterally. The Moho has a ramp structure with the

Moho charging in depth from 73 km on the left side

of the ramp to 64 km on the right side of the ramp.

The upper-mantle top velocities are 8.3 km/s to the

left of the ramp and 7.9 km/s to the right of the ramp

with a linear transition in between. Ramp Model 1

has a constant upper-mantle velocity gradient of

0.004 1/s. Figure 7c shows Ramp Model 2 which is

similar to Ramp Model 1 but with a laterally variable

upper-mantle velocity gradient with 0.004 1/s to the

left of the ramp and 0.002 1/s to the right of the ramp.

The source depth is 10 km.

Figure 9 shows the seismic attributes computed

for Ramp Model 1. The crosses are for source B near

1,000 km and recorded to the left in Fig. 7b and the

circles are for source A near 0 km and recorded to

the right in Fig. 7b. The travel time curves are

shown in Fig. 9a and are quite distinct between the

normal and reversed gathers from shots A and B, and

this results from the different upper-mantle top

velocities to the left and right of the ramp, as well as

the change of Moho depth structure across the

model. The amplitudes curves are displayed in

Fig. 9b for the no attenuation case and show a rel-

ative increase with distance for the Pn branch for

source B which results from the ramp in the Moho
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Figure 6
a This shows a comparison between the SEM calculations (crosses and squares) for the Moho depth models in Fig. 5 and the reference

asymptotic results for the interference head-wave (see Fig. 2 for more details of the background plot modified from ČERVENÝ and RAVINDRA,

1971). Crosses are for realization A, and squares are for realization B in Fig. 5. The SEM simulations are corrected from 2D to 3D as in

Appendix A. b This shows the Pn spectra as a function of distance. The black curves are from ČERVENÝ and RAVINDRA (1971) for the reference

case, and the thin gray curves shows the spectra for the SEM calculations as a function of distance for realization A in Fig. 5
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for this model. However, for source A, the Pn

amplitudes relatively decrease with distance, result-

ing from the ramp in the Moho. Figure 9c shows the

amplitudes for the Ramp Model 1 when attenuation

is included with a Qp of 150 in the crust, and 400 in

the mantle. When attenuation is included, the

amplitudes are brought down with distance but have

a similar pattern as in the no attenuation case.

Nonetheless, using reversed shot gathers to the left

and right of the model, one can identify the large-

scale features of the ramp and upper-mantle velocity

structure for this model.

Figure 7
a This shows a horizontal Moho structure with a positive velocity gradient of 0.004 1/s in the upper-mantle. b This shows Ramp Model 1, a

simplified P-wave velocity model from travel time modeling of regional events from Hi-CLIMB, showing a ramp in the Moho with a constant

velocity gradient of 0.004 1/s in the mantle. c This shows Ramp Model 2, a ramp model with an upper-mantle velocity gradient of 0.004 1/s

on the left side of the ramp and 0.002 1/s on the right side of the ramp. The Moho is at a depth of 73 km on the left side of the ramp and 64 km

on the right side. The top velocity of the upper-mantle is 8.3 km/s on the left side of the ramp and 7.9 km/s on the right side. The normal and

reversed shot gathers have shots located at A and B
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The pulse frequencies for the no attenuation case

are displayed in Fig. 9d, but the structure shows a less

dramatic difference between the normal and reverse

shot gathers. The pulse frequencies for the attenua-

tion case are shown in Fig. 9e and the effects of the

ramp structure are more subdued than in the no

attenuation case. However, the Pn pulse frequencies

still show a slight increase with distance resulting

from the upper-mantle velocity gradient.

Ramp Model 2 is shown in Fig. 7c and has the

same ramp structure and upper-mantle top velocities

as Ramp Model 1. However, Ramp Model 2 has a

laterally varying upper mantle velocity gradient,

where to the left of the ramp the upper-mantle
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Figure 8
This shows the SEM seismic attributes for the horizontal Moho model shown in Fig. 7a with different upper-mantle velocity gradients of 0.0,

0.002, 0.004 and 0.006 1/s. a The travel times. b The amplitudes with no attenuation. c The amplitudes for a model with attenuation included

with a Qp of 150 in the crust and 400 in the mantle. The SEM simulations are corrected from 2D to 3D as in Appendix A. d The pulse

frequencies with no attenuation. e The pulse frequencies with attenuation included as in c
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velocity gradient is 0.004 1/s and to the right of the

ramp the upper-mantle velocity gradient is 0.002 1/s.

The travel times are shown in Fig. 10a for the

reversed shots A and B and the difference in the

slopes of the travel time curves primarily result from

the change of top velocities in the upper-mantle

across the model, as well as the change of Moho

depth. The amplitudes for the no attenuation case are

shown in Fig. 10b, where the amplitudes for shot A

are almost balanced with those from shot B. For the

shot A gather (from left to the right), the thinning

crust to the right increases the amplitudes with dis-

tance, while a lower velocity gradient lowers the

amplitudes and balances the with the effect of the

ramp. For the shot B gather (from right to the left),

the thickening crust decreases the amplitudes with
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Figure 9
This shows the SEM seismic attributes for Ramp Model 1 shown in Fig. 7b with a constant upper-mantle velocity gradient of 0.004 1/s. a The

travel times. b The amplitudes with no attenuation. c The amplitudes with attenuation included with a Qp of 150 in the crust and a Qp of 400 in

the mantle. The SEM simulations are corrected from 2D to 3D as in Appendix A. d The pulse frequencies with no attenuation. e The pulse

frequencies with attenuation. The crosses are for a source B near 1,000 km in Fig. 7b and recorded to the south, and the circles are for a source

A near 0 km and recorded to the north
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distance, while the higher velocity gradient in the

upper-mantle to the left increases the amplitudes,

again balancing with the effect of the ramp. As a

result, the amplitudes from shots A and B are also

approximately balanced from the competing effects

of Moho structure and upper-mantle velocity

gradients.

Figure 10c shows the amplitudes for Ramp Model

2 for the attenuation case with a Qp of 150 in the crust

and a Qp of 400 in the mantle. The attenuation is seen

to bring down the amplitudes but keep the relative

patterns between the normal and reversed shots the

same. Figure 10d shows the pulse frequencies for the

no attenuation case and again there is a balancing
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Figure 10
This shows the SEM seismic attributes for Ramp Model 2 shown in Fig. 7c with a constant upper-mantle velocity gradient of 0.004 1/s on the

left side of the ramp and 0.002 1/s on the right side. a The travel times. b The amplitudes with no attenuation. c The amplitudes with

attenuation included with a Qp of 150 in the crust and a Qp of 400 in the mantle. The SEM simulations are corrected from 2D to 3D as in

Appendix A. d The pulse frequencies with no attenuation. e The pulse frequencies with attenuation. The crosses are for a source B near

1,000 km in Fig. 7c and recorded to the south, and the circles are for a source A near 0 km and recorded to the north in Fig. 7c
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from the effects of the different upper-mantle and

Moho structures. The pulse frequencies are shown in

Fig. 10e for the attenuation case, and are seen to

bring down the pulse frequencies relative to the no

attenuation case, but a slight increase with distance is

still seen.

A final test is shown in Fig. 11 where Ramp

Model 2 with a laterally varying upper-mantle

velocity gradient and a constant attenuation is com-

pared with a modified Ramp Model 1, called Ramp

Model 1A, now using a laterally varying attenuation

model with a Qp of 400 in the mantle to the left of the

ramp and a Qp of 200 to the right of the ramp. Fig-

ure 11a shows a comparison of the travel times for

the forward and reversed gathers from shots A and B

for the two cases. The change of upper-mantle

velocity gradients can begin to be observed in the

travel times at distance ranges larger than about

700 km. This effect is less than that shown in Fig. 8

since the upper-mantle velocity gradient is now

changed for only half the model. But the dominant

effect on the travel time is still the Moho structure

and upper-mantle top velocities for these models and

distance ranges. The amplitudes are shown in

Fig. 11b, and are seen to be balanced both for the

forward and reversed shots A and B, and also for the

Ramp Models 1A and 2. For the case of Ramp Model

1A the change in upper-mantle attenuation is now

compensating for the change in Moho depth in the

amplitudes. For Ramp Model 2, the change in upper-

mantle velocity gradient is balancing the change in

Moho depth. In Fig. 11c, these compensating effects

are also seen for the pulse frequencies. Thus, for

these models and distance ranges, there is a trade-off

between these models with respect to the Pn ampli-

tude and frequency attributes. However, at larger

offsets the travel times might be used to distinguish

these alternative models, but longer offsets than used

here would be needed.

6. Discussion and Conclusions

In this study, we have implemented the 2D

spectral-element method (SEM) to investigate Pn

propagation for vertically and laterally varying media
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Figure 11
This shows a comparison of the SEM seismic attributes of the

modified Ramp Model 1A with a variable attenuation with a Qp of

400 to the left of the ramp and 200 to the right of the ramp in the

upper-mantle, and Ramp Model 2 with a variable upper-mantle

velocity gradient as in Fig. 10 and a constant Qp of 400 in the upper

mantle. a The travel times. b The amplitudes. The SEM

simulations are corrected from 2D to 3D as in Appendix A.

c The pulse frequencies. The circles are for shot A and the crosses

are for shot B for Ramp Model 1A, and the squares are for Shot A

and the plus signs for Shot B for Ramp Model 2
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with and without attenuation. As a practical measure,

essential features of the Pn waves have been distilled

into seismic attributes, including arrival times,

amplitudes and pulse frequencies as described by

MATHENEY and NOWACK (1995). To validate the SEM

simulations, we compared the SEM simulations with

reflectivity calculations of BRAILE and SMITH (1975)

and with the asymptotic results of ČERVENÝ and

RAVINDRA (1971). After the source time functions

between the different methods were matched and an

approximate 2D to 3D correction was applied to the

2D SEM results, good agreement was found with the

other methods. In the future, we will implement the

full 3D SEM which will increase the accuracy of the

simulations in laterally varying models, as well as

allowing for more realistic surface topography, basin

geometry, Moho topography, and 3D wave speed

heterogeneity (LEE et al., 2008). Also, certain phe-

nomena cannot be properly simulated by 2D

methods, including 3D forward scattering/multipa-

thing, accurate out-of-plane spreading and 3D finite

frequency effects. But complete 3D SEM simulations

will involve substantially more computational time,

even on a parallel computer cluster, compared to the

2D SEM simulations for the frequency ranges that we

have investigated here.

Models with random, laterally varying Moho

structures were then simulated, where the amplitude

and pulse frequency characteristics were found to be

stable with regard to small Moho interface perturba-

tions. However, larger random depth variations

affected the seismic attributes more strongly. This

was also found by AVANTS et al. (2011) for random

Moho depth variations. In addition, they also showed

that lateral variations of upper-mantle velocity gra-

dients can affect the Pn amplitudes more strongly

than random variations of Moho depths. This can be

understood by the fact that random variations of the

upper-mantle velocity gradients can disrupt the for-

mation of the gallery effects for the interference

head-waves. However, MOROZOV et al. (1998) suc-

cessfully modeled observed Pn data from the Quartz

profile in Russia in terms of the whispering gallery

effect of the interference head-wave, along with the

incoherent Pn coda being modeled by random

velocity variations in the crust. NIELSEN and THYBO

(2003) also modeled observed Pn as upper-mantle

whispering gallery phases with the Pn coda resulting

from random crustal velocity variations. Thus, the

effects of random velocity variations may be more

dominant in the crust and from lateral variations in

the Moho depth than from random velocity variations

in the upper-mantle.

Nonetheless, the magnitude of the upper-mantle

velocity gradient for a given region can strongly

affect the seismic attributes of the Pn wave. YANG

et al. (2007) also modeled the interference head-wave

from an effective upper-mantle velocity gradient

from the earth flattening of a spherical Earth. Here we

used SEM simulation to model the effects of different

upper-mantle velocity gradients on the Pn seismic

attributes. When attenuation is not included, the Pn

amplitudes can even increase with distance as the

diving wave begins to dominate. Pulse frequencies of

the Pn wave can also increase with distance resulting

from a tuning effect of the whispering gallery wave

propagating beneath the Moho (NOWACK and STACY,

2002). However, the addition of attenuation will

generally reduce the Pn amplitudes and pulse fre-

quencies in comparison to the no attenuation case.

For larger scale laterally varying structures, SEM

simulations are then performed for earth flattened

models similar to those found along the Hi-CLIMB

array in Tibet by GRIFFIN et al. (2011) using the

modeling of regional travel times and NÁBĚLEK et al.

(2009), NOWACK et al. (2010) and TSENG et al. (2009)

using teleseismic waves. Performing SEM simula-

tions here, it was found that large scale structure can

significantly affect Pn seismic attributes. The sensi-

tivity of Pn seismic attributes to laterally varying

velocity structure has both advantages and disad-

vantages. An advantage is that this high sensitivity

allows for the possibility of inverting Pn attributes for

structure. A disadvantage is that accounting for the

propagation effects of Pn waves for source studies

requires a detailed knowledge of the Moho and upper

mantle velocity structure.

Although GRIFFIN et al. (2011) modeled the

regional travel times using laterally varying upper-

mantle top velocities, they used a constant upper-

mantle velocity gradient for central Tibet that was

found by PHILLIPS et al. (2007). In contrast, MYERS

et al. (2010), while performing a large regional study

for Eurasia and North Africa, found different upper-
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mantle velocity gradients between southern and

central Tibet. However, they also found different

upper-mantle top velocities in central Tibet than were

found from more detailed regional studies in Tibet

(e.g. LIANG and SONG, 2006; GRIFFIN et al. 2011).

Using SEM simulations here, we found that there can

be ambiguities between upper-mantle velocity gra-

dients and attenuation when using Pn amplitudes and

pulse frequency attributes. These ambiguities may be

resolved, to some degree, by using the curvature of

Pn travel times at longer regional distance, however,

this would also be complicated by lateral variability.
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Appendix A

To compare the SEM results with reflectivity, the

pulse shapes of the initial sources for each method

need to be the same. In the reflectivity calculations of

BRAILE and SMITH (1975), the source time function is

given by

sðtÞ ¼ sinðdtÞ � 1

m
sinðmdtÞ where 0� t� s; ð1Þ

where

d ¼ Np
s
; m ¼ N þ 2

N
; ð2Þ

and N is an integer used to define the number of

extrema of the pulses and is the duration of the source

wavelet, where N = 2 and s = 0.2s are used by

BRAILE and SMITH (1975). In the SEM modeling, the

first derivative of a Gaussian distribution is chosen to

provide a similar source pulse shape as the reflec-

tivity modeling. The initial source time function in

the SEM calculations is given by

sðtÞ ¼ �2Aðp2a2
0Þe�p2a2

0
ðt�t0Þ2 ð3Þ

where A is a multiplication factor, a0 is related to the

width of the source time function, and t0 is the time

delay. In order to make the pulses similar, a0 = 7.4 is

found to be appropriate for the SEM source time

function as shown in Fig. 12.

Seismic amplitudes vary in a different manner for

2D and 3D wave waves (CHEW, 1990). Since the

reflectivity results from BRAILE and SMITH (1975) are

calculated for 3D, while SEM calculations are for 2D,

the amplitude variations with distance will be different.

In the 2D SEM, the source can be considered a line

source, where R is the distance from the source,

Uðx; yÞ ¼ UðRÞ and dðxÞdðyÞ ¼ dðRÞ. Assuming that

has a time dependence e�ixt, the homogeneous wave-

field can be written as

UðRÞ� 1

4

ffiffiffiffiffiffiffiffiffiffi

2a
pxR

r

eip=4eixR=a ð4Þ

where x is the radial frequency and a is the wave

speed. For the 3D reflectivity method, the source is a

point source where the homogeneous wavefield can

be written as

UðRÞ ¼ 1

4pR
eixR=a: ð5Þ

To compare the 2D SEM amplitudes with the 3D

reflectivity results, the 2D SEM results can be

approximately multiplied by

1

p

ffiffiffiffiffiffiffiffi

px
2aR

r

e�ip=4: ð6Þ

SEM synthetics for model Moho-1, before and

after 2D to 3D correction are shown in Fig. 13.
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Figure 12
Source time functions for the reflectivity (solid line) and the SEM

calculations (dash-dot line)
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Although this correction is only for a homogeneous

media, it can still be approximately applied for the

wide-angle Pn wavefield for out-of-plane spreading

for a medium varying only in the 2D plane, where

now R is the horizontal range. Higher order asymp-

totic corrections for 2D to 3D are given by MIKSAT

et al. (2008), as well as by VIDALE et al. (1985),

HELMBERGER and VIDALE (1988).

Appendix B

In this appendix, the SEM calculations including

attenuation are compared with the analytical solution.

The effect of a constant Q attenuation on the wave-

field can be written (AKI and RICHARDS, 2002) as

UðR;xÞ ¼ U0ðxÞe�
xR
2aQ ð7Þ

where x is the radial frequency, R is the distance, a is

the velocity of the medium, Q is the quality factor of

the medium, and UðR;xÞ is the attenuated wavefield.

To test the effect of attenuation on the SEM wave-

field, a homogeneous model with a Qp of 112.5, a P-

wave velocity of 5 km/s, and a dominant frequency

of 2 Hz is used to calculate the wavefield for different

source-receiver distances.

For this test, a receiver is put at the surface and

four shots at different depths vertically below the

receiver are used to calculate the SEM synthetics.

The SEM calculations in the frequency domain are

then compared with a constant Q filter applied to the

near offset SEM trace at 10 km depth. Qp can be

written in terms of the bulk and shear Qj and Ql as

1

Qp
¼ 1� 4b2

3a2

� �

1

Qj
þ 4

3

b2

a2

� �

1

Ql
ð8Þ

where a and b are the P and S wave velocities of the

media and Ql is equal to Qs (DAHLEN and TROMP,

1998). The bulk attenuation is neglected by choosing

a large Qj and for a Poisson solid Qp ¼ ð9=4Þ Qs. For

this test Qs is chosen as 50 resulting in a Qp of 112.5

from the ratio of Qp ¼ ð9=4Þ Qs for a large Qj. In

order to retain this ratio between Qp and Qs, all SEM

calculations in the paper are made based on assuming

attenuation loss in shear. Figure 14 shows the spec-

tral comparisons of the original SEM traces with the

analytically calculated traces where a good agree-

ment is obtained.
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Figure 13
SEM synthetics for model Moho-1 with no 3D correction (top) and with 3D distance and pulse shape corrections (bottom)
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Data and Resources

The spectral-element method (SEM) was per-

formed using the SPECFEM2D code by KOMATITSCH

and VILOTTE (1998) and KOMATITSCH et al., (2005).
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