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1 • Introduction
The inversion of seismic travel-time data for radially varying
media was initially investigated by Herglotz, Wiechert, and
Bateman (the HWB method) in the early part of the 20th
century [1]. Tomographic inversions for laterally varying media
began in seismology starting in the 1970’s. This included early
work by Aki, Christoffersson, and Husebye who developed
an inversion technique for estimating lithospheric structure
beneath a seismic array from distant earthquakes (the ACH
method) [2]. Also, Alekseev and others in Russia performed
early inversions of refraction data for laterally varying upper
mantle structure [3]. Aki and Lee [4] developed an inversion
technique using travel-time data from local earthquakes. The first
global tomographic images were then obtained using both body
waves and surface waves [5,6]. In this chapter, we provide an
overview of seismic tomography mostly applied to seismic body
waves. We first describe travel-time tomography using different
approaches including variable damping, iterative methods,
irregular gridding, autoregressive extrapolation, nonlinear inver-
sions, and multi-grid methods. We next provide an overview of
applications of seismic tomography to cross-hole, refraction and
reflection data, local earthquake data, and teleseismic data. An
example is given for the inversion of data from the TomoVes
experiment to image beneath the Mt. Vesuvius volcano. Finally,
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a brief discussion of seismic attribute, waveform, and finite-
frequency tomography for seismic body waves is given.

2 • Seismic Travel-Time Tomography
The goal of seismic travel-time tomography is to find a velocity
model for a subsurface volume consistent with measured travel-
times along ray paths that pass through the volume. The travel-
time for high-frequency seismic waves is given by

Ti =
∫

�i

1

v�x� y� z�
d �x =

∫

�i

s�x� y� z� d �x (1)

where v�x� y� z� is the velocity distribution, Ti is the observed
travel-time, �i is the ray path, and s�x� y� z� is the slowness or
inverse of velocity. The velocity or slowness fields can be repre-
sented by a limited set of parameters after discretization with a
set of basis functions. The problem can then be written as

di = Gi �xj � (2)

where di are the observed travel-times and xj are the model
parameters. Ray tracing algorithms and model parameterization
are essential to seismic tomography and a detailed overview is
given in [7]. Here we mostly describe the tomographic inversion
aspects.

The tomography problem can be linearized about an initial
model x0 with corresponding predicted travel-times T0 as

A�x = �d (3)

where �d = T −T0 is the vector of travel-time residuals (observed
minus predicted travel-times), �x = x−x0 is the vector of model
deviations from the initial model, and Ai j = �Gi /� xj are the
components of the sensitivity matrix A evaluated for the model x0.
Often, this set of equations is operationally under-determined
where �ATA� is rank deficient. In this case the observed data alone
cannot completely resolve the model and the inverse solution
requires some kind of regularization. For under-determined
problems, one approach is to use a combined cost function which
minimizes both the observed minus predicted data residuals and
some norm of the model variations. For simple damped least
squares (DLS), the regularization can be written as

[
A
�I

]

�x =
[

�d
0

]

(4)
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where � is a small, positive damping parameter. Solving this
combined system using least squares results in

�x = �ATA+�2I�−1 AT �d (5)

where T indicates the transpose. In general, this results in a
compromise in finding a model that fits the data and has model
deviations that are not too large.

In Eq. (4), the model parameters all have the same weight. But
for most seismic tomographic experiments some weighting of
the travel-times and model parameters is required. To overcome
the shortcomings of the DLS method, weighting matrices W1

for the data and W2 for the model which are symmetric and
positive definite can be used. An objective function can then be
written as

S = ��d−A�x�TW1��d−A �x� +�2 �xTW2 �x (6a)

where the diagonal elements of W1 and W2 allow for nonuniform
weighting of the data and model parameters, and the off-diagonal
elements account for data correlations and model smoothing.
These also result in modified inner products of the data and
model spaces. Hansen [8] proposed an L-curve approach to
obtain an appropriate value for �2. In this approach the log of
the normed data misfit is plotted against the log of the normed
model deviation. The trade-off parameter �2 at the ‘knee’ of this
curve provides a trade-off between tightly fitting the observed
data (as �2 goes to zero) and minimizing a norm of the model
deviations (as �2 goes to infinity) (Figure 1). With this value of
�2, minimizing Eq. (6a) gives

�x = �AT W1A+�2W2�
−1 AT W1 �d (6b)

For the above linear tomographic problem, a number of
different forms of the weighting matrices W1 and W2 have been
suggested. Using a Bayesian approach, these can be related to
the data and prior model covariances as CD = E	�d�dT
 = W−1

1

and Cx0
= E	�x�xT
 = �−2 W−1

2 [9]. In this approach, the trade-off
parameter is absorbed into the prior model covariance. But the
model covariance must be strictly based on prior information
from a Bayesian standpoint [9]. Nonetheless, Eq. (6b) is often
used with weighting matrices applied operationally.

For nonuniform ray coverage and variable model cell sizes, the
weighting matrices can be chosen to approximately compensate
for these effects [10–12]. However, additional damping may still
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FIGURE 1 The generic form of the L-curve. The L-curve displays the
compromise between minimizing the model deviation and minimizing
the data misfit. The trade-off parameter can be estimated from the
“knee” of the L-curve [8].

be required to avoid instabilities for cells with few rays. An
example is shown in Figure 2 in which a cross-hole geometry is
used to illustrate the effects of variable damping based on cell
size and ray length in a given cell. Figure 2A shows the true
model which is a linear gradient from 5 to 5.8 km/s. Figure 2B
shows the homogeneous starting model of 5 km/s. Also shown
in Figure 2B are the locations of the spline interpolated velocity
nodes of the model displayed as solid circles. The rays are shown
by white lines with the sources displayed as open circles and the
receivers by open triangles on the left and right boundaries. This
results in variable ray coverage with dense ray coverage in the
upper part of the model but only two rays in the lower half of
the model. Also, the cell sizes for the nodes along the boundaries
of the model are effectively smaller than those for the interior
nodes. The partial derivatives are computed from integrations of
the perturbed travel-times along the initial rays for small pertur-
bations of the spline interpolated nodes.

A linearized inversion for the model using simple damping
is shown in Figure 2C where both W1 and W2 are identity
matrices and �2 is chosen to give the best overall magnitude of
model perturbations. As can be seen, the unequal ray density
and different cell sizes result in differences of the inverted model
from the true model. These effects can be minimized by adding
variable damping terms to W2. First a term related to the square-
root of the diagonal elements of �ATA � is used to account for the
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FIGURE 2 Tomographic example using unequal cell sizes and variable ray
coverage. (a) The true model. (b) The starting model with ray coverage
and nodes positions with the boundary nodes having smaller cells.
(c) The inversion with uniform damping. (d) The inversion with
variable damping.

ray lengths within different cells of the model [11]. Also, a small
amount of simple damping is added to this for stability. This
is then multiplied by a term which equalizes for the small and
large block sizes of the model parameterization [10]. Finally, �2 is
chosen to give the best overall magnitude of the model perturba-
tions. Figure 2D shows the result of using this variable damping
to balance the variability in ray coverage and cell size. Although
this is a simple example, it illustrates the utility of a variable
damping approach.

As an alternative approach, Deal and Nolet [13] suggested a
nullspace shuttle technique for constraining poorly resolved parts
of the model which simultaneously conserves the data fit and
incorporates an a priori model into the solution. The null space
component of the prior model is preserved when the data is
insufficient.

2.1 Iterative
Inversion for
Linearized
Problems

The solution of Eq. (6b) requires solving a matrix equation
which can be prohibitively time consuming for large numbers
of model parameters. Large-scale linear problems are usually
solved using iterative methods and there are two popular iterative
methods used for tomography, SIRT (simultaneous iterative
reconstruction technique) and LSQR, a modified conjugate
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gradient method. Dines and Lytle [14] introduced the SIRT
method from medical imaging to geotomography. However,
Van der Sluis and Van der Vorst [15] showed that the SIRT
method does not solve the original inverse problem, Eq. (3),
but instead solves a weighted least squares problem in modified
data and model norms. Trampert and Leveque [16] also analyzed
these properties of SIRT. In a similar fashion to using variable
damping, different least squares solutions can be obtained if the
metrics in the original and transformed model and data spaces
are changed.

The LSQR method belongs to the family of conjugate gradient
methods and was introduced by Nolet [17] to seismic tomog-
raphy problems. The LSQR approach seeks the solution � x that
minimizes the ��A�x − �d��2 subject to also minimizing �� �x ��2.
Van der Sluis and Van der Vorst [14] showed that LSQR starts
the iterative process by ignoring those components associated
with the smallest eigenvalues of �ATA�. After more iterations,
the contributions of the smaller eigenvalues eventually enter the
solution. This property contributes to the intrinsic damping of
the algorithm.

Another iterative approach is to use subspace methods in
which the iterative process is carried out over higher dimensional
subspaces of the model. An early description of this method can
be found in Kennett et al. [18] (for more details see [7]).

2.2 Irregular
Grid Inversion

Seismic tomography using a regular grid and uniform damping
may have undesirable properties in the presence of inhomo-
geneous sampling of the model by the ray paths, and may
result in an unnecessary over-parameterization of the model
space [19,20]. The use of irregular grids may be less sensitive
to regularization issues than inversions based on regular grids.
Curtis and Snieder [21] suggested a genetic algorithm to do
an irregular parameterization of the model space by searching
a configuration of Delaunay triangles that result in the best
conditioned inverse problem. Sambridge and Gudmundsson [22]
proposed an irregular cell approach based on the tetrahedral
and Voronoi diagrams and gave several options to do the
irregular cell design. Spakman and Bijwaard [19] optimized
the irregular cell parameterizations by equalizing the ray hit-
counts in each cell. Sambridge and Faletic [23] recently proposed
an adaptive tetrahedral cell scheme based on the maximum
spatial gradients in the seismic velocity across each tetrahedral
face. For their adaptive method, the study region was initially
divided into a uniform tetrahedral mesh. The scheme then refined
the parameterization during the inversion in response to the
structural features detected.
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2.3
Autoregressive
Extrapolation

Autoregressive (AR) extrapolation methods have been used in
signal processing to predict time series, as well as perform
prediction-error filtering. Claerbout [24,25] suggested a two-stage
scheme to apply autoregressive techniques to the linear least-
squares problem. The first stage is to find the optimal prediction-
error filter (PEF). For the second stage, the PEF is assumed to
be known, and values for the missing data are found so that the
power out from the prediction-error filter is minimized. This is
similar to maximizing an entropy criterion [26].

In terms of an unknown model, one approach to apply the
AR technique to the seismic inversion problem is to separate the
problem into two steps. For model extrapolation, this requires
some information about the model in order to compute the PEF.
First nodes with few or no rays nearby are removed from the
inversion, and only nodes with good ray coverage are inverted.
Then, making use of the initial inversion result, the AR interpo-
lation technique can be used to obtain the values for the uncon-
strained model nodes.

An alternate approach is to apply AR extrapolation directly to
the travel-time data instead of the model. In this approach, the
known data is first extrapolated to estimate the unknown data.
Then, the combined known and extrapolated data are inverted for
the model parameters. Using this approach, the missing data and
the prediction-error filter are jointly estimated using the known
data. The combined observed and extrapolated data are then used
to invert for the model. This can be written as

F

[
�da

�db

]

= r2 ≈ 0 (7)

and

A�x−
[

�da

�db

]

= r1 ≈ 0 (8)

where in Eq. (7) the missing data �db and the PEF, F, are found
from the known data �da by minimizing the residual r2. In Eq. (8)
the model deviations �x are then found to minimize r1 using
the known data and �db the extrapolated data. The extrapolated
data play the role of regularization terms in Eq. (8). Equation (7)
is nonlinear for the unknown F and �db, so this can be solved
in an iterative fashion [25], and then Eq. (8) is solved for �x.
Li and Nowack [27] used this approach to apply autoregressive
extrapolation to the seismic tomography problem.

2.4 Nonlinear
Inversion

The tomography problem can become nonlinear under large
velocity perturbations if a velocity (rather than slowness) repre-
sentation is used, or if the ray paths are substantially perturbed
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by the velocity changes. In nonlinear inversion, the objective
function to be minimized can be written as

S = �d−G�x� �TW1�d−G�x� �+�2� x−x0 �TW2 � x−x0 � (9)

where d is the data, G�x� is the nonlinear forward problem,
x is the model, x0 is the prior model, and W1 and W2 are
weighting matrices similar to those given earlier for the linear
case. A linearization approach can be applied iteratively to solve
the nonlinear problem [9]. However, the regularization is now
with respect to the prior model x0 instead of the solution at
the previous iteration. For each linearization step, the linearized
problem can be solved either by direct matrix methods or
by iterative methods. For the error analysis, the linearized
covariance and resolution operators are often computed for the
converged final solution.

For strongly nonlinear problems, linearized gradient methods
may fail because of a multi-minimum objective function and
therefore a good starting solution is required. Alternatively,
global optimization methods can be applied including MCMC
(Markov Chain, Monte Carlo), simulated annealing, and genetic
algorithms. A recent survey of Monte Carlo methods applied
to geophysical inverse problems was given by Sambridge and
Mosegaard [28]. However, Rawlinson and Sambridge [7] noted
that computational expense may still limit the use of global
optimization methods for seismic tomography and other inverse
problems when the number of model parameters is large.

2.5 Multigrid
Inversion

Traditional iterative inversion methods cannot always invert
seismic data obtained from complicated earth models because of
variable convergence of the high and low wavenumber compo-
nents of the solution. Multigrid approaches to seismic tomog-
raphy apply preliminary iterations on a coarse grid and then use
this solution as an initial model on a finer grid. The use of an
initial coarse grid can reduce the low wavenumber components
of the model more efficiently and also allow for a variable ray
coverage.

Nemeth et al. [29] summarized the following multigrid strategy
for the travel-time tomography problem. First an initial iteration
is performed on a smoothed model with few unknowns. After
several iterations the convergence rate is likely to stall, and then
the gridded model is refined by a factor of 2. The model is
smoothed after refinement and new iterations are performed
until convergence again stalls. This is repeated until final conver-
gence occurs. Simple applications of a multi-grid approach
were applied by Lutter and Nowack [30] for travel-times and



91 • Seismic Tomography 1643

Nowack and Matheney [31] for mixed seismic attributes. Zhou
[32] applied multi-scale tomography to cope with poor raypath
coverage and solve for velocity interfaces. For global travel-time
data, Chiao and Kao [33] used a wavelet approach.

3 • Examples of Travel-Time Tomography
In this section, we provide examples of travel-time tomog-
raphy inversions applied to cross-borehole, refraction and
reflection data, local earthquake data, and global teleseismic data.
A particular example is given from the TomoVes experiment to
image the shallow structure beneath the Mt. Vesuvius volcano.

3.1 Cross-
Borehole,
Refraction,
and Reflection
Tomography

In cross-borehole tomographic imaging, sources are placed in
one borehole and possibly along the surface and the receivers
are placed in a nearby borehole. Several examples of seismic ray
tomography applied to cross-borehole data include McMechan
[34], Peterson et al. [35], and Bregman et al. [36]. Menke [37]
showed that cross-borehole geometries have less resolution in
the crosshole direction depending on the source and receiver
apertures. Lo and Inderseisen [38] provide case studies of cross-
borehole tomography including monitoring steam flood injec-
tions in oil fields and imaging fault systems. Pratt and Chapman
[39] and Pratt et al. [40] describe travel-time tomographic appli-
cations for anisotropic media.

Examples of 2D refraction tomography include that of White
[41], Lutter et al. [42], and Zelt and Smith [43]. Lutter and
Nowack [44] inverted for velocities and interface depths in a
layer stripping fashion. Examples of 3D refraction tomography
for crustal velocities are given by Hole [45] and Zelt and Barton
[46]. Extensive reviews of refraction and wide-angle tomog-
raphy are given by Nowack and Braile [47] and Rawlinson and
Sambridge [7].

Examples of travel-time tomography used in reflection
seismology include Bishop et al. [48] and Farra and Madariaga
[49]. However, there can be an ambiguity between velocities and
reflector depths as described by Williamson [50] and Stork [51]
unless further a priori information is provided. The resolution
is best near the surface and decreases with depth depending on
the source–receiver offset range. An application of tomography
to reflection seismology called stereotomography was given by
Billette and Lambare [52] and uses travel-time and travel-time
slope information with offset to estimate smooth velocity models.
A recent assessment of this method was given by Lambare [53].
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3.2 Inversion
of TomoVes
Experiment
Data

In this example, seismic refraction data from the TomoVes
experiment [54] is used to invert for shallow structure beneath
the Mt. Vesuvius volcano. The imaging of the shallow structure
beneath an active volcano was one of the scientific motivations of
this experiment. The source and receiver geometry for the exper-
iment is displayed in Figure 3A and can be seen to be very hetero-
geneous. Because of the large topographic relief in the area, a 3-D

14 00'

14 00'

14 12'

14 12'

14 24'

14 24'

14 36'

14 36'

14 48'

14 48'

15 00'

15 00'

40 36' 40 36'

40 48' 40 48'

41 00' 41 00'

41 12' 41 12'

A1

A2

A3

A4

B1

B2 C1C2

C3

D1D2
B3C4

D3

TomoVes Experiment

Profile A
Profile B

Profile C

Profile D

Bay
of
Naples

D Dp

(a)

FIGURE 3 (a) Map of the geometry of the refraction lines from the
TomoVes tomography experiment [54] going across the top of the
Mt. Vesuvius volcano. The solid dots are the shot points and the
different intersecting profiles of receivers are noted by small dots. The
line D-Dp shows the location of the vertical cross-section through the
inverted 3D velocity model from Nowack et al. [55,56]. (b) The
topography and 3D node model for the Mt. Vesuvius region
corresponding to the inset square in (a). The volcano is on the left and
the background hills to the upper right. The solid dots show the
tomographic nodes position used for the 3-D inversion. Rays from one
shot point are also shown diving beneath the volcano. (c) This shows a
cross-section of the tomographic velocity model from [55,56] along line
D-Dp in (a).
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FIGURE 3 (continued)

uniform velocity grid model shown by the dots in Figure 3B was
used. The velocities have been spline interpolated. The rays for
one shot point are shown diving beneath the volcano. A variable
damping inversion technique was applied to the first arrival
travel-times and other seismic attributes of the TomoVes data
by Nowack et al. [55,56]. Figure 3C illustrates the 3-D inversion
result after 3 iterations shown along profile D-Dp in Figure 3A.
Low surface velocities can be seen surrounding the volcano, as



1646 R.L. Nowack, C. Li

well as lower velocities in the edifice of the volcano. At depths of
1.0–2.0 km, the 4 and 5 km/s velocity contour lines are seen to be
shallow toward the background hills to the east and the corre-
sponding formations are fairly continuous beneath the volcanic
plain. Also, the 3 and 4 km/s contours tend to shallow directly
beneath the volcano and this has been suggested to be a paleo-
volcanic or sub-volcanic structure [57]. Although the derived 3D
velocity model is smoothly varying, the results are similar to the
more detailed velocity models along the individual 2D profiles
obtained by Zollo et al. [57].

3.3 Local
Earthquake
Tomography

Local earthquake tomography developed as an extension of earth-
quake location estimation, and early examples include Aki and
Lee [3] and Thurber [58]. Kissling [59] provided a detailed review
of the method and Eberhart-Phillips [60] extended the method
to S-waves. Hirahara [61] described using local earthquakes and
teleseisms for both velocity and anisotropy estimation.

A new approach for local earthquake tomography has been
the use of double-difference techniques. Zhang and Thurber [62]
described an approach in which both differential arrival times
as well as absolute travel-times are used for local earthquake
tomography. The use of differential travel-times can improve the
velocity imaging and earthquake locations by canceling some of
the path effects outside the source region.

3.4 Global
Tomography

Early inversions for the entire mantle were performed by
Clayton and Comer [63] and Dziewonski and Anderson [64],
using body waves, and by Woodhouse and Dziewonski [65],
using surface waves. Since then numerous P-velocity and
S-velocity global tomographic studies using both body waves
and surface waves have been conducted. Recent overviews
include Iyer and Hirahara [6], Kennett and Van der Hilst [66],
Romanowicz [67] and Curtis and Snieder [68]. Cara [69] gives
an overview of seismic anisotropy and discusses the trade-
offs between anisotropy and velocity heterogeneity as well as
possible anisotropy-induced artifacts on isotropic tomographic
inversions.

4 • Extensions of Travel-Time Tomography
In addition to travel-times, other seismic attributes including
amplitudes and pulse frequencies have been used to perform
seismic tomography. Thomson [70] used body wave amplitudes
to invert for velocity structure beneath the Norsar seismic array
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in Norway. Neele et al. [71] performed a joint inversion of travel-
times and amplitudes for upper mantle velocity structure. Using a
cross-borehole geometry, Bregman et al. [72] performed an initial
travel-time inversion and then used focusing-corrected ampli-
tudes to invert for seismic attenuation. For wide-angle refraction
data, Nowack and Matheney [73] inverted for both velocity and
attenuation using a combined data set of travel-times, ampli-
tudes, and instantaneous pulse frequencies. Body wave spectral
ratios could also be used for the estimation of attenuation.
Mitchell and Romanowicz [74] include a number of studies on
the estimation and inversion of seismic attenuation. Wang [75]
applied seismic amplitude inversion to reflection seismology.

The Fresnel zone depends on the seismic wavelength and the
path length, and if the heterogeneity scales are on this order
then wave diffraction will occur. If the heterogeneities are weak
then a single scattering model, the Born approximation, can be
used to model seismic wave diffraction. An early application
of diffraction tomography to seismic waves was presented by
Devaney [76]. Other examples include and Wu and Toksoz [77]
and Pratt and Worthington [78] who used waveform tomog-
raphy in the frequency-domain for cross-hole data. An overview
of diffraction tomography was given by Lo and Inderwiesen [38].
Pratt et al. [79] applied waveform tomography in the frequency-
domain to wide-angle seismic data, and Brenders and Pratt [80]
used this approach to successfully invert for small-scale features
from a synthetic, wide-angle data set. However, a starting travel-
time inversion was required to provide a smooth initial velocity
model for the waveform inversion.

Recently, diffraction kernels for travel-times have been inves-
tigated which allow for wavefront healing of finite frequency
wavefronts. This can occur for low-frequency seismic waves
having long travel paths, such as for waves traveling through
the mantle. Early examples of computing Fresnel zones for
finite-frequency effects include Woodward [81] and Yomogida
[82]. Dahlen et al. [83] derived a fast way to compute kernels
relating travel-time perturbations measured by cross-correlation
of waveforms to velocity anomalies using the paraxial approxi-
mation. This was used by Montelli et al. [84] to perform finite-
frequency tomography of P and PP correlation times for mantle
velocity structure, and a number of hotspots fed by plumes
from the lower mantle were found. They compared their results
with ray tomography and concluded that finite-frequency tomog-
raphy provided clearer images when using long-period seismic
waves. However, this was questioned by van der Hilst and
de Hoop [85] who suggested that the benefits of the more
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complete theory may still not yet be realized in global tomog-
raphy because of practical considerations such as damping,
weighting of different data, choice of the data fit, and limited
ray coverage. Although discussion of these issues has continued
(Montelli et al. [86] and van der Hilst and de Hoop [87]), it
is clear that further developments to improve ray coverage,
incorporate finite frequency effects and include other seismic
wavefield attributes will result in improved tomographic images
of the Earth’s interior.
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