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This article studies control-variate estimation where the control mean itself is estimated. Control-variate estimation in simulation
experiments can significantly increase sampling efficiency and has traditionally been restricted to cases where the control has a known
mean. In a previous paper the current authors generalized the idea of control variate estimation to the case where the control mean
is only approximated. The result is a biased but possibly useful estimator. For that case, a mean square error optimal estimator was
provided and its properties were discussed. This article generalizes classical control variate estimation to the case of Control Variates
using Estimated Means (CVEMs). CVEMs replace the control mean with an estimated value for the control mean obtained from
a prior simulation experiment. Although the resulting control-variate estimator is unbiased, it does introduce additional sampling
error and so its properties are not the same as those of the standard control-variate estimator. A CVEM estimator is developed that
minimizes the overall estimator variance. Both biased control variates and CVEMs can be used to improve the efficiency of stochastic
simulation experiments. Their main appeal is that the restriction of having to know (deterministically) the exact value of the control
mean is eliminated; thus, the space of possible controls is greatly increased.
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1. Introduction

In an earlier paper we introduced the idea of generaliz-
ing classical control-variate estimation by eliminating the
requirement that the control mean be known deterministi-
cally (Schmeiser, Taaffe, and Wang (STW), 2001). In that
paper we generalized control variates to the case where the
control mean can be approximated. We called the resulting
estimators Biased Control Variates (BCVs). In this article
we again generalize classical control variates but now to
the case where the control mean is estimated. To be consis-
tent with the notation of the BCV paper we paraphrase the
following two paragraphs from that paper.

In a stochastic simulation experiment we compute a
point estimator θ̂ of a performance measure θ for a model
of interest. Following the notation of STW, we refer to the
model of interest as the principal model. When the principal
model can be simplified to obtain an approximation model
with performance measure θa and when θa is known we
can often greatly increase the efficiency of the simulation
experiment by constructing a control-variate estimator. The
point estimator θ̂ and the approximation measure θa can
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be combined via the classical control-variate estimator:

θ̂ c
O(β) ≡ θ̂ − β (̂θa − θa), (1)

where θ̂ is the direct-simulation estimator with unknown
mean θ , θ̂a is the control-simulation estimator with known
mean θa and β is the rate of change in θ̂ c

O(β) per unit change
in θ̂a. Hammersley and Handscomb (1964), Lavenberg and
Welch (1981), Wilson (1984), Nelson and Schmeiser (1986),
Nelson (1989, 1990), Swain and Schmeiser (1989), and Law
and Kelton (2000), for example, discuss classical control
variates, including estimation of the minimal-variance con-
trol weight β∗ and extensions to higher dimensions. The two
key requirements for choosing the approximation model
are that the mean θa is known and that θ̂ and θ̂a are highly
correlated.

Consider the case where θa is unknown. Perhaps we can
closely approximate θa analytically or numerically, or per-
haps from a prior simulation experiment we have an esti-
mate of θa. In classical control-variate estimation we could
not make use of these approximate/estimated values of θa;
thus, we could not take advantage of the efficiencies of a
control-variate estimation.

In STW we generalized the ideas of control variates to
the case where the mean of the control, θa, can be approx-
imated. We called that generalization of control-variate
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estimation BCVs and explored the statistical properties of
such estimators.

In a similar spirit, we now generalize classical control
variates to the case where we have available an estimate,
θ̂a, of the control mean. The estimate may be available
from a prior simulation experiment. We call this general-
ization of classical control variates Control Variates using
Estimated Means (CVEMs). Unlike BCVs, CVEMs are
unbiased; however, CVEMs do introduce an additional
source of sampling variability. Both BCVs and CVEMs
eliminate the restriction of deterministically knowing the
control mean (as is the case with classical control variates)
and both BCVs and CVEMs can greatly increase the effi-
ciency of simulation experiments.

In Section 2 we investigate statistical properties of
CVEMs. Section 3 contains implementation comments, as
well as the summary and conclusions.

2. Control variates using estimated control means θ̃a

Our purpose is to estimate the performance measure θ of
the principal model. Our approach, as in STW, is to sim-
ulate the principal model and an approximation model to
obtain a correlated pair of point estimators (̂θ, θ̂a). How-
ever, in the present context, we consider a new source for
an estimation of the approximation-model mean.

Consider an independent prior auxiliary simula-
tion experiment that provides θ̃a, an estimate of the
approximation-model mean θa. Notice that the approxi-
mation model is simulated at two different times, providing
two different and independent estimators of θa. One sim-
ulation experiment is an auxiliary experiment that is run
prior to the direct-simulation and control-simulation exper-
iments and provides estimator θ̃a. The control-simulation
estimator, θ̂a, provides an independent estimate for the
same approximation-model performance measure, θa, but
at a different time. Rather than being a deterministic ap-
proximation as in STW, θ̃a is now a random variable with
mean θa and variance var[̂θa

i ]/k′, where k′ is the number
of replications in the prior auxiliary experiment. The anal-
ysis error ε = θ̃a − θa now has mean zero and variance
var[̂θa

i ]/k′, whereas in STW θa was a constant and thus had
a non-zero mean and zero variance.

Because the control-variate experiment will use a par-
ticular realization of θ̃a and therefore a particular ε, the
results in this article are in terms of expected performance
over instances from the earlier paper (STW). Unlike the
previous paper, however, the practitioner now has—in the
sample standard error—an objective measure of the quality
of θ̃a.

By having a control-variate structure where one is al-
lowed to use an estimated approximation-model mean, any
model can be used as the approximation model, not just
those whose means are known or can be well approximated.

The approximation model can then be chosen based solely
on its potential correlation with the principal model and
computational costs. We consider two computation costs,
both of which are for generating θ̂a

i , the point estimator
from one replication of the approximation model, relative
to computing cost for the direct simulation. As in STW, we
denote the relative cost during the control simulation to be
c. The relative cost during the prior auxiliary experiment
we denote by c′.

Computing costs do not refer to computing times. If
they did, then c and c′ would be equal because both relate
to simulating the approximation model. Rather, the com-
puting costs are meant to reflect urgency or financial cost
or other utility measure. For example, perhaps the auxil-
iary experiment can be run before the principal model is
available, possibly overnight or in the background. Or per-
haps a single approximation model can serve as a control
for several principal models. Despite the difficulty in inter-
pretation, we assume that reasonable values for c and c′
can be specified and proceed with an analysis. The results
based on these costs should be viewed as rough guidelines,
in the spirit of inventory models that contain a parameter
for customer goodwill.

A prior auxiliary experiment to estimate the
approximation-model mean is reasonable to consider when
c′ is small compared to c. Inexpensive computation spent on
the prior auxiliary experiment provides information about
the principal model, replacing expensive computation on
the principal model. For small values of c′ (as would be
appropriate if the prior auxiliary experiment were run on a
personal computer over the weekend), the prior auxiliary
experiment sample size k′ should be large, resulting in a
small standard error for θ̃a and the CVEM estimator of
this article behaving like the classical (unbiased) control-
variate estimator. However, in practice the prior auxiliary
run is finite and we wish to investigate the relationships
among run lengths, costs, and statistical properties.

The following is a summary of the model type, perfor-
mance measure, estimators of that performance measure
from one single simulation replication, the relative cost of
obtaining one simulation replication of the model, the esti-
mator of that performance measure from a number of inde-
pendent simulation replications, the expected value of that
estimator from a number of independent simulation repli-
cations, and the variance of that estimator from a number
of independent simulation replications.

The principal model and experiment:

(a) performance measure ≡ θ ;
(b) estimator from one simulation replication of the prin-

cipal model ≡ θ̂i ;
(c) scaled cost to obtain one simulation replication of the

principal model ≡ 1;
(d) estimator from k independent simulation replications

of the principal model ≡ θ̂ = k−1 ∑k
i=1 θ̂i ;
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(e) the expectation of the estimator from k indepen-
dent simulation replications of the principal model
≡ E

[̂
θ
] = θ ;

(f) the variance of the estimator from k independent sim-
ulation replications of the principal model ≡ var

[̂
θ
] =

k−1var
[̂
θi

]
.

The approximation model and control experiment:

(a) performance measure ≡ θa;
(b) estimator from one simulation replication of the ap-

proximation model ≡ θ̂a
i ;

(c) relative cost to obtain one simulation replication of the
approximation model with respect to the cost to obtain
one simulation replication of the principal model ≡ c;

(d) estimator from k independent simulation replications
of the approximation model ≡ θ̂a = k−1 ∑k

i=1 θ̂a
i ;

(e) the expectation of the estimator from k independent
simulation replications of the approximation model ≡
E[̂θa] = θa;

(f) the variance of the estimator from k independent
simulation replications of the approximation model
≡ var[̂θa] = k−1var[̂θa

i ].

The approximation model and prior auxiliary experiment:

(a) performance measure ≡ θa;
(b) estimator from one prior auxiliary simulation replica-

tion of the approximation model ≡ θ̃a
i ;

(c) relative cost to obtain one prior auxiliary simulation
replication of the approximation model with respect
to the cost to obtain one simulation replication of the
principal model ≡ c′;

(d) estimator from k′ prior auxiliary independent simula-
tion replications of the approximation model ≡ θ̃a =
k′−1 ∑k′

i=1 θ̃a
i ;

(e) the expectation of the estimator from k′ prior auxiliary
independent simulation replications of the approxima-
tion model ≡ E[̃θa] = θa;

(f) the variance of the estimator from k′ prior auxiliary
independent simulation replications of the approxima-
tion model ≡ var[̃θa] = k′−1var[̃θa

i ].

The CVEM estimator expression is structurally the same
as the usual control-variate estimator expression, with
only the constant representing the known value of the
approximation-model mean performance measure replaced
by an estimate of the approximation-model mean perfor-
mance measure obtained in a prior auxiliary experiment.

BCV: θ̂ c(β) = θ̂ − β (̂θa − θa).
CVEM: θ̂ c(β) = θ̂ − β (̂θa − θ̃a).

Recalling that ε = θ̃a − θa, and assuming that the direct
and auxiliary simulation experiments are conducted inde-
pendently, the variance and the bias of the conditional ran-

dom variable θ̂ c(β)|ε are

var
[̂
θ c(β)|ε] = var[θ̂i ]

k
+ β2 var[̂θa

i ]
k

− 2β
cov[̂θi , θ̂

a
i ]

k
,

bias
[̂
θ c(β)|ε, θ] = β (̃θa − θa) = βε.

The Mean Squared Error (MSE) of the combined (prior
auxiliary and control-variate) experiment is then

mse[̂θ c(β), θ ]

= Eθ̃a

[
var

[̂
θ c(β)|ε] + (

bias
[̂
θ c(β)|ε, θ])2

]
= var[θ̂i ]

k
+ β2 var[̂θa

i ]
k

− 2β
cov[̂θi , θ̂

a
i ]

k
+ Eθ̃a

[
β2ε2]

= var[θ̂i ]
k

+ β2 var[̂θa
i ]

k
− 2β

cov[̂θi , θ̂
a
i ]

k
+ β2 var[̂θa

i ]
k′ .

Setting the first derivative of mse[̂θ c(β), θ ] to zero yields the
MSE-optimal control-variate weight:

β∗(k′) = cov[θ̂i , θ̂i
a
]

var[θ̂i
a
]

(
1

1 + k/k′

)
, (2)

whose corresponding optimal MSE is

mse[̂θ c(β∗(k′)), θ ] = mse[̂θ, θ ]
[

1 − ρ2
(

1
1 + k/k′

)]
.

If k′ = 0, then β∗(k′) = 0 and the direct-simulation experi-
ment is optimal. The MSE-optimal auxiliary sample size is
k′ = ∞, in which case β∗(k′) and mse[̂θ c(β∗ (k′)), θ ] corre-
spond to the classical values.

To evaluate efficiency, we use Generalized-MSE
(GMSE), the product of MSE and cost. The cost of the
combined experiment is c′k′ + (1 + c)k, which is not a func-
tion of β, and so β∗(k′) also produces the optimal GMSE.

For notational simplicity, define the experimental
constant:

α =
[(

ρ2

1 − ρ2

)(
1 + c

c′ − 1
)]1/2

.

If β∗(k′) as given in Equation (2) is used, the GMSE-
optimal auxiliary sample size k′ is

k′∗ = k max{0, α − 1}. (3)

Not surprisingly, if ρ2 is close to zero, or if c′ is not much less
than 1 + c, the optimal auxiliary sample size k′∗ is zero and
the direct experiment is optimal. More specifically, CVEMs
using the optimal parameters β∗(k′∗) and k′∗ have a smaller
GMSE than the direct experiment if and only if α ≥ 1; that
is,

ρ2 ≥ c′

1 + c
.

The right-hand term c′/(1 + c) is the ratio of the relative
cost to obtain one auxiliary observation to the cost to ob-
tain the real-time observations (̂θi , θ̂

a
i ).
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Fig. 1. Reduction in MSE due to using the GMSE-optimal sample
size k′∗ and control-variate weight β∗(k′∗). The abcissa represents
the ratio of the relative costs of obtaining the auxiliary and the
real-time observations, and each curve corresponds to a value of
the correlation (ρ2) between the direct-simulation and control-
simulation estimators. A reduction in MSE is guaranteed as long
as the value of c′/(1 + c) does not exceed ρ2.

The MSE resulting from using the GMSE-optimal ex-
periment parameters β∗(k′∗) and k′∗ is

mse[̂θ c(β∗(k′∗)), θ ] = mse[̂θ, θ ]
[

1 − ρ2
(

1 − 1
α

)]
. (4)

The MSE reduction characterized by Equa-
tion (4) is depicted in Fig. 1, where the ratio
mse[̂θ c(β∗(k′∗)), θ ]/mse[̂θ, θ ] is plotted as a function
of the ratio c′/(1 + c). In practice, the MSE reduction
that is obtained will be smaller because the optimal
experimental parameters are unknown.

Define the dimensionless ratio:

b ≡ ε√
var[̂θa]

,

the analysis error in units of the standard error of the
approximation-model point estimator. For classical con-
trol variates, b = 0 because ε = 0. For |ε| > 0, the ratio b is
a function of either the numerator or the denominator. If
the analysis error ε is held fixed, then b2 is proportional to
simulation run length, the number of macro-replications.
If simulation run length is held fixed, then b2 is simply a
scaled analysis error. Also,

E[b2] = var[ε]

var[̂θa]
= var[θ̂i

a
]/k′

var[θ̂i
a
]/k

= k
k′ ,

and if ε is normally distributed (which should usually
be a good assumption since it is a sample mean of k′

observations):

var[b2] = E[ε4]

var2[̂θa]
= 3(var[θ̂i

a
]/k′)2

(var[θ̂i
a
]/k)2

= 3
(

k
k′

)2

,

implying that the coefficient of variation of b2 is always
√

3.
More specifically, normality of ε implies that the distribu-
tion of b2 is a scaled chi-squared with one degree of free-
dom. Therefore, values of b2 close to zero are quite likely,
but the long tail will occasionally yield a control-variate
experiment with much larger-than-average bias.

Occasionally a practitioner might wish to use a possibly
non-optimal value of β; for example, β = 1 is occasionally
used because it is simple or because it is intuitive (e.g.,
when θ and θa have common units). The GMSE-optimal
auxiliary sample size for an arbitrary value of β is

k′∗ = k

⎧⎨⎩
(

c′

1 + c

) ⎡⎣ var[̂θ ]

β2var[̂θa]
− 2ρ

β

√
var[̂θ ]

var[̂θa]
+ 1

⎤⎦⎫⎬⎭
−1/2

,

which is obtained by setting the first derivative of GMSE
with respect to k′ equal to zero.

3. Implementation considerations and conclusions

For implementation, a practitioner needs to specify values
for c, c′, ρ and k. If the resulting k′∗ is positive, the auxiliary
experiment is run with the approximation model to pro-
duce a sample mean θ̃a. If convenient, the k control-variate
replications are also simulated to obtain {θ̂i

a
; i = 1, . . . , k}

and the random-number seeds saved. (In this case, the val-
ues of c and c′ would be equal and much less than one.)
Then, when the principal model becomes available, the
same seeds are used to obtain {̂θi ; i = 1, . . . , k}. Unless
the practitioner has substantial confidence in the speci-
fied value of ρ, β∗ should be estimated using the sample
covariance and variance from the k pairs of observations
{̂θi , θ̂i

a
; i = 1, . . . , k}. (The value of k should be chosen to

be large enough to provide a good estimate, as discussed in
Nelson (1989).)

Although values of c, c′, ρ, and k are needed to design the
experiment, of these, only k is controlled by the practitioner.
Reasonable values of c′ and c are obvious by comparing the
complexity of the approximation and principal models and
considering when and how the approximation runs (auxil-
iary and control) are to be made. The optimal value of k′
increases with value of ρ, which is seldom known in ad-
vance. The increase is dramatic as ρ2 approaches one, so
the practitioner might want to investigate the sensitivity by
trying more than one value of ρ while determining the aux-
iliary sample size k′. Having determined k′, the practitioner
might well choose another value, because computation cost
is often not linear in the number of replications. For exam-
ple, if the auxiliary run is made overnight, then c′ may be
essentially zero until the practitioner returns to work in the
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morning. Thus, typically the computer value of k′ is simply
an order-of-magnitude guideline.
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