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Algebraic Connectivity Maximization for Air
Transportation Networks
Peng Wei, Member, IEEE, Gregoire Spiers, and Dengfeng Sun, Member, IEEE

Abstract—It is necessary to design a robust air transportation
network. An experiment based on the real air transportation
network is performed to show that algebraic connectivity is a fair
measure for network robustness under random failures. Therefor,
the goal of this paper is to maximize algebraic connectivity. Some
researchers solve the maximization of the algebraic connectivity
by choosing the weights for the edges in the graph. Others focus
on the best way to add edges in a network in order to optimize
the connectivity. In this paper, the authors formulate a new air
transportation network model and show that the corresponding
algebraic connectivity optimization problem is interesting because
the two subproblems of adding edges and choosing edge weights
cannot be treated separately. The new problem is formulated and
exactly solved in a small air transportation network case. The
authors also propose the approximation algorithm in order to
achieve better efficiency. For large networks, the semidefinite programming with cluster decomposition is first presented. Moreover,
the algebraic connectivity maximization for directed networks
is discussed. Simulations are performed for a small-scale case,
large-scale problem, and directed network problem.
Index Terms—Air transportation, large-scale systems, optimization methods.

I. I NTRODUCTION

A

N AIR transportation network consists of distinct airports
(cities) and direct flight routes between airport pairs [1].
Usually, a graph G(V, E) is used to describe an air transportation network [2], [3], where the node set V represents all
the n airports and the edge (link) set E represents all the m
direct flight routes between airports. If a direct flight route from
airport a to airport b exists, normally, the direct return route
from airport b to airport a also exists [4]; G(V, E) is constructed
as an undirected simple graph, where the airports are indexed
as {vi |i = 1, 2, . . . , n} and the direct flight routes are named
as eij if there is a direct route between airports vi and vj .
There are many factors to be considered when designing an air
transportation network, such as traffic demand, operating cost,
airport hubs, market competition, multiairport systems, and
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Fig. 1. Air transportation network route map for Virgin America Airlines.

scheduling [5]–[14]. In this paper, we focus on investigating
the network robustness maximization, particularly the algebraic
connectivity maximization.
A. Algebraic Connectivity and Air Transportation
Network Robustness
In order to illustrate the relationship between the algebraic
connectivity and air transportation network robustness, a real
air transportation network of Virgin America is studied. The
following experiment shows that algebraic connectivity is a
fair measurement for the network robustness with regard to
random link failures under the current Virgin America network
topology.
According to the current route map of Virgin America in
Fig. 1, we consider the 16 airports in the United States and
obtain the adjacency matrix as Table I. The 16 United States airports include Boston (BOS), New York City/John F. Kennedy
(JFK), Philadelphia, Washington Dulles International Airport (DC/IAD), Ronald Reagan Washington National Airport
(DC/DCA), Chicago O’Hare International Airport (ORD),
Orlando, Fort Lauderdale, Dallas/Fort Worth, Seattle, Portland,
San Francisco, Los Angeles, Las Vegas, San Diego, and Palm
Springs and are indexed as numbers 1–16. San Francisco International Airport (SFO) and Los Angeles International Airport
(LAX) are two major hubs of the entire network. Both have at
least one direct flight to almost all the other airports.
In order to show how well the algebraic connectivity can
measure the robustness of an air transportation network, we
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TABLE I
A DJACENCY M ATRIX C ONSISTS OF 16 V IRGIN A MERICA A IRLINES A IRPORTS IN THE USA

created six different weighted air transportation networks with
the same topology in Table I by randomly assigning one of
the three types of link weights to each route. Each link weight
is an indication of link strength. A larger weight represents a
stronger link and a smaller weight shows that the corresponding
link is easier to fail. There are many reasons for route failure,
such as weather disturbance, long ground delay program, long
airspace flow program (AFP), aircraft mechanical problem, and
upline flight delay/cancelation. The route failure rate statistics are published by each origin–destination pair (route) and
different routes have different features [15]. For example, the
route failure rate between JFK and BOS during summer is
higher than that between SFO and LAX because of the crowded
northeastern airspace (AFP is more frequent) and more summer
thunderstorms. Another example is that a shorter route is easier
to fail than a longer transcontinental route because: 1) airlines
usually put larger aircraft on transcontinental route, and these
aircraft are more robust to weather disturbance and 2) airlines
are more likely to cancel shorter route flights because the flight
frequency on a shorter route is higher; therefor, the passengers
on the canceled flight are easier to protect (be reaccommodated
to later flights). In summary, each route has its own features
and thus in our model we consider that they have different
possibilities for failure.
The three types of link weights are mapped to different link
failure probabilities (see Table II). The link failure probability
range [%0, %5] is obtained from the historical flight cancelation
rate between September 15, 2012, and November 15, 2012 [15].
A network failure is defined as the existence of at least one
pair of nodes that cannot access each other through any one or
multiple links. For each one of the six weighted networks, 1000
trials are performed. In each trial, every link fails randomly

TABLE II
M APPING B ETWEEN L INK W EIGHTS AND L INK FAILURE P ROBABILITIES

TABLE III
N ETWORK FAILURE N UMBERS W ITH D IFFERENT A LGEBRAIC
C ONNECTIVITY VALUES

according to the failure probabilities listed in Table II. The total
number of network failures is counted in 1000 random trials.
The results are shown in Table III with algebraic connectivity
sorted in ascending order.
We can see that with higher algebraic connectivity, the
network is more robust and has fewer network failures. With
lower weighted algebraic connectivity, the network is easier to
break down. Therefor, algebraic connectivity is a fair robustness
measure for the air transportation network, and we need to find
the maximized algebraic connectivity.
The air traffic demand is expected to continue its rapid
growth in the future. The Federal Aviation Administration
estimated that the number of passengers is projected to increase
by an average of 3% every year until 2025 [16]. The expanding
traffic demand on the current air transportation networks of
different airlines will cause more and more flight cancelations
with the limited airport and airspace capacities. As a result,
more robust air transportation networks are desired to sustain
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the increasing traffic demand for each airline and for the entire
National Airspace System (NAS). This is the major motivation
of this paper.
B. Related Work
An air transportation network and its robustness have been
studied over the last several years. Guimera and Amaral first
studied the scale-free graphical model of the air transportation
network [1]. Conway showed that it was better to describe
the national air transportation system or the commercial air
carrier transportation network as a system of systems [17].
Bonnefoy showed that the air transportation network was scale
free with aggregating multiple airport nodes into meganodes
[18]. Alexandrov defined that on-demand transportation networks would require robustness in system performance [19].
The robustness of an on-demand network would depend on the
tolerance of the network to variability in temporal and spatial
dynamics of weather, equipment, facility, crew positioning, etc.
Kotegawa et al. surveyed different metrics for air transportation
network robustness, including betweenness, degree, centrality,
connectivity, etc. [20]. They selected clustering coefficient and
eigenvector centrality as the network robustness metrics in
their machine learning approach. Bigdeli et al. compared algebraic connectivity, network criticality, average degree, average
node betweenness, and other metrics [21]. Jamakovic et al.
found that algebraic connectivity was an important metric in
the analysis of various robustness problems in several typical
network models [22], [23]. Byrne et al. showed that algebraic
connectivity was the efficient measure for the robustness of
both small and large networks [24]. Vargo et al. in [3] chose
algebraic connectivity as the robustness metric and built the
optimization problem solved by the edge swapping-based tabu
search algorithm.
In this paper, we measure the robustness of air transportation
network by computing the algebraic connectivity, which is
usually considered as one of the most reasonable and efficient
evaluation methods [24], [25]. Although the maximized value
of algebraic connectivity is abstract, the optimized air transportation network structure and weighting assignment provide
us the applicable design.
There are some literature on algebraic connectivity maximization. The problems studied can be divided into two categories, namely, the edge addition problem and the variable
weights problem.
1) Edge addition problem: The goal is to add or remove a
given number of k edges on a graph in order to get the best
algebraic connectivity. The edges to be added or removed
are selected from a candidate set. The algorithms that
have been developed to solve the problem include tabu
search [25], greedy algorithms [25], [26], and rounded
semidefinite programming (SDP) [26].
2) Variable weights problem: The edges of the graph are
fixed and the goal is to determine the edge weights in
order to maximize the algebraic connectivity. This is
a convex optimization problem that is often solved by
using an SDP formulation [27]–[29] or a subgradient
algorithm [30].
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C. Contribution
The major contribution of this paper compared with what
has been studied is that we find that, in order to maximize
the algebraic connectivity, the edge addition problem and the
variable weights problem cannot be studied separately. Solving
one of them independently will only result in a suboptimal
solution. Therefor, we propose a new algorithm to solve both
problems at the same time. How to choose the edges of the
graph is demonstrated, as well as how to assign their weights.
In addition, we are the first to present the cluster decomposition
method to achieve better computation efficiency for large-scale
networks. We are also the first to discuss the algebraic connectivity maximization for directed air transportation networks.
The rest of this paper is structured as follows. Section II
shows why this problem naturally arises in air transportation
networks and how it can be formulated. In Section III, the
problem is exactly solved for small networks, and the fact that
the two problems are not independent is highlighted. Then, the
authors present the SDP formulation and the more efficient full
algorithm, which includes relaxed SDP, and solution rounding
is proposed. In Section IV, the problem for large networks
is solved, the computational efficiency is analyzed, and the
numerical results are provided. The algebraic connectivity optimization for directed air transportation networks is presented
in Section V. Section VI concludes this paper.
II. P ROBLEM F ORMULATION
A graph G with n nodes and m edges is used to define an air
transportation network. Let A = (aij ) be the adjacency matrix
of G. The Laplacian matrix L = (lij ) of G is defined by

lij = 
−aij ,
if i = j
lii = nj=1 aij .
The eigenvalues of L are sorted λ1 ≤ λ2 ≤ . . . ≤ λn . L is a
semidefinite positive matrix; thus, for all i, λi ≥ 0. It is also
known that λ1 = 0 since Le = 0 with e = (1, . . . , 1) [31].
Definition: The second smallest eigenvalue λ2 (L) is the
algebraic connectivity of G.
Now, recall the two key properties of the algebraic connectivity that will be used in this paper.
Property 1: Let e = (1, . . . , 1) ∈ Rn and


Ω = x ∈ Rn |x = 1, eT x = 0 .
The Courant–Fischer principle [32] states that
λ2 = min xT Lx.
x∈Ω

(1)

Property 2: Function w → λ2 (w) is concave with w denoting the edge weight vector. This can be proven by seeing that
λ2 (w) is the pointwise infimum of a family of linear functions
of w (see [27])
λ2 (w) =
λ2 (w) =

inf

v=1,eT v=0

inf

v=1,eT v=0

v T Lv,

(i,j)∈E

wij (vi − vj )2 .

688

IEEE TRANSACTIONS ON INTELLIGENT TRANSPORTATION SYSTEMS, VOL. 15, NO. 2, APRIL 2014

The goal of this paper is to maximize the algebraic connectivity of the network under several constraints.
There are m = (n(n − 1))/2 edges in the complete symmetric graph. Each has a weight wij representing the link
strength, as described in Section I. The following constraints
are considered.
The edge weight representing link strength must be within
the range between the lower bound α and the upper bound β
∀(i, j) ∈ E,

α ≤ wij ≤ β.

When there is no edge connecting vi and vj , the corresponding
wij = 0.
There exists an operating cost cij for each link. In a real air
transportation network, the cost for a route contains the fuel
cost, aircraft maintenance cost, crew/flight attendant labor cost,
cost for arrival/departure slots at runways, cost for gates at
origin/destination airports, and cost for flying through airspace
(international flights). In this paper, we use one link cost to
represent the integrated operating cost. The operating cost is
higher for a stronger link for several practical reasons. For
example, we know that the most effective way to avoid a
mechanical problem cancelation is to have spare parts or even
a spare aircraft. Similarly, the most effective way to avoid a
cancelation caused by crew legality or crew scheduling is to
have enough standby crew. Both approaches can increase link
strength; at the same time, they introduce higher costs. As for
weather disturbances, to load extra fuel will give an aircraft
more flight plan options with which it can be rerouted to avoid
weather problems and prevent the cancelation. However, extra
fuel also introduces higher cost. In addition, larger aircraft are
more robust to weather disturbances. Nevertheless, to operate
a larger aircraft costs more because of more fuel needed, more
flight attendants, and even more crew (for international flights).
Therefor, in this paper, we consider the linear cost for link
strength. The total operating cost budget for all the links is
limited by

wij cij ≤ C.
ij

In summary, the complete problem that the authors aim at
solving is

ij wij cij ≤ C
(P)
max λ2 (L(w)) s.t.
wij ∈ {0, [α, β]} .
w

A. Alternative Formulation
In order to be able to solve the problem, the authors need to
reformulate it by adding decision variables. The idea is to add,
for each edge (i, j), a binary variable xij stating if there exists
an edge between vi and vj
xij = 1 ⇔ wij = 0.
This is useful since now the domain of w can be expressed as
∀(i, j),

αxij ≤ wij ≤ βxij .

The problem now becomes
max λ2 (L(w))
x,w

⎧
⎨x
ij ∈ {0, 1}
wij cij ≤ C
s.t. :
⎩ ij
αxij ≤ wij ≤ βxij .

Then, variable k is added, which determines the number of
edges in the graph. The final formulation of the problem is
⎧
xij = k
⎪
⎨ i,j
∈
x
ij
 {0, 1}
max λ2 (L(w)) s.t. :
(2)
⎪
x,w,k
⎩ i,j wij cij ≤ C
αxij ≤ wij ≤ βxij .

B. Difficulty
An important remark is that the problem cannot really be
split into two steps of first deciding whether w = 0 or not and
followed by choosing the appropriate weights. This is due to
the fact that there are lower bound and upper bound constraints
on w. However, assuming that the two steps are independent, a
decoupled approach can be tried first. The first step is to choose
edges for the empty graph that corresponds to the edge addition
problem introduced in [25]
max λ2 (L(x))
x

s.t. :



xi = k,

xi ∈ {0, 1},

i



xi ci ≤

i

C
α

and the second step is to choose the weights on them
max λ2 (L(w))
w

s.t. :



wi ci ≤ C,

αyi ≤ wi ≤ βyi ,

y = xopt .

i

Later, it will be seen that, if this approach is used, the result will
not be optimal.
C. Relaxation
The relaxation (R) of the problem is obtained by allowing
noninteger values for x
∀(i, j) ∈ E,

xij ∈ [0, 1].

This is the same as choosing w ∈ [0, β] without variables x
and k. However, these variables will be necessary in order to
be able to get the integer solution from this relaxed one. It is
noticed that the solution of (R) is a concave function of k.
D. Concavity in k
The first important property is that the solution of (R) is
concave in k, which will be used in the golden section search
algorithm in Algorithm 1. More precisely, Λ is defined such that
⎧
x =k
⎪
⎨ i i
∈
[0, 1]
x
i
Λ(k) = max λ2 (L(w)) s.t. 
x,w
⎪
⎩ i wi c i ≤ C
αxi ≤ wi ≤ βxi .
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Property 3: Λ(k) is a concave function.
This property is important since it shows that the maximization of the algebraic connectivity is related to the number of
edges in the graph. By solving the problem for very few values
of k, a good knowledge on kopt can be obtained.
Proof: Consider k1 and k2 in R and γ ∈ [0, 1] such that
Λ(ki ) > 0 for i = 1, 2. The idea is to use the fact that w →
λ2 (L(w)) is concave (please see Property 2).
Λ (γk1 +(1−γ)k2 )
⎧
x = γk1 +(1−γ)k2
⎪
⎨ i i
x
∈
[0, 1]
i
= max λ2 s.t. 
x,w
w
⎪
⎩ i i ci ≤ C
αxi ≤ wi ≤ βxi
⎧  (1)
 (2)
⎪
i x i = k1 ,
i x i = k2
⎪
⎪
⎪
⎨ x(j) ∈ [0, 1],
j
=
1, 2
i
≥ max λ2 s.t. x = γx(1) +(1−γ)x(2)
x,w
⎪

⎪
⎪
⎪
⎩ i wi c i ≤ C
αxi ≤ wi ≤ βxi
⎧
 (2)
(1)
⎪
⎪
i x i = k1 ,
i x i = k2
⎪
⎪ (j)
⎪
⎨ xi ∈ [0, 1],
j = 1, 2
≥ max λ2 s.t. w = γw(1) +(1−γ)w(2)

x,w
⎪
⎪
⎪
⎪
i wi c i ≤ C
⎪
⎩ (j)
(j)
(j)
αxi ≤ wi ≤ βxi
⎧
x = k1
⎪
⎨ i i
x
∈
[0, 1]
i
≥ γ max λ2 s.t. 
x,w
w
⎪
⎩ i i ci ≤ C
αxi ≤ wi ≤ βxi
⎧
x = k2
⎪
⎨ i i
x
∈
[0, 1]
i
+(1−γ) max λ2 s.t. 
x,w
⎪
⎩ i wi c i ≤ C
αxi ≤ wi ≤ βxi
≥ γΛ(k1 )+(1−γ)Λ(k2 )
which proves that Λ is concave in k.



III. S MALL -S CALE A IR T RANSPORTATION N ETWORKS
A. Exact Solution for Small Networks
If all weights have to be chosen within an interval, the
problem becomes a convex optimization problem and it can
be solved using an SDP solver. The idea here is to try all the
possible configurations for which all the weights are either 0
or in [α, β]. Then, each configuration can be independently
optimized and the one that leads to the best result can be found.
Consider that n nodes are chosen randomly. There are m =
(n(n − 1))/2 edges and 2m configurations to test. For each
configuration, if Y is the set of the edges that are actually in
the graph, the following problem needs to be solved:
⎧
⎨ ij wij cij ≤ C
∀(i, j) ∈ Y
max λ2 (L(w)) s.t. α ≤ wij ≤ β,
w
⎩
∀(i, j) ∈
/ Y.
wij = 0,

Fig. 2. Results of (k, λ2 ) for all the configurations of n = 5 and C = 6.5.

Fig. 3. Results of (k, λ2 ) for all the configurations of n = 6 and C = 8.

This can be done by solving the SDP corresponding to the
weight optimization problem (see [27] for details)
⎧
∀(i, j) ∈ Y
⎨ α ≤ wi ≤ β,

∀(i, j) ∈
/Y
min
wi ci s.t. wij = 0,
w
⎩
L(w) I − n1 eeT .
i
It becomes impossible to exactly solve the problem when n is
large. Therefor, the authors assume n to be small in this section.
1) Small-Scale Exact Solution Results: For each configuration, the number of edges k in the graph is computed. The
results of (k, λ2 ) are plotted in Figs. 2 and 3 for two different
networks.
It is noticed that the best connectivity is not reached at the
maximum number of edges; therefor, the choice of the edges
and the choice of the weights are not independent.
It is also noticed that, unlike the continuous case, the discrete
shape given by k → Λ(k) in Figs. 2 and 3 is not exactly concave. However, it has almost the shape of a concave function;
hence, the authors will be able to consider it concave in the
approximate case later on.
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Fig. 4. Optimal network for n = 5 with the weights. p = 0, α = 2, and
C = 6.5.

The exact solution for a network of size n = 5 is shown
in Fig. 4. As it is impossible to exactly solve this problem
for networks with a larger size, an algorithm is going to be
designed, which solves it approximately. The main idea is to
use the quasi-concave shape of function Λ(k).
For the practical problem with a larger size, the first step is to
choose a value for k. The authors are able to solve the relaxed
version (R) of the problem where x is a noninteger variable.
Then, the result can be rounded to obtain a feasible solution for
the original problem (P ).
2) Maximum Number of Edges: Because of the minimum
value α for the weights, there exists a limit in the number
of edges in the graph. Here, the maximal number of edges
klim needs to be found. Regardless of the performance of the
network, edges are added until the operating cost constraint is
reached. Consider that w = αx, which is the minimum weight,
and the problem is to solve a trivial form of the knapsack
problem

xi
max
x∈{0,1}

s.t.



Function g for random points in [0, 1]2 .

Fig. 6. C as a function of klim with the quadratic fitting.

where

i

xi ci ≤

i

C
.
α

Indeed, if klim is the solution of this problem, it can be guaranteed that there will not be any solution of k > klim .
When the cost ci is sorted by increasing order, it can be
obtained that
C
cs ≈
α
s=1

g(s)ds =

g(s) = c

s

.

If the n nodes are randomly chosen in a square, function g
is very close to a linear function (except at the very beginning
and at the very end). This can be verified in Fig. 5. Using this
information, it can be obtained that
C
α

(3)

where a0 , a1 , and a2 are constant parameters. Finally

which, for large-enough n, can be approximated by the following formula:
klim

∀s ∈ [1, klim ],

2
+ a1 klim + a0 =
a2 klim

klim


1

Fig. 5.

C
α

klim =

−a1 +

a1 2 − 4a2 a0 −
2a2

C
α


.

(4)

It is shown in Fig. 6 that the quadratic result obtained by (4)
is a very good approximation.
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B. SDP Formulation
To solve the larger size problem, the relaxation of the problem is expressed as an SDP that will be solved efficiently. When
v is not normalized, recall (1) in Property 1, which can be then
transformed as

λ2 = maxλ λ
λv T v ≤ v T Lv
v T e = 0.
∀v ∈ Rn ,
Variable μ is added, which allows any v ∈ Rn

λ2 = maxλ,μ λ
v T (μeeT )v + v T Lv − λv T v ≥ 0.
∀v ∈ Rn ,
It can be written using Loewner’s order [33]

λ2 = maxλ,μ λ
μeeT + L − λI 0.

(5)
Fig. 7. Upper bound: λ2 = f (k).

The relaxation of the problem that needs to be solved is
⎧
x =k
⎪
⎨ i i
∈
[0, 1]
x
i
max λ2 (L(w)) s.t. 
w
⎪
x,w,k
⎩ i i ci ≤ C
αxi ≤ wi ≤ βxi
which now becomes with (5)
⎧
x =k
⎪
⎪ i i
⎪
xi ∈ [0, 1]
⎨
max λ s.t.
wc ≤C
⎪ i i i
x,w,k,λ,μ
⎪
≤ wi ≤ βxi
αx
⎪
i
⎩
μeeT + L − λI 0.

The Karush–Kuhn–Tucker optimality conditions are
⎧ SX = XS = 0
⎪
⎨ S 0,
X 0
⎪
⎩ E, X =1 cij
L − I + n J = S.

(6)

This problem is an SDP since there is a semidefinite constraint
and all the other constraints are linear. It can be solved efficiently by an SDP solver. SeDuMi [34] is used in this paper.
1) Optimality Conditions: The primal SDP is
⎧
x =k
⎪
⎪ i i
⎪
xi ∈ [0, 1]
⎨
max λ s.t.
wc ≤C
⎪ i i i
x,w,k,λ,μ
⎪
αx
≤ wi ≤ βxi
⎪
i
⎩
μeeT + L − λI 0.
The variables are rescaled by dividing w, k, and x by λ and C.
The dual SDP problem is
⎧
xi = k
⎪
⎪
⎨ i

xi ∈ [0, 1]
min
wi ci s.t.
αxi ≤ wi ≤ βxi
⎪
x,w,k,λ
⎪
i
⎩
L I − n1 J
where J is the all-one matrix. When xij is relaxed (please see
Section II-C), the relaxed dual SDP formulation is


0 ≤ wi ≤ β
min
wi ci s.t.
L I − n1 J.
x,w,k,λ
i

X is the matrix of the operating costs. The matrix format
relaxed dual SDP is therefor



1
X 0
s.t.
max I − J, X
E, X = cij
X
n
where E is the matrix with Eii = Ejj = 1 and Eij = Eji = −1.

If wi = w for all i, it can be obtained that


1
S = (nw − 1) I − J .
n
When w = 1/n, S = 0 and the conditions are satisfied.
Reciprocally, if the optimality conditions are satisfied, it can
be obtained that



1
L− I − J
X = 0.
n
X has rank n; hence
L=I−

1
J.
n

Thus, w is constant for all i and w = 1/n.
For edge i and edge j, the optimality condition is finally
obtained

∀(i, j), wi = wj

i wi ci = C.
2) Upper Bound: With the SDP formulation, the relaxation
can now be solved. When the values of the optimal connectivity
for different values of k are computed, the upper bound is
plotted in Fig. 7.
The relaxed problem reached its maximum for several values
of k contained in an interval [kmin , kmax ]. Indeed, the optimality conditions give

∀(i,
mj), wi = wj
i=1 wi ci = C.
Allthe weights are equal and their value is ∀i, wi =
(C/( j cj )) = Ω. If w = βx, all the elements of x are equal
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and their value is ∀i, xi = (k/(n2 − n)), which leads to
kmin =

Ω(n2 − n)
.
β

By doing the same computation, it is proved that the optimal
value is also reached with
kmax =

Ω(n2 − n)
α

and ∀k ∈ [kmin , kmax ], the optimal value is achieved.
However, it needs to be pointed out that when the solution
is rounded, infeasible solution may appear. For example, if k =
kmin , there is often no solution since

nΩ
<n−1
xi =
β
i
if (Ω/β)  1, which is often the case. In addition, because at
least n − 1 edges are needed to connect an n node graph, there
is no positive solution. Therefor, the upper bound is not a very
good bound for small values of k.
C. Rounding Techniques for SDP Solution
1) Description of the Methods: In this section, suppose that
the relaxed optimal solution s0 has been found. k edges are
going to be selected from s0 , which means that xi = 1 for k
values and xi = 0 for the others. There are several ways to do
so. The methods that have been studied and implemented are
listed.
1) Greedy: Choose the k biggest elements s0 (xi ) in the relaxed solution. Then, find the optimal weights by solving
the corresponding SDP.
2) Random fast: Randomly choose the rounding. For each
i ∈ {1, . . . , m}, xi = 1 with probability s0 (xi ) and xi =
0 otherwise. Then, the weights are affected with the
following value:
s0 (wi )
.
s0 (xi )

i

and for the same reason

i

wi c i =

 s0 (wi )
i

s0 (xi )

xi ci =

4) Step by step: Select the biggest element s0 (xi ) < 1 and
affect its value to 1 in the SDP formulation. Then, solve
the SDP again and repeat k times for these two steps.
5) Log step by step: This is the same idea as the “step by
step” except that, at each step, choose the best half of
the remaining elements. Thus, there are only log(k) SDPs
that have to be solved.
2) Numerical Results: The simulation is set up with 20
nodes randomly generated in a square. The results are presented
in Fig. 8 with λ2 as a function of k. The upper bound obtained by the relaxation is plotted, as well as all the rounding
techniques.
It turns out that some techniques may fail to find a solution. In
this case, the corresponding values are removed from the figure.
It can be seen that the algorithms can achieve the upper
bound at the maximum number of edges klim . This shows that
any algorithm based on edge addition without considering the
variable weights is not adapted.
Pros and Cons: Each of the methods presented has some
advantages and drawbacks. The one that gives the best result is
the step-by-step method. The fastest is random fast. In addition,
the method that gives the best tradeoff between speed and value
is log step by step.
D. Relaxed SDP With Rounding Algorithm

These two steps are repeated many times. The average
value xi of xi is s0 (xi ); therefor


xi =
s0 (xi ) = k
i

Fig. 8. λ2 as a function of k. The results from several rounding methods are
represented for a 20-node graph.



s0 (wi )ci ≤ C.

i

Thus, on average, the solution satisfies the constraints.
At the end, keep the best solution that satisfies all the
constraints.
3) 
Random: In addition, randomly choose the rounding. If
i xi = k, which is the case on average, evaluate the
weights by solving the SDP formulation. The steps are
repeated several times, and keep the best value.

This algorithm is used to solve relatively small-scale problem
when the exhaustive search described in Section III-A fails.
1) Golden Section Search: For a given k, a well-connected
network with k edges can now be found. Instead of testing all
the possible values of k, the search can be speeded up by considering that algebraic connectivity is a concave function of k.
This approximation leads to better results with rounding
methods that have good regularity. For large networks, the
rounding methods with lower regularity can be used. Instead
of computing the value for a given k, a local average value is
computed based on three values
∀k ∈ N,

f (k − 1) + f (k) + f (k + 1)
.
f˜(k) =
3

As only the value of the connectivity for integer values
of k can be computed, it is not possible to use continuous
optimization principles. Thus, the golden section search [35]
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is adopted. It consists in creating a decreasing set of intervals
containing the optimal value
∀i ∈ N,

[ai+1 , bi+1 ] ⊂ [ai , bi ]

and kopt ∈ [ai , bi ]. Two test values ci < di in [ai , bi ] facilitate
the search. The rules used to update the interval are: 1) f (ci ) <
f (di ) ⇒ [ai+1 , bi+1 ] = [ci , bi ] and 2) f (ci ) > f (di ) ⇒
[ai+1 , bi+1 ] = [ai , di ].
At each step, only one new value of f needs to be computed.
This new value is usually chosen
so that the test values are at
√
the golden ratio φ = (1 + 5)/2. Here, the value is rounded
to get an integer. This method allows, on average, to divide the
length of the interval by φ at each step.
2) Relaxed SDP With Rounding Algorithm: All the steps
of the algorithm are summed up. The SDP is solved using
the SeDuMi solver [34] and the golden section search. This
algorithm that leads to the approximation of the optimum is
listed in Algorithm 1.

Fig. 9. Optimal result for a 30-node graph.

Algorithm 1 Relaxed SDP with step-by-step rounding
1:
2:
3:
4:
5:
6:
7:
8:
9:
10:
11:
12:
13:
14:
15:
16:

Initialize a, b and d
while b − a > 2 do
Choose c in {(a + d/2), (d + b/2)}
Solve the relaxed SDP with k = c
for p = 1 to k do
j ← arg maxi {xi |xi < 1}
Impose xj = 1
Solve the SDP
end for
if f (c) < f (d) then
a←c
else
b ← d, d ← c
end if
end while
return λ2

The complexity of this algorithm can be analyzed, which
depends on several parameters of the problem. The algorithm
uses the step-by-step rounding technique and requires to solve
k + 1 SDPs for each value of k selected. Each step has a
different value for k, and most of them are close to kopt .
In addition, there are U such steps. U is defined by
klim φ−U = 1 since at each step the length of the interval is
divided by φ. It is obtained that
U=

log(1/klim )
.
log(1/φ)

Complexity T also needs to be considered to solve the SDP.
T is a polynomial in the size of the entry, which is equivalent to
n2 . Therefor, T is a polynomial function of n.
Therefor, the complexity of the whole algorithm can be
approximated by O(kopt U T ).

Fig. 10. Values of r for different values of C.

E. Numerical Results
1) Optimal Network: In order to test the full algorithm, a
set of random nodes is generated in a square. An example of
the optimal network for 30 nodes is shown in Fig. 9.
The edges that have a weight greater than the lower bound
α are represented with a thicker line. In the example in Fig. 9,
there are ten edges with a larger weight value than α.
2) Efficiency: Now, the efficiency of the result is going to
be evaluated by comparing the optimal algebraic connectivity
to the upper bound. For a given set of nodes, the problem is
solved for different values of the total operating cost budget C
and the percentage of the solution is computed compared to the
bound
r = 100 ×

val(P )
%.
val(R)

The result, as illustrated in Fig. 10, shows that for small
values of C, the best result found is very far from the upper
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Fig. 12. Set of 16 nodes separated in three clusters with two major nodes in
each cluster (in red).

Fig. 11. Time (in seconds) to solve the SDP formulation of the problem for a
given number of n nodes.

bound. However, when increasing C, the objective value of the
problem P quickly increases to reach the value of its relaxed
problem R.

There are several parameters whose values have to be chosen
to apply this idea. First, choose the number of clusters and how
many major nodes are used in each cluster to connect to other
clusters. Second, choose which nodes are kept as major nodes
among each cluster. Naturally, it is decided here to take the
airports that have the largest traffic demand.
In addition, to solve the problem for each small problem 1 ≤
i ≤ g + 1, the value of the maximum operating cost budget Ci
in each cluster has to be chosen. A natural option is to choose
Ci proportional to the sum
 si of all the costs of the edges in the
cluster i and such that g+1
i=1 Ci = C

cxy ,
si =

IV. L ARGE -S CALE A IR T RANSPORTATION N ETWORKS

(x,y)∈E

si
Ci = g+1

A. Necessity
The method in the previous section is going to be applied to
large networks. The most time-consuming computation in the
process is solving the SDP. Fig. 11 shows the computational
time of solving one SDP for n nodes. It is observed that the
running time increases very rapidly. In fact, for n nodes, there
are n(n − 1) + 2 ∼ n2 variables in the SDP. As several SDPs
need to be computed in order to solve the problem, it becomes
impossible for n ≥ 35 on the authors’ workstation.
However, it is necessary to get some results for large values
of n because real networks are usually large. For example, the
air transportation network contains several hundred nodes when
considering the entire USA.
B. Cluster Decomposition
Since the key factor for operating cost for each link is the
route distance (a longer distance route consumes more fuel), the
idea in this section is to divide the airports into g ∈ N clusters
based on the distance between the nodes. These clusters can be
solved independently with the relaxed SDP method (Algorithm 1)
developed in the previous section and can be connected
afterward.
To connect the cluster, choose k major nodes in each cluster
that will be connected to each other. Then, the problem P has to
be solved for these g × k nodes, except that links between two
nodes from the same cluster are not allowed; hence, the graph
is not complete.
At the end, g + 1 problems of type (P ) need to be solved to
get the final result. Fig. 12 shows the idea of the decomposition
into several clusters and the selection of major nodes.

j=1

sj

C.

The separation of the nodes into several clusters is made
by k-means algorithm [36]. This algorithm has the advantages
of being fast, easy to implement, and generally giving good
results.
To sum up the method described above, the full cluster
decomposition algorithm is listed in Algorithm 2.
Algorithm 2 Large-scale cluster decomposition
1:
2:
3:
4:
5:
6:
7:
8:

Initialize g, Ci
k-means algorithm gives g clusters
for p = 1 to g do
Solve the cluster problem (with Algorithm 1)
end for
Solve the major node problem (Algorithm 1)
Build the resulting network
return λ2 (L)

C. Evaluation of Efficiency
The goal here is to show that if all g + 1 clusters are well
connected, the resulting graph is well connected too. This
depends on the values of some parameters that characterize how
each cluster is linked to the others.
g clusters are considered. Each cluster has n nodes and k
of its nodes are used to connect to other clusters. Let G be
the matrix of the graph and F be the vector defined by the
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Fig. 13. (a) λ2 = f (n); (b) λ2 = f (k); (c) λ2 = f (g).

expression below. If, for instance, g
into the following form:
⎛
E 0
0
0
A1
⎜
⎜
0
0
⎜
⎜E 0 0
⎜
A2
G=⎜
⎜0 0 0
⎜0 0 0
⎜
⎜E 0 0 E 0
⎝
0 0 0 0
0
0 0 0 0
0
⎛
⎞
αe
⎜ βe ⎟
⎜
⎟
⎜ βe ⎟
⎜
⎟
⎜ 0 ⎟
⎜
⎟
F =⎜ 0 ⎟
⎜
⎟
⎜ 0 ⎟
⎜ −αe ⎟
⎜
⎟
⎝ −βe ⎠
−βe

= 3, matrix G can be put
0
0
0

0
0
0

E
0
0
E
0
0

0
0
0
0
0
0
A3

0⎞
0⎟
0⎟
⎟
0⎟
⎟
0⎟
⎟
0⎟
⎟
⎟
⎠

with the following notation. e is the all-one vector. α and β are
constants that will be computed in the next paragraph. A1 , A2 ,
and A3 represent the adjacency matrices of the three clusters.
E is a k × k matrix with all elements equal to 1.
1) Fiedler Vector: The Fiedler vector is the vector solution
of the minimization problem


minn xT Lx|x = 1, xe = 0 .
x∈R

It is known to be an indicator on how to split a graph into two
smaller graphs. In fact, the nodes that have the same sign in this
vector form a cut of the graph (see [37]).
Here, the optimal cut will naturally be found between two
clusters. Since some of the nodes play the same role, the Fiedler
vector has a shape close to F where α and β are constants that
need to be determined.
This assumption has been verified by numerical experiments
and it seems to be a very good approximation of the real Fiedler
vector.
2) Computing the Connectivity: Consider that the Fiedler
vector has the form of F and matrices are full, which means

all nondiagonal elements are equal to 1. The matrix products
give
λ2 = F T LF,
λ2 = 2kαX + 2(n − k)βY
with
X = α (n − 1 + k(g − 1)) − (k − 1)α − (n − k)β + kα,
Y = β(n − 1) − kα − (n − k − 1)β.
It is also known that F  = 1; thus
2kα2 + (2n − 2k)β 2 = 1,

α=

1 − (2n − 2k)β
.
2k

Substitute α with this expression and β is given by the
d λ2
= 0.
dβ

(7)

With a computation software package like Maple, this gives
us the expression of function f such that
λ2 = f (n, k, g).
3) Resulted Curves: By solving (7), the values of α, β, and
λ2 are obtained. The following figures have been obtained with
Maple. Among the three parameters k, g, and n, fix two of them
and let the third one vary to see its influence on connectivity.
Fig. 13 provides a clearer idea on how to choose the value
of each parameter. For example, connectivity is almost linear
regarding k but has a concave shape when represented as a
function of the number of clusters g.
There exists a tradeoff: If g is too large, kg will be too large to
be solved. On the contrary, if g is too small, each of the cluster
will have too many nodes to be solved.
4) Numerical Results: The data used are the 100 largest
cities in the United States. Fig. 14 shows the 100 biggest
cities without any link. The cluster decomposition is used to
divide these 100 cities into g = 5 groups. In each group, we
selected k = 5. The lower bound α = 2 and the upper bound
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V. D IRECTED A IR T RANSPORTATION N ETWORK
A. From Undirected Graph to Directed Graph
In this section, the methods are extended in directed graphs.
In order to be consistent with the undirected case, the graphs
need to be balanced, which means that the number of aircraft
that comes in is the same as the number of aircraft that leaves
the airport
n


∀i ∈ {1, . . . , n},

wij =

j=1

Fig. 14. Shown are the 100 largest cities in the USA.

n


wki .

k=1

It is clear that the set of undirected graphs is included in the set
of directed balanced graphs. Therefor, the results should be at
least as good as in the previous section.
Definition: According to [38], if Ω = {x ∈ Rn , xe =
0, x = 1}, the definition of the algebraic connectivity can be
extended for directed balanced graphs with

min xT Lx = λ2
x∈Ω


1
(L + LT ) .
2

Property 4: In the directed case and with this definition
of the algebraic connectivity, the upper bound given by the
continuous relaxation is the same as in the undirected case.
Proof: Given the optimum directed balanced graph in the
relaxed problem and its incidence matrix G, H can be created
H=

Fig. 15. Result for the 100 largest cities in the USA.

β = 10. The total running time is 317 s with MATLAB on our
workstation. The algebraic connectivity that we have achieved
is λ2 = 2.6.
The optimal network found is illustrated in Fig. 15. The blue
lines represent the edges inside each cluster and the red lines
represent the edges that connect nodes from different clusters.
In a real network, most airlines use spoke-hub planning, in
which the regional airports are clustered and connected to their
regional hub airport. Fig. 15 shows the same behavior that
regional airports are clustered together. In a real network in the
United States, the number of the major nodes k for each cluster
is usually 1, which means that the hub airport is the only major
node for its cluster. In a real network in Europe, the number of
the major nodes k is usually bigger than 1. In fact, the number
k in a European network is those hub airports in each country.
For example, Air France has hubs at Paris and Lyon (k = 2)
and Air Berlin has its hubs at Berlin, Düsseldorf, Hamburg, and
Munich (k = 4). In summary, the result in Fig. 15 is a practical
design, and more importantly, the computation is very efficient
for large-scale network planning.

G + GT
2

where H is symmetric and satisfies all the constraints of the
problem since they are linear. In addition with the definition of
the connectivity for directed graphs, the connectivity of H is
clearly the same as the connectivity of G.
Since it is also known that undirected graphs are a subset of
directed balanced graphs, the bounds are equal in both cases.
This will allow us to easily evaluate the improvement brought
by directed graphs.


B. Results
The same method is used as in Section III. The results are
impressively better with directed graphs, as shown in Fig. 16.
The best value for the directed balanced case almost reached
the upper bound. It is also noticed that the optimal result has
less edges than the optimal network in the undirected case (an
edge in the undirected case is counted in both ways).
It is shown in Fig. 17 that most of the edges in the optimal
solution are oriented in only one way, which shows that the
solution is very different from the undirected case.
However, there is an important drawback. Indeed, two times
as many variables are needed for directed networks. Thus, the
problem takes a much longer time to be solved and is only
applicable on smaller networks.
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Fig. 18. Example of a graph with a node failure.
Fig. 16. λ = f (k) for the same graph with different approaches.

Fig. 19. Example of a graph after maximization of the flow.

before and after maximization of the flow. The graph in Fig. 19
is now balanced by Edmonds–Karp algorithm after removing
the source (green node) and the sink (blue node).
Fig. 17. Optimal directed graph.

VI. C ONCLUSION
C. Failure Case
If an edge or a node is removed, the graph is not balanced
anymore. This can cause important problems in practice; hence,
the remaining weights in the graph need to be changed to handle
this problem.
This operation can be done by using a flow algorithm. The
first step is to link the nodes with positive aircraft balance to a
virtual source and those with negative balance to a sink. The capacities of these links are equal to the absolute value of the
difference in the balance flow for the node. The capacity of the
other links of the graph is β.
Then, consider the problem of the maximization of the flow
from the source to the sink. This problem can be solved by using
Edmonds–Karp algorithm [39], which has efficient complexity,
i.e., O(nm2 ). This algorithm maintains the balance of the flow
at each node.
At the end, the graph is the graph solution of the flow
problem when the source and the sink are removed. Figs. 18
and 19 show an example of a graph in which a node is removed,

In this paper, a new problem concerning the maximization of
the algebraic connectivity of a network has been presented and
studied. This problem consists of finding both the edges of the
graph and their weight assignment under several constraints.
First, the problem in small networks is exactly solved, and it is
shown that the problem cannot be separated into two already
studied independent problems. Then, a relaxed SDP method
with step-by-step rounding is presented to solve the problem
approximately for better computational efficiency. With the
method developed for small-scale network, the cluster decomposition method is proposed to solve the large-scale network
problem and successfully find the near-optimal solution for a
network of the 100 largest cities in the United States. Finally,
the study is extended to directed graphs. Numerical experiments
and analysis are performed for all the proposed algorithms. The
developed methods are able to model and maximize robustness
in air transportation networks for airlines and for the NAS. They
also provide an option to improve current ways of the generic
network design.
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