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In 1952, Sobociński introduced [1] a 3-valued logic for the connectives C and N and provid​ed a sound and complete axiom set for it: 


  Sobociński’s 



         Sobociński’s axioms for his 3-valued logic
 C-N Matrices  


  
 
(with rules Substitution and Detachment) 

.      







       CCpqCCqrCpr   [Syl, or B]           (pq) [(qr) (pr)]

   C    1  2  3    N
   

       CpCCpqq
       [Pon, or C*]
 p [(pq)q]

 *1    1  3  3    3
 

       CCpCpqCpq      [Hilbert, or W]   [p (pq)] (pq)

 *2    1  2  3    2




   3     1  1  1    1


       CpCqCNqp
       [unnamed]
          p[q(~qp)]




 


       CCNpNqCqp      [Transp]
        (~p~q) (qp)


_______________

 [1]  B. Sobociński, Axiomatization of a partial system of three-valued calculus  of propositions, Journal of 

       Computing Systems, vol. 1 (1952), pp. 23-55.
    Sobociński’s 


            Alan Rose’s 21-axiom base for the M3-tautologies

   C-Matrix, M3    

                   (with rules Substitution and Detachment)         



     

       C   1  2  3 . 

     *1   1  3  3 

For all wffs , , and ,  let F = CCC,  let I = FCFF,  and let
     *2   1  2  3 

V = FCI.  Rose [2] showed that the M3-tautologies are axiomatized by:
       3    1  1  1
 


 
CCpqCCqrCpr 




CCCpqCpqCCqpCqp



 
CpCCpqq





CCCppCqqCCCprCprCCqrCqr



 
CCpCpqCpq




CCCpCqqCpCqqCCpqCpq
       


CVqrCpCqsVCpqrCpCqs


CCCpqCpqCCpCqqCpCqq



      
CFprCpCqsVCpqrCpCqs


CCCCpqCrsCCpqCrsCCCsqCrpCCsqCrp



      
CVprCpCqsCIqrCpCqsFCpqrCpCqs
CCVpqqrCCIpqqrCCFpqqrr



      
CVprCpCqsCFqrCpCqsFCpqrCpCqs
CVpppp

        


CIprCpCqsCIqrCpCqsICpqrCpCqs 
CIpppp



      
CIprCpCqsCFqrCpCqsFCpqrCpCqs
Cpp



      
CFpqCrsCFrqCrsFpqCrs


CFpqCrsCIrqCrsFpqCrs



      








CFpqCrsCVrqCrsFpqCrs 

_______________

 [2]  A. Rose,  An alternative formalization of Sobociński’s three-valued implicational propositional calculus,  

       Zeitschr. f. math. Logik und Grundlagen d. Math., vol. 2 (1956), pp. 166-172.
      Dunn’s system R-Mingle [3] 


                            Parks’s discovery [4] 

Cpp



CKpqp 




    



CCpqCCqrCpr

CKpqq 




     Though no finite matrix characterizes full R-
CpCCpqq


CKCpqCprCpCKqr 


     Mingle, its implication-negation fragment is

CCpCpqCpq 







     characterized by Sobociński’s C-N-matrices.

CpCpp   [Mingle]
CpApq 




     The implicational fragment RM of R-Mingle 





CpAqp 




     is thus characterized by Sobociński’s C-matrix
CCpNqCqNp

CKCpqCrqCAprq


     M3 and so is identical with the implicational 

CNNpp

 
CKpAqrAKpqr 



     fragment of Sobociński’s system.

 
 
     
  The Meyer-Parks 4-base for M3 / implicational R-Mingle [5]      

     CCpqCCqrCpr      

 
[Syl]

     CpCCpqq
     


[Pon]

     CCpCpqCpq
     

        
[Hilbert]

     CCCCCpqqprCCCCCqppqrr 
[unnamed]

_______________

[3]  J. M. Dunn,  Algebraic completeness results for R-mingle and its  extensions, Journal of Symbolic Logic, 

       vol. 35 (1970), pp. 1-13.

[4]  Z. Parks, A note on R-mingle and Sobociński’s three-valued logic, Notre Dame Journal of Formal Logic, 

       vol. 13 (1972), pp. 227-228. 

[5]  R. K. Meyer and Z. Parks,  Independent axioms for the implica​tional fragment of Sobociński’s three-

       valued  logic, Zeitschr. f. math. Logik und Grundlagen d. Math., vol. 18 (1972), pp. 291-295.
    In 2001,  Ernst, Fitelson, Harris, and Wos at Argonne National Laboratory undertook 

    a computer-assisted search for a simplification of the Meyer-Parks 4-base and dis​cov-

    er​ed [6] the first 3-bases for RM:

                The Ernst-Fitelson-Harris-Wos 3-bases for implicational R-Mingle         .
    CCpqCCqrCpr      [Syl]


    CCpqCCqrCpr      [Syl]

    CpCCpqq
      [Pon]


    CpCCpqq
      [Pon]



    CCCCCpqrCqprr  [EFHW1] 

    CCCpCCCqprqrr  [EFHW2]

            Two questions about further reducing the number of axioms remained open:



_______________

[6]  Z. Ernst, B. Fitelson, K. Harris, and L. Wos, A concise axiomatization of RM, Bulletin of the Section 

       of Logic, vol. 30 (2001),  pp. 191-194.

[7]  L. Wos and G. Pieper, Automated Reasoning and the Discovery of Missing and Elegant Proofs, Rin-

       ton Press, Paramus, 2003.

  In an earlier abstract [8], I answered both questions affirmatively.  To answer the first, I 

  presented the following two 2-bases for implicational R-Mingle, each containing a total 

  of 32 symbols:

 


CCpqCCCrCCrssCqtCpt       

  
CCpqCCCrCCrssCqtCpt
 


CCCCCpqrCqprr 
    [EFHW1] 
CCCpCCCqprqrr             [EFHW2]

  And to answer the second, I gave the following (embarrassingly long) equivalent single 

  axiom--85 symbols, and containing oc​cur​rences of 21 distinct sentential variables:

 CCCpCCCqqCCrrCCssCCttCpuuCCCCCvwCCwxCvxCCCCCCyzaCzyCbaCbaccCCdCCCeeCCffCCggCChhCdiijj
  When I actually presented the talk on which that abstract was based (in Atlanta a couple

  of years ago), I was able to report that I had shortened it a bit, to 77 symbols with 19 dis-

  tinct variables:

           CCCpCCCqqCCrrCCssCCttCpuuCCCCCvwCCwxCvxCCCCCCyzaCzyCbaCbaccCCdCCCeeCCffCdiijj

_______________

 [8]  D. Ulrich, On the existence of a single axiom for implicational R-mingle (abstract), Bulletin of Symbolic 

        Logic, vol. 11 (2005), p. 459.
For some time, that was the best I could do.  But I'm pleased to report that I've since found two shorter 2-bases, each just 28 symbols in length:


Better yet, I now have a single axiom of a much more reasonable length:  37 symbols, with just 9 distinct variables:


Each axiom of each of the 2-bases can easily be shown to be a tautology of Sobociński's 3-valued C-matrix, so each is a theorem of R-Mingle.  It remains only to derive Syl and Pon,

and this also is fairly readily done in both cases, though things go most quickly for the base

that uses EFHW2.  

In displaying proofs, I use C. A. Meredith’s rule of Condensed Detach​ment, letting Dx.y be the most general result (it is unique, up to re​naming of variables) of detaching an instance of formula y, as minor premise, from an instance of formula x, as major premise. 

Actually, Syl can be gotten from Axiom 1 alone, like this:  



       











          __           Axiom 1________        

               3


5       4


            7          6


      
  










        8. Syl

  (Red arrows point down from major  

    premises, blue ones from minors.)
  Both axioms are needed to get Pon.  The shortest derivation of it I've found continues on 

  from axioms 1 and 2, together with lines 3, 4, and 6 above, as follows:

       Axiom 1   line 4       EFHW2  line 3  line 6


       D3.2     =   9. CCpCCqrCpCrqCpCrq      




           10

          9
12


       D4.1     = 10. CCCCCCpqqrCpstCCrst 
       D10.1   = 11. CCpqCCCrqsCCrps  





       11

       D3.6     = 12. CCpCCCqCrsstCqCpCrt          




       















      13

       D12.11 = 13. CpCCqCrsCrCCpqs 








      

       D9.13    = 14. CpCCpqq


      [Pon]  





   14. Pon

Finally, let's consider the amazing formula 

 

It is also a tautology of Sobociński's 3-valued C-matrix and,  so,  a theorem of implicational R-Mingle.  That it is,  indeed,  a single axiom for that system is shown by the following relatively

short derivation from it of the three axioms constituting the second of the Ernst-Fitelson-Harris-Wos 3-bases:


                   1. CCCCCCCpqrCqpCsrCsrCCtt-                                     ________    _______     1__________    ____  

CuCvwCCxuCvCxw
D1.1     =   2. CCpqCCqrCpr


[Syl]

D1.2     =   3. CCpCCCCqrsCrqCtsCtCps 




   
    __       _    2. Syl__           _   
D2.2     =   4. CCCCpqCrqsCCrps 
D3.2     =   5. CpCCpCCqrCrqCrq
D3.3     =   6. CpCCpCCCCqrsCrqCCCCtusCutss 
  

       _          3_       
                     4

D5.4     =   7. CCCCCCpqCrqsCCrpsCCtuCutCut 
D6.2     =   8. CCCCpqCCqrCprCCCCstuCtsCCCCvwuCwvuu
   
        __  6____
     5

D2.6     =   9. CCCCpCCCCqrsCrqCCCCtusCutssvCpv 
D1.7     = 10. CCpCqrCqCpr   






            8        9
            7


D8.3     = 11. Cpp

D7.9     = 12. CCCCCpqrCqprr  


[EFHW2] 

                11          12. EFHW2    10


D10.11 = 13. CpCCpqq



[Pon]
                     








      13. Pon



Question (Sobociński).  Can the implicational fragment of this system be finitely axiomatized? 














CCCCpqqrCCrsCps 


2.  CCCCCpqrCqprr                 [EFHW2]





D1.1 = 3. CCCCpqCrqsCCrps 





D3.1 = 4. CCpCqrCCCprsCqs 





D1.3 = 5. CCCCpqCprsCCqrs 





D1.4 = 6. CCCCCCpCqrrsCqstCpt 





D4.5 = 7. CCCCCCpqCprsstCCqrt 





D6.7 = 8. CCpqCCqrCpr   	 	    [Syl]
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 Open Question OQ29.RM [7].  Is there a 2-base for implicational R-mingle?








 Open Question OQ30.RM [7].  Does there exist a single axiom for implicational R-mingle?














CCCCpqqrCCrsCps     		  	  	  CCCCpqqrCCrsCps


CCCCCpqrCqprr     [EFHW1] 	  	  CCCpCCCqprqrr     [EFHW2]








CCCCCCCpqrCqpCsrCsrCCttCuCvwCCxuCvCxw





  


  CCCCCCCpqrCqpCsrCsrCCttCuCvwCCxuCvCxw











