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Abstract

Prior to the work in [1], heuristic algorithms used to solve complex combinatorial optimization problems, were

based on iterative improvements, where in each step, a further decrease in cost is required. This results in locally

optimal solutions, that are, for many settings, far from optimal. In this work, we review the Optimization by Simulated

Annealing algorithm, that permits uphill moves with a variable probability. A connection to a statistical mechanical

study of the evolution of condensed systems at low temperatures is of particular interest. Concrete examples are used

to highlight the advantage of the considered approach to the greedy iterative improvement based counterpart.

I. INTRODUCTION

Finding an optimal value (maximum or minimum) for a combinatorial optimization problem, where the objective

is a function of many independent parameters, is a problem of significant engineering interest, due to its relative high

frequency in practice. One well known example is the traveling salesman problem (TSP), where, given locations

of N distinct cities, and a defined distance metric, the objective is to traverse the set of cities with the minimum

possible route length. It is natural to first consider seeking a systematic framework to find such an optimum.

However, this characterization is possible only for special cases. Moreover, some optimization problems like TSP

belong to the class of NP-hard problems, which means that the computational complexity needed to find a solution is

non-polynomial in the arguments (number of cities). Instead, heuristics are commonly employed to reach a solution

by iteratively moving in a descent direction. These solutions can guarantee to only stop at a point that is optimal

with respect to at least one of its neighborhoods (local optimum).

In [1], the authors proposed a heuristic method for the general optimization problem, that is based on an

observation of the behavior of matters with a large number of atoms, in thermal equilibrium at the limit of low

temperature. In particular, noting that melting a crystal, then rapidly cooling the substance does not lead it back to

its original state, rather a metastable configuration (glass), or a defected crystal. On the other hand, slowly cooling

the substance, such that it does not get out of equilibrium at any given temperature, can rearrange the atoms in

their original structure. This process is known as annealing.

In this review, we are interested in highlighting the analogy between methods of simulating the annealing process,

to obtain statistical mechanical models for the low-temperature configuration of atoms for a given substance, and
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the proposed approach to find an optimal solution for a general optimization problem. To this end, some physical

definitions have to carry over to the model of interest. Assuming our optimization problem is concerned with

finding a minimum for the objective function, this cost function will be the analogous to the notion of energy

of a configuration of atoms. while the configuration, will be a given assignment to the function parameters. A

challenging task, would be to define a temperature for the combinatorial optimization problem. In other words, one

needs to define a distance between different arrangements or assignments to the function parameters. Consequently,

at high temperatures, drastic rearrangements are allowed, while as we cool down, only those changes within a local

neighborhood of the current configuration, can take place.

We start by an overview of the annealing process, that highlights useful observations for the proposed combi-

natorial optimization solution in Section II. We then present the proposed approach in Section III, and two case

studies, that illustrate, through numerical results the advantage over greedy iterative improvement based approaches.

Finally, in Section V, we end the paper with a brief summary.

II. STATISTICAL MECHANICS: ANNEALING [2]

In this Section, we are interested in shedding the light on studies in the discipline of statistical mechanics, that

are concerned with finding the low-temperature equilibrium state of a system with a large number of atoms. This

state is known as the ground or zero-energy state of the substance. Algorithms that simulate the ground state of

substances are based on iterative improvements, where in each step a new rearrangement of atoms is produced.

Alike the optimization counterpart, it is natural to first consider rapidly cooling the melt to obtain the original

configuration of atoms in the crystal, at the freezing point. That corresponds to accepting only rearrangement with

lower energy, at each step. This observation, along with the two facts, that rapid cooling does not lead the substance

to its original crystal, rather a defected crystal or a metastable configuration, and that iterative improvement based

algorithms can only result in locally optimal solutions, suggests the similarity between the two models.

In [2], the authors introduced a novel algorithm to simulate the ground state of atoms in thermal equilibrium,

that can accept rearrangements with higher energy, at any given step. The key idea is to prevent the algorithm from

being stuck at local optima, by allowing uphill moves. In each step, the algorithm executes as follows,

∙ An atom is given a small random displacement from its position in the current configuration.

∙ The energy of the new configuration
(
Ē
)

is computed, and the change in energy

ΔE = Ē − E

where E is the energy of the current configuration.

∙ if ΔE ≤ 0, then the displacement is accepted.

∙ if ΔE > 0, then the displacement is accepted with probability,

P (ΔE) = e
−ΔE
kBT (1)

where kB is Boltzmann’s constant, and T is the temperature of the system.

May 5, 2010 DRAFT



3

We note from (1), that at high temperatures, rearrangements with higher positive energy change, are likely to

take place. While as the system cools down, more restrictions, in a stochastic sense, are imposed on the set of

acceptable displacements. One can use the above algorithm to find the ground state of a substance, by first melting

it to an effectively high temperature, i.e. starting with an initial random arrangement, then slowly cooling down,

while running the algorithm at each temperature, possibly many times. As in carefully annealing physical materials.

Spending long enough time near the freezing point, assures that the system reaches equilibrium. Thus, large enough

number of rearrangements should be attempted at each temperature.

In combinatorial optimization problems, it is often the case that the objective is a function of conflicting

requirements, thereby the final solution achieves the optimal trade off between these parameters, with respect to a

defined cost. In that regard, one would identify a major difference between annealing a system where the ground

state is a regular crystal and the optimization analog problem. Fortunately, nature provides us with systems where

competing orderings of atoms are simultaneously present. A well studied example, where this feature, known

as frustration is present, is that of magnetic alloys known as spin glasses, which exhibit competition between

ferromagnetic and anti ferromagnetic spin orderings. This is particularly useful to find a faithful physical analog

for complex optimization problems with conflicting requirements.

As will be clear throughout the examples in the next Section, a fundamental challenge to iterative improvement

based approaches, is that of identifying global features of the objective function, from local views. In other words,

how to extract macroscopic properties from microscopic average. For a physical annealing process, a quantity called

the specific heat in statistical mechanics is important for this purpose. Let E(T ) denote the average energy of all

possible configurations of the atoms, at a given temperature T . The specific heat is given by,

C(T ) =
dE(T )

dT
(2)

The larger the value of C(T ) is, the slower the cooling process should be, as the energy of the system becomes

more sensitive to changes in temperature.

III. OPTIMIZATION BY SIMULATED ANNEALING

For complex optimization problems, where a large number of independent parameters determine each instance

of the problem, finding an algorithm that reaches the exact optimal solution in a time that is polynomial in the

number of arguments may not be feasible. However, as a direct consequence of the law of large numbers, one

may not need to assess such an algorithm by its worst case performance, the average performance may be more

appropriate in that case. In this Section, we study important aspects of the Optimization by Simulated Annealing

algorithm, first introduced in [1]. The key observation is that of the average behavior of atoms in condensed matter

systems at ground states.

One useful result of the analogy between some combinatorial optimization problems and the study of system’s

behavior under annealing in statistical mechanics, is the possibly gained insight into the structure of the problem.

In Section IV-A, this point will be clarified through an example, where finding the physical analog to the problem,
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helps identifying the relative value of the objective function near the minimum. Accordingly, the design of the

heuristic can be simplified by relaxing the requirements.

The following natural question arises at this point. Given an optimization problem, that is a typical candidate for

using the simulated annealing heuristic (e.g. N-P hard, many independent parameters,...etc), how would one model

it such that the corresponding physical model becomes obvious?. In particular, we will be concerned with defining

the analogs to the following physical quantities,

∙ Configuration: Each configuration of the parameters of the objective function, correspond to a configuration

of atoms in the condensed matter.

∙ Energy: An appropriate cost function should be set, such that the corresponding configuration of parameters

to the ground state, incurs a minimum cost.

∙ Temperature: A real valued mapping f : R → R should be defined between the set of temperatures, and

a set of values, that has the same units as the cost function. Only rearrangements with cost below f(T ) are

allowed at a given temperature T .

We note the increasing difficulty in defining the three quantities. While determining the parameters contributing

to the objective function might look like an easy task, defining the appropriate weights of those parameters is, in

many cases, not as obvious. At the same time, the latter task is crucial to the structure of the problem and the

efficiency of the used heuristic. It is worth noting at this point, that a major advantage of the simulated annealing

algorithm, is that it might facilitate the choice of the objective function, as it identifies the expected performance

of the solution through the physical analog. This will be clear in the example in Section IV-A. Finally, defining the

temperature map and annealing schedule, usually require a trial and error approach, as it determines the behavior of

the algorithm. One should be careful to let the algorithm be tolerant enough to random arrangements at effectively

high temperatures, and the band of allowed rearrangements be narrow enough at low temperatures, such that the

optimal point is reached, with a sufficiently high probability, at the freezing point.

IV. CASE STUDIES

Since the algorithm under consideration is a heuristic, it is necessary to study concrete examples, where some of

its frequently arising features are present. To this end, we review the examples discussed in [1], and connect some

of the results to the ideas discussed above. We first define a systematic framework, within which, we study each

of the below examples.

For each of the discussed problems,

∙ We start by a brief introduction of the problem, and its use in practice.

∙ We then provide an intuitive explanation to why this example is appropriate for the simulated annealing

algorithm, and its advantage over greedy iterative improvements.

∙ A model is then formulated for the problem, by first determining the function parameters, then the objective

function, and finally the temperature map, as discussed above.
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∙ A possibly available physical analog is used to provide expectations of the algorithm performance, and the

structure of the optimization problem solution(s).

∙ Numerical results are provided, that show the advantage of using the simulated annealing algorithm, while

highlighting some of its important features, e.g. identifying the analog of specific heat in the context of the

optimization problem.

A. Physical Design of Computers

The design of electronic circuits is commonly divided into two major tasks. The first is the logical design, where

the basic logical components, and connections between them are determined. Then follows the physical design,

which is concerned with the placement of the listed circuits and the detailed map of their wirings. We are interested

in studying ways for using the simulated annealing to handle the second task, and analyzing their performance.

First, the placement of circuits is determined, then the physical routes of the wires. Due to the possibly large size of

the problem, and the different requirements at each design stage, it is typically the case where further subdivsion is

required. However, one major drawback of having a large number of sub-problems is the possible loss of accuracy

of the final solution. The reason behind that, shall be clear in the following discussion of the second step in our

framework.

We note that the solution to each design stage, defines the structure of the problem of a subsequent stage. While

a partitioning algorithm would search for a configuration that groups circuits into logically meaningful clusters, it

shall inherit the following requirements from the wiring stage,

∙ Overlaps and areas of high wire density (congestion) should be avoided, to reduce the inter-signal thermal

noise.

∙ Wires should not be too long, to meet a speed requirement of the overall system.

Hence, further subdivision of the original problem, increases the difficulty of determining the appropriate objective

function at each stage. Here, we can see an advantage of the considered heuristic’s ability to handle complex

combinatorial optimization problems. Also, it is clear that, the inaccurate ouput of a greedy algorithm causes an

error that propagates to subsequent stages. This suggests the utility of simulated annealing in this context.

1) Coarse Placement, Partitioning: Consider the following problem, where we have N circuits and two chips. A

placement algorithm that determines which chip, each of the circuits should belong, is needed. We start the model

of the objective function parameters by N binary variables �i = ±1, i ∈ {1, 2, . . . , N}, where �i = 1 if the itℎ

circuit is placed on the first chip, and �i = −1 otherwise. An obvious requirement, is to minimize the number of

wires passing through the boundary between the two chips. For that, we need to define a formula to compute that

quantity, and insert it into the objective function. Let aij be a binary variable that takes the value 1 if circuits i and

j are connected, and 0 otherwise. The number of cross boundary connections can then be found as,

c1 =
1

2

∑
i ∕=j,i,j∈{1,...,N}

aij
(�i − �j)2

4
(3)
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Alternatively, one could write the above formula as,

c1 =
1

2

∑
i ∕=j,i,j∈{1,...,N}

aij1�i ∕=�j
(4)

While the second equation is intuitively easier to understand, the former structure make it easier to extend the

objective function to include other requirements, and to find a matching energy equation for a physical system.

Having only this requirement, a trivial optimal solution would set all the � variables to have the same sign. However,

it is typically a requirement to balance the distribution of circuits on different chips, as it facilitates the selection

of wire paths in a subsequent design stage. A cost of a possibly imbalanced distribution can be,

c2 =
1

2

∑
i∕=j

�i�j (5)

We note that c2 = 0 when the chips are equally distributed between the two chips. A simple choice of the objective

function that is linear in both c1 and c2 is,

f = w1c1 + w2c2 (6)

Letting � = w2

w1
, and noting that �2

1 and �2
2 are fixed, the above function can be simplified to,

f =
∑
i>j

(�− aij
2

)�i�j (7)

Under the assumption that the connectivity variables aij are uncorrelated, the function f has the same form as

an energy function of a frustrated magnet. where the physical term frustration, is the analogous to conflicting

requirements of the combinatorial optimization problem. The physical analog to this problem has the following

properties,

∙ There are many different degenerate ground states with almost equal energies.

∙ The average difference in energy between a random high temperature state and one of the ground states is

fairly high.

∙ Reaching one ground state configuration from another, requires a relatively large number of rearrangements.

As mentioned above, a major advantage of the simulated annealing algorithm, is the possible conclusions that can

be made prior to running the algorithm, through the physical analog. The above properties of the analog frustrated

magnet leads to the following conclusions about the partitioning problem (with respect to order),

∙ There are many distributions of the circuits to the two chips, that lead to nearly optimal solutions to the

objective function.

∙ Even with conflicting requirements, simulated annealing results in solutions that are, on average, significantly

better than possible random distributions.

∙ Reaching an approximate solution by simulated annealing, may be fairly cheaper in terms of runtime, than an

alternative that guarantees reaching the exact minimum, yet the first property concludes that the error of the

former solution is small.
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Next, we show numerical results for a partitioning problem of the logical design of an IBM microprocessor.

Throughout the rest of the paper, we assume the temperature map to be the identity map. For this example, we

also define the schedule of temperatures and the time spent at each temperature (annealing schedule) as,

T (k) = T (k − 1) (8)

where  is a temperature attenuation factor (0 <  < 1). Also, the index k changes whenever the number of different

rearrangements reached at temperature T (k), is Nk, or the number of attempted rearrangements is MNk. As in

the statistical mechanical analog, it is usually preferable to spend a longer time near the freezing point. However,

maybe due to the availability of numerous ground states in that example, in [1], the authors selected Nk = n,∀k,

for this simulation.

Figure 1 plots the results of using the simulated annealing algorithm, at different temperatures, for a similarly

formalized partioning problem, where the objective is to minimize the total number of pins required for both chips.

The x−axis shows the sum number of external connections (pins) over the two chips, while the y−coordinate

represents the corresponding probability at the stated temperature value. The width of each band represents the

number of possible configurations at each temperature. We note the following observations from the figure,

∙ The T =∞ configuration is an initial random arrangement.

∙ The system reaches equilibrium as we cool down (sharpening intervals).

∙ Simulated annealing achieves considerable improvement over a greedy iterative improvement approach (result

pointed at by the arrow pointer), for this example.

∙ The fact that the band width decreases with lower temperature values is the statistical mechanical analog of

the decrease of entropy of the system as we cool down.

2) Fine Placement: After the partitioning of the circuits involved in the logical design, comes the task of selecting

their exact locations. We consider a simplified problem of placing 98 chips, where the space available onboard is

discretized to a 10× 10 grid. Each square in the grid can be occupied by only one chip.

The requirements of the objective function in this design stage, are similar to, but different from, the ones above

defining (6). While the notion of cross connection, was natural above, due to the presence of different partitions, we

define regions for the considered problem and identify accordingly the number of cross connections. The definition

of regions is also useful for defining the cost function of the other requirement, which aims at avoiding congestion

of wires to reduce thermal noise. The latter requirement is imposed by defining a capacity for each region. The

number of wires passing through a given region should not exceed its capacity for the final solution. By taking into

consideration the structure of the problem, the exact characterization of the objective function follows in a similar

fashion to that of Section IV-A.1, and is omitted for brevity.

Snapshots of the numerical results of this simulation, at selected temperatures, is given in Figure 2. In part a, a

manual configuration is given, where we note that functionally dependent blocks (having the same marking), are

placed together. Also, the density of wires increases around the center, most likely as the chips carrying the most

time sensitive operations are placed in the middle to be easily reachable from anywhere else. In part b, the system
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Fig. 1. Distribution of sum number of external pins required in two-way partition of the logical design of an IBM 370 microprocessor, with

5000 circuits and 200 external signals. The following values are used, w2
w1

= 0.01,  = 0.9, n = 10,M = 100. The arrow points out to the

best result of multiple runs of greedy iterative improvement algorithms.

is melted, so a random arrangement is selected. As the system cools down (and a sufficiently large number of

rearrangements is attempted at each temperature), we note the following from parts c and d,

∙ Functionally dependent chips get closer, as a result of the cost of the number of cross connections.

∙ One major difference from the initial manual design, is that groups of chips are now set apart, affected by the

cost of congestion.

∙ At the freezing point, the wire distribution is flattened out, and the peaks are significantly lower than the

manual design.

Let C̄(T ) be the derivative, with respect to temperature, of the average value of the objective function observed

at a temperature T , where the average is taken over all accepted rearrangements at T . As shown in Figure 3, we

note that value of C̄(T ) have two peaks, the first when orderings start to arise (functionally dependent blocks group

together). The second peak happens when clusters start to form. The reason behind this relation, is that C̄(T ) can be

considered as the analog of the thermodynamic specific heat, which, as mentioned above, carries information about

the big picture. In other words, another advantage of using simulated annealing, is that of extracting macroscopic

properties, by observing the rate of change of local averages at each temperature.

B. Traveling Salesman Problem

One well known combinatorial optimization problem belonging to the set of NP-complete problems, is the

traveling salesman problem. The problem definition of TSP involves N cities, and distances between cities are
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Fig. 2. Ninety-eight chips on a ceramic module from the IBM 3081. Different markings of chips, denote different functionalities. The bottom

and left numbers placed between vertical and horizontal lines, respectively, denote the number of connections across the corresponding lines.

(a)manual design; (b) a configuration at T=10,000; (c) T=1250; (d) final solution at freezing point.

specified according to a defined metric, and the goal is to find a traversing route of all the cities from an initial

point, with minimal length.

The objective of TSP is a function of only one requirement, that is, the length of the traversing path. Hence, a

distance metric is needed. The Manhattan distance is used throughout this example for this purpose. In order to

make the performance analysis generic, we require the average distance between a pair of cities to be independent

of N . To this end, we let the area of the space scale with N2. In other words, let the cities be represented by

randomly selected points in a square with side length N
1
2 . In a realistic setting, cities are typically distributed in

dense groups. To model this phenomenon, the space used in the simulations below, has nine distinct regions that

can be occupied by the randomly located cities, and unpopulated gaps are present in between. Finally, it is worth

mentioning that the results shown below for the simulated annealing algorithm, are found using an empirically

generated annealing schedule.

One can easily draw similar conclusions to the above examples, by carefully considering Figure 4. As the
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Fig. 3. C̄(T ) for the simulation of Figure 2. We note the relation between the specific heat and coarse features of the system.

temperature is lowered, the result configurations have lower cost (on average). A locally optimal solution is reached

at the freezing point. Macroscopic properties of the final solution start to appear at intermediate temperatures, this

would correspond to the absence of single links crossing more than one gap. However, one should note that this

desired performance is guaranteed only in a stochastic sense (on average). There may exist certain arrangement of

cities, where the simulated annealing algorithm can have worse performance than deterministic or greedy iterative

improvement based approaches.

V. SUMMARY

Based on the work in [1], we provided a review of the simulated annealing algorithm for complex combinatorial

optimization problems, where finding an exact solution is computationally expensive. Connection to the statistical

mechanical study of finding the ground state(s) of condensed systems was drawn. Concrete examples that justify the

utitlity of the considered algorithm, were given. In particular, analogs to theormodynamic specific heat and entropy,

were found useful. Finally, numerical results, aided with graphical illustration, were given, and behavior of the

considered systems near the freezing point was highlighted. It is worth mentioning, that the considered algorithm

was independently described in [3] by V. Cerny.
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Fig. 4. Simulation Results for a 400−city traveling salesman problem (a) T=1.2; (b)T=0.8; (c)T=0.4; (d)T=0.
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