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Abstract We present a mathematical formulation that integrates thermal contact
and Hertzian deformation models to understand the thermo-mechanical behavior
of consolidated granular systems. The model assumes quasi-static equilibrium and
quasi-steady heat conduction conditions that are appropriate for many thermallyassisted manufacturing processes. We perform a parametric study that explores the
effect of applied thermal and mechanical loads, and of particles’ thermal expansion.
The nonlinearity of the multi-physics problem reveals that thermo-mechanical coupling enhances the effective thermal conductivity and mechanical stiffness by directly
impacting the interrelation between contact conductance and overlapping between
the particles. Alterations in temperature profiles and displacements of particles are
significant for materials with higher thermal expansion coefficients. In this regards,
it is worth noting that the results of the proposed thermo-mechanical model depart
from those of conventional compaction models based on a continuum mechanics
description.

1 Introduction
Understanding the fundamental multi-physics behind the thermo-mechanically coupled deformation of granular systems and its projections in macroscopic scale provides the essentials to fabricate particulate assemblies with specific functionalities.
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A proper estimate of the mechanical strength, and of the thermal and electrical conductivity of a compacted solid is contingent upon the knowledge of microstructure
formation during the deformation stage of the compression. Since thermally assisted
compaction of granular matter is of great importance for a wide set of manufacturing
processes, theoretical modeling and numerical simulations serve as significant tools
to forecast the macroscopic behavior of materials, essentially when experimental
techniques are also unfeasible.
At present, one of the most implemented methodologies to elucidate the collective behavior of particulate materials is the continuum mechanics approach, in
which the granular material is assumed to be statistically homogenous [1]. This is
achieved by treating the system as units of ordered groups, simulating disordered
arrangements by statistical correlation functions or using empirical correlations. The
statistical averaging technique provides homogenized solutions of the highly heterogeneous granular media at the cost of imposing two assumptions: (i) affine motion
approximation, namely the motion of each grain follows the macroscopic strain, and
(ii) well-bonded structure, contact number and positioning do not change under the
applied load. Despite the fact that the effective medium theory particularly estimates
the effective elastic moduli of packed bed of spherical particles to a large extent, the
discrepancy between numerical and experimental results is remarkable. Makse and
co-workers questioned the relevance of force laws defined at single contact level,
where they pointed out that the simplification done in effective medium theory is the
misleading element in the formulation [2, 3]. Affine motion assumption demolishes
the ability of the approach to account for the relaxation and rearrangement of particles that are under shear deformation. Moreover concerning the variety of boundary
conditions and geometrical effects, experimentation techniques become insufficient
in providing sufficient information about the microstructure to feed empirical correlations.
The second most adopted approach treats the particles as individual bodies. Originating from particle-particle interactions based on constitutive relations of contact
mechanics [4–6], the discrete element method has been widely used in the field of
particle scale research [7]. Pioneers of this approach, Cundall and Strack introduced
an explicit numerical scheme to practice the granular dynamics by defining particles’
interactions over the contact networks and solving for particles’ motion under the
state of force balance equilibrium [8]. The integration of particle motion and energy
to the macroscopic behavior of the assembly, provides the required understanding
of overall behavior of the confined material [9]. The main advantage of this methodology is the capability of presenting broad information about the micro-structural
arrangement of the granular media. Although there exists computational challenges
to model a large number of particles system with discrete elements methods, advances
in simulation techniques enhance the implementation of this approach into the field
of multi-physics problems of granular systems.
Recently researchers also focus on multi-scale approaches to describe the macroscopic behavior of granular systems. Zheng and Cuitino implemented a quasicontinuum approach to bridge the gap between micro and meso scale description
by using a discrete-continuum formulation of elastic-inelastic deformations occur-
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ring in the post-rearrangement regime of consolidation of inhomogeneous granular
beds [10]. Since this approach provides the flexibility of storing individual particle
interactions in a FEM scheme, it provides the overall behavior of the entire body
without loosing critical information specific to microstructure. Koynov et al. presented a notable adaptation of this approach on the topic of powder compactions
for pharmaceutical purposes [11]. In this study we present a new methodology to
explore the family of multi-physics problems such as thermo-mechanical coupling.
The method is an extension of discrete element method that accounts for the effective modeling of heat conduction, and similar in spirit to early studies of Vargas and
McCarthy [12] and Feng et al. [9].
Current study incorporates early mathematical models that are developed for
conforming thermal contact of elastic, spherical surfaces [13–15]. These theoretical models are validated though experimental studies [16–18]. Also there exists
studies that aim to relax some of the assumptions by focusing on elasto-plastic contacts [19], or rough surfaces of non-conforming contact [20–22]. Recently the field
of granular matter gained importance in the light of understanding the correlation
between geometry, loading conditions and anisotropic microstructural arrangements
that determine the macroscopic behavior of compacted particulate system [23]. Gonzalez and Cuitino introduced a new formulation that account for the interplay of
nonlocal mesoscopic deformations characteristic of confined granular systems. In
the absence of the classical restriction of independent contacts of Hertz law, the
extended theory of nonlocal contact formulation provides predictive models at moderate levels of deformation and high confinement [24]. In their study on effects of
packing grains by thermal cycling, Chen et al. [25] showed that thermal expansion,
due to the imposed thermal gradient, has significant effect on the rearrangement
of particle bed. Vargas and McCarthy focused on the problem of how the forces
supporting the grains are distributed under the effect of thermal expansion [26].
It is the purpose of this study to suggest that insight into the nature of thermomechanical behavior of confined granular materials. We aim to discover the effects
of thermal and mechanical coupling at the particle level and implement the required
amendments to continuum level models. We present the system of governing equations, which define prescribed state of the assembly under steady state conditions, in
terms of heat and force transfer between the contacting particle pairs. Owing to the
fact that the nature of the problem leads to highly non-linear coupled equations, regular packing simplifies the problem and makes it mathematically traceable. Moreover
we consider the analogous problem from the perspective of the conventional continuum mechanics approach. Practicing a thermo-elastic continuum model to simulate
the system, we focus on the effective mechanical and transport properties to account
for the unique characteristics of granular materials.
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2 Particle Mechanics Approach
Our point of departure for the particle-scale description of thermo-elastic contact of
spherical smooth particles is to integrate the well-known theory of Hertzian deformation, [4], and heat conduction through the common interface of deformed particles in
contact, [13, 14]. Under steady state conditions, the total heat transferred to individual particle m from neighboring particles n and the total of forces acting on particle
m are zero,

Q mn = 0
(1)
Qm =
nεNm

F =
m

nmn =



F mn nmn = 0

(2)

nεNm
m

x − xn
.
xm − xn 

(3)

where nmn is the unit normal vector defined from centers of particle n to particle m.
xm and xn are the position of the particles.
Johnson identifies the elastic deformation of locally spherical particles that are
subject to a compression load by contact mechanics considerations in his book [27].
Small-strain deformation of conforming surfaces results in a flat circle of contact
area. Collinear contact force at this elastic contact of the particles m and n is defined
through Young’s moduli, E m and E n ; Poisson’s ratios, ν m and ν n ; particle radii, R m
and R n of particle m and n; and overlap, γ mn , between these particles,
F mn =

4 mn mn 1/2 mn 3/2
E (R ) (γ )
3

(4)

where

R

mn
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1
1
+ n
Rm
R

−1

1 − (ν m )2
1 − (ν n )2
+
Em
En
= R m + R n − xm − xn  .

(5)
−1

E mn =

(6)

γ mn

(7)

One particular effect of applied thermal load on the system of particles is the
change in radii due to thermal expansion. Similar to previous studies in the literature
[26, 28], in the present study, linear thermal expansion formulation is taken into
consideration.



R m = Rrme f 1 + α m T m − Trme f

(8)
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Here α m is the thermal expansion coefficient, Tr e f is the reference temperature and
Rrme f is the radius of particle at the reference temperature. Due to the dependence
of contact geometry on the nature of thermo-mechanically coupled problem, it is
expected to capture a distribution of contact area formation throughout the compacted
medium.
There has been considerable research on thermal-contact models. The major heat
transfer mechanisms in compacted particle beds consist of conduction through solid,
conduction through the contact area between two touching particles, conduction
to/from interstitial fluid, heat transfer via convection, radiation between particle surfaces, radiation between neighboring voids [12]. For a system of granular media
where the thermal conductivity of the solid particles is much larger than the interstitial medium, the driving mechanisms for the heat transfer are the first two. Concerning the problem of thermally-assisted compaction of spherical particles in vacuum,
we focus on the thermal contact models that consider the conduction through solid
particle and through the contact area between two touching particles.
Analytical solution of the heat conduction through the solid phase of ordered
spherical particles has been proposed by Chan and Tien [14] and Kaganer [15].
Moreover the problem of heat transfer regarding the compaction of particles that
are in or nearly in contact is deeply investigated by Batchelor and O’Brien [13].
In an attempt to find the approximate effective thermal conductivity of ordered and
randomly packed granular beds, Batchelor and O’Brien discussed the heat flux across
the flat circle of contact between smooth, conforming, and elastic particles. In this
study we adopt Batchelor and O’Brien’s model for predicting the heat conductance,
which is the ability of two touching surfaces to transmit heat through their mutual
interface. Heat flux across the contact area of two spherical smooth particles is given
as
(9)
Q mn = 2a mn k mn (T m − T n )
where k mn is the arithmetic mean of the thermal conductivities of two conforming
particles, and a mn is the Hertzian contact area.
k

mn



1 1
1 −1
=
+ n
2 km
k

a mn =

γ mn R mn

(10)
(11)

The total heat flow to an individual particle, Eq. (1), is calculated by adding the
heat flow at each contact of the particle between its neighboring particles Eq. 9. As
discussed by the thermal contact models introduced in the literature [13, 14], Eq. (1)
requires that at each contact of the individual particle, the temperature is equal to the
temperature calculated at the center of the particle. In other words, the temperature
does not very significantly within the particle, which also imposes that the contact
conductance at the interface of conforming particles is relatively smaller than the
heat conductance within the particle.
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2k mn a mn
1
k mn A/R m

(12)

where A is the cross sectional area, A = π(R m )2 and Eq. (12) defines the state of
Biot number much less than 1. This assertion is applied by several authors in earlier
studies [12, 29]. The condition of a mn  R mn is also enforced by the assumption of
small-strain deformation of elastic bodies in contact.

2.1 Simulation Configuration
Referring to the previous experimental studies on regular and random packings of
granular media, Walton points out that although the regular packing models are
founded on extreme assumptions, they are capable of capturing vast majority of
the characteristics of a real granular media [30]. In the present study we consider
a simple cubic packing of identical elastic spheres, which are constrained between
parallel planes of infinite extent. Compression load, temperature gradient are applied
along the major and finite direction. Stress and heat flux are defined to only depend
on externally applied thermal and mechanical loads, and weight of the particles is
neglected. For such regular packings each layer of arrangement is isothermal normal
to the direction of applied load. Also, since these transversely oriented particles
are, at most, point contact, for each individual particle there is only one pair of
contact area aligned with the direction of applied thermal and mechanical load.
Due to the symmetry of the problem, it is sufficient to consider a single column of
square cross-section containing the longitudinally compressed spheres together. This
concept is similar, in spirit, to the work of Chan and Tien [14], who proposed the
effective thermal resistance, and to the work of Walton [30] who presented a method
to calculate the effective elastic moduli of such packings. The above description for
the specified granular media, which is under thermally-assisted compaction, can be
modeled as a chain of elastic particles, seen in Fig. 1.

Fig. 1 Sketch of initial configuration
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2.2 Wall-Particle Interaction
Given such a setting that the chain of particles is compressed between two parallel
walls, which are maintained at different temperatures, the wall-particle interaction
is one of the important factors of this problem. In this study, analogous to ghost-cell
method, the contact between boundary particle and adjacent wall is simulated as the
contact between a boundary particle and a ghost particle. Based on the rigid wall
assumption, ghost particle and boundary particle are set to have the same material
properties and radius. The temperature difference between the ghost particle and the
wall surface is the same as the temperature deviation between the wall surface and the
boundary particle. The boundary wall is assumed to be located in the midst of these
symmetrically deformed particles. The temperature difference, overlap and contact
area are formulated in Eqs. (13)–(15), where T ws and T w refer to the temperature at
the wall surface and wall temperature, respectively. Subscript g is used to indicate
the ghost particle.
ΔT mg = 2(T m − T ws )
γ mg = 2(R m − ||xm − xws ||)
R m 1/2
)
a mg = (γ mg
2

(13)
(14)
(15)

At the boundary surfaces, heat transfer between the boundary particle to the wall
can be expressed by two main heat transfer mechanisms, (i) heat is conducted over
flat circle of contact between the particle and adjacent wall surface; (ii) convective
heat transfer, which is dependent on walls’ convection coefficient of h w , takes place
between the wall surface and the wall.
Q m−ws = k m a mg ΔT mg
Q

ws−w

= −h w π(a

) (T

mg 2

(16)
ws

−T )
w

(17)

The temperature at the wall surface can be obtained for the equilibrium of Eqs. (16)
and (17). The final set of equations, which define the wall-particle interaction, are
the following:

4k m T m + h w πa mg T w 
Q = 4ka mg T m −
4k + h w πa mg
m
E
R m γ mg .
F=
3(1 − (ν m )2 )

(18)
(19)
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3 Conventional Continuum Mechanics Approach
While the particle mechanics approach aims to elucidate the formation and the evolution of the microstructure of the granular media at particle-level, there has been
considerable research directed towards understanding macroscopic behavior of compacted materials. Some of the early work on theoretical modeling of transport properties are devoted to the estimation of thermal, and electrical conductivity, elastic,
plastic mechanical properties of ordered and disordered arrangements. Originating
from the pair interactions between particles, the macroscopic properties are obtained
using various homogenization techniques and postulating continuum constitutive
laws [31]. In this study, we consider a continuum system that mimics the particle
level description for small strain thermoelasticity, which incorporates the proposed
effective mechanical and thermal properties for granular beds under compaction.
Governing field equations of motion and energy are the following
div (σ ) = 0


div k grad (T ) = 0

(20)
(21)

where the Cauchy’s stress, σ , is formulated as combination of classical linear elasticity theory and simple linear thermal expansion.
σ = −λtr(ε)I − 2με + (3λ + 2μ)α(T − Tr e f )I

(22)

For the basic problem of one dimensional steady state thermoelasticity of continuum media, where the body forces are neglected, the solution depends linearly on
elastic constants (λ, μ), thermal expansion and conduction coefficients, compaction
strain and thermal gradient. Since ε22 = ε33 = 0 holds, ε11 is referred as ε. Equations
of motion and energy Eqs. (20) and (21) can be rewritten as
σ = −(λ + μ)ε + α(3λ + 2μ)(T − Tr e f ) ,
∂T
.
q=k
∂x

(23)
(24)

Effective mechanical properties of granular beds are of heavy interest in many
theoretical studies. Some of these include: calculation of the principal elastic modulus
of vertical compression of spherical particles without any lateral extension [30];
derivation of the finite and incremental elasticity of random packing of identical
particles using energy methods [32]; enhancement of the derived formulas based on
the pressure dependence of the elastic moduli of granular packings [2, 3].
In this study we extend the effective medium theory with the thermal contact
model principles by incorporating the particle interactions to account for the local
field effects. We re-formulate the effective elastic properties and effective thermal
conductivity accordingly, and implement these parameters in continuum mechanics
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model. The effective mechanical properties can be expressed in terms of the applied
stress, σ , and bulk material properties [32],
1
E
2E
μ
=4
=
1−ν
2(1 + ν) 1 − ν
1 − ν2
 6π σ 1/3
3
Cn (φs Z )2/3
λ̃ + 2μ̃ =
20π
Cn


1
2/3 6π σ 1/3
3λ̃ + 2μ̃ =
Cn (φs Z )
4π
Cn
Cn = 4

(25)
(26)
(27)

where Cn is named as stiffness of the system, φs is the packing fraction, and Z
is the coordination number. Effective mechanical properties, λ̃, μ̃, and effective
thermal conductivity, k̃, are implemented in continuum mechanics model and listed as
conventional continuum solution. As a simple application of this theory, we consider
a case of particles’ chain that is compacted by a ratio of ε, under the effect of a thermal
gradient of T2w − T1w . The expression that defines the stress evaluation through the
chain is found as
σ = φs ZCn

 3 1/2 
3/2
3
T w + T1w
|−ε − α( 2
.
− Tr e f )|
2
32π
5
2

(28)

Effective thermal conductivity, k̃, of the granular bed is substantially sensitive
to the thermal and the elastic properties of individual particle. Regarding ordered
cubic packing configuration, it is known that thermal contact models provide accurate results in estimating steady and average temperature profiles [33]. Three major
analytical solutions in literature, by Batchelor and O’Brien [13], Chan and Tien [14],
Kaganer [15] and Siu and Lee [34], are proposed to determine the effective thermal
conductivity. Since Batchelor and O’Brien’s [13] solution stays in remarkable agreement with the particle mechanics results in terms of heat transferred through the
chain, we adopted this solution for effective thermal conductivity coefficient in our
continuum mechanics approach. This comparison is shown in Fig. 2, where PMA and
CMA refer to particle mechanics approach, and conventional continuum mechanics
approach, respectively.
k̃ B&O = k

 6σ 1/3
Cn

k̃ C&T = 0.9454k
k̃ S&L = 0.8278k

 6σ 1/3
Cn
 6σ 1/3
Cn
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Fig. 2 Comparison of continuum solutions adopting different thermal contact models with respect
to particle mechanics solution. Heat versus compaction strain, ε, is evaluated at T2w − T1w = 600 K

4 Results
According to the Hertz theory [35], the collinear contact force between the elastically
compressed particles is a nonlinear function of the overlap, which is generated under
the effect of the external load, between the particles. For the case of thermallyassisted compaction of granular system of particles, this dependency is altered under
the effect of applied thermal gradient. Figure 3 shows the ratio of force, needed to
compress the system, in particle mechanics approach to the force in conventional
continuum mechanics approach. CMA significantly overestimates the thermal stress
within the chains system, particularly for the range of high thermal gradient and
low mechanical load. Moreover concerning the highly compacted systems CMA
underestimates PMA solution for the system of particles by 10 %.
Similar to compaction force comparison, conventional continuum solution predicts higher heat transferred values for analogous particles system. It is also shown
in Fig. 4 that as the packing density of the deformed particles system is increased,
conventional continuum mechanics solution becomes more effective in estimating
the particle-level solution.
Under three difference compaction strains, 2.5, 5, 10 %, the effect of wall-particle
interaction is examined through the chain of particles by imposing a thermal gradient
of 300 K between the two boundary walls of the system. For each case, wall heat
transfer coefficient, h w , is ranged from 1 to 107 W/m2 K. Figure 5 indicates the two
limiting cases of perfect insulating and perfect conducting walls.
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Fig. 3 Comparison of force calculated in PMA and CMA under varying thermal and mechanical
loading conditions
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Fig. 4 Comparison of heat calculated in PMA and CMA under varying thermal and mechanical
loading conditions

4.1 Role of Thermal Expansion
Systems of granular materials with different thermal expansion properties respond in
various re-arrangements to a particular thermal and mechanical load. The following
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Fig. 5 Correlation between heat and wall conductance at different compaction strains

numerical experiment compiles the results of three different homogeneous system
of particles: SS304, Aluminum, and Teflon with different thermal expansion values,
17.3 10−6 1/K, 23.6 10−6 1/K, 250 10−6 1/K, respectively. In the above-mentioned
cases of comparison, the chain is compacted to 2.5 % of the initial length and a total
thermal gradient of 300 K is applied between the two boundary walls. Alterations
in displacement of each particle due to increase of thermal stress can be traced to
unveil the effect of thermal expansion coefficient on the system of particles under
thermally-assisted compaction. In Fig. 6 the displacement of each particle is divided
by the total mechanical deformation applied on the system. The non-dimensional
displacement of the particle in contact with the fixed boundary is listed as 0, whereas
the one in contact with the heated moving boundary wall is 1.
While reaching to equilibrium the two dominant mechanisms, thermal and
mechanical stresses, induce a nonlinear distribution of displacements, which is a
unique characteristic of particulate systems. This deviation from linear continuum
solution is enhanced for systems with high thermal expansion property.

4.2 Role of Applied Mechanical Load
Under the effect of a modest thermal gradient of 300 K, three different mechanical
loading conditions, 1, 2, 5–10 %, are compared in Fig. 7. In order to compare the
coupled effect of thermal gradient and mechanical deformation, two extreme cases for
wall-particle interactions are also considered. In case of perfect insulating walls, h w is

Displacement/Total Deformation [ ui / (ε L0) ]
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Fig. 6 Relative displacement of each particle within the chain at ε = 0.025 and T2w − T1w = 300 K
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Fig. 7 Non-dimensional displacement versus initial position of the particles under different
mechanical loads, with varying heat convection coefficients of the boundary walls

assumed to be 1 W/m2 K. This particular condition is a simulation of pure mechanical
loading where we expect to have linear distribution of non-dimensionalized positions’
of particles within the chain system. On the other hand the case of h w = 107 W/m2 K
simulates the condition of perfectly conducting walls.
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Regarding the system of SS304 spherical particles’ chain Fig. 7 indicates that
nonlinearity in distribution of displacements is more dominant for low mechanical
loading cases.

4.3 Role of Thermal Gradient
A recent experimental study on silos of spherical glass particles showed that thermal
cycling, and the difference in thermal expansion properties of the granular material
with respect to its container, significantly affect the packing fractions of granular
materials in the absence of mechanical compaction [25]. In the current study we
focus on the active interval where thermal gradient acts as a dominant mechanism
compared to mechanical deformation. A chain of spherical particles is gradually
consolidated up to a compaction strain of 5 % of their initial length, while thermal
gradient between the two boundary walls is increased to 1000 K.
The ratio of the displacements calculated in PMA to CMA indicates a discrepancy between these two approaches. In Fig. 8 the maximum difference between particle mechanics approach and conventional continuum mechanics approach is traced.
Under the effect of low mechanical deformation, such as ε < 0.02, and high thermal gradient conditions the continuum solution overestimates the actual position
of particles up to 40 % of the solution provided by particle mechanics approach.
The difference between these two solutions diminishes as the packing density of the
granular system increases.
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Fig. 8 Maximum difference between the calculated displacements in particle mechanics and in
conventional continuum mechanics approaches
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5 Conclusion
In this study we present a numerical model to describe the thermo-mechanical behavior of a confined granular system by adopting a detailed description at the particle
level. We integrate thermal-contact and Hertzian deformation models to simulate the
temperature and displacement of consolidated granular medium. One-dimensional
model provides an opportunity to unveil the relation between two dominant mechanisms affecting the thermal and mechanical equilibrium of the particulate systems. In
order to capture the actual physical conditions, we consider wall-particle interactions
ranging from perfect insulating to perfect conducting walls.
The numerical results indicate that integration of thermal deformation with the
elastic contact models induces the incongruity seen in mechanical deformation based
compaction models. The coupled phenomena introduce highly nonlinear system
of equations, and it imposes variation in contact areas and nonlinear temperature
distribution within the particulate material. This effect is enhanced for particles with
larger thermal expansion coefficient. It appears that the critical regime, where the
nonlinearity due to thermo-mechanical coupling becomes more dominant, is low
mechanical load and high thermal gradient conditions.
As a multi-physics problem, thermally-assisted compaction shows a significant
dependence on the thermal expansion of the particles. Discrete solution based on the
particle mechanics approach that adopts the thermal contact model, carries out this
dependence and the nonlinearity enhanced by thermal strains, successively. Despite
the fact that effective medium theory improves the continuum solution to a large
extend, it fails to capture the characteristics of multi-physics of the problem, particularly for the cases of low thermal gradient coupled with high mechanical load.
Looking toward to future, we are now in a position to address a variety of important questions, such as; (i) what can be a further improvement in effective medium
theory that also account for an effective thermal expansion coefficient depending not
only on the bulk properties but also loading conditions of the compacted granular
assembly? (ii) what is the role of uneven distribution of contact areas and nonlinear
temperature distribution on formations of heterogeneous force and heat networks
within the concept of the micro-structural arrangement of granular system to macroscopic behavior of the thermally-assisted compacted end product?
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