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Abstract We investigate the propagation, attenuation, and
localization of nonlinear elastic waves in a 1D granular crystal
using high speed photography. We measure temporal displacement profiles of individual particles with a micrometerscale resolution, and we reconstruct force profiles of propagating solitary waves and localized breathers by synchronizing and analyzing the acquired data. These investigations
provide quantitative evidence for the transmission and attenuation trends of travelling solitary waves in a soft polymeric
chain, which are significantly different from those in a hard
metallic chain. We additionally study energy localization in a
chain of hard particles embedded with a soft polymeric impurity. Specifically, we show that the proposed experimental
technique is able to visualize the formation of localized
breathers and quantify the energy highly concentrated in the
vicinity of the impurity site—a phenomenon which can be
exploited for harvesting vibrational energy in engineering
applications. Finally, we compare, with good agreement, the
experimental results with discrete element numerical simulations that account for dissipative effects due to viscoelasticity.
The findings reported in this study imply that high speed
photography can be an efficient and effective tool for noncontact measurements of nonlinear wave dynamics in granular
lattices, despite their short characteristic times and minute
displacements.
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Introduction
Vision-based digital image processing techniques have been
employed as a crucial tool in experimental mechanics to
develop non-contact stress and strain measurement systems
[1]. Due to the extreme versatility of these measurement
techniques, they have been used both at low magnification,
e.g., at the structural scale of airframe components [2], and at
high magnification, e.g., using scanning electron micro-scope
images [3, 4] or optical microscope images [5]. Furthermore,
with the advent of high speed photography in the last decades,
this approach has been extended to dynamic events with time
increments in the order sub-microseconds, demonstrating that
quantitative motions and deformations in high speed events
can be extracted from captured images [6–8].
High speed photography has been previously used to capture full-field, noncontact measurements of granular media
dynamics. However, most studies have focused on capturing
relatively slow translational motions of disordered granular
flows (see, e.g., [9]), rather than on fast wave dynamics of
tightly packed granular lattices. A notable exception is work
by Shukla and co-workers which uses dynamic photoelasticity
experiments to examine propagation of mechanical waves in
jammed elliptical particles [10]. Specifically, they used high
speed photography to observe the photoelastic fringes caused
by stress waves on translucent soft polymeric particles. However, the measurement of wave dynamics in ordered, hard
granular media remains a challenging task due to the small
characteristic space and time scales associated with hard particle interactions. Previous research efforts employed intrusive
sensors, such as piezoelectric ceramic sensors [11] and accelerometers [12] embedded in selected particles, with the
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consequent disadvantage of perturbing the dynamics of the
granular system by introducing impurities.
Despite its technical challenges, there is a growing demand
for measuring wave dynamics in ordered granular media. This
is attributed partly to the advent of granular crystals, or highly
packed lattices of elastic particles [13–15]. Nesterenko’s
pioneering work has shown that these ordered granular systems can form and propagate solitary waves as a result of a
delicate balance between dispersion and nonlinearities of the
Hertzian contact interactions [13]. Solitary waves are typically
characterized by their unique physical properties, such as
compact-supportedness, high energy density, and robustness,
which are not observed for linear elastic waves in a continuous
media. These highly nonlinear waves are tunable by mechanical actuation (e.g., by various striker impact conditions or by
different levels of pre-compression applied to granular crystals) [16]. They also exhibit anomalous wave localization and
disintegration mechanisms when the granular crystal is assembled in various materials and geometries [17]. Recently, Porter
et al. derived a generalized form of solitary waves in heterogeneous granular crystals [18]. In a similar vein, Vakakis et al.
conducted theoretical and experimental studies of solitary
wave propagations in a diatomic chain with the focus on the
resonance and anti-resonance of granular particles [19, 20].
Another interesting phenomenon that can be observed in
granular crystals is the formation of discrete breathers, which
are defined as nonlinear waves with time-periodic, spatiallylocalized wave packets [21, 22]. Previous studies have shown
that these discrete breathers can be generated in a diatomic
chain [23] and even in a chain of homogeneous particles with
impurities [24, 25]. Recent studies by Chong et al. verified
experimentally and numerically the formation of dark
breathers (i.e., localized waves with non-zero background)
in a homogeneous chain as opposed to bright breathers (i.e.,
with zero background) found in heterogeneous chains [26].
The fundamental understanding of these solitary wave propagation and breather formation mechanisms can enable a new
class of waveguides for transmitting, delaying, redirecting,
and localizing mechanical waves in a controllable manner.
Previous studies have explored these ideas showing that granular crystals can potentially lead to the development of new
engineering devices for acoustic imaging [27], impact mitigation [28–31], strain measurement [32] and nondestructive
evaluation applications [33, 34].
In this study, we employ high speed photography for the
first time to visualize the propagation and attenuation of
solitary waves and the localization of discrete breathers in a
1D granular crystal. We develop an in-house, ad-hoc image
processing algorithm to measure particle displacements with a
spatial resolution on the order of micrometers and at a sampling period on the order of microseconds. The algorithm
additionally allows for reconstructing particle velocities and
force profiles of travelling solitary waves. Thus, we
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specifically investigate the main differences between hard
and soft granular chains in terms of particles’ displacement
profiles, solitary wave propagation speed, and attenuation
trends. We report a striking disparity of solitary wave propagation and attenuation patterns between hard and soft granular
chains.
It should be noted that a significant amount of work has
been reported in the observation and modeling of dissipation
in granular chains. For example, Hong et al., Manciu et al. and
Rosas et al. independently developed damping models in
strongly nonlinear granular chains [35–37]. Other researchers,
including Herbold et al., also proposed equivalent viscoelastic
models based on particles’ relative velocities [38, 39]. However, these studies have focused mostly on the attenuation of
solitary waves in a chain of hard particles (e.g., metals) or
have been based solely on theoretical and numerical efforts
without experimental verification. Limited studies have been
reported on experimental observations of damping in granular
crystals [11, 40], while a full-field description of wave propagation and attenuation in soft particles remains relatively
unexplored. To address this gap, in this study, we visualize
particle damping trends by employing high speed photography and empirically assess the amount of energy dissipated in
both hard and soft granular chains made of chrome steel and
polytetrafluoroethylene (PTFE) spherical particles respectively. We then compare the experimental results with discrete
element numerical simulations that account for dissipative
effects due to particle viscoelasticity.
With regard to the formation of localized breathers, we note
that investigators have studied the interaction of nonlinear
waves with defects, highlighting the scattering and localization
of nonlinear waves in the vicinity of impurities [24, 25, 41, 42].
Reflection and localization of solitary waves against single and
multiple heavy intruders have also been studied by Li et al. [32,
43]. In this work, the authors investigate the formation of
localized breathers by assembling a chain of chrome steel
spherical particles embedded with a PTFE spherical impurity.
We visualize the presence of localized nonlinear waves near the
soft impurity and to the further extent, we evaluate both experimentally and numerically the kinetic and potential energy
captured in these breather structures. As a result, we show the
feasibility of designing an energy harvesting device made of a
lattice of spherical particles decorated by impurities.
The paper is organized as follows: “Experimental
Approach” describes the experimental setup employed to
measure particle dynamics with high speed photography.
“Digital Image Processing” presents the image processing
algorithm developed for reconstructing displacement, velocity, and force information from the acquired images. The
numerical approach used to simulate solitary wave propagation and breather formation is described briefly in “Numerical
Modelding”. We discuss experimental and numerical results
for three different granular chains with different materials and
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impurity configurations in “Results and Discussion”. Finally,
a summary and discussion of this research is collected in
“Conclusions”.

the impact position. Despite the identical release point, the
discrepancy between the two velocities is probably due to
different degrees of friction, drag effects and/or imperfections
on the rail surfaces. The particles are constrained by a fixed
stainless-steel wall positioned at one end of the chain.
Upon impact by the striker, as illustrated in Fig. 1, a pulse is
generated by a piezoelectric ceramic disc embedded in the
impacted particle [11] (see the insert in the figure), and a
solitary wave with compact support is formed in the 1D
granular chain. The voltage signal is transmitted to a function
generator (Agilent Technologies, 33220A), which in turn
triggers a high speed camera (Phantom, v7.1). All the acquired
data from the high speed camera is synchronized with respect
to this instant of impact.
The high speed camera is mounted on a sliding rail so that it
can be repositioned easily for the next experiment. In this way
the particle motions at each contact interface across the longitudinal dimension of the chain are captured. The camera is
equipped with a macro lens, and a 55-mm focal length and a
22 f-stop are chosen in this study. In each run of the experiment, we record approximately 3,000 still shot images with a
resolution of 64 by 64 pixels at a sampling frequency of
111,111 frames per second. The width and height of each
pixel are calibrated to be Δ=47.15 μm. To ensure enough
light in such a short exposure time, we position a halogen
lamp on the opposite side of the camera (see Fig. 1). Tracing
paper is placed between the rail and the lamp to avoid diffraction and obtain sharp edges on the still shot images.
Each experimental run records the temporal evolution of
the displacements of the two particles near a single contact
point [see Fig. 2(a)]. Measurements from multiple contact
points are synchronized to visualize the propagation of solitary waves. Since the characteristic length scale of particles’
motion is typically much smaller than the size of a single
pixel, an advanced digital image processing scheme is

Experimental Approach
Figure 1 illustrates an experimental setup composed of a 1D
granular crystal and a high speed camera. The granular chain
consists of 47 identical spheres of radius R=9.525 mm. We
employ particles of two different materials, chrome steel (AISI
52100, McMaster-Carr) and PTFE (McMaster-Carr), in order
to construct hard metallic and soft polymeric granular crystals,
respectively. The nominal properties of these two materials are
listed in Table 1. The spherical particles are positioned on a
straight rail composed of two hardened precision steel shafts,
which are covered with a PTFE tape (Ultra-slippery tape,
McMaster-Carr) to reduce friction. The first particle on the
rail is used as a striker to excite the granular chain. The striker
is released from a ramp using an electronic solenoid trigger.
The impact velocities Vs are measured with a high speed
camera and found to be equal to 1.49±0.102 m/s for chrome
steel and equal to 1.29±0.110 m/s for PTFE strikers based on
ten repetitions. The method for calculating the striker’s velocity is identical to the one developed in this study for capturing
particle perturbations in granular crystals (details are included
in Digital Image Processing). In brief, striker’s translational
motion at the moment of impact is extracted based on recorded still-shot images magnified in the contact interface region.
The impact velocity is obtained by curve-fitting this translational motion data and calculating the slope of the fitted line.
We confirm that this vision-based measurement method provides enhanced accuracy (i.e., reduced standard deviations)
compared to results obtained from an alternative time-of-flight
based method using dual optical diodes placed in the rail near
Fig. 1 Experimental setup composed of a 1D granular chain and
a high speed camera. Inset shows
a particle embedded with a piezoelectric ceramic disc that serves
the purpose of a force sensor

Striker

x

n=1

Vs

Incident
solitary wave
Lamp

n=2

Function
generator

Tracing paper
d=12 cm

High speed camera

n=47

19.05 mm

Kapton layer
PZT

Cap

Sliding rail
Wire

Computer

Fixed wall

1046
Table 1 Material properties of
chrome steel and PTFE beads

Exp Mech (2014) 54:1043–1057

Material

Density [kg/m3]

Young’s modulus [GPa]

Poisson’s ratio

Chrome steel
PTFE (Polytetrafluoroethylene)

7,780
2,151

210
0.46

0.28
0.46

required to ensure satisfactory accuracy and signal-to-noise
ratio in the reconstructed displacement profiles. In this study,
we develop an in-house, ad-hoc image processing algorithm
to perform this function. Details of the algorithm and its
implementation in MATLAB are presented in the following
section.

of the images shown in Fig. 2(a)]. The sharp rising and falling
parts of the curves denote the boundaries of left- and righthand particles [i.e., n-th and (n+1)-th particles, where n=1
corresponds to the striker]. For the sake of simplicity, we
represent the particle boundary by the point that crosses the
I0/2, where I0 is the maximum light intensity [see Fig. 2(c)].
Specifically, we define these crossing points in the rising and
falling trends by xr and xf, respectively and, therefore, the
displacements of the n-th and (n+1)-th particles by

Digital Image Processing
We first reconstruct temporal displacement profiles of all
particles in the granular chain from the high speed images
acquired. Figure 2(a) shows still-shot images of a specific
particle interface site at two different times, t0 and t0 +t. In
these images, the x-axis is along the direction of the granular
chain, and the y-axis is in the transverse direction. According
to this coordinate system, we plot the light intensity I of the 8bit image in a three-dimensional space, as shown in Fig. 2(b).
Here, the shadow cast by the particles [dark areas in Fig. 2(a)]
is represented by low light intensity, whereas direct exposure
to light (bright areas) shows high values of light intensity that
are close to I=28–1=255. The translational motion of the two
adjacent particles is evident from Fig. 2(b), in which we
observe the shift of the surfaces between the instant t0 (blue
curves) and t0 +t (red curves).
Next we proceed to extract the translational motion of the
particles from the light intensity maps. We begin by evaluating
the light intensity curves at a specific position of y. For
example, Fig. 2(c) shows a pair of light intensity curves taken
from the position y=0 in Fig. 2(b) [i.e., from the topmost rows

(a)

x

t0

where un(t, y) represents the displacement of the n-th
particle measured at vertical position y at time t with
respect to the reference time t0. It is worth noting that,
due to limitations on the sampling frequency, only a
few data points exist in the rising and falling portions
of the curves. Thus, we interpolate these curves using
piecewise spline functions in MATLAB.
Based on equation (1), we process all 3,000 images taken at
a specific interface site, and we calculate the displacement
profiles of the front and rear particles as a function of time t
and vertical position y, as shown in Fig. 3(a) and (b), respectively. The figure shows that particle displacement profiles
un(t, y) become more susceptible to noise as the value of y
increases. Therefore, as we reconstruct displacements from
the vicinity of the particle closer to the contact interface [i.e.,
from high y values as seen in the still-shot images in Fig. 2(a)],
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Fig. 2 Digital processing of recorded images. (a) Two digital
images of a single pair-contact
interface taken at instances t0 and
t0 +t. (b) Light intensity of the
recorded images as a function of x
and y. (c) Evolution in time of the
displacements of two adjacent
particles, un and un+1, reconstructed from light intensity
curves at y=0
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motions, the high-frequency filtering process does not affect
the outcome noticeably (to be shown in the next section).
The relative approach δn,n+1 can be also obtained directly
as
h
i
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ð3Þ
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Fig. 3 Displacement profiles extracted from a series of digital images.
Each curve represents the temporal displacement profile taken from a row
of pixels at a specific y-coordinate value. (a) Displacements of the n-th
particle in the chain. (b) Displacements of the (n+1)-th particle in the
chain

we acquire less accurate and reliable data. This is due to
the lack of light at the particle contact point, as confirmed by smaller values of I, when the y-value increases
in Fig. 2(b). In order to avoid this high-noise regime, we
extract a representative value of the particle displacement
un ðt Þ by averaging displacements over the upper half of
the image, that is

un ð t Þ ¼

32Δ
1 X
un ðt; yÞ;
32 y¼Δ

ð2Þ

where Δ is the pixel size as defined in “Experimental
Approach”. This selective averaging method is also effective in separating the translational motion of the particles from their localized deformation at the contact
interface during particle collisions.
Particle velocities υn ðt Þ can be obtained by taking the timederivative of the displacement profiles un ðt Þ reconstructed
from the series of still shot images recorded during each
experimental test. This derivation step is prone to numerical
errors. Thus, to reduce such errors, we low pass-filter the
displacement data using a MATLAB smoothing function before performing numerical differentiation. Since the displacement profiles undergo relatively low-frequency, translational

where [s]+ =max(s, 0) implies that only compressive displacements are allowed, since particles do not support
any tensile force under Hertzian contact. Figure 4(a)
shows the reconstructed displacement profiles for un ðt Þ
and unþ1 ðt Þ, in dashed blue and red lines, respectively,
and the relative displacement δn,n + 1, in solid black line.
Moreover, given the material properties and geometry of
the spherical particles, we can derive the compressive
contact force Fn,n+1 between the particles according to
the Hertz law [44]
pﬃﬃﬃﬃﬃﬃ 

3=2
ð4Þ
F n;nþ1 ¼ A δn;nþ1 ; with A ≡ E 2R=3 1−v2

where R, E, and v are the radius, elastic modulus, and
Poisson’s ratio of the particles.
The force profile computed based on equation (4)
reveals two compact-supported pulses of solitary waves
at times t≈1 ms and t≈2.7 ms [see Fig. 4(b)]. The first
peak represents the incident solitary wave, while the
second one results from the reflection at the fixed wall.
The inset in Fig. 4(b) shows that the shape of the solitary
wave is in clear agreement with the shape reported in
[13]. It is worth noting that although the shape of the
wave is represented by only a few measurement points
due to the limited sampling frequency, we will show
later that this is enough to assess the attenuation trend
and localization phenomenon of solitary waves in hard
and soft granular chains.

Numerical Modelding
In this study, we numerically simulate the formation and
propagation of solitary waves and transient breathers using a
discrete element model (DEM). The DEM approximates a
granular crystal by an assembly of point masses connected
by unilateral, nonlinear springs [11, 13, 29, 45]. This simplifying assumption is feasible due to the quasi-static nature of
solitary waves, which have a characteristic time much longer
than that of the wave propagation within each particle. Thereby, the dynamics of each particle can be regarded as a rigid
body motion except for the contact interaction, which is
modeled by a unilateral, nonlinear spring based on Hertz
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law. Thus, the equation of motion of an n-th particle simplifies
to
h
i
⋅⋅

3=2
mn un ¼ An−1;n δn−1;n þ γ n−1;n δ n−1;n
ð5Þ
h

i

3=2
− An;nþ1 δn;nþ1 þ γ n;nþ1 δ n;nþ1 :
where the dot operator denotes a time derivative, and mn is the
mass of the particle.
Parameter values in equation (5) are as follows. An,n+1 is a
Hertzian contact coefficient with the analytical form:
8 pﬃﬃﬃﬃﬃﬃ 
−1
>
2 2R 1−v2n 1−v2nþ1
>
>
þ
n∈f1; …; N −1g
<
3
En
Enþ1
ð6Þ
An;nþ1 ≡
pﬃﬃﬃ 

−1
>
4 R 1−v2n 1−v2w
>
>
:
þ
n ¼ N
En
Ew
3
In the above equation, En and vn are the elastic modulus and
Poisson’s ratio of the n-th particle. If chains are composed of
identical beads, the Hertzian contact stiffness between neighboring particles simplifies to A, as expressed in equation (4).
In the case where the last particle in the chain (i.e., n=N)
interacts with a fixed wall, we impose a modified Hertzian
contact between a sphere and an elastic half-space with properties Ew and vw. Previous studies by Job et al. have shown that
solitary waves reflected against the fixed wall are highly
sensitive to Ew [46]. In particular, Yang et al. analytically
derived a critical elastic modulus, under which reflected solitary waves begin to disintegrate into multiple packets of
secondary solitary waves [47]. In this study, we limit the wall
material to hard stainless-steel, such that the waveform of the
reflected solitary waves remains a single pulse of compactsupported waves.
Since Hertzian contact law assumes a non-dissipative, perfectly elastic material, we account for the dissipative effects
caused by friction, visco-elasticity, and plasticity by introducing an effective damping term based on Tsuji’s discrete element model [48]. The amount of energy dissipated by this
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2.5

3

Time [ms]

Time [ms]

model is proportional to the rate of particles’ relative displace
ment δ n;nþ1, and γn,n+1 is a dissipation coefficient. Tsuji’s
model [48] describes the dissipation coefficient as

1=2 1=4
δn;nþ1 ;
γ n;nþ1 ¼ αn;nþ1 mn;nþ1 An;nþ1

ð7Þ

where mn,n+1 is an effective mass defined as mn,n+1 =mn mn+1/
(mn +mn+1). In the equation above, αn,n+1 is a damping parameter that can be derived analytically, for single pair collision and a given coefficient of restitution [48]. In a chain of
spherical particles, however, the damping mechanism will be
more complicated due to multiple concurrent collisions. For
identical spheres, solitary waves have an approximate width
of five particles. Previous studies have reported analytically
and empirically that α ≈ 0.01 for a chain of chrome steel
particles [29]. However, to the best of the authors’ knowledge,
the damping coefficient for a chain of PTFE particles has not
been reported in the literature. In this study, therefore, we
adopt α = 0.01 for a chrome steel particles and we optimally
determine α for PTFE particles based on our experimental
results. The equation of motion (5–7) are numerically solved
with an ordinary differential equation solver implemented in
MATLAB [49]. These numerical results are compared with
experimental results in the following Section.

Results and Discussion
We present numerical and experimental results for three different configurations of granular crystals: (1) uniform chrome
steel chain, (2) uniform PTFE chain, and (3) chrome steel
chain decorated by a PTFE impurity.
Chrome Steel Chain
Figure 5 shows displacement, velocity, and force profiles of
chrome steel particles corresponding to numerical (dashed
red) and experimental (solid blue) results. These temporal
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Fig. 5 Numerical (dashed red curves) and experimental (solid blue curves)
results of (a) displacements, (b) velocities, and (c) forces in a granular chain
composed of chrome steel particles. The extracted results are shifted vertically with the upper curves representing the results from the impact side,
while the lower curves depict the behavior of particles near the fixed wall

profiles are shifted vertically in order to facilitate visualization—the upper curve corresponds to the particle impacted by
the striker and the lower curve corresponds to the particle in
contact with the wall. For the same reason, we only include
results taken from even-numbered particles (i.e., n=2, 4, …
44, 46).
We begin by discussing the displacement profiles depicted
in Fig. 5(a). Initially, the particles develop positive displacements – corresponding to compression – as a solitary wave
propagates from the point of impact to the wall side. After the
incident solitary wave had completely passed by, the particles
remain stationary and maintain their perturbed displacements.
The first few particles in the chain are atypical; they exhibit
bouncing motions immediately after collision, as it is seen by
the negative slopes of the first few curves between t=0.15 and
2.5 ms. The incident solitary wave reaches the end of the chain
at around 1.3 ms, and it immediately reflects back from the
fixed wall. Finally, the reflected solitary wave propagates in
the reverse direction, and each particle approximately returns
to its original equilibrium position. It bears emphasis that the
agreement between numerical and experimental results is
remarkable even with the limitations on sampling frequency
and image resolution.
With regard to the measurement method employed by the
authors, which employs custom software for edge detection
and displacement averaging developed during these studies, it
must be emphasized that the accuracy obtained is quite remarkable. In fact, the maximum displacement is in the range
of 43 μm, which is slightly smaller than the size of a single
pixel in the high speed camera. In this work, the noise level
for the displacement measurements obtained by the authors is
similar to the spatial resolution of modern digital image correlation methods, which is on the order of +/−0.01 pixels
under laboratory conditions [1, 50–54]. In fact, such accuracy
is reasonable since (a) DIC methods are most sensitive to the
edges of the random pattern being viewed, (b) the region
being imaged in our studies is undergoing nearly rigid motion
and (c) we are averaging the motion for 32 points along the
edge (see equation (2)) to define each displacement value.
The velocity profiles, i.e., the time derivative of the displacements, are shown in Fig. 5(b). Initially, the incident
solitary wave travels through the granular chain, and the
spherical particles undergo perturbations with positive velocity components. In contrast, a negative particle velocity is
recorded when the reflected wave returns to each particle.
The maximum particle velocity is approximately 1.0 m/s in
the first few particles of the chain. According to Chatterjee’s
numerical studies on the formation of solitary waves, the
particle velocity υ is about 68.2 % of the striker velocity Vs,
if an homogenous chain is impacted by an identical striker
[55]. Given that the striker velocity is 1.49 m/s, as mentioned
in “Experimental Approach”, the measured particle velocity is
in agreement with Chatterjee’s prediction. Furthermore, as
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where υ is the particle velocity (68.2 % of a striker velocity Vs
according to Ref. [55]) and A is the Hertzian contact coefficient [see equation (4)]. This analytical expression predicts a
wave speed equal to 743 m/s, which is only 2.1 % larger than
the value computed from the reconstructed measurements.
Here, we note that equation (8) is based on an ideal chain
without dissipative effects, and hence this explains the slight
difference. As noted in “Introduction”, the group velocity of
solitary waves is almost an order of magnitude smaller than
that of the dilatational waves within a chrome-steel particle.
Such a low group velocity is a unique characteristic of solitary
waves, along with their superb robustness [56].
Qualitative agreement between experimental and numerical force magnitudes is evident in Fig. 6(b). The gradual
decrease in the magnitude of the solitary wave is due to
dissipation in the chain of particles. These dissipative losses
are probably caused by friction, elastoplastic deformation
effects, and minute misalignment of the particles upon high
striker impact velocity. The good qualitative agreement also
verifies that the Tsuji’s dissipation model based on the
analytically- predicted α = 0.01 reasonably well captures the
attenuation trend. It is worth noting that the scattered data
points in the force diagram are due to errors in the measured
displacements. Given a few measurement points within the
narrow envelope of solitary waves, the maximum magnitude
of propagating force profiles tends to be underestimated compared to the numerically predicted results, as shown in
Fig. 6(b). Naturally, the scatter can be improved by adopting
a high speed camera with better specifications in terms of
sampling rate and pixel size.

shown in Fig. 5(b), the reconstructed velocity profiles are in
good agreement with the numerical predictions. The second
time derivative of the measured displacements would additionally provide an estimate for the acceleration profiles, but
we find them susceptible to high noise and hence we do not
report this data. Further improvements in our image processing algorithm to accurately predict particle acceleration remains an interesting direction for future research. In this study,
we calculate the relative approach between neighboring particles to reconstruct contact forces in the chain [see equation
(4)].
Figure 5(c) shows force profiles obtained from the displacement profiles presented in Fig. 5(a). Solitary wave transmission and reflection are evident from the figure. However,
due to the lack of sampling points within the narrow envelope
of the solitary wave, the magnitudes of the reconstructed
solitary waves show noticeable discrepancies relative to the
numerical predictions. We also observe multiple force peaks
in the first few particles, which the authors believe are not
physical, but rather an artifact of noise in the displacement
measurements.
The solitary wave arrival time and force magnitude at each
particle in the chain are extracted from the reconstructed
forces, and they are compared with numerical predictions in
Fig. 6. In order to obtain accurate estimates, the arrival time is
calculated by the center point of the envelope’s full-width-athalf-maximum (FWHM). As a result, we observe that the
measured arrival times (blue circles) are in good agreement
with numerical results that account for dissipative losses in the
form of equation (7), with α = 0.01. The slope of the line in
Fig. 6(a) represents the speed of the solitary wave, which is
measured to be 727 m/s. An analytical expression for the wave
speed in a uniform chain impacted by an identical striker is
available. Specifically, the wave speed is [13, 47]

1=5
V i ¼ ð16=25Þ1=5 ð2RÞ υ A2 =m2
;

We investigate next the propagation of solitary waves in a
chain of PTFE spheres. Figure 7(a) shows experimental (solid
blue) and numerical (dashed red) results of temporal
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Fig. 6 Experimental (blue
circles) and numerical (red
curves) results of (a) arrival time
and (b) force magnitude of solitary waves in a chain comprised
by chrome steel spheres. Both results are depicted as a function of
the bead number n
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Fig. 7
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Numerical (dashed red curves) and experimental (solid blue
curves) results of (a) displacements, (b) velocities, and (c) forces in a
granular chain composed of PTFE particles. The extracted results are
shifted vertically with the upper curves representing the results from the
impact side, while the lower curves depict the behavior of particles near
the fixed wall. Insets in (b) and (c) show magnified views of results in
boxed zones
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displacements of even-numbered PTFE particles. The figure
shows that displacement profiles of the PTFE chain are significantly different from those of the chrome steel chain [compare with Fig. 5(a)]. Due to the soft nature of the polymeric
particles, the maximum particle displacement reaches a value
approximately equal to 280 μm (see the displacement profile
of the first particle in the chain, i.e., n=2), which is an order of
magnitude larger than that of the chrome steel chain. These
large initial displacements are drastically reduced as the solitary wave propagates towards the end of the chain. This effect
is due to the intrinsic viscoelastic behavior of polymeric
materials. Soft particles additionally reduce the propagation
speed of the solitary wave and, therefore, the flight time for the
arrival of the solitary wave to the wall increases to ~7.4 ms (cf.
~1.25 ms for chrome steel particles).
Figure 7(b) shows the evolution in time of particles’ velocities in the chain of PTFE spheres. The maximum velocity of
the first particle in the chain is approximately equal to 0.70 m/
s, which is about 54.3 % of the striker velocity. This ratio is
lower than the value predicted by Chatterjee’s analysis [55]. A
similar decaying behavior is observed in the velocity of the
first few particles in the chain [see inset in Fig. 7(b)], which is
in sharp contrast to the behavior of metallic granular chain
[see Fig. 5(b)]. Again, these observations are attributed to the
viscoelasticity of the PTFE particles that comprise the granular crystal. It should be also noted that we observe minute
oscillations in the last particle’s displacement and velocity
profiles (see the bottom graphs in Figs. 7(a) and (b)). These
oscillations might be due to the collision against the hard wall,
which invokes high frequency components. However, we find
that they decay rapidly due to viscoelastic dissipation
processes.
Figure 7(c) shows reconstructed force profiles at evennumbered PTFE particles in the chain. The propagation and
attenuation of solitary waves is clearly shown in the figure.
Unlike the results reconstructed from the chrome steel chain,
the solitary wave packets in PTFE particles are well defined
and do not show abrupt spikes or anomalously large peaks.
This reduction in noise is due to the longer characteristic time
of solitary waves in the PTFE chain. Thus, for the same
sample rate, the envelope of the wave is described by a larger
number of sample data points than those employed in the
chrome steel chain. We also note that the solitary wave undergoes a significant amount of attenuation as it travels along
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the chain. By the time it reaches the wall and reflects back, its
characteristic profile, though still recognizable, is not welldefined.
It is worth noting that PTFE particles are significantly
compressed by the incident solitary wave and, in contrast to
the chrome steel particles which remain still behind the solitary wave, PTFE particles undergo compressive deformations
until the reflected wave returns. Similarly, the release mechanism of compressed particles upon arrival of the reflected
solitary wave is extremely slow, as it is indicated by the long
tails in Fig. 7(a). Even after the arrival of the reflected waves,
the chain remains compressed for a relatively long period of
time. This is due to the imbalance between incident and
reflected waves. More fundamentally, we attribute this distinctive behavior to the viscoelastic nature of polymeric particles. It thus bears emphasis that this rate-dependent behavior
will be different for different striker velocities. The numerical
results from the DEM model demonstrate qualitative agreement with the experimental results, but we observe noticeable
discrepancies between the numerical and experimental results
towards the end of the displacement profiles as shown in
Fig. 7(a). Again, this disagreement can be reduced by accounting for the rate-dependence of damping in the Tsuji’s model
(equation (7)), which is one of our future tasks.
Arrival times and force attenuation are depicted in Fig. 8.
The slope of the arrival times corresponds to the solitary wave
speed in the chain, and it is measured to be 123.4 m/s. This
finding confirms Daraio and co-workers’ observation that the
solitary wave speed in a chain of PTFE particles can be slower
than the speed of sound in air [11]. According to equation (8),
the analytical speed of this solitary wave is 114.2 m/s. This
analytical prediction does not consider attenuation resulting
from viscous losses, nor a variable elastic modulus resulting
from rate-dependent hyper-elasticity. However, the effect of
attenuation on propagation speed is not strong, as is clear from
the almost constant slope in Fig. 8(a). This is due to the weak
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Fig. 8 Experimental (blue
circles) and numerical (red
curves) results of (a) arrival time
and (b) force magnitude of solitary waves in a chain comprised
by PTFE spheres. Both results are
depicted as a function of the bead
number n

relationship between the magnitude of the dynamic force Fm
and the propagation speed of the solitary wave V, as it is
expressed mathematically by V∝F1/6
m [13].
Finally, numerical predictions exhibit good agreement with
the experimental values, particularly for the incident solitary
wave (see Figs. 7 and 8). Such good agreement is the result of
utilizing optimal material properties (i.e., E and α) which are
obtained from a numerical optimization procedure described
next. Specifically, since the propagation speed is not significantly affected by the degree of damping, it is possible to
compute an optimal value for each material property independently. Firstly, we attempt to find a dynamic elastic modulus
for PTFE based on the empirical result for the solitary wave
speed. Previous studies used an elastic modulus extrapolated
from the Hugoniot relationship of the material, which estimated E=1.53 GPa [11, 57]. However, we find that this value
produces a much faster solitary wave speed. In this study,
therefore, we seek an optimized elastic modulus that best
matches the experimentally obtained solitary wave speed presented in Fig. 8(a). As a result, we obtain an optimal elastic
modulus of E=856.4 MPa, which is almost twice the nominal
value listed in Table 1 but is about half the value extrapolated
from the Hugoniot relationship [11]. The elastic modulus
obtained from this study is almost identical to the one obtained
by calibrating detailed finite element impact simulations to the
experimental observations. We do not present these results
here for the sake of brevity.
Secondly, given the elastic modulus, we compute an optimal damping coefficient by matching the attenuation trend
presented in Fig. 8(b). Consequently, we obtain α=0.30. It is
interesting to note that the optimal damping coefficient of
PTFE particles is about 30 times larger than that of the
chrome-steel particles. This optimal damping is equivalent to
a restitution coefficient of e=0.6, based on Tsuji’s model [48],
which is a reasonable value for a polymeric material. Herein
we emphasize that there exists an optimal set of material
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properties E and α for each experimental setup and impact
velocity, and these optimal values are different in general.
Naturally, a fundament understanding of these properties in
chains of polymeric materials is desirable, though beyond the
scope of this work. Also, it should be noted that the experimental results in Fig. 8(b) show relatively small scatter (less
than 10 N) compared to the large scatter (on the order of
100 N) obtained from a hard granular chain [Fig. 6(b)]. This
confirms our observation in “Chrome Steel Chain” that harder
granular chains require higher sampling frequencies due to the
shorter characteristic time of solitary waves’ propagation.
Chrome Steel Chain with a PTFE Impurity
In this section, we investigate the localization of nonlinear
waves (i.e., localized breathers) in a chrome-steel granular
chain embedded with a PTFE impurity at the 23rd position
in the chain (i.e., n=23). The PTFE particle has the same
diameter and a mass 3.62 times smaller than those of the
chrome-steel particles (see Table 1). Using high speed photography, we observe two distinct interfaces introduced by the
impurity (i.e., a front interface between n=22 and 23, and a
rear interface between n=23 and 24). Therefore, we restrict
attention to the displacement profile measured at three particles (n=22, 23, 24) which are presented with blue curves in
Fig. 9. While the maximum displacements of chrome-steel
particles in a homogeneous chain is in the range of 43 μm as
discussed in “Chrome Steel Chain”, we find that the chrome
steel particle (n=22) right before the PTFE particle develops a
much higher maximum displacement in the order of ~328 μm.
This is due to the significantly lower stiffness between chrome
steel and PTFE particles. Specifically, equation (6) predicts
that the Hertzian contact coefficient between chrome-steel and
PTFE is 0.95 % of the coefficient between two chrome-steel
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Fig. 9 Displacement profiles of a granular chain composed of chromesteel particles and decorated by an impurity made of PTFE (at the 23rd
site in the chain)

particles. Likewise, the PTFE particle suffers a large displacement of approximately 197 μm in the direction of wave
propagation. Finally, the displacement of the subsequent particle (n=24) is also notable as it develops a ramp-shaped
displacement profile. The speed of this particle, and those
after it, are slower than the chrome steel particles positioned
in front of the impurity spot.
In addition Fig. 9 reveals that the interaction time of the
particles in the vicinity of the impurity is significantly longer
than the characteristic time of solitary wave transmission. For
example, the penetration time of the front chrome steel particle
is 0.44 ms (i.e., the time for the 22nd particle to reach the peak
point of the displacement curve), which in turn is comparable
to the time for the solitary wave packet to travel from the
striker to the 22nd position in the chain (i.e., 0.53 ms). This
comparably long interaction time is caused by the deep penetration of the hard particle into the soft particle, and it induces
multiple collisions among neighboring particles (see the oscillatory trends in Fig. 9). These concurrent collisions generate
disintegrated waves in the form of secondary solitary waves,
details of which can be found elsewhere [46, 47]. Job et al.
experimentally reported similar behavior for particle oscillations using a contact sensor embedded in granular crystals
[42]. Starosvetsky et al. explained this scattering of solitary
waves and the corresponding oscillations of the light intruder
by introducing the concept of transient breathers [25]. To the
best of the author’s knowledge, our experimental observations
of such transient breathers in terms of displacement profiles
are the first attempt reported in the literature.
Finally, we conduct numerical simulations to compare with
the experimental results. Since the damping coefficient empirically found in “PTFE Chain” is for a homogeneous chain
of PTFE particles, we repeat the optimization process in order
to find an optimal damping coefficient that accounts for the
energy dissipation phenomenon between chrome-steel and
PTFE particles. Specifically, the optimization scheme aims
at matching experimental and numerical results for the peak
displacement and arrival time of the 22nd particle. This optimization process yields an optimal value of α=0.118, which is
larger than the dissipation coefficient in a pure chrome-steel
chain (i.e., α=0.01) and is smaller than the value obtained for
a homogeneous PTFE chain (i.e., α=0.30). Except for the
hard- and soft-particle interfaces, we use an analytical value of
α=0.01 for the rest of the chrome steel particles in the chain. It
bears emphasis that this optimal value is only valid for the
specific experimental conditions given in this study (i.e.,
particle size, striker velocity, and granular chain configuration). Figure 9 shows good agreement between experimental
(blue curves) and numerical results (dashed curves). A more
rigorous determination of damping coefficients requires a
systematic characterization of the viscoelastic properties of
PTFE under different dynamic loading conditions, though
beyond the scope of this study.
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propagation along the chain. However, the leakage of energy
during this time is inevitable given the configurations of the
granular crystal and the excitation conditions [25].
In this study, we numerically investigate the characteristics
of these transient breathers by varying the impurity radius
from R/40 to R, with the interval of R/40, where R is the radius
of a regular particle in the chain. Particularly, we demonstrate
highly distinctive behavior of transient breathers for two different types of impurity materials: PTFE and chrome steel.
The material and geometrical conditions of the rest of the
granular crystal are identical to those described in “Experimental Approach”. In all simulations, we account for energy
dissipation using the damping coefficients as explained in the
previous sections.
Figures 11(a) and (b) show the displacement profiles of the
embedded PTFE and chrome steel impurities, respectively, as
a function of time and impurity size. In both cases, we find that
a smaller impurity generates larger amplitude breathers, which
in turn last longer in the temporal domain. It should be noted
that we observe more drastic formation of ripples (i.e., oscillations) in the case of the chrome-steel impurity. As shown in
the inset of Fig. 11(b), we witness that the smaller impurity
induces higher frequency components in the initial part of the
displacement profiles. This effect of impurity size on the
frequency spectrum of localized nonlinear waves has been
analytically, numerically, and experimentally studied by Job
et al. [42]. Recently, Starosvetsky et al. retackled this problem
to analyze the localization mechanism in the first mode of the
impurity’s interactions, and the subsequent behavior of transient breathers’ diffusion (i.e., leakage) [25].
The duration of transient breathers can be more clearly
observed when expressed in terms of localized energy
(Fig. 11(c) and (d)). For both soft and hard impurity cases,
the smaller size of impurities contributes to the extension of
the breathers’ life span. However, more drastic improvement
can be obtained by using soft PTFE instead of hard chrome

It is also worth investigating energy localization at the
impurity site. Based on the experimental displacement profiles, we obtain kinetic and potential energies of the impurity
and its two neighboring particles [see Fig. 10(a)]. It is evident
from the figure that the kinetic energy drastically increases
when the solitary wave reaches the impurity site. This change
of behavior is due to the penetration of the 22nd particle into the
PTFE soft particle. As the particle decelerates, the kinetic energy
is converted into potential energy accordingly. The numerical
results obtained from DEM simulations are in very good agreement with the experimental results, as shown in Fig. 10(a).
It is interesting to study this localization behavior in the
context of the total energy of the granular crystal. Figure 10(b)
shows numerical results of the kinetic (blue), potential (green),
and total (red) energy of the system as a function of time. It is
evident from the figure that the kinetic energy carried by the
striker is distributed into kinetic and potential energies with a
ratio of 55:45 before the solitary wave reaches the impurity
site, i.e., t=0.5 ms—which is in agreement with Nesterenko’s
finding [13]. In contrast, as it was discussed above, the kinetic
energy experiences a surge when the solitary wave reaches the
impurity and a localized transient breather is formed at the
impurity site. The peak in kinetic energy corresponds to a total
energy of 0.025 J which is equal to the localized energy at the
impurity site [seen Fig. 10(a)]. We thus confirm that the energy
carried by a solitary wave packet in a homogeneous granular
chain can be highly focused on localized breathers by embedding a lighter and softer particle, i.e., an impurity, in the system.
It should be also noted that due to the transient nature of this
localized breather, the energy tends to be diffused over time.
We observe that the localized energy is captured in the structure of this transient breather during the time span between
0.52 ms and 1.35 ms [see Fig. 10(a)], and then the energy is
either dissipated due to internal damping or dispensed to the
rest of the particles in the chain. This energy localization and
diffusion is a notably slow event compared to solitary wave
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Fig. 11 (a–b) Numerical results of temporal displacements of impurity
(u23) made of (a) PTFE and (b) chrome steel under the variation of the
impurity size. (c–d) Numerical results of temporal profiles of localized

energy as a function of the impurity radius, made of (c) PTFE and (d)
chrome steel. The inset in (b) shows high frequency components of
impurity’s oscillations for its radii of [0.71, 1.67, 2.62, 3.57] mm

steel as an impurity material. In the case of the smallest
impurity (radius = R/40), we obtain a diffusion time of
1.53 ms for the PTFE impurity, while we only have 0.24 ms
for the chrome steel impurity. Thus, for the sake of energy
harvesting, softer impurities offer a longer time to extract
localized energy in the impurity site. We envision that such
localized, transient breathers can be harvested in the form of
electrical energy by using a transducer component. To maximize the energy conversion efficiency, further studies need to
be conducted to investigate systematically the transient characteristics of the localized breathers and to select a proper
transducer given the energy localizing granular structures.

soft (PTFE) and hard (chrome-steel) particles. It is worth
noting that though displacements of the latter are smaller than
a single pixel size, the processing technique is able to accurately resolve the small displacements on the order of +/−0.01
pixels. We also investigated the wave attenuation patterns that
dominate the dynamics of PTFE chains—such attenuation
patterns are negligible in chains comprised by chrome-steel
particles. In order to gain additional understanding of this
phenomenon, we modeled the viscoelastic behavior of polymeric granular chains using a discrete element method, and
we determined the elastic modulus and damping coefficient of
PTFE particles with a numerical optimization scheme. Lastly,
we studied a chain of chrome-steel particles embedded with a
PTFE impurity, and we found that the system localizes a
significant amount of energy near the impurity site in the form
of transient breathers. The localization of these transient
breathers is a unique behavior which can be exploited to build
energy harvesting devices. Although we primarily focused on
1D granular chains, both experimental and numerical approaches developed in this study can be further extended to
study 2D/3D granular architectures. Moreover, image processing techniques based on stereo-vision cameras can be
employed in future studies to elucidate more complicated
translational and rotational dynamics of granular media. Future studies include a full 3D consideration of granular chains,

Conclusions
In this study, we investigated the propagation and attenuation
of solitary waves and the localization of transient breathers in
a 1D chain of spherical particles using high speed photography. An in-house, ad-hoc image processing technique was
developed in order to track particle motion at each particlecontact interface. The measured displacement profiles were
synchronized with the purpose of reconstructing and visualizing solitary wave propagation and localized breather formation. As a result, we successfully measured the dynamics of
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particularly soft polymeric ones, to investigate solitary wave
scattering and rate-dependent damping phenomena. The experimental verification of nonlinear resonance and antiresonance in granular dimers, predicted in Ref. [25], is also
one of the interesting topics to be pursued in the future.
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