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1 Introduction

David Gale and Lloyd Shapley formulated the problem of finding a stable match-
ing and identified a setting where such matchings always exist via the deferred
acceptance algorithm (DA) (see ??). The algorithm is a thing of beauty and
no one exposed to it is immune to its charms. It has inspired others to enlarge
domains in which the DA algorithm is applicable.

However, in the presence of preference complementarity, stable matchings are
not guaranteed to exist (see Section 3 for an example). This is a problem because
there are many settings of practical importance in which agents’ preferences
exhibit complementarities. In school choice, for example, this can arise in two
ways. First, parents with multiple children have preferences over subsets of
schools their children are assigned to rather than individual schools¿ Second,
schools themselves may have preferences over the distribution of characteristics
of the students they admit.

Furthermore, even if a stable matching does exist, the DA algorithm is not
guaranteed to find it. This is because at each iteration of the algorithm when
a ‘proposing’ agent is rejected, the decision is irrevocable. This excludes the
possibility of accommodating complementarities in preferences on the accepting
side. A proposing agent by themselves may be ranked individually below other
agents but in concert with another agent may be ranked high.

To overcome this problem, we present Scarf’s lemma which yields an alter-
native proof for the existence of stable matchings. While Scarf’s proof lacks
some of the desirable features of the DA, it is much more powerful in an en-
tirely different way: it gives us the tools to incorporate complementarities and
externalities while preserving the guaranteed existence of a stable solution.

The question of the existence of a stable matching is closely related to that of
non-emptiness of the core of a nontransferable utility cooperative game. A key
tool in the study of nontransferable utility cooperative games is Scarf’s lemma.
It provides a sufficient condition for the non-emptiness of the core of an NTU
co-operative game. The lemma makes three important contributions. The first
is to frame the problem of finding a matching as a special case of a more general
problem about coalition formation. The second is an extension of the notion
of stability to ‘fractional’ assignments of agents to coalitions called domination.
The third is establishing the existence of ‘stable’ fractional assignments. The
connection to stability has been neglected, perhaps, because the study of NTU
co-operative games fell out of fashion. This is unfortunate. To paraphrase Scarf
from another context

Our message boils down to a simple straightforward piece of advice;
if economists are to study stability, the first step is to take our trusty
DA algorithm, pack it up carefully in mothballs, and put it away
respectfully; it has served us well for many a year. In the presence
of complementarities, it simply doesn’t do the job it was meant to
do.

When complementarities are present, stable matching need not exist (see
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Section 3). Further, pairwise stability does not always imply group stability
as discussed in ??. Pairwise stable matchings need not be Pareto-optimal, but
group stable matchings are.

This chapter will survey proposals to surmount the problem of non-existence
as well as identifying group stable matchings. It emphasizes the role of Scarf’s
lemma. So as to strike a balance between the perspective of the parachutist and
that of the truffle hunter, we restrict our discussion to two-sided many-to-one
matching problems.

2 Existence of Stable Matching, revisited

2.1 Scarf’s Lemma

In this section, we state a version of the lemma that is adapted to the matching
context. We show how it implies the existence of a stable matching in the setting
originally considered by Gale and Shapley.

Let A be an n×m non-negative matrix with at least one non-zero entry in
each row and q ∈ Rn

+. Associated with each row i ∈ {1, .., n} of A is a strict
order �i over the set of columns j for which Ai,j > 0.

To interpret, suppose for a moment, that A is a 0-1 matrix. Associate each
row of A with an agent and interpret each column to be the characteristic
vector of a coalition of agents. Hence, Aij = 1 means that agent i is in the jth

coalition. Then, �i can be interpreted as agent i’s preference ordering over all
the columns/coalitions of A of which i is a member. No restrictions on �i are
imposed.

Consider the system {x ∈ Rm
+ : Ax ≤ q}. The positive elements of a feasible

x can be interpreted as describing the feasible coalitions that can be formed.
We illustrate with an example.

Example 2.1. Consider an instance of the stable matching problem that con-
sists of two hospitals (h1, h2), each with capacity 1, and two single doctors
(d1, d2). This is the setting of Gale and Shapley [1962]. The preferences are as
follows: d1 �h1 d2; d1 �h2 d2; h2 �d1 h1;h2 �d2 h1.

We describe the set of feasible matchings as the solution to a system of
inequalities. The constraint matrix of this system will be the matrix A that is
used when invoking Scarf’s lemma.

Introduce variables x(di,hj) ∈ {0, 1} for i ∈ {1, 2}; j ∈ {1, 2} where x(di,hj) =
1 if and only if di is assigned to hj and zero otherwise. In the 4 × 4 matrix,
A, below, each row corresponds to an agent (a hospital or a doctor), and each
column corresponds to a doctor-hospital pair. An entry Aij of the matrix A is
1 if and only if the agent corresponding to row i is a member of the coalition
corresponding to column j. Otherwise, Aij = 0. Ax ≤ q models the capacity
constraints of the hospital and the constraints that each doctor can be assigned
to at most one hospital. In this example q = 1. For each row i of A, the strict
order on the set of columns j for which Aij 6= 0 is the same as the preference
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ordering of agent i. Specifically, we have the following system:
(d1, h1) (d1, h2) (d2, h1) (d2, h2)

h1 1 0 1 0
h2 0 1 0 1
d1 1 1 0 0
d2 0 0 1 1

·x ≤


1
1
1
1

 ; order :

col1 �h1
col3

col2 �h2
col4

col2 �d1 col1
col3 �d2 col4.

We now define the notion of domination.

Definition 1. A vector x ≥ 0 satisfying Ax ≤ q dominates column k of A if
there exists a row i such that

∑n
j=1Aijxj = qi and for all column l ∈ {1, ..,m}

such that Ai,l > 0 and xl > 0, l �i k.

The next example will illustrate that when a dominating vector is x is inte-
gral, this is precisely the notion of stability.

Example 2.2. Recall example 2.1. Every integer solution to Ax ≤ 1 corre-
sponds to a matching and vice versa. Notice, x = (1, 0, 0, 1)T corresponds to
the matching (d1, h1); (d2, h2). It is not stable because it is blocked by (d1, h2).
In the language of Scarf’s lemma, x = (1, 0, 0, 1)T is not a dominating solution
because x does not dominate the column corresponding to (d1, h2). The solution
x = (0, 1, 1, 0)T is a dominating solution and corresponds to a stable matching.

Lemma 2.1 (Scarf [1967]). Let A be an n×m non-negative matrix and q ∈ Rn
+.

Then, there exists an extreme point of {x ∈ Rm
+ : Ax ≤ q} that dominates every

column of A.

Proof. The proof is by reduction to the existence of a Nash equilibrium in a
two-person game. By scaling we can assume that q is the vector of all 1’s,
denoted 1. Let C be a matrix defined as follows:

• If Aij = 0, then Cij = 0.

• If Aij > 0 and j is ranked t-th in the preference list of i, then Cij = −N t,
for N ≥ n.

The jth columns of A and C will be denoted Aj and Cj respectively.
We associate a 2-person game with the pair (A, C). The payoff matrix for

ROW will be A. The payoff matrix for COLUMN will be C. Let (x∗, y∗) be an
equilibrium pair of mixed strategies for this game where x∗ is a mixed strategy
for ROW player (payoff matrix A) and y∗ is the mixed strategy for COLUMN
(payoff matrix C).

Let R∗ be ROW’s expected payoff and C∗ be the expected payoff to COL-
UMN. Clearly Ax∗ ≤ R∗1. We show that x∗

R∗ is a dominating solution.
Suppose the columns of A are sorted so that x∗i > 0 for 1 ≤ i ≤ k and

x∗i = 0 for k + 1 ≤ i ≤ n. COLUMN’s expected payoff when playing each
column 1, . . . , k is exactly C∗, and expected payoff when playing any other

3



column is at most C∗. If COLUMN plays one of the first k columns uniformly
at random, her expected payoff is also C∗, i.e.,

1

k
y∗ · (C1 + . . .+ Ck) =

∑
i

y∗i
(Ci1 + Ci2 + . . .+ Cik)

k
= C∗.

Choose any column j. We show that x∗ dominates j. As x∗ is a best response
to y∗ it must be that∑

i

y∗i Cij ≤ C∗ =
∑
i

y∗i
(Ci1 + Ci2 + . . .+ Cik)

k
.

⇒ ∃y∗r > 0 s.t. Crj ≤
(Cr1 + Cr2 + . . .+ Crk)

k
.

Hence,
y∗r > 0 ⇒ Ar1x

∗
1 + . . .+Arkx

∗
k = R∗ > 0.

Therefore, at least one of Ar1, . . . ,Ark is non-zero. Hence, at least one of
Cr1, . . . , Crk is non-zero and Cij 6= 0 ⇒ Aij 6= 0.

Assume that among the columns 1, . . . , k, that Ar1 6= 0 and column 1 is
the least preferred. Let ` be the rank of column 1 in that preference ordering.
Recall Cr1 = −N `. Hence,

(Cr1 + Cr2 + . . .+ Crk)

k
≤ Cr1

k
=
−N l

k
< −N l−1.

By definition, N > n ≥ k. Therefore, Crj < −N `−1. This shows first, that
Crj < 0 and thus Arj 6= 0, and j is in the preference list of row i; second, the
ranking of j is below column 1. In other words, row i does not prefer j to any
of the columns 1 to k.

Scarf himself gave a finite time algorithm for finding a dominating extreme
point, however, the problem of finding a dominating solution is PPAD com-
plete. Thus, it has a worst-case complexity equivalent to that of computing a
fixed point, but this is not a barrier to implementation. For example, build-
ing on Budish [2011], a course allocation scheme that relies on a fixed-point
computation has been proposed and implemented at the Wharton School.

Example 2.3. Continuing with example 2.2, we see by the Birkhoff-von Neu-
mann theorem, that every non-negative extreme point of the system Ax ≤ 1 is
integral. Therefore, it follows by Scarf’s lemma that a stable matching exists.
The same theorem shows that the conclusion generalizes to more than two single
doctors and more than two unit-capacity hospitals.

We draw the reader’s attention to three features of Scarf’s lemma. First, it
does not distinguish between two-sided vs. multi-lateral settings. Any family
of feasible coalitions of agents that can be expressed using linear inequalities
with non-negative coefficients is acceptable. Second, the notion of domination
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adjusts to the set of coalitions encoded in the columns of the A. In this way,
one encodes multilateral stability and not just pairwise stability (see chapter ?).
Third, it assumes that preferences can be represented as a strict ordering over
coalitions. Allowing for indifference simply raises familiar issues about what
constitutes a blocking coalition. Must every member be strictly better off or
does it suffice for no one to be worse off and at least one member to be strictly
better off (see Roth and Postlewaite [1977])? The simplest resolution is to allow
for indifferences. To see the difference suppose in definition 1, column j is such
that xj = 0. Then, the corresponding row i may be indifferent between column
j and all columns k such that Akxk > 0. It would be natural in this case to call
x a weakly dominating solution. This is what is used in Section 4.2. One can
also handle indifferences via a lexico-graphic tie-breaking rule. That is, if a row
is indifferent between two columns, then it breaks ties using the preferences of
another row. See Section 3.1 for an example.

In many matching settings, it is more common to represent the preferences of
at least one side via choice functions rather than a preference ordering. Section
3.1 gives one example of how this can be handled by Scarf’s lemma. Section 4.2
gives another.

In the subsequent sections, we discuss applications of Scarf’s lemma to
matching settings with complementarities. We begin with the problem of match-
ing with couples. It is the simplest and most well-known instance of preference
complementarity in two-sided matching. It will illustrate two things. First how
the lemma may be deployed even when the underlying preferences are not de-
scribed by orderings. Second, how the lemma can be used even in a setting
where a stable matching is not guaranteed to exist.

2.2 Rounding

There is no guarantee that a dominating solution will be integral. When a dom-
inating solution is fractional, it is natural to ‘round’ it into an integer solution
while preserving domination. There is a price to be paid because the rounded
solution may be infeasible. For the moment, set this aside. The following result
shows that if we round the fractional dominating solution in the right way, then
domination is maintained.

Theorem 2.2. Given a dominating solution x of {Ax ≤ q, x ≥ 0}. Let x̄ ≥ 0
be integral solution such that if xi = 0, then x̄i = 0. Let q̄ := Ax̄, then x̄ is an
integral dominating solution of {Ax ≤ q̄, x ≥ 0}.

In the applications discussed below, the system {Ax ≤ q, x ≥ 0} can be
expressed as the intersection of two systems of linear inequalities:

Ax ≤ b (1)

Cx ≤ d (2)

0 ≤ x ≤ e (3)
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Here e is the vector of all 1’s.
The constraints in (1) are ‘hard’ in that they cannot be violated. They

correspond to the constraints of the unit-demand side. The constraints in (2)
are ‘soft’, i.e., we allow them to be violated but not by too much.

By adding slack variables, we can always assume that (1) and (2) hold at
equality, i.e. Ax = b and Cx = d. Given a fractional extreme point solution,
x∗, to (1-3) we can use the iterative rounding technique to round it into a 0-1
vector x̄, such that {Ax̄ = b, Cx̄ = d + δd}, where ||δd||∞ is bounded. Here
|| · ||∞ refers to the ` infinity norm. The precise value of ||δd||∞ will depend on
the proportion of non-zero entries in the matrix C (its sparsity).1

We describe one iteration of the technique. Let Q =

[
A
C

]
and q =

[
b
d

]
. Let J

be the index set of the non-integral components of x∗ and Jc its complements.
The vector x∗ restricted to these components is denoted x∗J . Hence, every
component of x∗J is positive. The components corresponding to Jc are already
integer valued and so we leave these untouched. Our focus is on rounding the
components in J .

Denote by Q|J , the submatrix of Q consisting of the columns indexed by J .
As x∗ is an extreme point, the number of non-integral components of x∗, |J |, is
equal to the maximum number of linearly independent rows of Q|J .

Now, let A∗, C∗ be the submatrices of A and C, that correspond to the

constraints that bind at x∗, i.e. Q|J =

[
A∗
C∗
]
. Similarly define b∗ an d∗. Hence,

x∗J satisfies:

Q|Jx∗J =

[
b∗

d∗

]
−Q|Jcx∗Jc = q∗. (4)

Notice, the components corresponding to Jc have been taken over to the right
hand side consistent with the idea that we are leaving them untouched.

By the extreme point property of x∗, the matrix Q|J is invertible and so
of full rank. Suppose we delete a row, say row i, from the matrix C. Call the
reduced matrix Q|J [−i] and denote the corresponding right-hand side by q∗[−i].
Notice Q|J [−i]x∗J = q∗[−i]. The null space of Q|J [−i] is one dimensional. Let
z 6= 0 be a vector in the null space and consider x∗J + εz for some ε 6= 0. Then,
Q|J [−i](x∗J + εz) = q∗[−i]. Hence, the vector z represents a a direction in which
we can move x∗J so as to satisfy all constraints except the one that was removed.

For a suitable choice of ε we can ensure that e ≥ x∗J + εz ≥ 0. In fact, by
making |ε| sufficiently large we can maintain this property and ensure that x∗J +
εz has at least one more integral component than x∗J . By executing these steps
iteratively, we will arrive eventually at a vector with all integral components.

Now, x∗J + εz will violate exactly one constraint, the one corresponding to
the ith row of C that was deleted. If Ci denotes this row, the magnitude of this
violation will scale with Ci · εz, a quantity bounded by the number of non-zero
entries in Ci. Hence, when choosing a row to delete, we look for one with a

1Statements of this kind can be viewed as a refinement of the Shapley-Folkman-Starr
lemma Starr [1969].
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small number of non-zero entries. The existence of such a row will follow from
the sparsity of C. A matrix possessing a small proportion of non-zero entries
yet having a large number of non-zero entries in each row is clearly impossible.

3 Couples Matching

We describe a version of the problem that is studied, for example, in Roth
[1984]. Let H be the set of hospitals, D1 the set of single doctors, and D2 the
set of couples. Each couple c ∈ D2 is denoted by c = (f,m). For each couple
c ∈ D2 we denote by fc and mc the first and second member of c. The set of
all doctors, D is given by D1 ∪ {mc|c ∈ D2} ∪ {fc|c ∈ D2}.

Each single doctor s ∈ D1 has a strict preference relation �s over H ∪ {∅}
where ∅ denotes the outside option for each doctor. Each couple c ∈ D2 has a
strict preference relation �c over H ∪{∅}×H ∪{∅}, i.e., over pairs of hospitals
including the outside option. The need for ordered pairs arises because couples
will have preferences over which member is assigned to which hospital. While
a couple consists of two agents they should be thought of as a single agent with
preferences over ordered pairs of slots. This is the source of complementarities.

A hospital or an ordered pair of hospitals is acceptable to a single doctor or
a couple if they are ranked above the outside option in the doctor’s and couple’s
preferences, respectively.

Each hospital h ∈ H has a fixed capacity kh > 0. Unlike the doctors, a
hospital’s preferences are not characterized by an ordering over subsets of D
but by a choice function: Chh(.) : 2D → 2D. While a choice function can be
associated with every strict preference ordering over subsets of D, the converse is
not true. The information contained in a choice function is sufficient to recover
a partial order, only, over the subsets of D.

Representing the preferences of one side using a choice function, while, pop-
ular is a modeling choice. Sometimes it is motivated by a desire to adapt the
DA algorithm to a many-to-one setting. In other cases, it can be justified on
the grounds that the relevant side is unable to articulate a preference ordering
over all subsets but can provide a rule for selection instead. We will return to
this matter later in the chapter.

We assume, as is standard in the literature, that Chh(.) is responsive (see ?)
which means that h has a strict priority ordering �h over elements of D ∪ {∅}.
If ∅ �h d, we say d is not acceptable to h. For any set D∗ ⊂ D, hospital h’s
choice from that subset, Chh(D∗), consists of the (up to) kh highest priority
doctors among the acceptable doctors in D∗. Formally, d ∈ Chh(D∗) if and
only if d ∈ D∗; d �h ∅ and there exists no set D′ ⊂ D∗ \ {d}, such that
|D′| = kh and d′ �h d for all d′ ∈ D′. Notice, responsiveness rules out preference
complementarity on the hospital side.

A matching µ is an assignment of every single doctor to a hospital or his/her
outside option, an assignment of couples to at most two positions (in the same
or different hospitals) or their outside option, such that the total number of
doctors assigned to any hospital h does not exceed its capacity kh. A matching
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satisfies individual rationality if all hospitals receive only acceptable doctors,
and all doctors and couples are assigned to acceptable choices.

A matching µ can be ‘blocked’ in three different ways. First, by a pair (d, h)
such that d ∈ D1 prefers h to µ(d) and h would select d possibly over a doctor
currently assigned to it. Second, by a couple, c ∈ D2 and a hospital h such
that the couple prefers to be assigned to h over their current assignments and
h would accept them, possibly over some of its current assignments. Third, by
a couple and two distinct hospitals. In this case, the couple would prefer to be
assigned to the two hospitals (one to each) over their current assignment and
each of the hospitals would accept a member of the couple over at least one of
their current assignment. A matching µ is stable with respect to a capacity
vector k if µ is individually rational and cannot be blocked in any of the three
ways just described.

The example below, due to Klaus and Klijn [2005] shows that in the presence
of couples a stable matching need not exist.

Example 3.1. Suppose two hospitals h1 and h2 and three doctors {d1, d2, d3}.
Doctors {d1, d2} are a couple while d3 is a single doctor. The capacity of each
hospital is 1 and the priority ordering of h1 is

d1 �h1
� d3 �h1

∅ �h1
d2.

The priority ordering for hospital h2 is

d3 �h2
� d2 �h2

∅ �h2
d1.

The preference ordering of the couple is (h1, h2) �(d1,d2) ∅, while that of doctor
d3 is h1 � h2 � ∅.

3.1 Choice Functions vs Orderings

Examples 2.1, 2.2 and 2.3 suggest how one might approach the couples matching
problem. For each single doctor d and hospital h, that are mutually acceptable,
let x(d,h) = 1 if d is assigned to h and 0 otherwise. Similarly, for each couple
c ∈ D2 and distinct h, h′ ∈ H, such that (h, h′) is acceptable to c and the first
and second member of c are acceptable to h and h′, respectively, let x(c,h,h′) = 1
if the first member of c is assigned to h and the second is assigned to h′. Let
x(c,h,h′) = 0 otherwise.2 Finally, for a couple c and a hospital h that are mutually
acceptable, let x(c,h,h) = 1 if both members of the couple are assigned to hospital
h ∈ H and 0 otherwise. Every 0-1 solution to the following system is a feasible
matching and vice versa.

∑
d∈D1

x(d,h) +
∑
c∈D2

∑
h′ 6=h

x(c,h,h′) +
∑
c∈D2

∑
h′ 6=h

x(c,h′,h) +
∑
c∈D2

2x(c,h,h) ≤ kh ∀h ∈ H

(5)

2Note that x(c,h,h′) does not represent the same thing as x(c,h′,h).
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∑
h∈H

x(d,h) ≤ 1 ∀d ∈ D1 (6)

∑
h,h′∈H

x(c,h,h′) ≤ 1 ∀c ∈ D2 (7)

Unfortunately, extreme points of this system are not guaranteed to be integer-
valued.

Let A be the matrix whose entries are the coefficients of the system (5-6-
7). In (5-6-7), each agent (single doctor, couple and hospital) is represented
by a single row. Each column/variable corresponds to a coalition of agents (an
assignment of a single doctor to a hospital or a couple to a pair of hospital slots,
that are mutually acceptable).

To apply Scarf’s lemma we need each of the rows in (5-6-7) to have an
ordering over the columns that are in the support of that row. For the rows
associated with a single doctor and a couple, we can use their preference ordering
over the hospitals (and pairs of hospitals in the case of couples).

For the rows associated with hospitals, this will depend on how the prefer-
ences of hospitals are modeled. If they are characterized by an ordering over
subsets of doctors it induces an ordering over the columns associated with coali-
tions involving either a single doctor or a couple and the hospital h. Notice, it
incorporates preference complementarity on the hospital side. If one is content
to model hospital preferences in this way, we can immediately invoke Scarf’s
lemma to deduce the existence of a fractional stable matching.

However, as noted earlier, hospital preferences are more commonly encoded
using responsive choice functions rather than preference orderings. We out-
line how to use each hospital’s choice function to induce an ordering over the
columns associated with coalitions involving either a single doctor or a couple
and that hospital. Formally, we use hospital h’s priority ordering, �h, to gener-
ate an artificial ordering �∗h over single doctors and couples with the property
that domination with respect �∗h corresponds to stability with respect to the
underlying choice function.

Hospital h will order these columns based on its ranking of the corresponding
doctors assigned to h. If the column corresponds to an assignment of both
members of a couple to h, then, h’s ranking of this column depends on the
ranking of the ‘worst’ member of the couple, as determined by �h. Under this
ordering, there can be ties between columns that correspond to different ways a
couple is assigned. For example, one member is assigned to h, while the other
is assigned elsewhere. To break the ties between these columns, h uses the
preference ordering of the couple. We denote by �∗h this new ordering. We
illustrate the construction of �∗h in the following example.

Example 3.2. There are two hospitals h, h′, one couple c = (d1, d2), and a
single doctor, d3. Hospital h’s priority ordering is d1 �h d3 �h d2. We use
to �h to induce an ordering �∗h over x(c,h,h′), x(c,h′,h), x(c,h,h), and x(d3,h). In
x(c,h,h′), d1 is assigned to h; in x(c, h′, h), d2 is assigned to h; in x(d3,h), d3 is
assigned to h, and in x(c,h,h) both d1 and d2 are assigned to h. In the induced
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ordering, hospital h will rank x(c,h,h) based on the member of c which is lower in
h’s priority order, which is d2. Thus, x(c,h,h′) �∗h x(d3,h) �∗h x(c,h′,h) ∼ x(c,h,h).
The tie between x(c,h′,h) and x(c,h,h) is broken based on the preference ordering
of c. Namely, x(c,h′,h) �∗h x(c,h,h) iff x(c,h,h′) �c x(c,h,h).

3.2 Soft Capacity Constraints

If a stable matching does not exist and one is not prepared to yield on stability,
something else must be sacrificed. Nguyen and Vohra [2018] propose relaxing
the hospital capacity constraints. While not a universal panacea, there are
settings where capacity constraints are ‘soft’, for example, Correa et al. [2019].

How does the softness of the hospital capacity constraints help? Scarf’s
lemma gives us a fractional dominating solution to the system (5-6-7). We
then apply the iterative rounding procedure to obtain an integer dominating
solution. The rounded solution will violate (5) only. For this to be useful the
amount by which the constraints (5) are violated should be modest. Informally,
for any instance of the stable matching problem with couples, find a stable
matching with respect to a ‘nearby’ instance, which is obtained by altering the
initial capacities of the hospitals. The next result shows this to be possible.
Subsequently, we outline why such a result is possible.

A matching with respect to a capacity vector k is a 0-1 solution to (5-6-7).
It is stable with respect to a capacity vector k if it is dominating.

Theorem 3.1. For any capacity vector k, there is a capacity vector k∗ and a
stable matching with respect to k∗, such that maxh∈H |kh−k∗h| ≤ 2. Furthermore,∑

h∈H kh ≤
∑

h∈H k∗h ≤
∑

h∈H kh + 4.

Theorem 3.1 shows that by judicially redistributing capacities between hospi-
tals only a small injection of additional capacity is needed to ensure the existence
of a stable matching.

If one imposes restrictions on a couple’s preferences one can improve these
bounds. One such restriction is when couples prefer to be together, rather than
apart, and a hospital must accept either both members of the couple or none.
Dur et al. [2018] report on a real-world instance where this restriction is imposed
by the designer. While this restriction relaxes the problem because each blocking
coalition only involves the preferences of a single hospital, a stable matching is
still not guaranteed to exist. One might expect that under this restriction some
modification of the DA algorithm could be useful. Indeed, Dean et al. [2006]
adapt the DA algorithm to this instance. It yields the first bound in Theorem
3.1, i.e. maxh∈H |kh − k∗h| ≤ 2. However, it can give no bound to the aggregate
increase in capacity. In contrast, the technique outlined here improves the bound
on individual hospitals to maxh∈H |kh− k∗h| ≤ 1, while preserving the bound on
the aggregate increase in capacity.
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4 Complementarity via Constraints

When preference complementarity is present on the hospital side, it is conve-
nient to incorporate them via distributional constraints on the set of feasible
matchings. In residency matching, the planner may wish to limit the number of
residents assigned to a particular geographical region. In the context of school
admissions, the planner wishes to ensure some level of representation of disad-
vantaged groups within each school. The introduction of additional constraints
necessitates revisiting the definition of stability. Specifically, is a blocking coali-
tion allowed to violate the additional constraints?

4.1 Regional Capacity Constraints

We examine a stable matching problem with regional capacity constraints pro-
posed by Kamada and Kojima [2015]. It involves single doctors only and hos-
pitals that are assigned to one or more sets called ‘regions’. Let R1, R2, . . . Rt

be the set of regions. Interpreted literally, regions would correspond to sets
that partition the set of hospitals but we do not insist on such a restriction. In
addition to the capacity constraint of each hospital, each region, Rs, has a cap,
Ks, on the number of residents that can be assigned to it that may be less than
the total capacity of all hospitals within it.

Using the same notation as before we can describe the set of feasible match-
ings as the 0-1 solutions of the following:∑

d∈D1

x(d,h) ≤ kh ∀h ∈ H (8)

∑
h∈H

x(d,h) ≤ 1 ∀d ∈ D1 (9)

∑
h∈Rs

∑
d∈D1

x(d,h) ≤ Ks ∀s = 1, . . . , t (10)

As before, each single doctor has a strict preference ordering over the hospitals
in H. Each hospital has responsive preferences. As there are no couples we
can interpret hospital h’s priority ordering, �h as a preference ordering over the
doctors in D1.

Kojima et al. [2018] deal with the issue of stability by endowing each region
with a preference ordering over single doctors. This is essential to make the
problem well defined. To see why, suppose two hospitals in the same region
each with capacity 1. The regional capacity constraint is 1 as well. Hence, at
most one of these hospitals can be matched to a doctor. Suppose two doctors
have a preference for being matched to the hospitals in this region. One doctor
prefers the first hospital and the other the second. Each hospital’s preference
ordering alone cannot determine which one of these doctors will be matched to
the region. Thus, the need for a regional ordering over doctors. Hence, each
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constraint of (8-10) has an ordering over the columns/variables that ‘intersect’
it. In this way all the conditions needed to invoke Scarf’s lemma are present.3

If the collection of regions forms a laminar family, that is for any pair Rs and
Rp either one is contained in the other or they are disjoint. A standard result
(e.g. Edmonds and Giles [1977]) says that if the regions form a laminar family,
then, every extreme point of (8-10) is integral. Hence, this system admits an
integral dominating solution, i.e., a pairwise stable matching exists. Kojima
et al. [2018] and Fleiner and Kamiyama [2012] derive the same result using the
DA algorithm. However, if one drops the laminarity restriction on the regions,
then, the DA algorithm fails. As is shown next Scarf’s lemma can still be
deployed and generate a matching that satisfies the stronger condition of group
stability.

4.2 Multiple Dimensional Knapsack Constraints

In this section only, we depart from the doctor-hospital metaphor as it will not
bear the strain of the variations we will now consider. The setting now is that of
assigning families who happen to be refugees to localities within their country
of refuge (see Delacrétaz et al. [2019], Nguyen et al. [2019]). It will generalize
the problem of couples matching in two ways. First, on one side is a set F of
families of varying sizes. Couples matching corresponds to families of size at
most 2. The hospital side corresponds to localities. However, unlike hospitals,
the preferences of the localities cannot simply be described by a responsive choice
function because families consume multiple resources, not just space, and do so
at different intensities. For example, the educational resources consumed will
depend on the number of school-age children. Senior care resources consumed
will depend upon the number of elderly. Each locality is also interested in the
likelihood of family members finding employment. This setting will also be used
to show how one can ensure group stability rather than just pairwise stability.

Let L be the set of localities and for each ` ∈ L and f ∈ F let v1,f be a
cardinal value v`,f that increases with the probability of member of f finding
employment in `.

For each f ∈ F , let a1f , a
2
f , a

3
f be the number of children, adults, and elderly

in the family f . For each l ∈ L let c1` , c
2
ell, c

3
` be the limit on the number of

children, adults, and elderly that locality ` can absorb.
Given a subset of families K, denote by ch`(K) the choice function (corre-

spondence) of locality `. Locality ` will select a subset of families in K that
satisfies its capacity constraints on children, adults and the elderly and maxi-
mizes the sum of v`,f s chosen. If we set z`f = 1 if family f is selected by locality
` and zero otherwise, ch`(K) can be expressed as a solution of the following

3In Kamada and Kojima [2015], hospitals have choice functions rather than preference
orderings. See Section 3.1 for a discussion of how one can adapt Scarf’s lemma to the case of
choice functions.
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integer program:

max
∑
f∈K

v`fz`f (11)

s.t.
∑
f∈K

asfz`f ≤ cs` , for s ∈ {1, 2, 3} (12)

z`f ∈ {0, 1} (13)

Now ch`(K) does not satisfy the substitutes property. In fact, the prefer-
ences here can exhibit both substitutes and complementarity. A pairwise stable
matching need not exist and even if it did, it needn’t be Pareto optimal, see
Nguyen et al. [2019] for an example.

If one follows the approach taken thus far, each column of the matrix A
corresponds to a family and location pair. Therefore, domination would only
capture pair-wise stability. To capture group stability, we need the columns to
correspond to all potential blocking coalitions. The resulting A matrix is dense
which means the rounding step cannot guarantee small violations of the soft
capacity constraints.

Nguyen et al. [2019] overcome this problem by introducing contracts that
specify both a family-locality match as well as a “price” for each one of the
scarce resources that are consumed by the family at that locality. A contract
between family f and locality ` is represented by a variable xf,`,p ∈ [0, 1], where
p is a 3-dimensional price vector specifying one price psf,` for each constraint or
resource s at `. Interpret vf,` as the total value of the match between family f
and locality `. The prices must be chosen so as to apportion the value between
the family and the locality by resources consumed, i.e.,

3∑
s=1

asf,` · psf,` ≤ vf,`. (14)

Let Pf,` be the set of all feasible price vectors p satisfying equation (14).
The following infinite dimensional linear system describes the set of all fea-

sible fractional matchings.∑
`∈L

∑
p∈Pf,`

xf,`,p ≤ 1 for every family f. (15)

∑
f∈F

∑
p∈Pf,`

asf,`
cs`
· xf,`,p ≤ 1 for every locality ` and s ∈ {1, 2, 3}, (16)

If we discretize the sets Pf,`, we ensure that (15-16) is finite-dimensional. In
fact, Nguyen et al. [2019] show that there is a sufficiently small but positive
discretization such that a dominating solution with respect to the discretized
system is dominating with respect to the original system.

It remains to specify the ordering of each row over the columns that are in
the support of that row.
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• Consider the constraint (15). Its associated ordering is based on the pref-
erence list �f of family f over localities. The row corresponding to a
family f is indifferent between any two columns xf,`,p and xf,`,p′ for any
p 6= p′.

• Consider constraint (16) which corresponds to the locality–service pair
(`, s). The corresponding ordering is based on the decreasing order of
the price psf,`. Therefore, the (`, s)-row prefers xf,`,p to xf ′,`,p′ if psf,` >
p′sf ′,`. Hence, the row corresponding to (`, s)-row, prefers the contract that
“pays” a higher price for s. The (`, s)-row is indifferent between the other
columns.

It is not obvious that these orderings capture any information about the pref-
erences of localities, but they do, as shown in Nguyen et al. [2019]. The key is
that the prices of the contracts in a dominating solution correspond to the dual
variables associated with (16).

Let x∗ be a dominating solution to (15-16). For each pair (f, `), there is at
most one p ∈ Pf,` such that x∗f,`,p > 0.

By setting

z∗f` =
∑

p∈Pf,`

x∗f,`,p,

we obtain a fractional matching. Furthermore, for each locality `, define the set
of families K to be the families that are assigned with positive probability to
a less desirable locality compared with `. One can show that z∗f` is an optimal
fractional solution to (11-13) which can be verified by using the price vector p for
which x∗f,`,p > 0 to generate dual variables that complement the chosen primal
solution. This shows that z∗f` is a fractional (weakly) group-stable matching.

Using the iterative rounding technique, discussed in Section 2.2, we can
round the fractional group-stable matching z∗ into an integral z̄. z̄ satisfies (15)
and a relaxed (16), whose right hand side is replaced by 1 + ∆ where ∆ :=

maxf,`{
∑3

s=1

as
f,`

cs`
}. Thus, the rounding technique yields an integral matching

z̄ that corresponds to a group-stable matching with respect to new capacities
c̄s` , where c̄s` ≤ (1 + ∆)cs` .

4.3 Proportionality Constraints

The application of Scarf’s lemma requires the constraint matrix that describes
all feasible assignments of agents to coalitions, A, which must be non-negative.
When distributional concerns are expressed in terms of proportions i.e., the
fraction of students of a particular type must be within some specified percentage
of all students, this condition is not met.

One can replace proportionality constraints with capacity constraints. Sup-
pose, for example, the constraint states that at most 20% of the students in a 100
seat school can be of a particular type. Replace this with the requirement that
at most 20 students in the school must be of the relevant type. This switch is
not benign because it assumes that the school will be at full capacity. Whether
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this is true or not depends on student preferences and the algorithm used to
assign them to schools. Hence, we insist on the proportionality constraints but
we will treat them as being ‘soft’ which is consistent with the way rules are
written in some school choice settings. We now show how to describe the set of
feasible matchings using linear inequalities.

As before, let D1 be the set of single doctors. For each hospital h, let
Dh := {d : d �h ∅, h �d ∅} be the set of single doctors acceptable to h and who
find h acceptable. Each Dh is partitioned into Th sets: Dh = Dh

1∪Dh
2∪. . .∪Dh

Th
.

A doctor d ∈ Dh
t is said to be of type t for hospital h. No two hospitals need

to have the same partition. Thus, one hospital may choose to partition doctors
by race and another by socio-economic status.

The proportionality constraint is that at each hospital h, the proportion of
doctors of type t for each t must be at least αh

t of the total number of doctors
assigned to hospital h. The set of feasible matchings corresponds to all feasible
0-1 solutions to the following:∑

h∈H

xdh ≤ 1 ∀d ∈ D1 (17)

∑
d∈D1

xdh ≤ kh ∀h ∈ H (18)

αh
t [
∑
d∈D1

xdh]−
∑
d∈Dt

h

xdh ≤ 0 ∀t = 1, . . . , th ∀h ∈ H (19)

Here 0 ≤ αh
t ≤ 1,

∑
t α

h
t ≤ 1. Notice, setting all variables to zero is a feasible

solution.
In the presence of (19), one needs to modify the usual notion of blocking

to rule out blocking pairs that violate (19). One might define (h, d) to be a
blocking pair if d prefers h to her current match and either i.) h can accept
d without violating its capacity and proportionality constraints, or ii.) h can
replace a lower-ranked doctor (according to �h) with d so that h’s capacity and
proportionality constraints are not violated. This is a weak notion of stability
that can lead to a matching that is “wasteful”. The empty matching, for ex-
ample, would be stable! Even if one excluded empty matchings as candidates
for being considered stable, we would have a problem, as shown in the next
example.

Example 4.1. Consider a single hospital h with capacity 100 and 100 doctors
d1, . . . , d100. All doctors strictly prefer to be matched to h than remain un-
matched, while the priority order of the hospital is d1 �h d2 �h · · · �h d100.
The set of doctors are divided into 2 subgroups, Dh

1 = {d1, d3, . . . , d99} and
Dh

2 = {d2, d4, . . . , d100}. The proportionality constraint is that at least 50 per-
cent of the doctors in each subgroup are accepted.

Under the naive stability definition above, the matching that assigns d1, d2 to
h is stable because no single doctor can form a blocking coalition with h because
of the proportionality constraints. This matching is undesirable compared to
the one that assigns all doctors to h.
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To overcome the waste of 98 positions in example 4.1, one must allow each
hospital to accept subsets of doctors who demand it without violating the con-
straints. Therefore, stability in this context cannot be restricted to just pairwise
stability. One must allow for “coalitional” blocks that contain multiple students.
We refer the reader to Kamada and Kojima [2017], Nguyen and Vohra [2019]
for further details.

Once one settles on an appropriate definition of stability, the second difficulty
is how to apply Scarf’s lemma. Some of the coefficients in inequality (19) are
negative. Thus a direct application of Scarf’s lemma is impossible. However,
Nguyen and Vohra [2019] propose a work around. Denote the constraints (17-18)
by Ax ≤ b. Denote (19) by Mx ≥ 0. Now, {x ∈ Rn

+|Mx ≥ 0} is a polyhedral
cone and can be rewritten as {Vz|z ≥ 0}, where V is a finite non-negative matrix.
The columns of V correspond to the generators of the cone {x ∈ Rn

+|Mx ≥ 0}.
The ‘trick’ is to apply Scarf’s lemma to P ′ = {z ≥ 0 : AVz ≤ b} and use
rounding to yield an integer x∗ that is stable such that∑

h∈H

x∗dh ≤ 1 ∀d ∈ D1

∑
d∈D1

x∗dh ≤ kh ∀h ∈ H

ᾱh
t [
∑
d∈D

x∗dh] ≤
∑
d∈Dt

h

x∗dh ∀t h ∈ H,

where

|αh
t − ᾱh

t | ≤
2∑

d∈D x
∗
dh

.

Notice, the violation of proportionality constraints at hospital h is bounded
by 2

# assigned students at h . If a hospital accepts more than 100 students, the
matching violates the diversity constraints by at most 2 percent. However,
the violation increases as the number of accepted students decreases which can
be interpreted as smaller schools having “softer” diversity constraints. What de-
termines whether a school receives a small or large number of accepted students
are student preferences. The set of “small” schools cannot be determined a pri-
ori from capacity information alone. A large capacity school that is unpopular
could end up with a number of students that is well below its capacity. Thus,
relaxing their proportionality constraints allows them to recruit more students.

5 Other Methods

In this section, we briefly discuss other methods for dealing with complemen-
tarities and externalities in matching.
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5.1 Restricting Preferences

In the matching with couples problem, we can guarantee the existence of a
stable matching by restricting the preferences of couples so as to limit the degree
of complementarity exhibited. Klaus and Klijn [2005], for example, propose a
restriction (called weakly responsive) based on interpreting a couple’s preference
ordering over-ordered pairs as being a particular aggregation of the individual
preferences of each member of the couple.

Under this restriction, Klaus and Klijn [2005] shows that a stable matching
exists via the DA algorithm. However, the DA algorithm must have access to
the preference orderings of each member of the couple as well as the couple’s
ordering. Hence, whether one can use the DA algorithm in practice will depend
on how couples are asked to communicate their preferences.

Other examples of restrictions are (Cantala [2004], Pycia [2012], and Sethu-
raman et al. [2006].) Like Klaus and Klijn [2005], they rule out certain com-
plementarities in preferences. Interestingly, Tang et al. [2018] has shown that
under some of these preference restrictions, all dominating extreme points are
integral. This is surprising given that not all the extreme points of (5-7) are
integral.4

On the flip side, by allowing for ‘extreme’ kinds of complementarities such
as ‘all or nothing’, one can guarantee the existence of stable matchings. See
Rostek and Yoder [2020] for an example.

When the hospital side has distributional preferences, it is common to mod-
ify their choice function so as to favor various groups. If the modified choice
function is specified in the right way, the DA algorithm (or some variant) will
find a stable matching. However, there is no ex-post guarantee on the realized
distribution.5 Examples of this approach can be found in Ehlers et al. [2014]. In
lieu of an ex-post guarantee, some authors focus on priorities that will produce
distributions that are closest to a target distribution, see Erdil and Kumano
[2012] and Echenique and Yenmez [2015].

5.2 Large Markets

In other settings (see Aumann [1964]) it is well known that one can wash away
the problems caused by complementarities by making the underlying economy
large. The same is true in the matching context as well. See ?? for more details.

Kojima et al. [2013] and Ashlagi et al. [2014], for example, show that in a set-
ting where applicant preferences are drawn independently from a distribution,
as the size of the market increases and the proportion of couples approaches 0,
a stable matching exists and it can be found with high probability using a mod-
ification of the DA algorithm. However, Ashlagi et al. [2014] shows that when

4In the case of weakly responsive preferences, the algorithm for finding a dominating ex-
treme point only requires access to the couple’s ordering and not the individual ones.

5If one is not careful, there is also a “circularity” problem, in that stability is defined with
respect to the modified choice function.
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the proportion of couples is positive, the probability that no stable matching
exists is bounded away from 0 even when the market’s size increases.

Beyond the large but finite setting is the continuum. Greinecker and Kah
[2020] provides a nice summary of the measure theoretic issues associated with
both defining what constitutes a matching as well as stability with a contin-
uum of agents on both sides. They propose that matchings be interpreted as
joint distributions over the characteristics of the populations to be matched and
introduce a novel stability notion for pairwise matchings based on sampling.
They show that stable matchings exist and, importantly, correspond precisely
to limits of stable matchings for finite-agent models.

Prior work assumes a continuum of agents on one side only or that there
are a finite number of distinct types of agents. This has the advantage of side-
stepping some of the measure theoretic issues present in Greinecker and Kah
[2020] as well as providing ‘interpretable’ characterizations of stability. Azevedo
and Leshno [2016], Azevedo and Hatfield [2015] as well as Che et al. [2015], for
example, guarantee the existence of a stable matching and characterize it in
terms of thresholds which are the analog of prices.

Even in these cases, Scarf’s lemma may be useful. Wu [2018], for example,
introduces a convexity condition for matching problems that via Scarf’s lemma
implies that the core is nonempty. It allows for arbitrary contracting networks,
multilateral contracts, and complementary preferences. The condition is not
related to preferences but the space of feasible matchings. It requires that the
set of feasible allocation is convex and that for each potential block, the set
of unblocked allocations is also convex. This convexity condition is present in
Azevedo and Hatfield [2015] which allows him to extend that paper to doctors
having continuous preferences over a continuum of alternatives.

5.3 Relax Stability

A third approach is to relax the stability requirement. Manlove et al. [2017],
for example, proposes finding a matching that admits the minimum number
of blocking pairs. However, they show that this problem is also NP-hard and
difficult to approximate. Even were this not the case, this relaxation of stability
is problematic. Consider a stable matching with a single blocking coalition.
It is possible that was this block to form, it would trigger an entire chain of
blocks that were not initially present. Others modify the notion of stability
so that some modification of the DA algorithm will succeed. See for example,
Klijn and Masso [2003] and Dur et al. [2018]. Depending on the context, these
modifications need not capture the original spirit of the notion of stability.

6 Open Questions

An attractive feature of the DA algorithm is that it is strategy-proof for the
proposing side but it is not a property enjoyed by all dominating solutions. A

18



natural question is to determine whether it is possible to identify a dominating
solution in a strategy-proof way.

Just as the DA algorithm can be modified to find a stable matching that
favors one side or the other, one may ask whether the same is true for dominating
solutions. In two-sided settings how does one find a dominating solution that
favors one side over the other?

Finally, it would be interesting to identify other instances where determining
a dominating solution can be executed in polynomial time.

7 Notes

The stable matching problem was introduced in Gale and Shapley [1962]. Ex-
amples of extensions of Gale and Shapley [1962] can be found in Fleiner [2003],
Hatfield and Milgrom [2005], Ostrovsky [2008], and Hatfield and Kojima [2010].

Complementarities and side constraints are studied in many applications
of matching markets. For examples of complementarities in school choice see
Delacrétaz [2019] and Correa et al. [2019]. Abdulkadiroglŭ and Sönmez [2003],
Biró et al. [2010]) and Huang [2010] deal with proportionality constraints by
converting them into constraints on absolute numbers.

The Scarf quote being paraphrased appears in Scarf [1994]. The published
version of Scarf’s lemma is Scarf [1967]. The version of the lemma we state
appears in Scarf [1965]. A modernized version can be found in Király and Pap
[2008]. The proof given follows Scarf [1965] with a simplification that avoids a
double limit argument. The first finite time algorithm for finding a dominating
extreme point is given in Scarf [1967]. The proof that the problem of finding a
dominating extreme point is PPAD complete is in Kintali [2008]. The iterative
rounding technique is described in Lau et al. [2011].
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