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1. ETE MADI 'S INEQUALITY

2. WEAK CONVERGENCE OF EMPIRICAL ☐ 1ST
.
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THEN lt ✗SO
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IP / max / Sal > 3✗ )
1£ KEN

I 2 P( Isn / 3 a) +
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PROOF :

DEFINE :

A := { max Isnt 33×3
ISKEN

FOR It kzn

An := { max

' sjsu , 1%1<3*3
A { 15kt 23×3

& A
,
:= { Is , I > 3✗ }



OBSERVE :

n

• A = U Ak .

k= I

• Ak ARE DISJOINT

CONSIDER :

p(A) =
☒ ( An { Isnt > × } )
+ P( An { Isnt < × } )

± P( Isnt > x )
+ P( {Aan{ Isnt < × }})



⇒ ☒ (A) I P( Isn ) >,x )
n

+ EP / d-an { Isnt '< × } )
k=l

OBSERVE !

BY DK INEQUALITY :

/ Sal £ Isn - Sel + Isnt

SUPPOSE : { / Sn / < × ) & Ak HOLD .

→ Isn - Sal % Isnt - Isnt

z 2x
.



THAT IS :

An n { Isnt < × }

c Az n { Isn - Sel → 2x}

-
: IP (A) s IPC Isnt > x)

+ É P( Ann { Isn -Salva})
.

k= I



BY DEFINITION OF Sk
,

An 1- { Isn - Sal >, 2x }
.

⇒ IP (A) s P( Isnt > x)

+ É ☒ ( Aa) ({ Isn -salon})k=l

I P ( Isn 17k)

+ IP (A) . Max P( Isn -Sel > 2x)
1 EKIN



FINALLY :

ta - b / ? 2x

→ lab > ✗ OR Ibl > ✗ .

i. P( A) I P( Isnt > ×)

+ max P({Isnt > ×}u{ Isnt > ×})
12k En

I 2P( Isnt > x ) + max P( Isnt > x)
IEKSN

I 3. man 1P( 45kt > x )
.I Eksn #

.



2. WEAK CONVERGENCE OF EMPIRICAL

DISTRIBUTION :

THE REMA :
IF { zn } ARE IID UNIFORM

WITH SUPPORT [oil] AND

Znct ) := Tn ( Galt) - t )•
WHERE : Gn (f) IS THE DISTRIBUTION FUNCTION

CORRESPONDING TO A UNIFORM D)ST . OF ¥
,

MASS

ON INTERVAL [ 4in ,) , 31;) ] , { (03^-0) {(nee) =) ,
({ (1) , - - - , {(n )) ARE THE ORDERED STATISTICS OF

( 2 , ,
- - '

/ Zn ) .



THEN :

Zn ⇒n Wo
/

WHERE w° IS THE SO - CALLED BROWNIAN BRIDGE

PROCESS .

y - - - - - , r - -
, - . ⑥
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BROWNIAN BRIDGE :

GAUSSIAN
PROCESS ON [Oil] WITH THE Following

PROPERTIES :

1. GAUSSIAN MARGINALS it C- C- (0/1)
,

E- WE :O

E- WIZ = t.ci -t) ft

W°
,
=o = WI . (a. s )

2. COVARIANCE :

E- WEW's = Sltt ) it Sst .



ALSO KNOWN :

WE = We - twi 0 ft I 1 .

p(w° c-A) = IPCWEAI w , -0) .

" TIED DOWN
"

B - M .

/ ÷hTfrri .
t

0



GLIVENKO - CANTELL ' THEOREM

n

F. It) ÷ In E I{ size } V-tc-co.it
i=i

THEN !

Fn ⇒
n
F as a→ is

[ Fat / =t ltttcoii

Recall : Full ) = F- (c) = 1

in ( Ents) - Fal ) = 0



(
TH - 12.3 IN

A USEFUL TIGHTNESS CRITERION :
BILL. 19688)

THEOREM B ! { ✗n } C C is TIGHT IF :

( i ) { ✗not} is TIGHT

Cii ) 7 CONSTANTS V70 4 ✗< I 4 A

NON - DECREASING FUNCTION F ON [• is] S.T.

P / lxa (ta) - ✗act,) I 3 A) I ¥ IF Ctc) - Fail /
✗

HOLDS it tytz qn it ATO ..¥
A STRONGER CONDITION :

El Kita) - ✗nite) /
°

I /Flat - Flt ,) / ?



PROOF OF THEOREM A :

( I ) CONVERGENCE OF THE FDD 'S :

FIRST CONSIDER A SINGLE C- C- [ 011]
.

Zaltl = Tn ( Galt) - t)

BY DEMON RE - LAPLACE :

ZACH ⇒ V10 , tltt ) ) .

FOR THE GENERAL CASE : +0=0 Lt , < tzL - - . Ltd -41

( Zack) , Zaltz) - Znlti ) , . . ., Znltd)
-Zaltd-1 ) )

⇒ ( o , Ed ) Tia = (ti -ti -1) ( total



THIS Follows FROM THE MULTINOMIAL CLT .

( Znlt ,) , Znltr) , . . . , Znltd) ) CONVERGES TO THE

" RIGHT
" GAUSSIAN R.V. WITH COVARIANCE

MATRIX Éd WITH ENTRIES Ñk= ti ( 1- tie)
.

( i) TIGHTNESS .

- VERIFY THEOREM B .

E / Znltz ) - Zulte)|
"

=iE / (Gnlta ) -Gnlti ) ) - ( ta -ti ) /
"

*
.I 6 It , - tip ?



FINALLY : CONSIDER Fnlt) := In ÉI[ 2. set} -
i =\

IT CAN BE SEEN :

/ Fnlt ) - Galt) / ? In OLTL /
.

LET
,
Ynlt) : = Tn ( Fnlt ) - t ) . THEN

Sgp / Ynltl - Znct ) /
t ¥ '

I



IF F IS NOT UNIFORM
,
THEN ,

Yn ⇒
n

WTF
. #

D0NALDFElG!

Zlt ) = Flt) + tgnwlt)


