
 

A metric space se

is defined by a spaces
and a metric f

The metric l is a function

l Sx s Rt such that

V R
Y

Z E S

C f x
y

0 iff Ky
ii else y fly n

hi fay s fee Z Thy



Examples

i Euclidean plane IR

For each x
y E IR

easy fatty
ii Function Space C a b

each point is a real valued

function on a b

TG y sup att yal
te Lab



For a subset A E S

we denote

i A for closure

A for interior

ii JA A A for boundary

Also

Ha A int tiny
YEA

1C A is uniformly continuous
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Ha A int tiny
YEA

1C A is uniformly continuous



The metric f is said

to be finer than 7

if the open sets generated

by f subsume those off
that is

0 2 0

where O O are the classes

of open sets generated by f
and f



Two metrics f and I
are said to be equivalent

if each is finer than the

other

S T and Sh are then

homeomorphic



The space
S is separable

if it has a countable

dense subset

The following are equivalent

i S is separable
s has a countable base

Lii Each open cover of each
subset of S has a countable

sub cover



The space
S is complete

if Cauchy sequences are

convergent with limit in S

that is

sup f ai Nj 0

i jen
implies

Rj ne s



Separability is a topological

property completeness is

not a topological property

Loosely separability does
not depend on the metric

but completeness does



A set A is compact if
any open

cover of A can be

replaced by a finite
sub cover

Compactness is a topological

property



An E net for A is a set

rn such that for each
RE A F r such that

f x na L E

The set A is called totally
bounded if for each e o

it has a finite e net



The following are equivalent

C A is compact
ii Each sequence in A

has a convergent subsequence

iii A is totally bounded

and A is complete



Examples for Intuition

First recall the concepts

i Separability the space
S is separable if it has
a countable dense subset

completeness the
space se

is said to be complete
if Cauchy sequences are

convergent



Examples for Intuition

First recall the concepts

Iii Compactness S is said to

be compact if for each

an E S there exists

Raj
R e S

Iv Separating class S E S is

a separating class of sets
in S if
P A Q A Y A E S

PLA QA Y A ES



Examples for Intuition

1 Separable but not

complete
the space S I o is

clearly separable but not

complete under

tea y It y
S I o is not compact



2 The space

1 n a 4 hi D
ca sup leg B o

is not separable
however the space
l n a ai ai

Cpr I E I c o

is separable

I and l are complete



3 Define

Gen ye R yes ni ie

N

E

Consider

g Gas ne R

We can show that G is a T system

that generates B R Hence

G is a separating class



4 R is the space of
sequences n R Nz

equipped with

the y bei Yi
i zi

b sp I x 1a p

D

IR is separable and

complete



4 contd

Define IT RT Rk

Th N Ki Ra Kk

and the finite dimensional class

RT IT H H e BIRD

Rj is a t system generating

BC RT hence a separating
class



5 The space
c o I of

equipped with the metric

fley splat yes tea
L CEO D is the Borel
a field

CLO I is separable and complete
but not compact



5 contd

Define

G III t.tt He BCR

Where Itt kz at Utd

t
o t ta t t ta

G is a T system that generates

e and is hence a separating class


