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For the metric space Se

S denote the Borel a field

For a probability measure

P on S S we write

Pf to mean ffdP
S

for bounded continuous

real valued f



For
probability measures

P and P we
say

Pn
converges weakly to

P and write

Pn y p

if
Pnf Pf

for f e BC s where

BC s bounded continuous
real f on S



Theorem t t

Every probability measure

P on S S is regular
that is for each At S

I closed F E A and

open G A such that

P G F L E

E o arbitrary



Proof of Thm 1.1

Lets identify a class f of sets
in S that satisfies the prop
C Put the closed sets in

Suppose A is closed

Choose F A and define

Gs res l n A is

Then

P G F P GS PCF

However if Str o then

poi d E F



and hence

P AGS I PLF as Sto

Note S is
open and

closed

Ci closed under complements

Suppose A E S satisfies
the assertion Then A

does as well

ii closed under countable

additivity

Suppose An E S satisfies
the assertion that is for en o



I Fn closed and an open
so that

Fn E An E Gn Al

and P Gn Fn E En

Choose En 92 1

Hence

UFn E VAN E U Gn
n n

L V

not nec closed open

Find no so that

P UF UF EMen

and notice that

UF E U An E Un Gn
n Eno n



Hence G is a o algebra

containing the open sets

Conclude G IS



A sub class G C S

is called a
separating

class if a probability
measure is completely decided

by its values on s that is

if
PLAY Q A H A'ES

then
P A QA Y A E S



Theorem 1 I implies that

the closed sets in S

form a separating class

that is they completely
decide the probability measure



Theorem 1.2

Probability measures P

and Q on S coincide if
Pf Qf t f e BCS



Roof of Theorem 1.2

Suppose that for any
closed AES

we are able to find a

function f e BC S such

that I E f E Ia where

A res La A se

Then notice

PLA PIE PIE QfÉQA
Since Q A I QEA as e to

above implies PCA E Q A

if A is closed Similarly QAKRA



IA1

É É

it

flat l l a A

A E

Notice that

IA E fa t Ine



A probability measure

P on S S is
tight

if for each e o

F a compact set K

such that

P K I E



A family Tl of probability
measures on S S

is
tight if each

measure in IT is tight

We will show later that

if IT is tight then it is

relatively compact



Theorem 1.3

If S is separable and

complete then each probability

measure on S S is tight



Proof of Thm 13

Complete Totally Bounded

relatively compact
o o o o o o o o

Since S is separable we can

find a countable number of
balls Ajk j 1,2 each of
radius at that covers S

We can find na so that

PC U Aja
I E

jerk



Also notice that since S

is complete the closure

of I Yen Aja is complete

The set I Yan Aj is totally
bounded

Conclude K I Yan Aja has compact

closure Also P K I E

since

P K P Y Yn A D ee


