



































































































































Recall
P P

means

Pnf Pf
l

for all bounded continuous

real valued functions on S

We will take 1 as the definition
of weak convergence






































































































































S S is some arbitrary

space
and let Rn KES

Example 2.1

Define the sequence of
measures

Pn San P E S

yea
t yea

O OW






































































































































Claim P P if and

only if an r

Let's prove

Suppose an R

Then

Pnf fan fr Pf






































































































































Now
suppose an I a

nj

We can find anj.jo

s t 112 Nj
E

Consider the function

fly L fly

E fee
or






































































































































Notice

Png f f ang 0

fu Pf l

II






































































































































Example 2.2
Fundamental
Thin of Simulation

S o D flay la yl
Let Rn Rnz Knan be

in pts sprinkled unit on E B

For
any interval JE o D

I nj 151
j l

I Dm xx f






































































































































Pn assigns
a point mass

at each Rnj j 1,2 tn

kn

IatanjP A
In j 1

Claim P P where

P is the Lebesgue measure on LoD






































































































































bounded cont real valued

Proof r fns one

Consider
any f e BCED

Since f is Riemann F

sub intervals I s t

ITT I 1 IT

If lil Jil s e

i

Ui Jil ft s e

hi if flu ai sup fu
REED REED






































































































































Proof contd

Eli Jil E ft E uitJil
i

Notice however

II Fam Xx IET
Him I Mt

An

Pnf I Etten Eli Jil
i

An

Pnf I Efendi EI
Jil

i

Conclude Pnf ft Pf






































































































































Portmanteau Theorem 2.1
S S

The following are equivalent

I P Y P

Ii Pnf Pf for all bounded

unit cont f
Iii limnsup P F E PF for all

closed F

iv limning P G PG for all

open G
v Pn A PA for P continuous

sets A






































































































































Proof Sketch
i M is trivial

Cii

Invoke our old friend

fee I REIT
lineup P F E limn sup Pnf

Pf Pff
PF

As Et o PFE I PE PF
since F is closed






































































































































Proof Sketch

ii Civ

G is closed and so

him sup P G E P G
n

limp up 1 RG E l PG

I limning RG E l PG

him inf P G I PG
n






































































































































Proof Sketch

Cii C

A is the interior of A
II is the closure of A

A 2A A At JA I

limnsupP.AE limnsup RI EPI

limning P A limning P I PA

Since PDA o PA PA PA

Conclude P A PA






































































































































Proof Sketch
v i
Consider f e Bc S and

say
whoa that oaf a 1
D

Pnf JP If t at

1 I

P f Ddt Pf Ddt Pf
0

However
I

himJP f Ddt fling P.lt Ddt






































































































































Proof Sketch

him P If t Pff t

by v if f t is a P continuity

set Also OH E E ft

Plf t 7
t

P f t has at most countable no

of jumps






































































































































Usually S is too big so

we look for a convenient

sub class of S which will

ensure weak
convergence






































































































































Theorem 2 2

Ap ES Suppose

i Ap is a T system and

Ci Ap generates the
open sets

If P A PA for A e Ap
then P XP






































































































































Theorem 2 2 Proof Sketch

Let G E S be open

due to ii I Aj E Ap sit

G UAj 4
j

due to it Fr

P I Aj PLEA
2






































































































































Theorem 2 2 Proof Sketch

contd

Choose r so that

P I Aj PCG e

3

Then

liminf P G him in f P I Aj
2

PC Aj PCG e






































































































































Theorem 2.2 is useful

but checking ii can be

inconvenient






































































































































Theorem 2 3

Ap ES Suppose
i Ap is a T system

Ci S is separable and

iii for each ne S and E o

F A e Ap so that É

R E A E A C B R E

If P A PA for A e Ap
then Pn XP






































































































































Theorem 2 3 Proof Sketch

Take
any GES open

Due to d sci we can find

Aj E Ap such that

G U Aj
j

Now follow proof of Thm 2.2






































































































































Notice that Thms 2.1 23

essentially characterize a

class smaller than S which

guarantee weak convergence

Lets make this formal






































































































































A sub class A of S is

called a
convergence determining

class if

P A PA VAEA

implies
Pn XP

convergence det Separating

Separating t convergence det






































































































































Theorem 2 4

A ES Suppose
i A is a T system and

Ci S is separable

Age class of sets satisfying
i of Thm 2.3

iii 2A contains 0 or

uncountably many disjoint
sets

Then A is a con v det class






































































































































Let's look at examples

of con v det classes

i






































































































































Example I

Rt k dimensional Borel a algebra

The class A containing rectangles

y ait JE bi iiis k

v

is a con v
determining

class

Why It satisfies postulates
of Thm 2 4






































































































































Example I contd

The class A containing southwest

quadrants
is

v

Qa y gitai ish

is a
convergence determining

class






































































































































Example I

S IR R R R Kjell

Th n R Nz Rn Rf IR

For H e Rk

TECH Re R True H

Rj TÉ H Herr K

H is the k dim Borel set






































































































































Example I contd

Consider K E R e 0

z.pt
An

choose 24 o YE

NE ALC AG B R E

I
B ME

Ay y Yi Ri 2 for it k

2A ye Az Yi ri 1 2 some

Hence boundaries are disjoint Thm 24applies

RI is a conv det class






































































































































Example I

S C o I is the space of
continuous functions with

7 ay sp
Kt yes

ÉÉÉÉ
Tt tha at atty

Cf ITI t.CH HER Ks






































































































































Example Il contd

consider thefollowing

z.lt ntIgli
I L na E I it teED

in an T

Z t O te Lo D

P Sn P 8

Pn P because ftp.z 140






































































































































Example Il contd

However consider any AEG
A TI H for some K

and H e Rt

if A 7 0
PA

if A 0

And

Pn A o if I t

So we have found Pn P so that

Pn P but Pn A PLA AEG
Cy is not a con v det class






































































































































Some more terminology
some metricspace

n

for h S S we say
h is measurable S S

if H A es for AES

the prob measure Ph

Ph A P HA






































































































































We need conditions under

which P Y P implies

Pati Pi

h S S continuous will

do the job






































































































































Theorem 2 7 Mapping
Them

Suppose his measurable

S s and Dues is the

set of discontinuities of h

If P 7 P and P Dn 9

then Pnh 7 Ph






































































































































Theorem 2 7 Proof Sketch

Take a closed set Fes

We are done if we can prove

him
sup Pt F E PRE

due to Portmatey
Notice

P ti F Pn He

E Pn h F






































































































































Theorem 2 7 Proof Sketch

If h is continuous at res

and ne n F then KENCE

Therefore

K F ADY e RE
and

P HF P Hindi
P KHADI

PIKED PIKED
174






































































































































Example Application
Random Variate Generation

Let F R E I be a

distton function

Y u if n Fa u

quantile function

Y o I IR is non decreasing

and hence Dy is countable






































































































































Example Application contd

Random Variate Generation

Suppose P is the Lebesgue meas

on o I Then Py has

the distribution function F

Lets see why






































































































































Example Application contd

Random Variate Generation

F

iii

ya

i

Py to D P u Yale

P u Fri u

Fa






































































































































Example Application contd

Random Variate Generation

Let P be the measure from

Example 2.2 I EID xx I

Recall that P P

Since Pdp 0 conclude

from the mapping theorem
that

Rp ppl









































































































































