



































































































































Random Elements widened random

variable

Suppose G F P is

probability space
and let

X I S be measurable

F S where S is a metric

space

random variable X one
random vector
random sequence X in s
random function






































































































































The distribution of X is

ist

the measure Q PX
a

d
is51

on S S defined as

I A P X A

P w XIE A

P X E A

P is defined on an arbitrary F

Q is defined on the Bord S






































































































































Notice

I Suppose f is measurable S R

then

Eff xD Sf X DdPlug

JIE a d Q n

is i ji i

ÉÉÉ
I Each prob measure on each 7

metric space
is the

distributingof some random variable on some

probability space

I
Y T
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Notice

II Suppose X has distbn R

and X has distbn P

We
say X 7 X

conv in distbn or conv weakly

if P P

The underlying prob spaces
almost never enter the fray






































































































































Portmanteau Theorem

i X Y X

ii Eff XD ELAD
for bounded unif cont f

Hii for closed F

limsup Pane F E P XE F A

I for open G

v PIX EA PLEA Ae OX






































































































































Just symbols

P Y P

x X

X P

P X






































































































































For an element a e S

We
say Xn P

a if
conv in prob

Pfe Xn a e o te o

a is a const valued r v

For the above Xn n 1 all

live in the same space r






































































































































Theorem 3.0

X Y Sa iff X P
a






































































































































Theorem 3.0 Proof Sketch
G

tie
poise X P

a

Take open G and suppose
at G

liminf Pn G liminf Plan a e
n n

I

If a 4G Pn G 0 P at G

Now suppose It i'F Ee Then

P e Xn a e P B a D

P Beca g 0






































































































































Theorem 3.1 Slutsky

Suppose Xn Y are random

elements of Sxs If

Xn XX S flxn.tn 0

then

Yn XX

Slutsky's Thm X X and An A

B Ps B then AnX Bn AX B






































































































































Theorem 3.1 Proof Sketch

Take F closed in S É
F n TG F se

Notice

Pine F E Xne F U e X Y e

Therefore

P Ye F E PUFFY PLAY
Take himsup and apply Portmanteau
and then Eto






































































































































Suppose Xun X are random

elements of Sxs If

Xun Zu X

and

him limsup P e Xun X e o
n

fore o then Xp X






































































































































Theorem 3.2 Proof Sketch

Following the proof of Thm 3.1

Pane F E P X F

Pf Xun X e

limnsup P XnE F
E P Zue F

himsup Pf Xun X e

UP XE F

Now send et o






































































































































Integration to the Limit

If X 7 X what can

we
say

about Efx in

relation E x






































































































































Theorem 3.4 Fatou's Lemma

For random variables Xn X

if X 7 X then

E I xD E limning ELI

To get the inequality direction

X
Pkn

0 ON

i x x o wpiYn






































































































































Theorem 3.4 Proof Sketch

Due to mapping
them

P IX I t PC X1 t

l

ELI XD JPCIXI t

Jli mP IX I t

Fatone limninffP IX I tE






































































































































The random variable sequence

X n
n i is uniformly

integrable UI if

Ging sup f IX Idp o

IX Ex Xp
If Xn n 13 is UI then

IX D E Ha rn






































































































































Theorem 35

If Xn n I are V I

and X Y X then

X is integrable and

EX Efx

X is integrable if ELI XD so

E Xt O S E x a






































































































































Theorem 3.5 ProofSketch

E IX Delta rn

Hence ELI XD co and

X is integrable

Also it is okay to prove
E XD EX assuming
Xn X are non negative Why






































































































































Theorem 3.5 ProofSketch

E X J X.ICX.ca dP

fx.de
Xx

x

P t Xnydt tf Xndp
0 XP

Similarly a
se fringes

E X JP t X Ddt tf Xd P
0 Xd






































































































































Theorem 3.5 ProofSketch

And there are at most countable
number of t a such that

Plt X a I P tax a

Use bounded convergence
1hm

to conclude






































































































































Useful V I Condition

If sup FIX
t

co some e o

then Xn n B is U I

Notice

EL Xn
t IX de flat dP

Xl a lake

J IX la'd P
Therefore IX la

faldP E ELIX
te

LEIX la









































































































































