



































































































































Let's gelato an important

negative example

Consider

safe I
ÉÉÉÉÉÉ l is the sup norm

Tt th n Nti atty

projection r r

Cf ITE tf H He Rt Ks






































































































































ZnPm Sz j D So i i

i t

t in an t

We showed that

RCA PCA Y AEG
but

P X P

Finite dimensional distributions

converge but no weak convergence






































































































































Why What further

conditions ensure that

convergence of finite dim

distbns imply weak
conv

Answer Relative Compactness






































































































































Theorem Appendix M

The following are equivalent

i I is compact

Ii Each sequence in A has

a convergent subsequence
with limit in A

Kii A is totally bounded and
I is complete






































































































































A family IT of probability

measures on S S is

relatively compact if each

sequence Pn n B has a

weakly convergent subsequence

Png j 13 that is F Q

such that Pg 7 Q






































































































































Similarly Pn n D is

relatively compact if

every sub sequence Pnj.fi

has a weakly convergent

sub subsequence

F Q Pnjem me such that

Prim 7 Q






































































































































Theorem 5 1 Fin Dim Conv RC
Weak conv

Suppose probability measures

Pn P on C E are such

that

PnTEE qt P TEE ti
1

If Pn n B is RC then

Pn P






































































































































Theorem 5.1 Proofsketch

Since Pn is RC F Q Pym

s t Pym Q
2

and hence by mapping them

PnjIÉ t
7 QTEE ti

Vk ti ta tk

I and 3 and since Cy is a

separating class we have RQ






































































































































Theorem 5.1 Proofsketch
contd

Therefore from 1 every
sub sequence of Pn n I

has a sub sub sequence

converging weakly to P

A Hence
p YP

Bs






































































































































Theorem 5.1 does not

assume too much because

Pn P implies n i

is RC






































































































































Notice that Thin s t postulates

the existence of a measure

P on c e What if we

only know that

Pn Tt te Tn Mt tr

on Rt Rt






































































































































Theorem 5.2 Existence

Suppose Pn n B on se

is RC and

PnTEE tin Mt ti th

Where Mt tn
is a probability

measure on Rt Rt

Then F P on c e sit

P III t 7Mt ti th






































































































































Theorem 5.2 Proof Sketch

Since Pn n B is RC

Pym T tn mPITt t

f k ti th

Therefore PITI tn Mt ta th

for all ti tk

As






































































































































Theorems 5 I s 5.2

are
very powerful

However showing RC can

be difficult






































































































































Another example
Mn uniff n n

Pn
So even n

Sot an odd n

Notice that Pn n B is not RC

The limit of Pn has distbn

Fca
s n so

230

Mass Escape






































































































































Tightness is the answer

A family IT of probability

measures is tight if for every
E o F a compact set suchthat

P CK I E

No mass escape






































































































































Prohorov's Thm

a If IT is tight then IT is RC

b If S is separable s complete

then IT is RC implies IT is

tight






































































































































Prohorov's Thm Proof Sketch

We will not prove a

Let's prove b

Consider open Gn TS For each

E o I ns.t

P Gn I E

V P E IT






































































































































Prohorov's Thm Proof Sketch

contd

Since S is separable we

can find open balls Aki Akai
o o o o o o o o o o o

radius Yr

of radius Y covering S

From before I na s t

P EnAri 1 42k

A PET






































































































































Prohorov's Thm Proof Sketch

contd

Lets now construct the compact

set

K M U Aki
Kei is na

K is totally bounded and complete
and P K I E

B









































































































































