








































































G Field

Let s be an arbitrary
set of points w

A class F of subsets of
I is called a a field f
I R E F

Ki A e F A E F

Iii A A E F Aj E F











































































Probability Measure

A set function P F E D

is called a probability
measure if
i O E PLA E I for AEF
ii PC I

Iii if A Az is a disjoint

sequence of F sets

P ÉAj PCA
j I











































































Probability Space

If F is a o field in

D and P is a probability

measure on F then the

triple G F P is called

a probability space











































































RANDOM VARIABLE

A random variable r v

is a real valued measurable

function on a probability

space G F P that is

X I IR such that

X tan E F v ne IR











































































DISCRETE RANDOM VARIABLE

X is called discrete riv

if there exist countable

distinct Ki Ra E IR s t

P X g
j I











































































CONTINUOUS RANDOM VARIABLE

If P X n 0 HER

then X is called a continuous

random variable











































































DENSITY FUNCTION

If there exists a function

f IR IR such that

the cumulative distribution

function cdf
x

Fca P Xen f t dt
o

f NER

then f is called the probability

density of X











































































EXPECTATION

For measurable g IR IR and

random variable X g X is

a random variable

If X is discrete with values 2.2
A

E g x EggCrj Panj
provided the series converges absolutely

If X has a density pyo

E g x Jg a pxc.edu
o











































































EXPECTATION

For a general a v X

having cdf Fx and measurable

g IR IR we write

a

Efg x Igad Fa
o

Lebesgue Stieltjes











































































JOINT DISTRIBUTIONS

Given a pair of r v s X Y

the joint cdf

Fx ay P Xen Ye y

The marginals

Fx a P Xen E aa

Fy y P Yay I G g











































































JOINT DISTRIBUTIONS

X Y has a density Px

means

y a

FxyG y ffpx.yls.tt dsdt
o o

If X and Y are independent

Px C is necessarily of the

form P C Pye











































































CONDITIONAL DISTRIBUTIONS

Given events A B

P A B PLAN B

PCB

Fxpykly PIX a Ky

P Xen Ky
PCY y

if Pay o











































































CONDITIONAL DISTRIBUTIONS

Fx ya y P Xe r Ky
P Y y

x

fPx.yls.yJds
o

fPx.yCs.y ds
o

y

P Xen Yay FxG It de
o











































































CONDITIONAL DISTRIBUTIONS

NOTICE

i Fay rly is a calf in a

for each y

Fx y rly is a function of y
for each a











































































LAW OF TOTAL PROB

P Xen P Xen Yea

a

f Fyi It d Edt
o











































































CONDITIONAL DENSITY

If X Y are jointly distributed

conditional r v s the conditional

density

Px ya y da Fxyly

Px x y

Py y
Pycy o











































































CONDITIONAL EXPECTATION

Suppose g IR IR is a

function for which E g xD co

Then

EG x YA
a

glad Fx ly











































































CONDITIONAL EXPECTATION

For
any

bounded function

h R IR

Efg x had
a

Efg X Yghadfy.ly
8 a

fgmdfxp.in ylhyldFy4
o o











































































FINITE DIMENSIONAL DIST BNS

Let Xn n i be a sequence

of r v s The joint
distributions F ri Riz Rin

Xi Xi Xin

ii is in e N and distinct

are called the finite dimensional

distributions associated with

Xn n 1











































































LIM IT

Suppose an n i is

a sequence of reals

him an a

no

means for given
E o I Na

s t for all n Ne

an X E E











































































LIMIT OF A RANDOM SEQ

Let Zn ne i be a

sequence of random variables

a
Convergence with prob one

Zn s Z a s

means

P w lim 2nd 2401 1
n











































































LIMIT OF A RANDOM SEQ

b Convergence
in probability

Zn t Z

means for every E 0

limp w 2nd Zai e o

n











































































LIMIT OF A RANDOM SEQ

C
Convergence

in L

Z L Z

means

lip E f Zn 27 0











































































LIMIT OF A RANDOM SEQ

d
Convergence

in Dist bn

Zn dy z

means

Fn t Ft

for all F continuity pts t

where 2 has distbn F and

Z has distton F











































































LIMIT OF A RANDOM SEQ

A S Con v f La con v

V L
in prob con v

tr
in distlon con v











































































STRONG LAW

Let Xn n i form

an iid sequence of G v s

with E X ME IR

Then

In M a s

where In f X that X











































































WEAK LAW

Let Xn n i form

an iid sequence of G v s

with E X Me IR

Then

In
P

u

where In f X that X











































































CENTRAL LIMIT TH M

Let Xn ne i form

an Id sequence of G v s

wth E x me P and

Van X 02 0 Then

Sn nu d 2
or

n

where 2 I N o I Sn EXj











































































BOREL CANTELLI LEMMAS

FIRST BC LEMMA

If An n i are events

such that

I PCA t o

n I

limsupAn
then the event

An i o A BA
na man

M

happens with probability zero











































































BOREL CANTELLI LEMMAS

SECOND BC LEMMA

If An n i are

independent events such that

I PCA N

n

then the event
a o

An i o I mln m

happens with probability one











































































MARKOV'S IN EQ

Let 2 be a non negative

random variable Then

PLZ t EEZ t o











































































JENSEN'S IN EQ

Let 2 be a random

variable and let y IR IR

be a convex function Then

E YET NICE Z

x











































































CAUCHY SCHWARZ

Suppose X and Y are a vs

with E X so ELY a Then

E XY EET YT

Holder's Inequality

IE XY ELECTICEED
for p ge of s t 4 1













































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































