








































































Let P ay a yes be a

transition prob matrix

Let th ne S be a

such that Item I Tao and
R

IT R P Ky Ty
K

GT IT P IT is a row vector

Then ITU res is called a

stationary distribution
cigar

internet











































































A stationary distbn need

not exist nor it need be

unique

For example
0 I 2

O O 1 O O

I 0 0 1 Pfa Nti I

2 0 00 1 no stationary
i distribn

I 0 It o I IT Lo

O 1

are both

stationary











































































Notice that if Im ne s

is stationary then

IT a P ay Ty
2

How

Interpret above as

X N IT X N IT

if it is stationary writ P

then it is stationary wat P no











































































Suppose conversely that

Xn's distbn is independent

of n Then t yes

PIX y PIX y

P Xen Play
R

and thus X s diston is

stationary











































































Now suppose P satisfies

him P x
y Tyno

then

lim P X y Ty
no











































































It is important that

IT in 2 need not be

stationary

2 is a statement about

the marginal limiting behavior

Proof of 2











































































If 2 is satisfied and

ITCH RES is stationary then

HC is a unique stationary

distton Why











































































EXAMPLE

I

p
p

o l p

1 g t
q

Suppose o pal o gal

Fat i a Ea Fa I i I É
P

Fa i Fatt t MEI

TO 9 HCl I
ptg ptg











































































In general
2 and It being

stationary are needed for uniqueness

of IT

transient chain satisfies
but the it is not stationary

I is not satisfied

islands but a stationaryrecurrent I
distbn exists











































































What fraction of time

in the long term does a

Mc spend in a particular

state































































First note that

lim P ayno

is not a good measure

to answer the previous

question especially if y
is recurrent Why



Better ways to measure

lim Nn y
n n

linn G ay
n

where

Nnly I IN
no Y

Ginley NY X IL

total number of
visits to y



Theorem 4 la

Suppose y
is transient

Then

lim Nn y to w p I
n T

and hence with prob one

lim Nn Y o w p 1n n

And

lim Ginley 0
n n



Define

my Ty X y
L y

average return min not X y
time

my
o is allowed

T t t t t t t t t t t t t t 7

Egg

time



Theorem 4 lb

Suppose y
is recurrent

Then

him Nny I Tyco w.pl
n n

my

lip Ginley lay
n

my

Proof
Me



Null Recurrence Positive Recurrence

A recurrent state
y

is

said to be null recurrent

if my E Ty Xo YI o

The state
y is positive

recurrent if my t o



It follows from Theorem 4 lb

that
y

is positive recurrent

or null recurrent according

to whether tiny Gnfd
is o or 0

In fact lip P yay o if y
is null recurrent



Theorem 4.2

Let a be a positive

recurrent state and suppose

a y Then
y

is

positive recurrent

Ds

Proof



From Them 4.2 it is

clear that if a is null

recurrent and if a
y

then
y

is null recurrent

as well



Enhanced Depiction

null recurrent island
T

X C X
C X

X

t

positivex

x x

recurs
island

o

x x
transient

sa t

positive recurrent island



Can
anything further be

said for a closed finite

set

Lets see



Suppose C is closed and

I c a o Thefollowing

further statements are true

A There exists at least one

positive recurrent state

B There exist no null recur states

C If C is irreducible as well

then every state is positive

recurrent

Proof



Suppose IT is a stationary

distribution Then Ita o

if
K is null recurrent or

transient



Remark

Suppose antes n B is

a positive valued sequence

of functions with domain D IR

such that for each n

and i am as no

Under what conditions can we

say
Sanada fans



Two Key Conditions

1 MCT If ant a then

fan Ja
limit can be o

ACT If an E
g for all n

and fg co then

fan fa



Theorem 4.3

An irreducible positive
recurrent Markov chain has

a unique stationary distbn

I given by

IT R
Imy

R E S

B

Proof



The following hold

D An irreducible Markov

chain is positive recurrent

if and only if it has a

stationary distbn

E If a Markov chain with

15 so is irreducible it

has a unique stationary distton

F For an irreducible positive
recurrent MC linn NY ITCH



We see from Theorem 43

that if C is an irreducible

closed set of positive

recurrent states Then

t nee

ta

o Rf C

is a stationary distribution



C X
CL X

pos recnull Iec islandisland
X y

X x

j o

x x

I
Ma KE Cz

O O W

Let
I

Ym R E G

O O W

The nitty a it is stationary
for any defo D



Our discussion started with wanting

a measure of long term behavior

Two Possibilities

i lip Ginley

lil lim P ay X

We have shown that for an

irreducible ve recurrent chain

linn Griff my IN



Under what conditions is

linn P ay lip Gnf1

Ans Aperiodicity



Recall the birth death process

on the integers
An

9A
N

Suppose 9 0 YR

Then clearly P ex o Un 1

How to formally characterize this

behavior



For a state a define

d god n 1 P ar o

v
Y

period of greatest common

2
divisor

da 1 by definition

d 32 in the previous example



The following theorem states

communicating states have the

same period

Theorem 4 4

If as y then da dy

B

Proof



An irreducible chain thus

has a common period did.fr

An irreducible chain is called

aperiodic if d l



Theorem 4.5

An irreducible aperiodic

positive recurrent chain satisfies

him P x y IT y ta yn so

where IT is the unique stat distton

If d 1 then there exists

ray ed such that

tiny pm
dtr

ay day try

and P x y o if n m dtr



Interpretation

You observe the system on

a different time scale

t
t t t t t t t tt

t t t t t t t t t t t t t t t
t
d I II


