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X t te T is second order
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SYMMETRIC

Vx s t Yet s
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Conclude Tx is positive
semidefinite



Assume T C o o

A second order process

XE te T is covariance

stationary if

Ya X ta

and Xlt have the same

covariance function H E



Cor Stationarity versus Strict

Stationarity

A stochastic process

XE te T is strictly

stationary if

Yt X ta

and Xlt have the same

joint distlon functions



For a covariance stationary process

i text constant

ii Ty s t Tx o t s

Tx s t o

Y o s t

Y o s t

Xx s t depends only on s t

Ii Van Xt 8 It t constant



NOTE

Cov Stationary second Order

Stationary Weakly stationary

are all
synonyms they mean

the same

Cov Stat Strict Stat in

general

Strict Stat Cor Stat

if XE te T is second order



So we ease notation and write

Y h Ep M

recognizing that Vx is symmetric

about the origin

h h

8th Y o as h yo in general



l h 8 h
X X 8 0

x

lag h correlation



EXAMPLE

The Poisson process XH ten

is not covariance stationary

However

X D XE te IR

is covariance stationary with

Ty h
X l tht he 1

O h I



CROSS COVARIANCE

For two second order processes

Xt te IR and Ye te IR

Yy y
s t Cov Xis Yet

Note that symmetry is not

presumed

Ky s t 8 4
S t



If Ky s t o then

8
4

s t 8 15,4 8 Cst

How



GAUSSIAN PROCESSES

A stochastic process

Xt te T is called a

Gaussian process if

Xk Xlt Xlt

is multivariate normal for every
ti ta th e IR n too



Alntey and equivalently

XII tet is Gaussian if
and
only if

X Xlt X X X X tn

is normal Gaussian ft ta t.tt

Xi ha In E IR n too



Gaussian
processes are not

necessarily cov statimary
Why

If a Gaussian process is

Cor stationary then it is

also strictly stationary

why



A Gaussian process is fully

specified by its mean and

covariance functions

All fin dim distbns are decided



EXAMPLE

X t 2,6s2ITf.tt 2,5in21ft
Where 2 Z are independent

and normal Ten Xlt is a

Gaussian process



BROWNIAN MOTION WIENER Process

A stochastic process Xk te IR

is called a Wiener process if

inI We o

independent increments

that is for tietze It

WH Wes WH WH

Wen Wend are independent

Kii WH WCS n NCO t s

t s



For our purposes a constant

random variable is normal

with zero variance



A Wiener process WH te IR

is a Gaussian process with

Ant 0

02min s t St o

Sw s E L o sto

How



Calculate the covariance function

I X t W e Wa e o

E
v te IR

first diff process

XE e
at
W eat te IR a o

x

Iii BE WH t WC te ED
Y

Brownian bridge



Assume henceforth that T

is an interval of positive
length

Minimal Assumptions

I Mx t is continuous in tet

I Yy s t is continuous in

s and t E T

Can we connect I s I to

continuity of XE tet



Notice that I and II

do not guarantee the

continuity of the sample

path X C W
e.g Poisson process

t understand this

object

o

Poisson process
o

samplepath
o



Theorem

a Suppose Xa te T

is second order and satisfies
I s I Then XH tet

is continuous in mean square

lim EI XIs XII o

Sst

Proof



contd

b If Xa te T and YES LET

satisfy I and II then

Vx s t is continuous in

S t ET

Proof



What questions are we looking

to answer

b

when are i ff Xt
a

b d

Ia If XI x ga Xt
a c

well defined

what is ELI
Cov I I



TI lim X Su exists
s E

t

II him
s E

X SW X t.us

I X tw has only a finite
number of discontinuities in any
closed bounded interval



the conditions in III and

I characterize cadlag
functions

in
many settings X two

is continuous in t exceptfor
win a set of prob zero



Theorem

Suppose I I are satisfied

and f g are piecewise continuous

real valued functions in T

i E
Ift

X Ew
b

JfkMdt



b

ii IE FIX it w
d

X Sgt X Ew
C

b d

Jfk gesELXG.GXE.us It
a

Furthermore if Xlt GET is a

Gaussian process then Jfk Xlt
a

is univariate normal



EXAMPLE

Let WH o at o be

the Wiener process with cont

sample paths Then

i I Weldt n NCO

ii Com WH S welds

How



More generally if f and g
are continuously differentiable

in a b a b e IR then

E If't we was
b

x
Jag its we way

b

o ft fb ga gu
a

How



Differentiation i
Suppose Xe t ET is second

order satisfying I II and

YE te T is another sec ord process

satisfying I II such that

t t E T

t

X t Xt Yes ds tet

to

Ya te T is called the derivative of

Xel tet and denoted X t



We would like to know

more about X Il t et

For example

Q 1 How do Mx.tl Tx sat

relate to My t Vx Cst

Q 2 If X E t ET is cov stat

what can we
say about X'll

tet

Qs Can we estimate X'd say
by finite differencing XE

Q 4 What if Xk te T is Gaussian



Let's answer Q

Mx.lt Mt tet

Y S H 22

Is Ot
s.tl

stet

Proof



Let's answer Q 2

If Xu tet is cov stat

then

Tx S E 22
2s Jt

Y Cs t

y s t

How

X t tet is cov stat



In fact the above

shows X and X are

uncorrelated

XxxC t Ft Tx 1st
m

cov stat
t

Xxx t t ri o o

How



Let's answer Q 3

Let XE tet be a differentiable

second order process

Consider the natural estimator

Ee X tie X

E

of X t

lim E X s H XE o
E To

E

Proof



Let's answer Q 4

Suppose Xt EET is a

differentiable second order

process that is also Gaussian

then X'd te T is also

Gaussian

A proof is outside the scope



The Wiener process Wal tet

is continuous everywhere but

differentiable nowhere

ummmm

It is easy to see that

Wal te T is not differentiable



Even though W't does not

exist notice

EE

da f welds Wets WH

whyAnd hence
b

ft Wite way
tie

f t date Welds



the b

ft et Welds

Ina
b tte

ft't we dsdt

a

Ip
Now send e so to get

ftp.ffltlt W tte we

f wk fca Was

If't Weldt



b

41 If Cte Wite we

f b wk fca Wa

If't Weld t
a

Notice that this looks like

integration by pants



So we define
b

f f t W Hdt
a b

lip I felt Wite we

f b wk fca Wa

If't Weld t



If W'Ndt

is sometimes written as

b

Ift dwt



It seems clear although

no proof will begiven
that

b

f f t d wa is univariate

a

Gaussian



Why is
any of this important

Because a stochastic differential

equation SDE

a X t b X t text WE

is well defined


