
Problem Set III, MA/STAT 532 (Pasupathy), Fall 2020

1. (Cumulative Shock Model) Suppose you model the aftershocks from an earthquake
according to a Poisson process {Xt, t ≥ 0} having rate λ. Suppose also that the
damage due to an aftershock decays exponentially with parameter α, that is, s
time units after the aftershock i occurs, the prevailing damage due to aftershock
i is Di exp{−αs}, s ≥ 0, where Di, i = 1, 2, . . . are independent and identically
distributed (iid) random variables with finite mean. Assuming that Di, i ≥ 1 are
also independent of {Xt, t ≥ 0}, and that the total damage due to aftershocks is
additive, find the expected damage at time t.

2. (Records) Let Y1, Y2, . . . , Yn be iid random non-negative variables having hazard
function λ(t), t ≥ 0. (Recall that the hazard function of a non-negative ran-
dom variable having density f and cumulative distribution function F is h(t) =
f(t)/F̄ (t), t ≥ 0.) A record is said to have occurred at time n if Yn > max(Y1, Y2, . . . , Yn−1).
If a record occurs at time n, then Yn is called a record value. Assume Y0 = 0. Find
the distribution of the number of record values less than or equal to t ≥ 0.

3. (M/G/∞ Queue Departure Process) Customers arrive to an infinite server queue
according to a Poisson process having rate λ. Since there are an infinite number
of servers, each arriving customer gets served immediately. Also, assume that the
service times for the customers are iid with cdf G. Find the distribution of the
number of departures by time t ≥ 0.

4. (Second Order Process) Recall that the mean function µ(t), t ∈ T and the covari-
ance function γ(s, t), (s, t) ∈ T × T of a stochastic process {Xt, t ∈ T} are defined
as

µ(t) = E[Xt]; γ(s, t) = Cov(Xs, Xt), s, t ∈ T.

Suppose {Xt, t ≥ 0} is a Poisson process with rate λ.

(a) Find the mean and covariance functions of the process Yt = Xt+1 −Xt.

(b) Find the mean and covariance functions of the process

Yt = Xt − tX1, 0 ≤ t ≤ 1.

5. (Optimization) Suppose cars enter a one-way highway of length L according to a
Poisson process having rate λ. Suppose each car j travels at a constant speed Vj,
where Vj is a random variable having cdf F , Vj, j = 1, 2, . . . are iid. Assume also
that there is no loss in speed when a faster car passes a slower car. As t → ∞,
find the speed at which a car should travel if it is to minimize the number of
encounters with other cars, where an encounter is said to have occurred if the car
passes another, or is passed by another.
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