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ASSIGNMENT VIII, STAT 532 (Pasupathy)

1. Consider a pure death process on {0, 1, 2 . . . , }.

(a) Write the forward equation.

(b) Find Pxx(t).

(c) Solve for Pxy(t) in terms of Px,y+1(t).

(d) Find Px,x�1(t).

(e) Show that if µx = xµ, x � 0, for some constant µ, then

Pxy(t) =

✓
x

y

◆
(e�µt)y(1� e�µt)x�y, 0  y  x.

2. Let X(t), t � 0 be the infinite server queue and suppose that initially there are x customers present.
Compute the mean and variance of X(t).

3. Consider a birth death process X(t), t � 0 with state space {0, 1, 2, . . . , } with birth and death rates

�x = x� and µx = xµ, x � 0,

where � and µ are nonnegative integers. Show that E[X(t) |X(0) = x] = xe(��µ)t.

4. In the previous problem, find Var(X(t) |X(0) = x).

5. Consider a positive recurrent irreducible birth and death process on {0, 1, 2, . . . , }, and let X(0) have
the stationary distribution ⇡ for its initial distribution. Then X(t) has distribution ⇡ for all t � 0.
The quantities

P1
x=0 �x⇡(x) and

P1
x=0 µx⇡(x) are the average birth rate and the average death rate

of the process, respectively. Show that these quantities are equal.

6. Suppose d particles are distributed into two boxes. A particle in box 0 remains in that box for
a random length of time that is exponentially distributed with parameter � before going into box
1. A particle in box 1 remains there for an amount of time that is exponentially distributed with
parameter µ before going into box 0. The particles act independently of each other. Let X(t) denote
the number of particles in box 1 at time t � 0. Notice that is a birth and death process.

(a) Find the birth and death rates.

(b) Find Pxd(t).

(c) Find E[X(t) |X(0) = x].

(d) Find the stationary distribution.

 



t if D no o

a

Pig t By Mya Pa My

Note that Payne 0 t you

b

Pink Mapa alt

log Pant at

Panet etat



C From a for y
a

Playa My Pay 4 NytPratt

enytpiyatnyelytp.ge

Nyt Pa.gl
eMyt

t

eytp.ge My Pay
ell'd s

t

Pay t Nyt e My't
s

P.gl
ds

yea too



d From e
t

Paa ft Mnf e
Matt demad

O

Mate
Mat

T
P NE D Where

Na n Poisson Nat

e Use the results a e4

and integrate explicitly



2 We know that

XI n Poisson i eat

Mean Variance l Ent t

3
at he bet

gu next m

o is an absorbing state



ftp.ytsx
ypa.y Xtu

Piya ftp.y M

y 1

2Pa
n yo
a

Eye yy DB.y.MX
yo y

y Payt Xu
ya

ylytDPa.gl M

ya



Myx gyu
yo t y gym Paye

X m yByH
y o

1

Denoting malt E Xt Xen

I
gives

Mst X a malt too



Integrate from o to t to get

In matym A ult

Mak nett too



4
f

1
Paget

X
y Pay Itn

Piya ftp.y M

y 1

2Pa
n yo

Again we use forward equation

above to get
a

y'Phyt y'Cy 1 Payt
yo y l

y Paya Ctu
y I

yytDB.yt.IM
yet



O

ytigx yxtmty iyJP.gl
go

ay x a t y Gtm Pay

y
o

Denote v t E X Xp

Vit 24 a rat Ctu Mak

to

ex Mtv e
24 mtex ujv.tl
ex lytta matt



Solving we get

Vat WE Mt REIF Eames

Vas Xlt Xen

Unt mil

RGI
e easy



5 The stationary equation is

IT I M IT 10 Xo 0

IT Yt My
IT Y Xy Ty My ICY

1 My

y 1

We can guess that the solution

satisfies
IT Yt1 My Ily Xy y

0

Sum


