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Based on joint work with Gary Miller, Noel Walkington
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@ Introduction

Muckenhoupt's inequality
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Introduction: graphs and the Laplacian

® Weighted connected graph, G = (V, E, i, k)
* Mass, u € RY,
* Spring constants, r € RE

Ke

® Degrees, d, = >, K

u~vy "Vu,v
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Introduction: graphs and the Laplacian

® Laplacian, L=D — A
® Degree matrix, D = diag(d,)

® Adjacency matrix, A, = Ky
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Introduction: graphs and the Laplacian

o Let x e RY

® As a linear map

(Lx), = (Dx), — (Ax),

= (5 Hu,v) Xy — 5 Ru,vXu

ur~v ur~v

= Z /Qu,v(xv - Xu)

ur~v

® As a quadratic form

xTlx =...

= Z Hu,v(Xu_Xv)2

(u,v)€E
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Introduction: spring mass systems
® Let'sembed GonRasv— x, €R

« - - =

® Force acting on viis 3, K(uv)(Xu — xv) = —(Lx),
¢ Standing wave equation
—acceleration, = Ax,, YveVv
Lx)y
ﬁ = Axy, YveV
Ky
(Lx)y = Aty Xy, YvevVv
Lx = AMx

* VX x frequency

-->R



Introduction: spring mass systems

Lx = AMx has eigenvalues 0 < A1 < Ay < A3 < -+ < Ay

1 is eigenvector with eigenvalue 0

® Neumann problem is to find A

Courant-Fischer,

N — mi x| Lx
2= MM Tk

xTM1 = o}

Rayleigh quotient,

x ' Lx _ Z(u,v)eE ﬁu,v(xu - Xv)2
xT Mx Y ovey HvX2
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Introduction: X\,

Mixing time of random walks

Markov chains

Laplacian solvers

Image segmentation

® Uncertainty principles

Heat flow
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Introduction: cuts and Cheeger's inequality

® Sparsest cut of G,

ZeeE(A,/_\) Ke
min(x(A), u(A))

@ o900

® Numerator small &~ A and A are sparsely connected

S-CUT(G) = mjn {

AA#@}
* Denominator large ~ A and A both have a lot of mass
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Introduction: cuts and Cheeger's inequality

® Cheeger’s inequality:

Theorem
If u, = d,, then

% < S-CUT < 2\

or equivalently

S-CUT?

< )\ <25-CUT

* Both sides are tight (up to constants) @
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Introduction: our work

® Neumann content, ¥,

o Keff(A, B) _
Vo g {minw(A),u(B)) ‘A’ Bre,ANB= ‘5}

@ceo —-Qe

* Keii(A A) = ZeeE(A,A) Ke
® S-CUT must partition, W, may leave out vertices
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Introduction: our work

Theorem (Main theorem)

Let G be a weighted connected graph. Then,

Y
TZS)QSWZ
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® Dirichlet problem
Muckenhoupt's inequality
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Dirchlet problem: the path graph

Vertices, {vp, vi,V2,...,Va}

Edges, {(vi—1,vi)|i € [n]}
Mass of vertex v; is u; > 0

Spring constant of edge (vj_1,Vv;) is k; > 0

Want to solve standing wave equation where vg is held at 0
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Dirchlet problem: the path graph

® Dirichlet problem is to find A

. xTLx
)\_mxln{m XOZO}
n (s — 3 2
= min {Zi:l H,',(X' );'_1) Xg = 0}
X Zi:l M’Xl

Alex Wang Hardy-Muckenhoupt Bounds for Laplacian Eigenvalues 16 / 38



Dirchlet problem: for two node graphs

® Suppose n =1,

2
. R1{X1 — X0
X0 poXg + H1Xy

. mx12
= min 5
X L H1Xg
K1
H1

X0=0}
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D. problem: effective spring constants and the D. content

® Pick k € [n], let Ax = {vik, Vks1, -+, Vn}
e Consider graph Gi

(O=— = — @ ®
® O
® ug ~ up,

® plua) = p(Ax) .
® k(uo, ua,) = Kefi(vo, V) = (Zf:l "i_1>

° A(Gy) = merpee)
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D. problem: effective spring constants and the D. content

® Define Dirichlet content

Keff(VO, Vk)

Y = min A(Gx) = min
i AG) = min A
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D. problem: Muckenhoupt's inequality

Corollary (Muckenhoupt, 1972)

Let u,x € RZ,. Let C be the smallest constant such that for all y € R",

i 2
n 1 n
Sow(You] ey mt
i=1 j=1 i=1

Let

Then B < C < 4B.
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D. problem: Muckenhoupt's inequality

Corollary (Muckenhoupt, 1972)
Let i, € RZ,. Let C be the smallest constant such that for all y € R",

. 2
n 1 n
S| Doy <> riyd
il = il

Let

Then B < C < 4B.

Suppose x € RY with xg = 0 and define y; = x; — xj_1

—1-
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D. problem: Muckenhoupt's inequality

Corollary

Let p1, 5 € R7,. Let C be the smallest constant such that for all x € RY
with xg = 0,

1 _ Xl kil —xia)?

¢~ Do Hix}

Let

Then B < C < 4B.
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D. problem: Muckenhoupt's inequality

Corollary

Let u,x € RZ,. Let C be

C XERV Zf:l :LLIXI2
Let
1
kK -1
1 . (ZiZI K )
— = min
B asksn YL
Then +£ < L < L.
1 _ 1 _
c=Xand g =V
Alex Wang
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D. problem: Muckenhoupt's inequality

Let G be a weighted connected path graph. Let A be the Dirichlet
eigenvalue and let WV be the Dirichlet content of G. Then,

Y
— <A<V,
4_)\_
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D. problem: Muckenhoupt's inequality

(Very sketchy) proof sketch.

> pixt
i
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D. problem: Muckenhoupt's inequality

(Very sketchy) proof sketch.

. 2
1
D_omixt = wi | 06— x5-1)
i i j=1
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D. problem: Muckenhoupt's inequality

(Very sketchy) proof sketch.

. 2
1
S i = i | D06 —x-1)
; ; =i
i i
<> i [ D=1 ) [ D1
; =i =

Alex Wang Hardy-Muckenhoupt Bounds for Laplacian Eigenvalues 25 /38



D. problem: Muckenhoupt's inequality

(Very sketchy) proof sketch.

i

ZMX;Z = Zui > (% = x-1)

j=t

<> i [ D=1 ) [ D1
; =i =
&)

Goal: < % Zi Iﬁ:,'(X,' — X,'_1)2.
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D. problem: Muckenhoupt's inequality

(Very sketchy) proof sketch.

> pixt
i

Alex Wang Hardy-Muckenhoupt Bounds for Laplacian Eigenvalues 26 / 38



D. problem: Muckenhoupt's inequality

(Very sketchy) proof sketch.

ﬂ

Zu,x —Zu, Z(X, xj1) Y2

Q‘

Goal: < % Zi Iﬁ:,'(X,' — X,'_1)2.
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D. problem: Muckenhoupt's inequality

(Very sketchy) proof sketch.

, 2
1
2 Vi
S =S | 350 Y2
i i j=1 VEj
i i1
<> mi | D milg = x-1)? o~
i j=1 j=1
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D. problem: Muckenhoupt's inequality

(Very sketchy) proof sketch.

2
VN A
NIX = i (XJ - XJ—l)__
j=1 VI
i
5 1
<§:u: E:“j(xj_xj—l) -
j=1 j=1"7
Ol
. 4 2
Goal: < v Zi Iﬁ:,'(X,' — X,'_]_) .
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D. problem: Muckenhoupt's inequality

(Very sketchy) proof sketch.

> pixt
i

Goal: < % Zi H;(X,' — X,'_1)2.
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D. problem: Muckenhoupt's inequality

(Very sketchy) proof sketch.

i
2 QjKj
[1ix? = i (x; — xj_1) Y22

Goal: < % Zi Iﬁ:,'(X,' — X,'_1)2.

Alex Wang Hardy-Muckenhoupt Bounds for Laplacian Eigenvalues 27 / 38



D. problem: Muckenhoupt's inequality

(Very sketchy) proof sketch.

i
ZM:‘X,?:ZM Z(XJ_XJ— )\/ZJ_Z

i
SSPAPDIICEE =V N DD %
i j=1 K

Goal: %Z-K,,‘(X; —X,'_1)2.
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D. problem: Muckenhoupt's inequality

(Very sketchy) proof sketch.

, 2
1
2 VK
wiXi = i (Xj — Xj—1 1)——
T = S\
1
<ZM: ZQJHJ(’Q xj-1)? Z_
Jj=1
Pick aj so that Cauchy-Schwarz is tight when x; = 21’::1 nl, O

Goal: %Ziﬁ:,‘(x,' —X,'_1)2.
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D. problem: Muckenhoupt's inequality

(Very sketchy) proof sketch.

2
Zﬂl ZNI JZ]_XJ_XJ_I)\/%

i

i
SSPAPDIICEE =V N DD %
i j=1 K

j=1
@
Pick aj so that Cauchy-Schwarz is tight when x; = 21’::1 nl, O

Goal: %Ziﬁ:,‘(x,' —X,'_1)2.
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Muckenhoupt's inequality

©® Neumann problem
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Neumann problem: the path graph

® Neumann problem is to find

A — mi x ! Lx
27 MM XTMx

. Z?—z K(i i—1)(Xi - Xi—1)2
= min — : E ixi =0
x { Do it 8

x M1 = 0}
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Neumann problem: the path graph

® Suppose n = 2. Then,

2

A2 = min {—Kl,Q(Xl —x)

X1,%2 ,u1x12 + u2x22

pix1 + paxy = 0}

K12

(ppt +py )t
K12

= min(p1, o)
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Neumann problem: the N. content

® Pickl1</<r<n
¢ Consider graph G,

e & ——09o

o—@

up ~ Uy ’
p(ue) = Z;”=1 i
wuy) = Zi:, Hi

K(ug, ur) = Kesr(Vve, vr)

* Na(Ge) = i)
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Neumann problem: the path graph and the N. content

® Define N. content
v, = i G
2= 1, )
Keff( U, Ur)
=~ mi B
1<e<r<n min(u(ue), u(uy))
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Neumann problem: as two Dirichlet problems

® Pick pinch point p € (1, n)

® Then, split into two path graphs G_, G4

A(G) = i, max (A(G-), A(G4))

(Hint: use Courant-Fischer)
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Neumann problem: proof of main theorem

W2/4§)\2§W2. I

Proof sketch.

A2 = min max(A(G_),A\(G}))

pE(1,n)
ax (Heff(vz, p) Kes(p, Vr)>
wlue) 7 p(ur)
Keff(Ve, P)  Kesf(P, Vr)>
p(ue) 7 p(ur)
_  min Keff(Ve, Vr)
1<£<r<n ((ug)=t 4+ p(u,)—1)-1
= V.

min min
pe(1,n) 1<l<p<r<n

X

= min min max
1<b<r<nb<p<r

O]

v
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Muckenhoupt's inequality

O Generalizations
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Generalizations: arbitrary connected graphs

Theorem (Dirichlet on a graph)

Let G be a weighted connected graph. Let S C V be a proper nonempty

set. Let \(G, S) be the Dirichlet eigenvalue and let V(G, S) be the
Dirichlet content of G. Then

&€

Theorem (Neumann on a graph)

Let G be a weighted connected graph. Let \o(G) be the Neumann
eigenvalue and let W5(G) be the Neumann content of G. Then

s
T2§>\2§W2.
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Generalizations: p-Laplacian

Theorem

Let G be a weighted connected graph. Let \y(G) be the Neumann

eigenvalue of the p-Laplacian and let V»(G) be the p-Neumann content of
G. Then

Vs
qu/q

< X < Vs,
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Summary

Muckenhoupt's weighted Hardy inequality

® Neumann content,

o Keff(A, B) _
Vo {min(u(A),u(B)) AB#@ ANE= g}

ShOWed
p = 2> V2

® Approximation algorithms?
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