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Quadratically Constrained Quadratic Programs (QCQP)

• q0, q1, . . . , qm : Rn → R (possibly nonconvex!) quadratic
functions

qi(x) = x>Aix+ 2b>
i x+ ci

• Want to find

Opt := inf
x∈Rn

q0(x) :
q1(x) ≤ 0

...
qm(x) ≤ 0
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The QCQP Epigraph

Opt = inf
x∈Rn

{q0(x) : qi(x) ≤ 0, ∀i ∈ [m]}

= inf
x,t

{
t : q0(x) ≤ t

qi(x) ≤ 0, ∀i ∈ [m]

}
=: inf

x,t

{
t : (x, t) ∈ E

}
= inf

x,t
{t : (x, t) ∈ conv(E)}
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The standard SDP relaxation of QCQP

Standard (Shor) SDP relaxation

Opt = inf
x,Y

{
〈A0, Y 〉+ 2b>

0 x+ c0 :
〈Ai, Y 〉+ 2b>

i x+ ci ≤ 0, ∀i
Y = xx>

}

≥ inf
x,Y

{
〈A0, Y 〉+ 2b>

0 x+ c0 :
〈Ai, Y 〉+ 2b>

i x+ ci ≤ 0, ∀i
Y � xx>

}
=: OptSDP
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SDP epigraph

OptSDP = inf
x,Y

{
〈A0, Y 〉+ 2b>

0 x+ c0 : 〈Ai, Y 〉+ 2b>
i x+ ci ≤ 0, ∀i

Y � xx>

}

= inf
x,Y, t

t :
〈A0, Y 〉+ 2b>

0 x+ c0 ≤ t
〈Ai, Y 〉+ 2b>

i x+ ci ≤ 0, ∀i
Y � xx>


• Let ESDP be projection of SDP epigraph onto (x, t) variables

(x, Y, t) (x, t)
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The motivating question

What are sufficient conditions for
• Convex hull result: conv(E) = ESDP?

= ?

• SDP tightness: Opt = OptSDP?
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Outline

• SDP relaxation in the x-space and (dual) convex Lagrange
multipliers

• A notion of symmetry
• Informally:
If “the geometry of some dual object is nice” and “amount of
symmetry is large”, then convex hull result and SDP tightness.
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Aggregation
• For γ ∈ Rm+ , define

qγ(x) := q0(x) +
m∑
i=1

γiqi(x) = x>
(
A0 +

m∑
i=1

γiAi

)
x+ . . .

• For all γ ∈ Rm+ , (x, t) ∈ E =⇒ qγ(x) ≤ t
• Define

Γ :=
{
γ ∈ Rm+ : A0 +

m∑
i=1

γiAi � 0
}

• For all γ ∈ Γ, (x, t) ∈ conv(E) =⇒ qγ(x) ≤ t
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Rewriting the SDP in terms of Γ

Theorem
Suppose primal feasibility and dual strict feasibility, then

OptSDP = min
x∈Rn

sup
γ∈Γ

qγ(x)

ESDP =

(x, t) : sup
γ∈Γ

qγ(x) ≤ t



• When Γ is polyhedral, ESDP is defined by finitely many convex
quadratics
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What does Γ look like?

• Recall
Γ =

{
γ ∈ Rm+ : A0 +

m∑
i=1

γiAi � 0
}

A0
A1

A2
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Quadratic eigenvalue multiplicity

Definition
Let 1 ≤ k ≤ n be the largest integer such that for each
i = 0, . . . ,m, the matrix Ai ∈ Sn has the following block form

Ai = Âi ⊗ Ik =


Âi

Âi
. . .

Âi


where Âi ∈ Sn/k
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Quadratic eigenvalue multiplicity

• Ai = Âi ⊗ Ik

• Suppose n = 4, i.e. x ∈ R4

x2
1 + x2

2 + x2
3 + x2

4


1

1
1

1

 k = 4

(x1 − x2)2 + (x3 − x4)2


1 −1
−1 1

1 −1
−1 1

 k = 2
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Our result

Corollary
Suppose primal feasibility and dual strict feasibility. If Γ is
polyhedral and

k ≥ min (m, |{bi 6= 0}mi=1|+ 1) ,

then

conv(E) = ESDP and Opt = OptSDP .

• m = 1
• Ais diagonal and b1 = b2 = · · · = bm = 0
• Ai = αiIn for all i and n ≥ m
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Example: Swiss cheese

• Minimizing distance to a piece of Swiss cheese

inf
x∈Rn

‖x‖2 :
inside ball constraints
outside ball constraints
linear constraints



• inside ball 7→ I, outside ball 7→ −I, linear constraints 7→ 0
• If nonempty and n ≥ m, then the standard SDP relaxation is
tight for this QCQP
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• inside ball 7→ I, outside ball 7→ −I, linear constraints 7→ 0
• If nonempty and n ≥ m, then the standard SDP relaxation is
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Conclusion

• Analyzed

• the geometry of a dual object Γ
• “amount of symmetry” k

• Assuming primal feasibility and dual strict feasibility, if k ≥

Polyhedral Γ General Γ
Convex hull result min (m, |{bi 6= 0}mi=1|+ 1)

m+ 2

SDP tightness min (m, |{bi 6= 0}mi=1|+ 1)

m+ 1

• Results extend to equalities!
• Future directions

• What if assumptions only approximately satisfied?
• Can this framework be used to recover other convex

hull/exactness results?
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Thank you. Questions?

Slides
cs.cmu.edu/~alw1

Full version
A. L. Wang and F. Kılınç-Karzan. “On the tightness of SDP
relaxations of QCQPs”. In: arXiv preprint arXiv:1911.09195 (2019)
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