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Quadratically Constrained Quadratic Programs (QCQP)

® 40,q1,---,qm : R — R (possibly nonconvex!) quadratic
functions
gi(z) =2 Az +2b] z + ¢
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Quadratically Constrained Quadratic Programs (QCQP)

® 40,q1,---,qm : R — R (possibly nonconvex!) quadratic
functions
gi(z) =2 Az +2b] z + ¢
® Want to find
qi(z) <0
Opt = inf < go(z): :

xER™ i
dm (x) <0
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The QCQP Epigraph

Opt = miEan" {qo(z) : ¢i(xz) <0, Vi € [m]}

4
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The QCQP Epigraph

Opt = zieann {qo(z) : ¢i(xz) <0, Vi € [m]}

Cinfly. D)<t
- xtf {t' gi(z) <0, Vi€ [m)] }
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The QCQP Epigraph

Opt = zieann {qo(z) : ¢i(xz) <0, Vi € [m]}

_e )y @o(@) <t g d
_gl’tf{t. q?(a:)SO,ViE[m]}_'g}tf{t'(m’t)e 5}
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The QCQP Epigraph

Opt = zieann {qo(z) : ¢i(xz) <0, Vi € [m]}

_e )y @o(@) <t g d
_g}tf{t. q?(a:)SO,ViE[m]}_'g}tf{t'(m’t)e 5}

= gltf {t: (z,t) € conv(E)}

$"oe
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The standard SDP relaxation of QCQP

Standard (Shor) SDP relaxation

ALY +2biTac—|—c~§0, Vi
Opt:iné{<A0,Y>+2b(—)rl‘+Coi <YZ >-|_ ’ }

= Ix
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The standard SDP relaxation of QCQP

Standard (Shor) SDP relaxation

(A, Y) +2b]z+¢; <0, Vi
Opt = inf { (Ao, Y) + 2bJ = + co : !
P wY{< 0. ¥) 0 0 Y =zz"
A Y)Y +2b]x+¢; <0, Vi
. T . < (3] ) T =Y
Zgl;{(AO,Y>+ngl‘+CO- . }
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The standard SDP relaxation of QCQP

Standard (Shor) SDP relaxation

ALY +2biTx—|—c~§0, Vi
Opt:iné{(Ao,Y)+2b(—)rfL‘+coz (4:,7) ’ }

Y =2z

(A, Y) +2b)z+¢; <0, Vi
> inf { (Ag,Y) + 2b] : '
_inY{< 0, Y) +2bg z+ ¢ Y = zx’

= Optspp
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SDP epigraph

. T (AL Y)Y +2b] 246, <0,Vi
Optspp = }Cn}g {(AO,Y> +2byx +cp Y = 22T
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SDP epigraph

. T < ;
Optspp = inf {<A0,Y> bl a g (A EWiwt e <0,V }
Z,

Y = ax’

(Ao, Y) +2bjx +co <t
= inf ¢t: (4, V)42 2 +¢; <0, Vi
zY, Y = ax!
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SDP epigraph

. T < ;
Optspp = inf {<A0,Y> bl a g (A EWiwt e <0,V }
Z,

Y = ax’

<A0,Y>+2b8—x+60§t
= inf ¢t: (4, V)42 2 +¢; <0, Vi
zY, Y = ax!

® Let Espp be projection of SDP epigraph onto (x,t) variables
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SDP epigraph

. T < ;
Optspp = inf {<A0,Y> bl a g (A EWiwt e <0,V }
Z,

Y = ax’

(Ag,Y) +2b8—x+60 <t
= inf ¢t: (4, V)42 2 +¢; <0, Vi
zY, Y = ax!

® Let Espp be projection of SDP epigraph onto (x,t) variables

(x,Y,t) (z,t)
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The motivating question

What are sufficient conditions for

¢ Convex hull result:  conv(€) = Espp?
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The motivating question

What are sufficient conditions for

¢ Convex hull result:  conv(€) = Espp?

® SDP tightness: Opt = Optgpp?
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Outline

® SDP relaxation in the z-space and (dual) convex Lagrange
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Outline

® SDP relaxation in the z-space and (dual) convex Lagrange
multipliers

® A notion of symmetry

® Informally:
If “the geometry of some dual object is nice” and “amount of
symmetry is large”, then convex hull result and SDP tightness.
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@ SDP relaxations and convex Lagrange multipliers
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Aggregation
® For v € R, define

¢ (z) = qo(z) + i%qi(w) =z (Ao + i%'A’) T4 ...
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Aggregation
® For v € R, define

>

1

Gy (1) = go() +

igi(w) =" | Ao+ Z%‘Az) T+

® Forally e R}, (z,t) €& = ¢y (x) <
® Define

I =

/—’H /\ .
Il

Rm AO+Z'71A >_0}
=1
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Aggregation
® For v € R, define

0 (@) = a0(@) + 3 ai(e) = o7 [ Ao+ Z%AZ) .
i=1 i=1

® ForallyeRY, (z,t)€& = ¢y (x) <t
® Define

I = {’}/E RT : AO+Z'7iAi EO}
=1

® Forally eI, (z,t) €conv(l) = qy(z) <t
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Aggregation
® For v € R, define

0y (7) = qo(x) + Y vigi(x) =" | Ao+ Z%/h-) z+
=1 i=1

® ForallyeRY, (z,t)€& = ¢y (x) <t

® Define m
I = {’}/ERT:A()—}-Z’WA@'EO}
i=1
® Forall v €T, ) € conv(€) = q7 )<t

Ve
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Rewriting the SDP in terms of "

Suppose primal feasibility and dual strict feasibility, then

Optspp = min sup ()
Y

Espp = 1 (z,t) : supgy(z) <t
vyerl
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Rewriting the SDP in terms of "

Suppose primal feasibility and dual strict feasibility, then

Optspp = min sup ¢y(z)
Y

Espp = {(55715) osupgy(z) < t}

vyerl

® When I' is polyhedral, Espp is defined by finitely many convex
quadratics
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What does I' look like?

® Recall

FZ{’YERT: Ao—i—Z%AiiO}

=1
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® Recall .
FZ{’YERT: Ao—i—Z%AiiO}
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What does I' look like?

® Recall

FZ{’YERT: Ao—i—Z%AiiO}

=1
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Ay
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© Symmetries in quadratic forms
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Quadratic eigenvalue multiplicity

Let 1 < k < n be the largest integer such that for each

i=0,...,m, the matrix A; € S™ has the following block form
4
. A
A=A R1; =
A;

where fli € Sn/k
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Quadratic eigenvalue multiplicity

o A=A 014
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Quadratic eigenvalue multiplicity

* Ai=A®I,
® Suppose n =4, ie. z € R*
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Quadratic eigenvalue multiplicity

* A=A 1
® Suppose n =4, ie. z € R*
1
1
w% + w% + 93;2), + :L‘?L 1
1
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Quadratic eigenvalue multiplicity

* Ai=A®I,
® Suppose n =4, ie. z € R*
1
22 + a3+ 23 + 23 b k=4
1
1 -1
-1 1
(21— x2)° + (w3 — 24)° 1 1 k=2
-1 1
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Our result

Corollary

Suppose primal feasibility and dual strict feasibility. If " is
polyhedral and

k > min (m, |{b; #0}% |+ 1),
then

conv(€) = Epp and  Opt = Optgpp -
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Our result

Corollary

Suppose primal feasibility and dual strict feasibility. If " is
polyhedral and

k > min (m, |{b; #0}% |+ 1),

then
conv(€) = Epp and  Opt = Optgpp -
® m = 1
e A;sdiagonal and by = by =---=b,, =0

Wang, Kiling-Karzan On Convex Hulls of Epigraphs of QCQPs 15 /18



Our result

Corollary

Suppose primal feasibility and dual strict feasibility. If " is
polyhedral and

k > min (m, |{b; #0}% |+ 1),

then
conv(€) = Epp and  Opt = Optgpp -
® m = 1
e A;sdiagonal and by = by =---=b,, =0

o A, =qul, foralliand n>m
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Example: Swiss cheese

® Minimizing distance to a piece of Swiss cheese

inside ball constraints
. 2 . .
1an |z||”: outside ball constraints
xeR™ . .

linear constraints

Wang, Kiling-Karzan On Convex Hulls of Epigraphs of QCQPs 16 / 18



Example: Swiss cheese

® Minimizing distance to a piece of Swiss cheese

inside ball constraints
. 2 . .
1an |z||”: outside ball constraints
xeR™ . .

linear constraints

® inside ball — I, outside ball — —1I, linear constraints — 0

Wang, Kiling-Karzan On Convex Hulls of Epigraphs of QCQPs 16 / 18



Example: Swiss cheese

® Minimizing distance to a piece of Swiss cheese

inside ball constraints
. 2 . .
1an |z||”: outside ball constraints
xeR™ . .

linear constraints

® inside ball — I, outside ball — —1I, linear constraints — 0

® |f nonempty and n > m, then the standard SDP relaxation is
tight for this QCQP
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@ Conclusion
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Conclusion

® Analyzed

® the geometry of a dual object I"
® “amount of symmetry” k

® Assuming primal feasibility and dual strict feasibility, if £ >

‘ Polyhedral T' General T’

Convex hull result | min (m, [{b; # 0};2,| + 1)
SDP tightness | min (m, [{b; # 0};~,| + 1)
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Conclusion

® Analyzed

® the geometry of a dual object I"
® “amount of symmetry” k

® Assuming primal feasibility and dual strict feasibility, if £ >

Polyhedral T’ General T’

Convex hull result | aff dim({b(v): vy € F})+1
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Conclusion

Analyzed

® the geometry of a dual object I"
® “amount of symmetry” k

® Assuming primal feasibility and dual strict feasibility, if £ >

Polyhedral T’ General T’

Convex hull result | aff dim({b(y) : vy € F})+1 m+2
SDP tightness | aff dim({b(y): vy € F})+1 m+1

Results extend to equalities!

Future directions

® What if assumptions only approximately satisfied?
® Can this framework be used to recover other convex
hull/exactness results?
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Thank you. Questions?

Slides

cs.cmu.edu/~alwl

Full version
A. L. Wang and F. Kilinc-Karzan. "On the tightness of SDP
relaxations of QCQPs". In: arXiv preprint arXiv:1911.09195 (2019)
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